SPACES OF AFFINE CONTINUOUS FUNCTIONS
ON SIMPLEXES(?)

BY
ALDO J. LAZAR

1. Introduction. Let C be a convex subset of a linear topological space and E
another linear topological space. Suppose that T is a map from C to 2%, the family
of all nonempty subsets of E. An affine continuous function from C to E is called
an affine continuous selection for T if f(c) € T(c) for every ¢ € C. The first aim of
this paper is to find sufficient conditions for the existence of an affine continuous
selection for T when C is a compact convex subset of a locally convex linear
topological space. Two restrictions imposed on T are quite natural in this con-
nection. We confine ourselves only to affine maps 7, that is, maps for which T'(c) is
a nonvoid convex subset of E for every c € C and

AT(c1)+(1—=A)T(cg) < T(Acy+(1—2)cz)

whenever 0<A<1 and ¢,, ¢, € C. Besides, we require from T to be a lower semi-
continuous map i.e., for any open set U< E, {ce C : T(c) N U# @} is a relatively
open subset of C. The existence of continuous selections for lower semicontinuous
maps defined on topological spaces was intensively studied by Michael in a series
of papers from which [17] and [18] are the closest to our subject. Michael showed
that if a set-valued map has in a certain sense enough continuous selections it must
be lower semicontinuous. We use here some of the methods and the patterns
developed by Michael.

We prove that the problem of finding an affine continuous selection has always a
solution when E is a Fréchet space if and only if the domain of T is a simplex
(Theorem 3.1, Corollary 3.3). A compact convex subset K of a locally convex
linear topological space F is called a simplex if the cone W with the origin as vertex
and having K as its base induces a lattice ordering in the subspace C— C. Of course,
we tacitly assumed that X is situated in a hyperplane of F not passing through the
origin but it is easily seen that this is not an essential restriction. This definition
expresses an intrinsic property of K and it is equivalent with the uniqueness of
integral representations of the points of X by maximal probability measures on K.
The fundamental properties of simplexes may be found in [5] or [20].
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The selection theorem we prove helps us to investigate those Banach spaces which
admit a representation as spaces of affine continuous functions on simplexes.
Semadeni [21] proved that a compact convex set is a simplex if and only if the
space of affine continuous functions on it with the supremum norm has the finite
binary intersection property (F.2.1.P.) that is, if every finite collection of mutually
intersecting closed balls has a nonvoid intersection (cf. [15]). By this and by
[15, Theorem 4.7] any Banach space with the F.2.1.P. and at least one extreme
point on its unit ball can be represented by the space of affine continuous functions
on a suitable simplex. In §3 we prove a theorem concerning simultaneous extension
for such spaces which is a generalization of the Borsuk-Dugundji-Arens extension
theorem (cf. [4], [7], [3]).

The F.2.1.P. plays an important role in the theory of extension of compact
operators. Lindenstrauss proved that a Banach space X has the F.2.1.P. if and only
if X* is an L-space or, if and only if any compact operator with the range in X has
an “almost” norm preserving extension (see [15, Theorem 6.1] for a precise
formulation of this result). In [15] some criteria for the existence of norm preserving
extensions of compact operators are proved as well as examples which show that in
general a norm preserving extension may fail to exist. In §4 we bring two other
criteria when the range space has at least one extreme point on its closed unit ball
(i.e., the range is the space of affine continuous functions on a simplex with the
supremum norm). Examples given in §5 show that in a certain sense these criteria
are the best possible.

In the appendix of this paper we prove a theorem concerning the existence of
continuous nearest point maps from /; onto its one-dimensional subspaces. This
lemma is needed in the construction of one of the examples given in §5.

All the linear spaces considered are over the reals. We follow the standard
terminology and notations of [6] and [8].

If X is a Banach space, x € X and r >0 then we denote by Sx(x, r) the closed ball
of X with the center in x and the radius r. The closed unit ball of X is denoted also
by Sx. When we refer to the topology of X we mean its norm topology if no other
topology is specified.

If M is a set, 1,, denotes the function identically 1 on M. If M>N and fis a
function defined on M, f|y denotes the restriction of f to N. By 2 we denote the
family of all nonvoid subsets of M.

In the sequel we assume, unless stated otherwise, that K is a simplex. A subset F
of K is called a face of K if it is convex and if the relations O0<A< 1, ky, k; € K,
M, +(1 =Xk, € Fimply k4, k, € F. By 0K we denote the set of extreme points of K.
A(K) (and if no confusion is possible just A) is the space of affine continuous
functions on K with the supremum norm.

If we define T: K — A* by Tk(f)=f(k) for every k € K and f€ A then T is an
affine homeomorphism and it is often convenient to consider K embedded in this
way in A*.
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K is called an r-simplex (cf. [1]) if 0K is closed. For an r-simplex A(K)=C(9K)
and conversely, any space of continuous functions on a compact Hausdorff space
can be represented as the space of affine continuous functions on an r-simplex.

2. A collection of nonnegative functions {,}7-, < 4 is called a partition of unity
on Kif 37, ¢,=14. In [13] we proved the existence of certain paritions of unity on
simplexes. The corollary of the subsequent lemma provides us with another type
of partitions of unity which is more adequate to our purposes here.

LEMMA 2.1. Let {f}t-,, {gi}=1 be two subsets of A and let {k;}}-, <K (k,,#k,
if I, #1,). Assume that there are functions {¢,}7-, defined on 0K such that

A

n,

M Silox = Z b < &ilox, =i
i=1

for some scalars o;; and let
@ $ik) =By, 15jSml1ZIZp.

Then there exist functions {;}7-, < A such that

€) fig D ag;Sg 15isn
i=1

(everywhere on K) and

) ki) = By, 1sjsml1=slsp

Proof. We shall proceed by induction on m. Suppose that m=1 and we are
given
filox S oends < giloks isn,

1
¢1(k1) = Bu, 151

Without loss of generality we may suppose «;; 20, 1 =i<n. Consider

®

=
s

.

, 1
# ={;"ﬁ3°‘u¢0}’
11

” 1
H = {_gi Doy # 0}'
i1

By (5), on 9K any function of &' is not greater than any function of %" and accord-
ing to a known principle of maximum [5, Lemma 17] this is true for all XK.
If we define

hk) = max {f(k) : fe #}, m =min{f(k):feF}, kek,

then hj, —h] are convex continuous functions on K and A} < h. Moreover, (k)
SBusShi(k), 1=I<p. Since co (ky,. .., k) is a closed face of K, a theorem of
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Edwards [9, p. 12] yields a function i, € 4 such that ,(k;)=py;, 1SI/<p, and
hy <y, S h}. Then clearly ¢, satisfies f; < c;,¥; < g, whenever «;;, #0 and by (5),

(6) filox S ontilox < gilox

whenever «;, =0. The above quoted principle of maximum implies that (6) holds
everywhere on K and this completes the first step of the proof.

Suppose now that the lemma is true for m— 1 functions and we are given (1) and
(2). As before we assume «;, =20, 1=i<n. From (1) we get

M —ﬂ Zaﬂj¢;<¢m——l—g Z ’¢,, on 2K,

m i=1

whenever «;,, 0. For any r and s such that «,, #07#«,, we have

l ~ asj l 1
® a'_mfr—a Z (am - ) ;S a,_—mg’_Zmﬁ’ on oK.
The functions ¢, . . ., ¢, -, satisfy also
m-1
6] Silox z b S &ilox

i=1

if oy =0.
Applying the induction hypothesis to (8) or (9), we can find {,}7- <4 such that

k) = B, lsjsm-1L,1=1=p,

Oy 1 o
—fr z 'l‘f<_gs zlﬁ'l’l

i=1

whenever o, # 0 # o, and
m-1

i D e S g
j=1
if ¢y =0. Using Edwards’ theorem in the same way as above we obtain the function
¥, which satisfies (3) and (4).

COROLLARY 2.2. Let {f}}7=1<A and £>0. Suppose that {¢,}7-, are nonnegative
Sfunctions defined on oK, {k}7.,<0K and a;;, 1Sisn, 1Sj<m, are real numbers
such that:

@ 2f-14=1;
(i) sk)=8}, 1<jsm, 1<I<m;

@iii) [fi() =271 apk)|=e
for any ke oK, 15isn.

Then there exists a partition of unity {;}7-, < A such that:

(v) Yfk)=8}, 1Sjsm, 1=I<m;

W) Al =271 apfk)| S e for every ke K, 15isn.



1968] SPACES OF AFFINE CONTINUOUS FUNCTIONS 507

Proof. The functions ¢, . .., ¢, satisfy the relations:

(1) fi—e—am< 37t (@ij—Aim)p; S fite—aim, 1Si<n, on 0K,

@ 0=3750 6421,

(3) 04,21, 15j=m—1,

@) ¢ (x)=8,15jsm—-1,12I=m.
By the preceding lemma there exists ¢, . . ., ¥, in A such that (1)~(4) are valid
when ; stand instead of ¢;. Defining ,,=1—>7-7 ; we obtain a partition of unity
on K which obviously satisfies (iv) and (v).

LeMMA 2.3. Let E be a linear topological space and T an affine lower semi-
continuous map from K to 2%, Let f be a continuous linear functional on E.

@ Iff *(k)=supxeT<k)f (%), fu(k) =inf,eru f(x) then f*, —f, are concave lower
semicontinuous (single-valued) functions on K (f*: K—(— 00, ], f;: K — [— 0, 00)).

(b) Let f' € A with fy<f' < f* and ¢>0. The map T': K — 2F defined by

T'(k) = T(k) N f (' (k) =&, f' (k) +e)]

is affine and lower semicontinuous.

Proof. (a) It is enough to prove the assertion for f*. Pick k,, k, € K, A€ [0, 1].
Then

F*(Ney +(1=Xky) = sup {f(x) : x € T(Ak;+(1—)k3)}

sup {f(x) : x € AT(ky)+(1 —N)T(k,)}
A sup f(x)+(1-2) sup f(x)

x€T(ky) x€T(k2)

= A *k)+ (1= A)f*(k2)
which means that f* is concave.
Let a be any real number. Obviously,

{kc—:K;f*(k) >a}=tkeK:3IxeT(k),f(x) > a}
={keK:Tk)Nnf Y (a, o) # o}

T being lower semicontinuous the last set is open in K and this implies that f* is
lower semicontinuous.

(b) Clearly T'(k) is a convex nonvoid subset of E for every k € K. Let us show
that

(D) AT’ (k) + (A =T’ (k) <T'(MAky+ (1 — X)k,) for any ky, ks € K, 0<A<]1.

Pick x; € T'(k;), i=1, 2. Then x, € T(k;) and f'(k;)—e<f(x;) <f'(k)+e.

Since f, f' and T are affine we have

S e+ (1= Dkg)—e < f(Axy +(1=Nxz) < f'(Mey+(1-kg)+e

[\

and
Ax; + (1= N)x; € T(Ak; + (1= A)ky).

Xty + (1= )xg € T"(Wey + (1= Dky)

Hence

and this proves (1).
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To prove that T” is lower semicontinuous we use a device of Michael [18]. Let U
be an open subset of E. We have to show that V'={ke K : T'(k) N Us @} is open
in K. Let ko€ V and x, € T'(ko) N U. Then x, € T'(ko) N U and f'(ko) — e <f(xo)
<f'(ko)+e.

Choose ¢ such that 0<e&’ <e and f'(ko)—e’ <f(xo) <f'(ko)+¢'. The sets

Wy={keK:Tk)Nn U (f'ko)—¢,f'(ko)+e)] # 2},
Wy,=1{keK:f'lko)—e+e < f'(k) < f'(ko)+e—¢'}

are open in K and ko, € Wy N W,. The proof will be achieved if we show that
W,n W V.

Pick k € W, N W,. By the definition of W,, W, there exists x € T(k) N U such

that

S'K)—e < fi(ko)—¢" < flx) < f'(ko)+&" < f'(k)+e.
Hence x € T'(k) N U. We showed that for any k € W, N W, theset T'(k) N U# @
i.e.,, W, N W,< V. This concludes the proof of the lemma.

If E is a metrizable locally convex linear topological space then it is well known
that there is a nondecreasing sequence of seminorms on E, p;<p,<---<p,<---,
which defines the topology of the space. A metric on E compatible with its topology
and invariant with respect to translations is:

> 1 pn(x -Yy )
x’ = —_— T x, € E-
P = 2 B Tapyy P
In the next lemma we shall use this metric as well as the following notation:
if x € E and r>0 then

R(r,x) ={yeE:p(x,y) <r}
R(r,x) ={y€E: pu(x—y) < r}.

LeMMA 2.4. Let E be a metrizable locally convex linear topological space,
T: K — 2E an affine lower semicontinuous map and >0. There exist an affine lower
semicontinuous transformation T': K — 2%, a partition of unity on K, {$;}7-1< A4, a
subset {k;}7-, < 0K and a subset {y;}-, <E such that yk;)=1, 1<j<m, and

(1) T'R)=T(k) O R(e, 271 $1(k)yy)
for any ke K.

Proof. Choose an integer N such that

(2) ZR-y+11/2"<e/8.

Forany x € Eput U,={k € K : T(k) N R¥(¢/8, x)# @}. The family {U,} ..z is an
open covering of K. Let U,,, ..., U,, be a finite subcovering extracted from it.
Denote

C = R¥(/8,0)+co (xy, .. -, X,).

C is an-open convex subset of E and for any k € K, C N T(k)# @. It is easy to see
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that the map T,: K — 2F defined by To(k)=C N T'(k) is affine and lower semi-
continuous.
Let

D = C—co(xy,...,Xx,) = R¥/8,0)+co (x5, ..., Xp)—CO (X1, - - ., Xp)-

Since co (x;, - - ., Xp)—¢0 (X, . . ., X,) is a compact subset of E, by a well-known
consequence of the Hahn-Banach theorem we can find {f}{. ; < E* such that

(3) pn(x)—e/2smax; sisq | /i(X)| S pu(x)
for any x € D.

Define, for k € K,

(0 = sup £i(d, (k) = inf Fi9)

By Lemma 2.3 (f1)* and (—f)« are concave lower semicontinuous functions.
From a theorem of Edwards [9, Theorem 3] it follows that there exists f{ € 4 such
that (f1)«=f1<(f)*. By Lemma 2.3 the transformation
(@) Ti(k)=Tok) N fi *[(fi(k)— /8, fi(k) +¢/8)]
is affine and lower semicontinuous. Clearly, if x € Ty(k) then | f1(x)—fi(k)| <¢/8.
Let i be a natural number, 1=i<n. Suppose that we have found T;: K — 2%
affine and lower semicontinuous and {f;'}i-; <4 such that for any k € K, Ti(k)
<To(k) and if x € Ty(k) then |fi(x)—f'(k)| <¢/8, 1=I<i. Using the functions

(re*®) = S0P fies(0), (o) = 0 fi01()

in the same manner as we did for (f1)* and (f1). we get f;'., € 4 such that the map

Tioa(k) = Tik) 0 fizil(fi%2(k) — /8, fi's 1(K) +¢/8)]
is affine and lower semicontinuous. Clearly, if x € T, ,(k) then | £}(x)—f,'(k)| <¢/8,
1gisi+1.

Finally, we get an affine and lower semicontinuous transformation (7,=)T":
K — 2F and functions {f;'}}., < A4 such that T"(k) = T,(k) < T(k) for any k € K and
if x € T'(k) then

) [fiG)-f k)| <e/8, 1sisn.

Define for any y € co (xy, . . ., x,) the set

Vy, ={kecl(éK) : T'(k) N R¥(¢/8, y) # @}.

V, is relatively open in cl (6K) and from T'(k)<To(k)<C it follows that the
family {V,}yecocxy,....x, 18 @ covering of cl (9K). Choose a finite subcovering:
Vi - s Vum (uif=1<Sc0 (x1, . . ., x;)). The sets Vy =V, N oK, 1<j<m, cover
0K and we can assume without loss of generality that for any j, 1< j<m, there is
k; eV, such that k; ¢ Vy, if I#].

Define on oK the following functions:

ék) =1 if j=min{l:keV,},
=0 if j#min{l:keV,}, 1Sjsm
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Clearly ¢,20, ¢,(k;)=38} and >7., ¢;=1. Moreover, for any k € 0K there is one
index ji, and only one such that ¢, (k) #0. For this index k € V;,. Hence there exists
x, € T'(k) such that py(x.—y;,)<¢/8. This inequality can also be written in the
following form:

by (xk - jg: ¢1(k)}"/) g
By (3)

(since x,—27=, ¢,(k)y; € D).
From this and (5) it follows that for any k € K and 1<i<n we have

s | AR —filx)| +

F®= 180 ﬁ(xk)—éﬁ(y,)@(k) <?

j=1

The Corollary 2.2 yields us a partition of unity {,}7-, <4 such that y k,)=35},
1=j,1Em, and

|[#60-3 somo|s 5 1sisnkek
f=1

We are going to show that 7" and {i;}7-; fulfill the conclusion of the lemma. We
have only to prove that for any k € K

6) T'(k)<=R(e, 27=1 $1(k)y;).

Pick x € T'(k). Then, by (5)

() —:Zl ﬁ(y,w,(k)] < @) -F )

+|#0-3 somw| s 5= 1sisn

Using (3) again we get

< 3 7
pu(x— 2. tlv(k)y;) =3ts=7%
j=1

This together with (2) and p, <p.< - - - Spy yields
< Te & 1
P x,ng,(k)y, <'8'Z§' +3
=1 n=1
Hence (6) is proved and this concludes the proof of the lemma.

3. Now we are going to prove a theorem which is the adaptation for simplexes
of a well-known selection theorem of Michael [17], [18].
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THEOREM 3.1. Let E be a Fréchet space and T: K — 2% an affine lower semi-
continuous map such that T(k) is closed for every k € K. Then there exists an affine
continuous selection for T i.e. an affine continuous function f: K — E with f(k) € T (k)
for each k € K.

Proof. We assume that E is equipped with the metric used in Lemma 2.4 and
that R(r, x) stands for {y € E : p(x, y)<r}if x € E and r>0. We define inductively
a sequence of affine lower semicontinuous maps T,: K— 2F and a sequence of
affine continuous functions f,: K— E such that for every ke K, T, . (k) <T,(k)
<T(k) and T,(k)<R(1/2", f.(k),n=1,2,....

T, and f; are those given by Lemma 2.4. Suppose that suitable 75, ..., T, and
f1, - - -, fo have already been chosen. From Lemma 2.4 we deduce the existence of an
affine lower semicontinuous map 7, .,: K— 2% and of an affine continuous func-
tion f, .,: K— E such that for any k € K,

Toia(k) = To(k) N R(1/2%*2, fo41(K)).

Thus the existence of the desired sequences is proved.

Now, {T,(k)}7-1 is a nonincreasing sequence of nonvoid sets with diameters
tending to 0. Hence (&, cl (T,(k)) contains a point of E and only one. Define for
every ke K

£ = () &l (T k).
Clearly f(k) € T(k) since T'(k) is closed and T,(k)<T(k). We have also that
p(f(k), fu(k)) < 1/2°

for any k € K which means that the sequence {f,}2-, converges uniformly to f.
Hence fis affine and continuous and this concludes the proof of the theorem.
One naturally asks the question if it is possible to use Michael’s selection
theorem mentioned above in order to obtain a shorter proof of Theorem 3.1. For
instance, if 0K is Borel measurable one may pick a continuous selection g for
T|sx and extend it by defining f(k) to be the integral of g with respect to the
representing measure of k. Indeed, if 0K is closed then this procedure leads to an
affine continuous selection for T (see [2]). On the other hand, as shown by the
following example, in the general case this extension of g may be discontinuous.
ExaMmpLE 3.2. Let A4 be the space of convergent sequences of real numbers
x={x(n)}z-, which satisfy lim,_ ., x(n)=%(x(1)+x(2)) with the usual supremum
norm. It is known that there is a simplex K such that 4= A(K) (cf. [15, p. 78] and
the remark made in §1 about the representation of spaces with the F.2.1.P. having
an extreme point on the closed unit ball). For instance, K may be the positive part
of the unit sphere of 4* (=/;) when 4 is ordered by x20 < x(n)=0, n=1, 2, ...
and 4* is equipped with the dual order. The extreme points of K are the functionals
kn(x)=x(n) and in its topology (the w*-topology of A*) k, — }(k, +k,). Consider
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the map: T'(k)=[0, 1], k € K. Clearly T is an affine lower semicontinuous map from
K to 2¢-=-=, Choose the following continuous selection for T |5 : g(k,)=1/n. The
extension of g described above is

F(k) = % k= (ay,a,...)eK

n=1
Obviously fis discontinuous at 3(k; + k).

COROLLARY 3.3. Let K be a compact convex subset of a locally convex linear
topological space. The following statements are equivalent:
(i) K is a simplex.
(ii) If E is a Fréchet space and T: K — 2F is an affine lower semicontinuous map
with T(k) closed for every k € K then T admits an affine continuous selection.
(iii) If T: K— 2~ =" s an affine lower semicontinuous map and T (k) is closed
for every k € K then T admits an affine continuous selection.

Proof. (i) = (ii) has already been proved and (ii) = (iii) is trivial. Suppose (iii) is
true. According to [5, Théoréme 11] it is enough to show that for any convex and
continuous function f given on K the function f: K — (—o0, c0) defined by

fk) = inf{g(k) : g Z £, g € AK))

is affine. This will become clear if we observe that the set {g : g2 f, g € A(K)} is
directed by 2. Indeed, let g,, g:2f, g; € A(K) and put A=min (g, g2). Then 4 is
continuous and concave. Hence T'(k)= [f(k), h(k)] is an affine lower semicontinuous
map from K to 2¢-=-2) If ge A(K) is a selection for T then fSg=h and this
completes the proof.

COROLLARY 3.4. Let E and T be as in Theorem 3.1. If F is a closed face of the

simplex K and f: F — E is an affine continuous selection for T | then there exists an
affine continuous selection for T, say ¢, such that ¢|.=f.

Proof. The map T': K — 2F given by

T'(k) = {f(k)} ifkeF,
=Tk) ifkeK~F,
satisfies the conditions of Theorem 3.1 and T'(k)<T(k) for each ke K. Any
affine continuous selection of 7" is suitable.

The subsequent theorem reduces for metrizable r-simplexes to a particular case
of Dugundji’s extension theorem [7].

THEOREM 3.5. Let E be a Fréchet space and F a closed face of the simplex K.
If f: F— E is affine and continuous there exists ®: K— E with ®|z=f and

O(K)=f(F).

(2) Here we denote by A(K) the space of all affine continuous functions on the compact
convex set K.
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Proof. Define T: K — 2F by T'(k)=f(F) for every k € K and apply Corollary 3.4.

To see how this is related to Dugundji’s theorem one can use two results of
Alfsen: (1) if K is an r-simplex and M =M < 2K then co M is a closed face of K [1];
(2) if @ is a continuous function from 0K (K is an r-simplex) into a compact
convex subset of a locally convex linear topological space then ® has an affine
continuous extension to K [2](%) .

THEOREM 3.6. Let F be a metrizable closed face of the simplex K. Then there
exists an affine and continuous map ®: K — F with ®(k)=k for every k € F.

Proof. The face F is a simplex and the Banach space A(F) is separable. Let
B={f,}*_, be a dense subset of it. B induces in 4*(F) a metrizable locally convex
topology . This topology coincides with the w*-topology on the canonical copy
of F in A*(F) (which will be identified with F in the remainder of the proof).
Hence F is compact in its 7-topology and remains compact (hence closed) in the
completion of (4*(F), 7). But the completion of (4*(F), 7) is a Fréchet space and
if we define

T(k) = {k} ifkeF,
=F ifkeK~F,

we have an affine and lower semicontinuous map from K into the family of closed
convex sets of a Fréchet space. The selection of T given by Theorem 3.1 satisfies the
requirements.

The corollary stated below generalizes for simplexes the Borsuk-Dugundji-
Arens extension theorem (cf. [4], [7], [3]).

COROLLARY 3.7. If F is a metrizable closed face of the simplex K then there exists

a linear map T from A(F) into A(K) with the following properties:
(i) if k € F then Tf (k)=f(k);

(ii) if f=0 then Tf 20;

(iii) T1p=1g;

@) 1Zfl =111
There exists a projection of norm 1 of A(K) onto the range of T along the subspace of
A(K) consisting of all the functions which vanish everywhere on F.

Proof. If ®: K — F is the map given by the preceding theorem then the map T
defined by
If(k) = f(®Kk)), feA(F) keK,
has all the properties (i)—(iv) and is linear. If U: A(K) —-A(F) is the restriction
map
U¢ = ¢IF’ ¢ € A(K)a

then T'» U is the desired projection.

(3) This is a corollary of the main theorem of [2]. Here is the place to remark that this
theorem is valid for simplexes without the hypothesis of metrizability.
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4. The selection theorem of Michael mentioned above [17, Theorem 3.2] and its
consequences have been very useful in problems of extension of compact operators
(e.g. [15], [16]). We shall give here some applications of Theorem 3.1 in this direc-
tion. First we need a representation for operators having the range in A4 and this is
done by the next lemma whose proof is identical with that of the representation
theorem for operators with the range in a space of continuous functions [8, p. 490].

LEMMA 4.1. Let X be a Banach space and T a linear bounded operator from X to A.
Then there exists an affine and w*-continuous function x: K — X* for which

(1) Tx(tk)=x(k)(x), xe X, ke K,

(@) |IT||=supex [x(K)].-
Conversely, to any affine and w*-continuous function from K into X* there corre-
sponds a linear bounded operator T: X — A given by (1) of which norm satisfies (2).
T is compact (w-compact) if and only if x is continuous in the norm topology (w-
topology) of X*.

Our first result is a particular case of a known extension theorem [15, Theorem
6.1]. The proof given here is short and the pattern we chose will be useful later.

COROLLARY 4.2. Let X< Y be Banach spaces and T a compact operator from
X to A. For any >0 there exists a compact extension T of T from Y to A with

ITI=1+9|T].

Proof. Let ¢ be the restriction map from Y* to X* : ¢(y*)=y*|X. Define
®: Sx(0, | T|)— 2" by

O(x*) = {y*e.T*: ¢(y*) = x* || y*| = (1+9)|T}-

Obviously @ is affine and ®(x*) is norm-closed for every x* € Sx«(0, |T|). We are
going to show that ® is lower semicontinuous. Let U be an open subset of Y* and
pick x¥ € {x* € Sx.(0, |T|) : ®(x*) N Us# @} (of course, we assume that this set
is not void; if it is void, nothing is to be proved). Since |x§| =< |T| and U is open,
there exists y§ € ®(x¥) N U with || y&| <(1+¢)|T||. Let ¥ be an open neighborhood
of y¥ contained in UN{y*e Y* : | y*|<(1+¢)||T|}. Since ¢ is an open map,
&(V) is open in X*. Clearly

x3 e (V) N Sx(0, [T]) < {x* € Sx(0, |T]) : ®x*) N U # 2},

hence {x* € Sx.(0, |T|) : ®(x*) N U @} is relatively open in Sx.(0, | 7|) and our
assertion about ® is proved.

Let x: K — Sx«(0, ||T||) be the function given by Lemma 4.1 for T. From what we
have proved above we infer that @ o x fulfils the conditions of Theorem 3.1. Let
%: K— Sys(0, (1+¢)||T|) be an affine continuous selection of ® o x. It is easily seen
that the corresponding operator T: ¥ — A has the required properties.

In studying norm preserving extensions of compact operators the following
concept has been found useful [15, p. 86]: if X< Y are Banach spaces, a map ¢
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from X* to Y* is called a continuous norm preserving extension (C.N.P.E.) map
if it is continuous in the norm topologies of X* and Y* and satisfies

POF)x = x*, [P = Ix*],  x*eX*.

Lindenstrauss proved [15, Lemma 7.2(a)] that if there is a C.N.P.E. map from X*
to Y* then every compact operator from X to a C(S) space has a compact norm
preserving extension from Y to C(S). An example given in §5 shows that this
assertion cannot be generalized for spaces of affine functions without some ad-
ditional hypothesis.

If X< Y are Banach spaces and each functional on X has a unique norm preserv-
ing extension to ¥, X is called a U subspace of Y (cf. [19]).

THEOREM 4.3. Let X be a U subspace of Y and suppose that the norm preserving
extension of functionals on X to Y is norm continuous. Then every compact operator
from X to A has a compact norm preserving extension from Y to A.

Proof. The proof of the preceding result makes clear that it is enough to show
that the map ®: Sx.(0, | T|) — 2¥* defined by

O(x*) = {y*e Y*: y*[x = x* [y*| = IT|}

is lower semicontinuous (it is obviously affine).

Denote by ¢ the norm preserving extension map from X* to Y* i.e., $(x*)|x=x*,
[#(x*)|| = | x*||. By our assumption ¢ is continuous. Let ¥ be an open subset of Y*
and pick x¥ €{x* e Sx.(0, |[T]) : P(x*) N Vs z}=M. If |x¥|<|T| then the
same argument as in the proof of Corollary 4.2 will convince us that x§ is an
interior point of M. Suppose now that ||x¥| =|T|. Then ®(x¥)={¥(x¥)} and

xg g~} (V) N Sx(0, |T]) < M.

$~}(V)is open in X*; therefore x¥ is an interior point of M in the relative topology
of Sx«(0, |T|) and this concludes the proof.

ReMARK. By [19] and [15, p. 87-88] a typical case in which this theorem applies
is when Y* is locally uniformly convex.

Now we are going to prove that the hypothesis that X is a U subspace of Y can
be discarded if dim T(X)=2. However, as Example 5.3 shows, if dim T(X)=3 a
norm preserving extension may not exist if X is not a U subspace of Y.

LEMMA 4.4. Let X< Y be Banach spaces and suppose that there is a C.N.P.E.
map  from X* to Y*. Let Z be a two-dimensional subspace of X*. There exists an
affine lower semicontinuous map ®: S; — 2¥* such that for every x* € Sz, ®(x*) is
norm closed and

(1) ®G*)={y*e Y* : y*|x=x* | y*|=1}..

Proof. Let us define ® as follows: if x* € S is not an extreme point of S; then
@(x*) is equal to the second member of (1) and if x* is an extreme point of .S; then

D(x*) = {(x*)}.



516 A. J. LAZAR [December

It is easily seen that @ is affine, satisfies (1) and ®(x*) is closed for every x* € S;.
It remains to show that @ is lower semicontinuous.

Let U be an open subset of Y* and pick x§fe{x*e S;: dx*) N U# z}=M.
If | x¥| <1 then the argument used in the proof of Corollary 4.2 shows that x§ is an
interior point of M. If |x#| =1 and x§ is an extreme point of .S, then

x¥eS; Ny U)= M

and again, x¥ is an interior point of M.

Assume now that 1 =||x¥|| and x is not an extreme point of S;. Then there exist
x'* x"* e Z with [[x*|=|x"*|=1, 3(x"*+x"*)=x§, x*#£x§ #x"*. It is enough
to prove that for any sequence {x¥}2_, =S with |x¥ —x&| — 0 almost all the terms
belong to M since from this results that x, is an interior point of M.

Starting from a certain N all the terms of such a sequence belong to the triangle
whose vertices are 0, x'*, x"* and no x is an extreme point of S,. Hence

x¥ = ax'*+B,x"*, nz N
with «,20, 8,20, «,+8,= 1. Clearly
lim «, = lim B, = 3.
n~ n— o
By the definition of M, ®(x¥) N U# @.Pick y§ € ®(xF) N U and let y'*, y"* be
norm preserving extensions to Y of x'* respectively x"*. Define for n2 N

y: = (tn=Ba)y'*+2By5 if o 2 Bp,
= (ﬂn_an)y”*'*'z“ny: ifa, < B,.

Then | y¥*|| <1 and y¥|x=xX* which means that y* € ®(x¥). Moreover | y* —y&| — 0
therefore ®(x¥) N Us o if n is sufficiently large. This concludes the proof of the
lemma.

THEOREM 4.5. Let X be a Banach space whose closed unit ball has at least one
extreme point. The following statements are equivalent:

(i) There is a simplex K such that X is isometrically isomorphic with A(K).

(ii) For any two Banach spaces Y <Z such that there exists a C.N.P.E. map from
Y* to Z*, any operator T: Y — X with dim T(Y)=<2 has a compact norm preserving
extension from Z to X.

Proof. (i) = (ii). We identify X with A(K). If dim T(Y)=1 there is nothing to
prove, so assume dim 7(Y)=2. Without loss of generality we can also assume that
IT)=1. .

Let x be the function from K to Sy. given by Lemma 4.1 and denote by W the
subspace of Y* spanned by y(K). Clearly dim W=2. Let ®: Sy — 22* be the map
given by Lemma 4.4. Then ® o y satisfies the conditions of Theorem 3.1, and ad-
mits an affine continuous selection %: K — S,.. The operator T:Z — A(K)
corresponding to y is the desired one.
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(i) = (i). Itis enough to suppose that (ii) is satisfied for ¥ and Z with dim Y =2,
dim Z=3.

We shall show that if Y<Z are Banach spaces with dim Y=2, dim Z=3, without
any other restrictions on them, then any operator from Y to X has an almost norm
preserving extension from Z to X. By [15, Theorem 6.1 (16)] and [21] this implies (i).

Let ¢>0 and let P, be a centrally symmetric polyhedron in Z such that P, < S,
<(1+¢&)P,. Denote by || || the norm induced by P, in Z (and in Y). Then for
anyzeZ

Izl = lzl| = A +e)|z].
If T: Y— X we have
N7l = 17 = A+9ITIl.

P, N Yis a (two-dimensional) polyhedron and by [15, Theorem 7.3] there exists
a C.N.P.E. map from Y* to Z* when Y and Z are equipped with the norm || ||.
By (ii) T has an extension T: Z — X with [|T'||=||T||. If we come back to the
initial norm of Z then

IT] = A+9lIT|l = A+9ITN = A+)IT]

which means that we found an almost norm preserving extension of T and this
concludes the proof of the theorem.

5. In this section we give two examples related to the results of §4. The first one
shows that the implication (i) = (i) of Theorem 4.5 cannot be strengthened
adding the requirement dim 7(Z) < o even if X is the space of continuous functions
over a compact Hausdorff space.

ExaMPLE 5.1. Let p>1 and not an even integer. In [14] it was proved that /,
contains a two-dimensional subspace Y such that the unique (by [19]) norm pre-
serving extensions to , of the functionals belonging to the boundary of Sy. span
an infinite-dimensional subspace of /,=IF (1/p+1/g=1). On the other hand, by
[15, pp. 87-88], the norm preserving map from Y* to /, is norm continuous since /,
is uniformly convex.

Denote by T the natural embedding of Y into C(Sy.). Clearly |T|=1 and
dim T(Y)=2. We claim that for any compact norm preserving extension 7 of T
from I, to C(Sy.) we have dim 7(/,)=co. Indeed, if T is such an extension, it
corresponds by [8, p. 490] to a' continuous function i: Sy. — [, such that for every
y* € Sy», %(¥*) is an extension of y* to /, and ||%(y*)|£1. From the mentioned
property of Y we infer that the image by 3 of the boundary of Sy. is not contained
in any finite-dimensional subspace of /,. Consequently

dim T'(l,) = dim T*(C*(Sy»)) = .

Now we are going to exhibit two Banach spaces X < Y with dim X=3, dim Y=4,
a simplex K and an operator T: X — A(K) without norm preserving extension
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from Y to A(K) although there is a C.N.P.E. map from X* to Y*. For this we need
a lemma whose proof is given in the Appendix.

If 0#£=(£(1), £&Q22),...) €, then R¢ denotes the subspace of /; generated by £,
S:={i : £(i)#0} and for every x € I;, P«(x) is the set of the nearest points to x from
R¢. Since R¢ is locally compact, P(x)# @ for each x € /;.

LEMMA 5.2. There exists a continuous function X: l; — (— o0, 00) with A(x)¢ € Py(x)
for every x € 1, if and only if there do not exist two disjoint sets Ny, N, of natural
numbers such that:

() Ny U N;=S§;;
(ii) N,, N, are both infinite and
(iif) Ziem |f(l)| =ZieN2 |f(l)l

ExampLE 5.3. Let A be the sequence space used for Example 3.2 and KX the
corresponding simplex. Put
1 111 1
f = (—57 —-2', §: ?a' R 7‘" . ) GII.
It is easy to check that the conditions of Lemma 5.2 are fulfilled so there exists a
continuous function A:/; — (—o0, ) with A(x)¢ € P«(x) for every xel,. Let

{e.}¥_, be the unit vectors of /; and denote by Z the subspace of /; spanned by
e,, e, and the vectors:

¢ € Z since

(1) é=m—(e+e2)/2.
Let Y=2Z* and denote by X the annihilator of R¢ in Y. From the existence of a
continuous approximation by nearest points and from [15, Lemma 7.4] we infer
that there is a C.N.P.E. map from X* to Y* (=Z). Clearly dim X=3, dim Y=4.

Let
1 (3\-t _ -1 (N ey
wmgml) - neT em(E) e

Then
>0, n=12,..., lim a, = 1, lim b, = 0.

n— o n-+ ©
Consider the following sequence of Z:
2, = ey, Z; = €y, Zp = an"ll+bn7)2: n=3,4,....

An easy calculation shows that ||z,[|=1,n=1,2,....
Define T: X — A by

T(x) = {za(x)5=1, x€ X,
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Since ||z, —7,| = 0 and (1) implies that

e;+e
’71IX= 12 2

X

it is clear that T(x) € 4. We have
ITG)] = sup z.()] = |x].

Thus |T|| < 1. We shall prove that |T||=1. Let x: K— X* (=Z/R¢) be the affine
continuous function corresponding to T by Lemma 4.1. Obviously x(k,)=¢(z,)
where ¢ is the canonic map ¢: Z — Z/R¢. It is enough to show that |x(k,)|
=|¢(z,)]| =1. We have

léz)]| = inf |z +af]

and

Lol e S L _3lel, [2—o]
|z, +eé|| = 53— +5 + e ‘Z > 5 3
Thus ||z, +e£| =1 < «=0 and |¢(z,)]| =1.
For a subsequent argument we need also to compute [¢(z,)|,n=2,3,....
If n=2 then the same calculation as above shows that |z;+af|=1 <> «=0 and

I$(za)| =1.
Assume now n= 3. Then
L 1 . 3\n-1 _ 3\¢-1 o

@ el =lel+ 2 | [2q) T -2G) )
Let

n 1 3 i-1 3 n-1

t =56 -G
Then

LA )
a;a,acn[z ) -25(3) |+szo

and a:=09 a?<ain+ls lim{-ow a?:w'
Let a<«}. From (2) we have

P 1) et WP € ) et W € 7
Cn

Cn Ca

lznt+ ] = —2— —20}— > 1.

Let e?Sa<of ;<0 (1Sisn—1). Then
o 2% (112 1)+ 2(3/4) -

|zn+e]| = 2{-1+ c,
oq ez 223/~ 1(1—1/2t"1)+2(3/4) —
> Tai-1 =3t c.

_ G4 +iG/2) -
Cn

1\Y
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Let 0=of<a=a},, (izn). Then

]|z,,+a£[| = a(z_z_iL_l)+2n-2(3/4)n—l(1_(1:1/121-1)_*_2(3/4){_1

S a{'(2- __1_) +2"'2(3/4)”'1(1 —1/2-1)+2(3/4)' -1

-1
2 Cn

_ G2 G4 =332 -
T IGR G 1

Since (3/2)t+(3/4)' is an increasing function for =0, we have
(3/2) 1+ G3/4)- 2 321+ (G4t

and consequently ||z, + €] > 1.

Summarizing the results, we found that

A3) |zat+aé]|=1<«=0and |¢(z,)|=1,n=1,2,....

Suppose now that T has an extension 7: Y — A with || =1. Then there is an
affine continuous function y: K — Sy.= S such that ||x(k,)| =1 and g(k,) € z,+ Ré,
n=1,2,.... From (3) we infer 3y(k,)=2z,,n=1, 2,.... Hence

x(k1+k2)/2 = (z21422)/2.
On the other hand,

x(ki+ko)2 = lim x(k,) = lim z, = 7,

and 7, #(z, +2,)/2. This contradiction shows that such an extension of T cannot
exist.

REMARK. We can choose Y=c, and X to be the annihilator of R¢ in c,.
Defining T: X — A as above by T(x)={z,(x)} we get a compact operator without
norm preserving extension from Y to A. For these X and Y there exists a C.N.P.E.
map from X* to Y* and X (as well as Y) is a polyhedral space [11]. Lindenstrauss
proved [15, Theorem 7.9(a)] that an operator from a finite-dimensional polyhedral
space into a space with the F.2.I.P. has always a compact norm preserving exten-
sion. The above modified example shows that this theorem cannot be generalized
for infinite-dimensional polyhedral spaces even in the presence of a C.N.P.E.
map between the adjoint spaces.

APPENDIX. We are going now to prove Lemma 5.2. We shall use the following
particular case of a theorem of Kripke and Rivlin [12, Theorem 2]:

LEMMA. Let x € l,. Then Aé € Py(x) if and only if

leDl- > |£(i)||§ > e

x@)EH) > Ao x(1)/E1) <Ao x()I&A)=No

(everywhere i € S;). If (1) holds with < then P«{x)={A.¢}.

)
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Proof of Lemma 5.2. Suppose that there exist two infinite sets of natural
numbers Ny={iy, iz, ..., bs- - -}, No={j1sJos-- s Jir+ -} (e<iics1,Ju<Jic+1) such
that N1 N N2= g, Nl V) N2=Sg and

> 1¢0)] = ; £G)).-

ieNy
We shall show that there is no real continuous function A defined on /; such that
A(x)é € Py(x) for every x € I,.
Let x;, x, €, n=1, 2, ... be the following sequences:
xn(0) = £(i), i=i,
= £(jn)s I=jn
= — £, i=juk #n,
=0, i¢ Ny UN,,
xn(i) = £Gi), i=iy,k#n,
= —&(i), Q=
= &3, i = ji
=0, i¢ Ny UN,.

Using the above lemma it is easy to see that Py(x,)={£}, P{(xp)={—¢&},n=1,2,....
Obviously {x,}- 1, {Xn}2-; converge in the norm of /, to x, where

xo(@) = £&Q), ieNM,,
== f(l), ie Nz,
=0, i¢ Ny UN,.

Hence, no function A:l; — (—o00, ) with A(x)¢ € Py(x) for every xel; can be
continuous at x,. This concludes the ““only if”” part of the lemma.

Assume now that there are no such sets N;, N,. We distinguish two cases:
(1) S; is infinite; (2) S; is finite.

(1) The first step is to define the function A: /; — (—o0, ) such that A(x)¢ e Py(x)
for each x € /,; afterwards we shall show that it is continuous.

If for a certain x € /; there is a real A, such that (1) holds with < then, of course,
Ax)=2A,. Clearly A(x)¢ € P«(x).

Fix now x € /; and suppose that there is a real A; such that (1) holds with equality
sign. Denote S=S, and

B ={ieS:x()E@) 2 A}, C ={ieS: x()EG) £ Ao

One of the following equalities is valid:

@ 2 ko= > [0,

S~B’

©) 2 1601 = 2 [60).

ieC’ ieS~
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If (2) is valid, by our hypothesis, one and only one of the sets B’, S~ B’ is finite.
If B’ is finite define

(C))] A(x) = mm %
and if S~ B’ is finite let
x(0),
) Ax) = max Z6)
Similarly, if (3) is true, one and only one of the sets C’, S~ C’ is finite. We define
x(@)
©® A(x) = max 70)
if C’ is finite and
o X0
U Ax) = g &@)

if S~C’ is finite. If both (2) and (3) are valid (then {ie S : x(i)/£(i)=Ao}= @)
there is no contradiction in the definition of A(x).
Let

A, ={ie S : x())/£() = A=)}, . = {ie S : x(1)/£@) > Mx)},
C, = {ie S : x(@0)/¢G) < Mx)}.
Then always 4, @ and if A(x) is defined by one of the relations (4)-(7) we have

2 |§(i)1| = Z |£G)).-

This implies that A(x)¢ € P«(x). Moreover, in this case, if

®) Z 'f(")".g |€G)| = Z €)1,
then 4, U C, is finite and conversely; if
© ‘g lf(i)l—; 1€G)| = Z |€G)|

then A, U B, is finite and conversely.
Now we can show that A is continuous. Fix x €/, and assume first that P,(x)
={A(x)¢}. Let {u,}3-, <], be a sequence convergent to x. Then

le—/\(x)§|| s “x_’\(“n)fll = ||x—u,,|I+||u,,—/\(u,,)§]|
(10) = |x—ua| +inf Ju, —at] = 2"x-u,.||+i2f Ix—ea|
= 2| x—u| + [ x— Ax)¢].

From this we infer that {A(%,)}s-1 is a bounded sequence and if A(u,,) — « then
[ x—A(x)€|| = | x — || which, by our assumption about P(x), implies that = A(x).
This proves the continuity of A at x.
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Assume now that P,(x) contains more than one point. Then A(x) is defined by one
of the relations (4)—(7). Hence (8) or (9) holds. We shall carry out the proof for the
case that (8) holds, the proof for the remaining case being similar.

Let £>0 and put

V={uel : |u)—xG)| < |€0)|e, i€ AU Ca.

A, U C, is finite therefore V is an-open neighborhood of x. We claim that ue V
= Mu) < X(x)+&. Suppose this were false. Then there is ' € ¥ with A(u)2 A(x) + .
Ifie A, v C, we have

w'(i)/€0@) < x(0)/€() +e = Ax)+e = Aw)
which yields

(11 A,V C,<=Cy, B,> A,V B,.

From

PREOIEDY |f(i)|| s 2 €0
{€By/ 1eCy- i€dy/
and from (8) and (11) we infer that

> lEol= > le0ls 3 ko= > ).

i€Bx {€A,UCx u'UBy

This together with (11) implies that B,=4,. U B,. and
PRECIEDNHGIEINEON
i€By- i€dy

1eCy-

Hence A(u') is defined by one of the relations (4)—(7) and for «', (9) holds. But this
means that 4,. U B,. = B, is finite which contradicts the assumption that 4, U C,
is finite. Our assertion about ¥ is proved.

On the other hand, there is a neighborhood U of x such that ue U = Au)
> A(x) —e. If this were false there would exist a sequence {u,}2-, </, with |u,—Xx|
— 0 and Mu,) = A(x) —&. By (10), {A(u,)}7- 1 is a bounded sequence and if A(u,,) = «
then «¢ € Py(x). Since a < A(x)—e we have

Dl < 2 &0l = 2 &)l < > |€G).
x(WIEDSe i€AxUCx i€Byx x> a
Hence

K- > 1ED > > |46
x()IEB)>a xW¥W<a x()iW)=a

from which we infer that «¢ ¢ P,(x). This is a contradiction; thus there is a neigh-
borhood of x with the desired property.

Now, ue UN V = |A(x)— Mu)| <e and this means that A is continuous at x.

(2) S, is finite. Denote as usual by {e;};2, the unit vectors of /; and let E be the
subspace of /; spanned by {e; : i € S;}. Clearly R¢ < E. The unit ball of E is a poly-
hedron hence the polar body is also a polyhedron. The annihilator of Ré in E*is a
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finite-dimensional space having a polyhedron as unit ball. By [15, Theorem 7.3,
Lemma 7.4] there is a continuous function A: E — (— o0, o) such that A(x)¢ € P,(x)
for every x € E.

Let T be the canonical projection of /; onto E. For any x € /; we have

Ix=XTCNEN = ITCO=MTGE]+ 2, 10|
i¢Sg
ITG) =]+ 2 1xD)] = |x—at.
i¢Se

IIA

Hence A(T(x))¢ € P.(x) for every x € ], and obviously A o T'is a continuous function.
This concludes the proof of the lemma.

REMARKS. One could give a direct proof in the second case too. For instance,
one could show that the functions

A(x) = inf{d : A e Py(x)},  Ay(x) = sup {A : Af € Py(x)}

are continuous (P,(x) is closed so A(x)¢ € Py«(x)).

The difference between the patterns we used in proving the two cases can be
explained, perhaps, by the following observations. If S, is infinite the subset of /;
consisting of the points for which there exists a real A, such that (1) holds with < is
dense in /; therefore A is uniquely determined by its properties. If S, finite and R¢ is
not a Haar subspace of /;, the subset of /; of all the points for which (1) holds with
equality sign is nonvoid and open. Obviously, in this case any convex combination
of A; and A, fulfils the requirements.

If ¢ satisfies the conditions of Lemma 5.2, X is a Banach space such that X* =/,
and Yis the annihilator of R¢ in X then, by [15, Lemma 7.4] there exists a C.N.P.E.
map from Y* to X*. Moreover, if Z is any Banach space with Z> Y there is a
C.N.P.E. map from Y* to Z*. This can be proved by the same argument used in
the proof of Theorem 7.3(a) of [15]. This theorem states that if the adjoint of a
Banach space W is an L space then there is a C.N.P.E. map from W* to the adjoint
of every Banach space in which W is contained. The space Y enjoys this property
but one can choose ¢ such that Y* is not an L space.
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