ON THE LITTLEWOOD-PALEY g-FUNCTION AND
THE LUSIN s-FUNCTION

BY
GEORGE GASPER, JR.()

1. Introduction. Let F(z) be a function regular in the unit disc |z| <1. In their
work on Fourier series and power series, Littlewood and Paley [6] introduced the
function

&F)®) = ([ a-niFeesa)”

and proved (although they stated it in a form valid for p>1 only) that if Fe H?,
p>0, then

(L.1) le@®)» = 45|,

The letter A denotes a positive constant which is not necessarily the same at each
occurrence and which, except when otherwise stated, depends only on the param-
eters indicated by subscripts.

In his work on boundary values of regular runctions, Lusin [7] introduced the
function

s = ([[1Fe+ieaxay)

where Q(0)=Q is a standard ‘“‘kite-shaped” region inside the unit disc with vertex
at z=1 and Q(6) is the region Q rotated through an angle 6 around z=0.
Marcinkiewicz and Zygmund [8] proved that if Fe H?, p>0, then

(12) Is(B)l> = 4,0l Fl,.

They also demonstrated that s is essentially a majorant of g, i.e., g(F)(6) < Aos(F)(6).

These results were extended to the class H? in the half-plane by Waterman [15].
The proofs given in the above-mentioned papers for (1.1) and (1.2) depend on the
Blaschke product decomposition of regular functions and on the regularity of a
branch of FA, A>0, where Fis a regular function which never assumes the value
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zero. This complex variable method does not extend to higher dimensions. How-
ever, E. M. Stein [12] has extended these results to functions harmonic in the
half-space with boundary values in a class L?, p> 1, by utilizing an interpolation
theorem of Marcinkiewicz. In 1965, Calderon [3] gave a new proof of (1.2) for the
class H? in the half-plane by applying Green’s formula. Also in 1965, Muckenhoupt
and Stein [9] extended (1.1), for p> 1, to ultraspherical expansions by using both
(1.1) and estimates for the differentiated ultraspherical Poisson kernel.

An H*-theory for the unit sphere in E,, can be constructed analogous to that given
by E. M. Stein and G. Weiss [13] for the half-space. In this paper we shall present a
method which enables us to extend (1.1) and (1.2) to both the class H? in the unit
sphere and the class H? in the half-space for values of p in a range reaching below 1;
namely, p>(n—2)/(n—1), where n is the dimension of the space. In addition, we
shall show how our method can be modified in order to extend (1.1) and (1.2) to
functions which are harmonic inside the unit sphere (or in the half-space) with
boundary values in a class L?, p> 1, without using the interpolation theorem of
Marcinkiewicz. For the two-dimensional case, our method uses an easily proved
inequality instead of the previously mentioned tools. In contrast to Calderén’s
technique, throughout our calculations no singularities are created by the zeros of
F (see [4], where we illustrate the method by presenting a proof of (1.1) for 0 < p < 2).
We shall present our results for the unit sphere in Part I (§§2-5) and for the half-
space in Part II (§§6 and 7).

PART I. RESULTS FOR THE UNIT SPHERE

2. Background material and main results. We shall employ the following
notation. The vector x=(x,, X, . . ., X,) Will denote a point in Euclidean n-space,
E,; |x| denotes the length of the vector x, ie., |x|=(x}+x3+ .- +x2)V%; dx
denotes the element of Euclidean n-dimensional volume; V and A denote the grad-
ient and Laplace operators in E,; Z is the open unit sphere, |x| <1, with boundary
0%, |x|=1; 6 denotes a point on Z; and df denotes the (n—1)-dimensional
Euclidean element of volume on dZ. Thus x=r60, where r=|x| and 6=x/r. We
shall also let y=(y;, 2, - . ., ¥») denote a point in E, and ¢ denote a point on oZ.
In order to simplify notation, the dependence of general constants on the dimension
will not be displayed.

We recall that in cartesian and spherical coordinates:

(2'1) x=r0= (xls X2 - e X,,),

where ) )
X, =rsint,---sint,_,sint,_,,

Xo=rsint;---sint,_,cost,_;,

Xp-1 = rsint,; costy,

X = rcost,
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and (t,, o, . . ., t,-) belongs to the set
Q={(t1,t2,.. n 1) 0<tj—77',j= 1,2,...,”-2;0§_tn_1 <277},
2.2 dx = r"~*drdb,

where
df = sin"~2¢, sin""341,---sint,_pdt, dty---dt,_,,
& [ow)? owm\2 "1 ow
2 = — = | =
(23) IVW' kzl (axk) (3") + j=z (UJ at)
and

where

v=r""1sin""2¢ sin""3¢t,---sin t,_g,

vy=r, Up=rSsinty,...,0,_,=rsint, sint,---sint,_,.
By L?(6Z), p > 0, we mean the class of functions f(6) whose pth power is integrable
over 0Z. The norm in L?(¢Z) is defined by

£l = 1/, = ( Lz | f(0)|vdo)”’

If fe L?(9Z), p = 1, then its Poisson integral u(x), x € Z, is given by

) = W) = 7 [ 1O 7

where |0Z| denotes the (n— 1)-dimensional Euclidean volume of oZ.

Then u(x) is harmonic in Z, u(x) converges to f(6) for almost every 0 € 0% as x
tends nontangentially to 6, u(rf) converges to f(6) in the L?(¢X) norm as r — 1, and
"f"p=limr-1 ||“(’0)"p=supo§r<1 ||u(’0)||ﬂ'

As an extension of the notion of a function of one complex variable regular in a
region, we use a system of conjugate harmonic functions, i.e., an n-tuple F(x)
= (u;(x), us(x), . . ., u(x)) of real-valued harmonic functions which, in a region,
satisfy the generalized Cauchy-Riemann equations

& du ou Ouy
(2.4 Z—Z =0, E" =

In the two-dimensional case, it is very well known that |F|® is subharmonic
whenever p>0 and, more generally, log |F| is subharmonic. For n22, |F(x)|? is
subharmonic whenever p2(n—2)/(n—1), as was shown by Stein and Weiss [13].
By employing harmonic majorants of subharmonic functions, they developed the
H*-theory for the half-space. We shall need analogous results concerning the class
H?inZ,



388 GEORGE GASPER, JR. [December

If F(x) is a system of conjugate harmonic functions in Z, then F(x) is said to
belong to the class H?(Z), p >0, whenever its norm defined by

1/p
|Fl, = sup (f |F(r6)|? d0)
0=r<1 0z

is finite.

By proceeding as in [13], it can be shown that if Fe H?(Z), p>(n—2)/(n—1),
then the nontangential limit F(6)=(u,(6), ux(6), . . ., u,(0)) exists for almost every
0 € 0%, F(r6) converges to F(6) in the L?(¢Z) norm as r — 1, and

IFl, = lim |FG)l, = [F@),

It can be shown that the nontangential limit also exists when p=(n—2)/(n—1). All
of the lemmas needed in the proofs are either already known for the sphere or they
can be obtained by modifying known results slightly (see Aronszajn and Smith [1],
Calderén [2], Privaloff [10], K. T. Smith [11], and de la Vallée Poussin [14]). We
shall omit the proofs of these results (the details are contained in the authors

dissertation, Wayne State University).
We now define the Littlewood-Paley g-function for the unit sphere by

8O = w0 = ([ a-nivacora)”,
e = (1 3 #wio)

For the Lusin s-function, the kite-shaped two-dimensional region is replaced by
an open cone 24(6), 0< &< 1, consisting of all points in £ which are on line seg-
ments joining 6 to |x| < 8.

The Lusin s-function for the unit sphere is then defined by

s0) = 5@ ([ (9)% o)

n 1/2
SEXO) = (5 3 #@)e) -

ji=

When n=2, the above definitions are the classical ones. As in the unit disc, s is
essentially a majorant of g, i.e.,

2.3) g)0) = As(/)0), g(F)O) = Ass(F)(6).

These inequalities can easily be obtained by using the fact that | Vu|? is subharmonic
and following the argument given by Marcinkiewicz and Zygmund [8] for the case
n=2. See also Stein [12, p. 447].

Our extensions of (1.1) and (1.2) to the classes H?(Z) and L?(6X) are contained
in the following two theorems.
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THEOREM 1. If Fe H?(Z), (n—2)[(n—1)<p<oco, then |g(F)|,SA,|F|, and
Is(F) 5 < A6l F |-

THEOREM 2. If feL?(9Z), 1<p<oo, then |g(f),S4,|fl, and |s()l,<
Ay, f -

The proofs of these theorems will be split into two parts; in §4 we consider the
case when p assumes values <2 and in §5 we consider the case when p>2. In §3 we
present our main tools and some basic lemmas.

3. Preliminary lemmas. The first two lemmas are the main tools of our method.

LemMa 1. Let ¢>0 and (n—2)/(n—1)<p=<2. Then, for any system of conjugate
harmonic functions F(x),

2 Z [V |2 = A(|F|?) = _(—pT—jn—-TZ) (|F|2+c)@-P2 A((|F |2+ c)?2).

LEMMA 2. Let ¢>0 and 1<p<2. Then, for any real-valued harmonic function
u(x),

2|Vul? = AG?) £ @2+ )2~ P12 AP + )P,

2
pp—1)
The Laplacians are nonnegative and, since ¢ >0, they exist at each point in the
domain of definition of the function (F or u), even those where the function is zero.
Hence, there are no singularities to be concerned with at the zeros of the function.
Proof of Lemma 1. In the following calculations, if G=(h,, ..., h,) is another
vector function, we let

F'G = u1h1 +--- +u,‘h,, and ka = (3h1/3xk, “eey 3h,,/3xk).

We shall also let w(x)=|F(x)|2+c. It is easy to verify that
a 2 32 2 2
a_xk lFl = 2(F'ka)’ 5_5 IF' = ZIFxxI +2(F'kaxk)’

0? -2 _ o2

Tx,’t (wplz) _ I_’(_P4_) wP—9/2 ( IFIz) + wP-2)2 _ lFIz
Since the components of F are harmonic, a summation over k yields

n . n
GD AW = p(p-2we 2 3 (F-F,)*+pwe=22 > |F, 2.
k=1 k=1

Stein and Weiss [13, p. 34] have shown that

(.2) 2 (F-Fy = < 2=Lipp Z | 2.
= =1
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From (3.1) and (3.2), we have (p(2—p)=0)
2 3 |5 8 22RO 2 S p
which reduces to
p(pn—p—n+2)w®-2/2 kil |Fy|? £ nAWP'2).
Lemma 1 now follows from the above inequality and the observation that
A(FI =2 3 |Fult = 2 3 [Vl

Proof of Lemma 2. In the proof of Lemma 1, replace F(x) by (u(x),0,...,0)

and use the identity
& ou )2 , < (au )2
u—)\| =u —
kZ1( 0x; Z O0Xy.

k=1
in place of (3.2).
The next three lemmas are generalizations of some very well-known results of
Hardy and Littlewood [5].

LEMMA 3. For fe L?(0Z), p2 1, define

MO = b 1z L, 1) de

ce®,n

where the supremum is taken over all spherical caps C(6,r)={o: |o—6|<r} and
|C(8, r)| denotes the (n— 1)-dimensional volume of C(6, r). If p> 1, then

1M = 4,115

LeMMA 4. Let w(x), x € 2, be a nonnegative subharmonic function, and let

N(w)(6) = Ne(w)(6) = sup {w(x): x € Qy()}.

If p>1, then
INGI, S 4.0 sup_[w(O)].

LEMMA 5. Suppose that F € H?(Z), p>(n—2)[(n—1), and let

N(F)(®) = N((F)(6) = sup {|F(x)|: x € Q,(6)}.
Then
INB), = 45,6l F 5.

Lemma 3 is a special case of a theorem proved for more general domains by
K. T. Smith [11, Theorem 1]. Lemma 4 can be obtained by a simple modification
of the proof which K. T. Smith [11] gave for his Theorem 6. Since |F(x)|? is sub-
harmonic whenever p=(n—2)/(n—1), Lemma 5 is an immediate consequence of
Lemma 4.
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The proofs of Theorems 1 and 2 also require

LEMMA 6. Suppose that F(x)=(uy(x),..., u,(x)), x€Z, is an n-tuple of real-
valued harmonic functions (not necessarily satisfying (2.4)). Let

¢ = ¢(8) = sup {|[F(x)|*: |x| = (3+1)/2},

where & is fixed so that 0<8<1. If p>0 and |x| £ 8, then

3.3) [(@for)ufx)| = |Vu(x)| £ Asc*?, j=1,2,...,n
34 [@or)(IFx)[>+ )2 = Ap,5c™,
(3.9 [A(IFG)[2+c)2)| = 4,572

Proof. Integrating ou;/0x, over the interior of the sphere with center x and radius
R=(1-298)/2, applying Green’s theorem, and using the mean value property of
harmonic functions, we get (3.3). Then (3.4) follows directly from (3.3), and (3.5)
follows directly from (3.1) and (3.3).

4. The cases H*(Z), (n—2)/(n—1)<p=<2, and L?(dZ), 1 <p<2. We first present
the following:

Proof of Theorem 1; case when (n—2)/(n—1)<p <2. Due to (2.5), it suffices to
show that |s(F)[, < 4,,s]F| -

Let Fp(x)=F(Rx), 0< R<1. If we had the inequality ||s(Fz)|, < 4, 4| Fz|,, then,
by Fatou’s lemma, since s(F)(f) =lim inf;_., s(Fz)(6), we would have

5GP, S Bim inf [s(E] S Tim Ay ol Fal, = Ay ol Pl

the general result. Hence we may assume that F(x) is a system of conjugate har-
monic functions for |x| < 1.
We write

Q) = Q,0), s=s(F), d=G+1)2, r=|x|,
N() = Sup |[F(x)|, ¢= sup [Fx)[%, w(x) = (F(x)|*+c)

Application of Lemma 1 gives

(|F|2+c)2-22 Aw
Q@) (I-r)y-2
Aw

< A,N2-7(4 — dx.
? © a@ (1—r)*~2

£(60) < 4,

Hence, by Holder’s inequality,

Aw 1/2
< @-p)2 _bw
@.1 Isl, < 4,|N|¢ ( fm L Rt de) :
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An elementary argument shows that if y,(x) is the characteristic function of Q(6)
and

J = j Xo(’a) do,
oz
then

“4.2) J, £ A(1—=r)*~1,
Applying (4.2), we have

.Lx J.Q(O) a- )" s dxdf = f J. ()iO()?)ew2 dx db = j (1J A)::) 2

4.3)
< Aof J' (1=r) Aw(r6) dr d6 = A,|G2|,,

where §
G¥(6) = f (1=r) Aw(r6) dr.
0
We prove now that
44 1G5l = A4,6|N 13-
Letting S
G2(6) = f +_[ - I+
(] [

reduces the proof of (4.4) to showing that
(C)) 2]y £ 4p6lN17  k=1,2.

By Lemma 6 and the observation that ¢ = N%(6) for all 6, we get

12212 = 4.

which gives (4.5) for 1.
For I,, we use (2.3) to write

Y1-ro ( ow L l—-r o (v ow
2 — — e | o —
L= o v or (v 3r) dr+ ZJ; v oL (v? 8t,) dr

i=1

]
fo (1_,)6,,%"1 S 4,,|N |2

“.6) net
=P+ ) P,
j=1

Let us first consider P. Integrating by parts (F being a system of conjugate har-
monic functions for |x| £1) and applying Lemma 6, we obtain

Y1—r @ ( ,_ 0w
P = fr" 16r( 5)dr

4.7 = [(l_r)a_r.]a-p[(2—-n+n:—l)w]:+(n—l)f;‘;dr

S A, N>
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For P;, an integration with respect to ¢; shows that (Q as defined in (2.1))

1l—r o (v ow
.8) Lz P(6) d6 = L =t (v—? ‘a‘z‘,) drdt,--dt,_, =0,
because .
. owlt==r
sin®~/-1¢ —] =0, j < n—1,
[ 7 t;=0 J
and, due to periodicity,
aw ]tn_1=2ﬂ _ 0
Olh_1lt, _1=0 e

Combining (4.6), (4.7), and (4.8), we get

[ no®d < aaniz,

which gives (4.5) for I,. This concludes the proof of (4.4).
From (4.1), (4.3), (4.4), and Lemma 5, we get
Isls = 456l NIZ-P2IGRIF £ Ap o Ny = Apo| Fllp
the desired result.

Proof of Theorem 2; case when 1<p<2. The proof here runs along essentially
the same lines as the above. We replace Lemma 1 by Lemma 2 and Lemma 5 by
Lemma 4 with w(x)=|u(f)(x)|.

5. Theorems 1 and 2; case when p>2. The following lemma enables us to
derive the inequalities in Theorems 1 and 2 involving the s-function from those for
the g-function when p=2.

LemMA 7. If p22 and u(x) is a function harmonic in Z, then

G.1) sG> < Ap.ol 2@l
Proof. Let s=s(u) and g=g(u). We may write
5.2) Is13 = ([ ey as)” = sup [ somo) as,

the supremum being taken over all nonnegative functions A(f) which satisfy
Al =1, where 1/(p/2)+1/g=1.
Then, using (4.2), Lemma 3, and the notation associated with them_, we have

(x=ro)
_ h(6)xe(x)]| Vu(x)|*
[ coneas = [ [ KNI g ap

- [ ﬁli—t:()?-l—: (Jl L Ox(ro) dG) dx

J.| Vu(x)|2M (h)(0)
s [y

< 4, fa f Y (=1 Vu(rO)*M()(0) dr db

s Al gl M®)). = 4,6l l3lR]. = 4501813,
which, with (5.2), yields (5.1).
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We also need the next lemma, which contains generalizations of some well-known
inequalities that were employed by Littlewood and Paley [6, II]. Since the proof is
a relatively direct and tedious modification of that sketched for Lemma 6, it is
omitted.

LeEMMA 8. Suppose that F(x) is a system of conjugate harmonic functions in X.
Let

= F(x)|? d N(0) = 0) = .
c= sup [F* and N(§) = NF)XO) = sup, [F()

If(n=2)/(n—1)<p=2and x=rb, then (j, k=1,2,...,n)

(5:3) 2 )| = Vel s 550
(54) V(F@2+cp)| s 2270,
2 AN(6)
©9 |7 ()| = 655
66 [VUF@PRP+PD)| S ANOBFE) AP,

67 VIAF®[2+c)P3)]| = 4N2OAFG)2+ P21 —r).
We now complete the proofs of Theorems 1 and 2.

Proof of Theorem 1; case when p>2. In view of Lemma 7 and the inequalities

S(F) £ 2 s, 8w < n**g(f),
k=1
it is enough to prove that

(5.8) "g(F)“p S A||F|,.

Moreover, due to an observation made in §4, we may assume that F(x) is a system
of conjugate harmonic functions for |x| < 1.
Letting

1/4 1
g2(F)(0) = f + f - B+13
0 1/4

reduces the problem to showing that
(5.9 Ils £ 451Fls = 1,2.
Let ¢ and N(6) be defined as in Lemma 8. Then, by (5.3) and Lemma 5,
ILlls = 4| Nls = 4,1 F |5
which gives (5.9) for 1.
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In proving (5.9) for I,, we shall follow a procedure which is closely akin to that
employed by Littlewood and Paley [6, II, pp. 60-63] for their g-function when p
is an even integer.

Let us first consider the special case 2 < p <4 (actually the following argument is
valid for the wider range (2n—4)/(n—1) <p <4). Application of Lemma 1 with p
replaced by p/2 and w(r) = (|F(r6)|2+c)”'* gives

! /2 1/
I22]l, = Ap(J;z Nm—p)u{ (1—r) Aw dr}’ d0) »

1/4

(5.10)

1/2
S 4[N |g" i

1
f (1=r)Awadr
14

since (4—p)/4+pl/4=1. Writing w,=w(r,, 0), m=1, 2, we see that

1 2 1 1
f (=r)Awdr| =2 f f (1 =r)(1 = r5) Aw, Aw, dr, dry 6.
1/4 2 oz Jus Jrg

Substituting for Aw, its form in spherical coordinates (using the notation in (2.3)
with r replaced by r,) and observing that, due to Lemma 8,

Y1—r @ (. 0w\ , ow]? n—1\ 1*
,[3 ’m 5 (l‘ 5;—) dr = [(l—l') 5]”"}' [(2—fl+——r )W]r2
1w
+(n=1) | —dr £ A,N??
T2 re
whenever 1/4<r, <1, we obtain

1
(1-r)Awadr

1/4

2 1
< 4, f (1—r)N 2 Aw, dry d6
2 2z J1/4

2 fa f; J'l (1=r)(1=r,) Aw,

(5-11) 1 ];1 v ow,
31 (v—? a_z,) dr, dr, do
=P+ :‘2 P,
Then, using Hoélder’s inequality,
(5.12) P < 4,|N|z" fl l A-nwar| -

Also, an integration by parts with respect to ¢, yields

_ 1o 1 /0 ow,
P, = -2 faz fl N (1—r1)(1-r2);?-(5t—j sz)—é-t-j—drl dry db.
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Therefore, using (5.6) and (5.7) with p replaced by p/2,

<4, f f f (‘ ’1) N?3(Aw,)V2(Awg)V2 dr, dry d6
9T J1/4 Jrg

— 2
<a, [ no2 f f [Aw2+(:_’1) Awl] dr, dry do
oz 1/4 Jrg ry
1 1
=4, f Nm{ Aw, j drl) dr,
()] 114 o

+ [ aorram([[* g Zag)an ) ao

< A,f N”z( (1-r)Aw dr) db
= 1/4

(5.13)

S 4| N[3®

1
f (I-r)Awadr
s 2

From (5.11), (5.12), and (5.13), we get

S 4| N[5

(l r)Aw dr

1/4
and so, due to (5.10) and Lemma 5,
ILl, = AIN|3-P2IN|3* = 45| Fl, 2 <p =4

For the case when 2(k—1)<p=<2k, k=2, 3, ..., application of Lemma 1 with p
replaced by p/k, ¢ defined as above, and w(r6)=(|F(r6)|?+ c)*'?* gives

1/2

1
(5.14 Ifals S AN [ =) awar
1/4 k

since 2k —p)/2k+p[2k=1.
Writing w,,.=w(r,,,0), m=1,2,...,k, we see that
(l —r)Aw dr

k k
=4 f 1-rn) A drp 6.
/4 kfaz f1/4§"k§"'§r1§1 I:I( r) wml:I m

Now we substitute for Aw, its form in spherical coordinates and notice that, just
as in (5.12), the integral containing the partials with respect to r; is not greater than

3

k-1

f; (1—r)Awdr“k

Next, as in the case k=2, the integral (j considered fixed)

_ oo
J;z.[/4§~~'ér1=1 jn(l rM)nA vat (v? oty ];Idr,,,dO

is integrated by parts with respect to ¢; in order to show that it equals

—J f --Jv"ﬁ(l—r)i(ﬁAw)%ﬁdr do
oz Jias. . sn=1 T4 "ot \tprT ") o, Lt

A, | N[5*
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Then we substitute

3 (£ _ SoAw, [ £
2 (L1owa) = 2% (L1 8m)

i=2 2,m#i

into the above integral and consider the term (i and j considered fixed)

aw oAw, £ k
_ e o2 1—r) —2 —2 A dr,, db.
.Lr. fms--- Sns1 f ]'_‘[ ( 6t ot 11; Wm I:I "

Applying Lemma 8 with p replaced by p/k and proceeding as in (5.13), we find
that this term'is less in absolute value than

1-r
A N?lkf . J( 1) Aw)2(Aw,)2 1=r,) Aw, T | dr,, d6
pfaz 1/45...5,1§1 (Bw,)%(Aw,) l—I( rm) Aw, I_I r

S o [ 07 ([ e (T552) oy ar
k k
ITa-raw, T] dr,,,) do

(J;S'“5r¢+15'1715"'§m§1 2,m#i 2,m#i

1 k-1
gA,f N’”‘(f (l—r)Awdr) d6
[} 1/4

k-1

1
< 4,|N|2" f (1=r) Aw dr
1/4 k

Combining these estimates, we obtain

and so, from (5.14),
1], S A|N|F*=P"2|N |32 < 4| F |,

(l r)Aw dr

1/4

S 4N,

which gives (5.9) for I,. This completely proves Theorem 1.

Proof of Theorem 2; case when p>2. In the above proof, replace the lemmas
regarding systems of conjugate harmonic functions by the analogous results for a
single harmonic function.

PART II. RESULTS FOR THE HALF-SPACE

6. Background material and main results. For points in E, we shall continue
to use the notation introduced in §2, unless otherwise stated. A point in the half-
space, E;, x (0, o), will be denoted by (x; t)=(xy,..., x,; t), where t>0; |(x; ?)]|
=(x}+---+x3+1%)Y2; and V and A denote the gradient and Laplace operators in
En+1'
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By L*(E,), p>0, we mean the class of functions f(x) whose pth power is in-

tegrable over E,. The norm in L?(E,) is defined by

111 = 171 = ([, 1rear ax)”

If fe LP(E,), p= 1, then its Poisson integral u(x; t), >0, is given by

c7) = 1) = p-(+1)2 ”+l) fx=pdy
uix;t) = u(f)(x;t) == F( 3 g, (VP 120+ DR

Then u(x; t) is harmonic in E, x (0, ©), f(x)=lim,., u(x; t) both in the L?(E,)
norm and almost everywhere, and | f||,=lim,., |ju(x; )|, =sup;so |u(x; 1)|,.

A system of conjugate harmonic functions in the half-space is an (n+ 1)-tuple
F(x; t)=(@u(x; ), ..., up41(x; ) of real-valued harmonic functions satisfying, in
t>0, the generalized Cauchy-Riemann equations

au,,,,.1+ Z au, aun+1 = %, auj - ?_u_k,
10x; 0 0x; ot ox, ox,

where j, k=1,2,...,n. Since F(x;t) has (n+1)-components, |F(x;t)|® is sub-
harmonic whenever
p2 n—1_(+1)-2
=ETh T D=1

If F(x;t) is a system of conjugate harmonic functions in the half-space, then
F(x;t) is said to belong to the class H?(E, x (0, 0)), p>0, whenever its norm
defined by

. 1/p
171, = sup_ ([ 1FGss ol ax)
0<t< Ep

is finite.

Stein and Weiss [13] have shown that if Fe H?(E, x (0, ©)), p>(n—1)/n, then
the nontangential limit F(x; 0)=(u,(x;0), .. ., u, +(x; 0)) exists for almost every
x € E,, F(x; t) converges to F(x; 0) in the L?(E,) norm as ¢ — 0, and

11, = Lim |FCe; D)l = |FCx; 0)5-
They also showed that if p=(n—1)/n, then the nontangential limit exists for zZlmost

every x€ E,.
The Littlewood-Paley g-function for the half-space is defined by

80 = 860 = ([ r1vutxs o ar)

n+l 1/2
80 = (p 2, £009)
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For the Lusin s-function, the cone inside the unit sphere is replaced by an open
cone W,(x), 0< &< oo, consisting of all points (y; ¢) such that |x—y| < 8z.
The Lusin s-function for the half-space is then defined by

n+l

(W) = (7 2, @)

i=1

It is known [12, pp. 447, 462] that, for any u(x; t) harmonic in >0, g(u)(x)
< Ays(4)(x),.and so

6.1 8N)(x) = 4ss(f)x), gF)(x) £ Aps(F)(x).
We now state the half-space analogues of Lemma 5 and of Theorems 1 and 2.
LEMMA 9. Suppose that F € H?(E, x (0, ©)), p>(n—1)/n, and let
N(F)(x) = Ny(F)(x) = sup {|[F(y; 1)|: (y; 1) € W(x)}.

Then
INBN, = Azl Flp

THEOREM 3. If F € H?(E, x (0, 0)), (n—1)/n<p <o, then | g(F)|,< 4,|F|, and
Is(F)l» < 4,6l F |-

THEOREM 4. If fe L*(E,), 1 <p<oo, then | g(f)|, = 4, f and |s(f)| £ 4,.6] f]-

Lemma 9 is an immediate consequence of two lemmas which appear in [13,
Lemmas (3.8) and (3.14)]. As was mentioned in the introduction, Theorem 4 has
been proved by Stein [12]. In §7, we shall show how Lemma 1 may be employed in
order to obtain Theorem 3 for (n—1)/n<p<2. Since the extension to p>2 then
proceeds in essentially the same way as that used in §5 for the unit sphere, we shall
not present it. The case p>1 of Theorem 3 may also be obtained by applying
Theorem 4 to each component of F.

It should be noted that we may obtain a new proof of Theorem 4 for 1 <p <2 by
proceeding along the same lines as in the proof of Theorem 3, replacing F by f and
the various lemmas concerning systems of conjugate harmonic functions by the
analogous lemmas for single harmonic functions.

7. Proof of Theorem 3; case when (n—1)/n<p=<2. In view of (6.1), it suffices
to prove that

(7.1) IstE)l> = A5l Fll, (n=Djn < p < 2.

Setting F.(x; t)=F(x; t+¢), e>0, and proceeding as in the proof of Theorem 1
given in §4 for (n—2)/(n—1)< P=2, we find that it is enough to prove (7.1) with
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F(x; t) replaced by F,(x; t). In the proof F(x; t) will denote F,(x; t).
For any two positive numbers a and b, let d=a+ 8b and

h(x;1) = écosz sin =

2d b’

where r=|x|. We note that

t .. b . m
z hm-sm1=t,

Pﬂh(x;z)=f-:sin$, lim 2 sin 7

and A(x; t) =0 whenever 0<¢<b. Put
Nx) = sup [F(y;0)], W(x) = Wix), W(x;b) = WE)N{(y;t):t<b},

WiteWs(x)

c=cd)= 0P |[F(x; 0|2, w(x;t) = w(F(x;1),p,a,b) = (|F(x;1)|2+c)2.

Then 0<c(d) < N%(x) and w(x; t) £272N?(x) whenever |x| =d.
Letting

n+l
; h(y;0) 2 [Vudy; DI
§%x; 0, 8) = ffmx:b) (n+1)" dt dy

and applying Lemma 1 with n replaced by n+1, it is easy to see that

S%(x; a, b) < A,N?- "(x)ff hp; A3 1) 4y g,

W(x:b) t
whenever |x| <a. Hence, using Holder’s inequality,
f S7(x; a, b) dx
|x1Sa

(1.2)

< A |N|5e- p)/z( fj h(J’, 1) AW(}’, 1) dt dy dx)
W(x:b)

Now let x.(y; t) be the characteristic function of W(x). Then

J‘leﬁa ij(x ) My 2wri) AW(y’ D dy dx

x=(; t)h(y, t)AW(y, t)
(1.3) f. - f' » f gx dy dx

< Aoj f h(y; t) Aw(y; t) dt dy,
lyl<d Jo

|x|Sa

since

j (3 1) dx < j xyide= [ dr=Agn
Ix1Sa Eqn

|x1Sot
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Assuming temporarily that »2 2 and employing cylindrical coordinates, we have

f " f h(x; £) Aw(x; 1) dt dx

J‘msaj Hoxs 1) Zifd‘d”+f f I Wees 1) 5 (r" law)dtdrda

v ow
:-1ff fh( ’)at (,,2 3,j)dtd’dt1 -dt,_,

= P,+P.+ 2 P;
i=1

where w=w(x; t), r=|x|, x=r6, and Q, db, v, v,, . . ., v,_, are as defined in §2.
Consider P, first. Integration by parts with respect to ¢ yields

b wt 0w wt ™2 . =t A,
fsm Y3 - dt = [ j W cos b]o—(-l;) stm;dtg-E-N’(x)

whenever |x| £d, and so
< A4 NP 2_.”rdx< A.|N|?
P = 4, j]x]Sd (x) cos 3™ = N3

Considering P, next, we find that

a ar © L ow = (¢ ..
J;cos 75;(r 0r)dr§ﬁfor wdr

and so (dx=r""1dr df)

Pos g [ [ [ rtwsinFarardo < S5z NIz s 4,0N 13

Now consider P;. An integration with respect to ¢, yields

0 (vow )
J; 3t, ( atj) dtl dt"‘l = 0’ J= 1, 2,- .oy n—],

because

ty=n
[sm" i- 1t,zw ! =0, j<n-1

and, due to periodicity,

[ ow ]‘n-x'z" -0
Oly_1lt, _1=0

Therefore, P,=0, j=1,2,...,n-1.
Combining these estimates, we find that

b
(7.4) f' e L h(x; 1) Aw(x; 1) dt dx < A, 5| N|2.
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If we now let @ and b approach oo and apply Fatou’s lemma, then it follows from
(1.2), (1.3), (7.4), and Lemma 9 that

Is(E)l> = 4, 0| N[F-P2 NI = Ay ol Fl»

which is the desired result. For n=1, we use the cartesian form of A and proceed
as above.

REMARKS. A simpler proof yields Theorems2and4 for 1 <p =2. A decomposition
of finto its positive and negative parts reduces the problem to nonnegative func-
tions. Then u, the Poisson integral of f20, is strictly positive and so in place of
Lemma 2 we may use the identity

(7.5 A@W?) = u?=? A(u?)

2
pp—1)
in which, since #>0, no singularities appear.

We note also that Theorems 1-4 may be obtained for p=4 by using a standard
conjugacy argument to pass from the case 1<p=<2 to p=4 (see Stein [12, p. 455]
and Zygmund [17, Vol. II, p. 212)).

Added. E. M. Stein [Intégrales singuliéres et fonctions différentiables de plusiers
variables (Notes), Faculté des Sciences d’Orsay, 1967] has independently utilized
the identity (7.5) to obtain Theorem 4 and the ‘analogous result for the function
gX¥(f) of Littlewood-Paley and Zygmund. Also, in Classes H” et multiplicateurs:
Cas n-dimensionnel [C. R. Acad. Sci. Paris 264 (1967); Série A, 107-108, Proposition
2] he announced (without proof) the corresponding H*(E, x (0, o)), p> (n—1)/n,
result for the furiction g¥(F) (Stein denotes it by S¥(F)). It is not difficult to see that
Stein’s Proposition 2 and the corresponding results for the class H?(Z) and the H?
class constructed by Muckenhoupt and Stein [9, p. 45] can be obtained by the
method introduced in this paper.
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