ON TWO DIMENSIONAL MARKOV PROCESSES WITH
BRANCHING PROPERTY()

BY
SHINZO WATANABE

Introduction. A continuous state branching Markov process (C.B.P.) was
introduced by Jirina [8] and recently Lamperti [10] determined all such processes
on the half line. (A quite similar result was obtained independently by the author.)
This class of Markov processes contains as a special case the diffusion processes
(which we shall call Feller’s diffusions) studied by Feller [2]. The main objective of
the present paper is to extend Lamperti’s result to multi-dimensional case. For
simplicity we shall consider the case of 2-dimensions though many arguments can
be carried over to the case of higher dimensions(?). In Theorem 2 below we shall
characterize all C.B.P.’s in the first quadrant of a plane and construct them. Our
construction is in an analytic way, by a similar construction given in Ikeda,
Nagasawa and Watanabe [5], through backward equations (or in the terminology
of [5] through S-equations) for a simpler case and then in the general case by a
limiting procedure.

A special attention will be paid to the case of diffusions. We shall show that these
diffusions can be obtained as a unique solution of a stochastic equation of Ito
(Theorem 3). This fact may be of some interest since the solutions of a stochastic
equation with coefficients Holder continuous of exponent 1/2 (which is our case)
are not known to be unique in general. Next we shall examine the behavior of sample
functions near the boundaries (x;-axis or x,-axis). We shall explain, for instance,
the case of x;-axis. There are two completely different types of behaviors. In the
first case x;-axis acts as a pure exit boundary: when a sample function reaches the
x;-axis then it remains on it moving as a one-dimensional Feller diffusion up to
the time when it hits the origin and then it is stopped. In the second case, there is a
point x, on x;-axis such that Z,=(0, x,) acts as a reflecting boundary and I, =
(%o, 00) acts as a pure entrance boundary (Theorem 4 and Corollaries).

I. Definitions and the main theorem. Let D°={x=(x, x,) : x; >0, x, >0},
D={x=(xy, x3) : x,20, x,20} and D= D U {A} be the one-point compactification
of D.
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(*) Research supported in part under contract NOO14-67-A-0112-0115 at Stanford Uni-
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(?) Also a similar result can be obtained for more general domains, e.g., upper half plane or
whole plane (in the latter case every process is a deterministic diffusion).
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DEerFINITION 1.1(%). A Markov process X=(x,, P,) on D is called a continuous
state branching process (C.B.P.) if it has A as a trap and satisfies

(1.1 E(e™"%) = Eq ofe M )*1Eq, 1) (e~ ¥)*a

for every A=(A;, A;)>»0 and x=(x;, x;) € D. The property (1.1) is called the
branching property.

DerINITION 1.2. A C.B.P. X=(x;, P,) is called regular if both E; (e~**)
and E 1)(e~**) are differentiable in ¢ at 1=0 for each fixed A>>0.

Let ¥ be the set of all functions (), A= 0, of the form

12) ) = coterh+esdat f (1— e~ )n(du)

where ¢;20, i=0, 1, 2 and n(du) is a nonnegative measure on D —{O}(*) such that

fD l-li-u||u| n(du) < oo

ie., $(A) e ¥ if and only if e ¥® is the Laplace transform of a substochastic
infinitely divisible measure P on D. Let

(1.3) Y2 =¥x¥ =@ = O, $(0); N e ¥,i= 1,2}

then there is a one-to-one correspondence between ¢ € ¥'2 and a pair (P,, P,) of
substochastic infinitely divisible measures on D. It is easy to see that if$, and ¢,
are in ¥'2 then ,(Y,) € ¥'2 where Y, () is defined by

(1.4 $1($)N) = FLOPN), $8°(P2(V)

if $, =P, $). In fact for every x=(x;, x;) € D there exists a unique sub-
stochastic infinitely divisible measure P,(dy) on D such that

exp {— X2V =3P} = [ e PUBIO)
D
Let Qi(dy) (i=1, 2) be substochastic infinitely divisible measures on D defined by

exp (=) = f e 0(dy).

Then,(Y,) corresponds to the pair (P, P,) of infinitely divisible measures defined
by

@) = [ o@r@), =12

) A»0 (A=(y, A3)) means A >0'(i=1,2). A20 means 420 (i=1,2). d-x=Ax;+ Agx2
for A=(;, A2) and x=(xy, x2).
(*) O denotes the origin.

) b2=0EP, ¥§).
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DEFINITION 1.3. A one parameter family {{;};c;0,», Of elements in ¥ is called a
Y'2-semigroup if

(1~5) $iss ='~l’t(‘l’s), q’o()‘) =X

DEerINITION 1.4. A W2-semigroup {¢,} is called regular if for every A>0, $,(2)
is differentiable in ¢ at ¢=0.

Let X=(x,, P,) be a C.B.P. and let P(z, x, dy) be the transition probability of X.
If we set P,(¢, dy)=P(t, (1, 0), dy) and Py(t, dy)=P(t, (0, 1), dy) then

(1.6) f e=MP(t, x, dy) = exp {—ha(t, Ny —lt, Vxa)
where
.7 exp (= (s, V) = fbe-*'m(t, d),  i=12

Then $,(X) = (1(2, A), Po(t, A)) € ¥'2 for every t=0 and by the semigroup property
of P(t, x, dy) it is easy to see that ¢, =U(P)), i.e., {P:hcro, ) 15 @ F2-semigroup.
Conversely given a ¥2-semigroup {¢,}, if we define P(¢, x, dy) by (1.6) then it is
a substochastic kernel and by the semigroup property of ¢, we have

P(t+s, x, dy) = f P(t, x, d2)P(s, z, dy).
D

Hence {P(t, x, dy)} defines a unique Markov process on D= D U {A} with D as a
trap. Thus we have the following

THEOREM 1. There is a one-to-one correspondence between the C.B.P.’s X =(x,, P,.),
and the Y2-semigroups {{,}. The correspondence is given by

(1.8) E.(e™"*) = exp {—x14 (¢, A) — xa3b5(2, A)}.
Furthermore X is regular if and only if {{} is regular.

Let &(x) and &x(x) € CP(D)(®) such that £,(x)=x; and &y(x)=x, on some
neighborhood U of the origin O. The main theorem is the following:

THEOREM 2. Let X=(x,, P,) be a regular C.B.P. Then the semigroup T, of the
process X is a strongly continuous nonnegative contraction semigroup on Cy(D)(®)
such that, if A is the infinitesimal generator in Hille- Yosida sense of T,, we have

(i) C3(D)<=D(A)®) and

(ii) for fe C3(D)

(%) Co(D)={f(x) : continuous on D such that lim . .« f(x)=0}, C3(D)={f(x) € Co(D);
all the derivatives up to nth order are in Co(D)} and C(D)= . CZ(D).
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Af(x) = o?x1 f11(X) + B?x2 foa(x) + (@x1 + bx2)f1 (%)
+(exy + dxa)fo(x) — yx1 f(x) — 8x2 /(%)

(1.9) +X L G +y) /(%) - &) (dy)

+ % f G+ 2) = F(0) — £ a(maldy)()

where o, B, v, 8, a, b, c, d are constants such that
(1.10) y 20, 8§20, b=0, cz20

and ny, n, are nonnegative measures on D—{O} such that

[ @+ aomm@+ f {60+ BOW@)
+n(D-U)+ny(D-U) < 0.

Conversely given a, b, c, d, «, B, v, 8, n, and ny, with the conditions (1.10) and (1.11)
there exists a unigue Markov process X=(x;, P,) with the semigroup T, satisfying
(i) and (ii) and further X is a regular C.B.P.

If we set

(1.11)

(1.12) Eq,ole™ %) = e "1, E,1(e™"%) = e V2,

h(Q) = —a®A +(ad +edg)+y— L (e™™ =1+ 6())nu(dy),

1.13
o ha() = =B+ Bk +dda) + 6= [ (€= 1+ Doy na(dy),
and
(1.14) E.(e %) = F(1, A; X)
then, = (f,(2, ), Po(t, X)) satisfies the backward equation
(1.15) djyfdt = hi($y),  disfdt = h(b),  do. = A,
and F(t, X; x) satisfies the forward equation
(1.16) %1: _ hl(A)§—£+h2(A)g-;; FO+, A; x) = eV,

By the correspondence established in Theorem 1 this theorem can be stated in
the following purely analytical form:

THEOREM 2'. Let Y, =(,(¢, A), $4(t, X)) be a regular Y2-semigroup. Then there exist
a, b, c,d, e, B,y, 8, ny and ny satisfying the conditions (1.10) and (1.11) such that it
is given as a solution of the backward equation (1.15) for h, and h, defined by (1.13).

(") fis(x) = &*f|ox, ox; and fi(x) =of|ox,, i=1, 2.
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Conversely given such a, b, ¢, d, o, B, v, 8, ny and n,, the solution of the backward
equation is unique and defines a Y2-semigroup.

2. Proof of Theorem 2.

LeMMA 1. Let $, €Y and ¢, = () on adomain U € A={A=(A4, A,) : A= 0}(°).
Then € . (To be precise there exists a unique extension of ¥ onto A so that it is
an element of V)

Proof. This lemma may be well known but we shall give a standard proof for
the completeness. (A) € ¥ has the form

YO) = coterd+Cadot f (1—e=**)n(du)

- f £O\; r, 6)ii(dr dO)

for some bounded measure 7i(dr d6) on Q where
Q = [0, 0] x [0, #/2]
EA; r, 0) = {1—exp (—Ayr cos 60— Ayr sin 6)}
X (1+r cos 8+rsin 8)(r cos 0+r sin 6)~2.

Clearly we have

[}
- i(dr d6), - f __C0SO__adrds
o J;w) x[0,7/2] Aidr d6) “ (0y x[0,7/21 COS 0+sin 6 fldr d6)

and

sin 0 .
@ J‘(O)x[o.n/m cos O+sin 6 Ai(dr db).

Also it is easy to see that for any nonnegative bounded measure 7 on Q
W = [ €, oyicar o)
Q
is an element in ¥'. Note also that for fixed A, € U,

2.1) d < EQo;r,0) <d, forall (r,0)eQ

for some constants 0<d; <d,. Now let (1) = (1) on U. Then sup, ¥,(1,) <o
and hence by (2.1) sup, #,(Q2) <oo. Hence some subsequence {7, } of {fi,} converges
weakly to a bounded measure 7, then clearly

Pn () = Y(A) = fn éQ\; r, O)fi(dr do) e ¥,

(®) ¥» = ¢ means the uniform convergence.
(®) U € A means U is a bounded domain such that p(U; @A) >0 where p is the Euclidean
distance.
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LEMMA 2. Let h,(A)=(h(A), h§P(N), n=1,2,...,and h(X)=(h,(X), hy(X)) be
Sunctions on A={A=(A, A;); \=0} such that for some V € A, h, = h on V and
each h, and h are Lipschitz continuous on V. Let {(A) and Y«(A) be solutions of

(2.2) divldt = hy($(), Y = A
and
(2.3 difdt = h(§), Yoy = A

respectively. Then there exists Vo € V and t,>0 such that ${™(X) =Py (A) on (¢, A)
€ [0, t5] X V.

Proof. Let A()), 2(X) be Lipschitz continuous in ¥ such that

(2.4) sup [h(N)~h(V)| < e

and

(2.5) sup. [h) —h()| - [A=p|~* = ACO).
Set

(2.6) B= sup [h(V)|+e.

We claim that if §, and {, are the solutions of

@7 b = 1+ [ ) ds

and

(2.8) V) = A+ f: h(Py(X)) ds

respectively then

29) sup sup [N~ PV < 7 exp (Aro)

0=t=to AeVp
where V, is a domain such that ¥, € ¥ and ¢,>0 is such that
p(Vo; 0V) > Bt,.
In fact, set P{® ==X and define P and Y successively by

t
47 = 2+ [ ey ds
0

and

& = [ K@) as

(*°) A is a positive constant.
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It is clear that if (¢, ) €[0, t,]x ¥, then ¢ and ™ e ¥ and ${® =, and
¢ = §,. We shall prove that for 0< <1,

@10 sup sup 4rW-Gr)] s 5[4+ G+

In fact, (2.10) is trivial for n=0 and if we assume that (2.10) is valid for n=0, 1, 2,
.,nthen for Ae Vyand 0=¢=¢,,

R O R Fial OV I J: (™)~ R(P)| ds

n!

).

IIA

[ e a1 - ds

lIA

A [ 0 - 3] doet

o P U e
[

Therefore (2.10) holds for every n. Letting n — oo we have (2.9). The assertion of
the lemma is clear from the inequality (2.9).

LemMMA 3. Let h(X)=(hy(X), ho(})) be a function defined on A={A: A2 0}, Lipschitz
continuous on a domain V € A. Let F(t, X) be a continuous function of (t, A) € [0, c0)
x V, (real) analytic in X € V for each fixed t and satisfy

@.11) aaf nny 2L o E o 2E : A F(0, )=0.

Then F(t, \)=0 for all (t, \) € [0, 0) x V.

Proof. It is sufficient to prove F(z, \)=0 for all (¢, A) € [0, #,] x V' for some ¢,,
since then F(t, \)=F(t+1,, ) is also a solution of (2.11) and hence F(z, \)=0
for all (¢, A) € [0, t,] x V i.e., F(¢, A)=0 for all (¢, A) € [0, 2¢,] x V. Continuing this
process we have F(z, A)=0 for all (¢, A) € [0, c0) x V.

Since F(t, A) is analytic in A € ¥ for each ¢ it is sufficient to show that F(z, \)=0
for all (¢, A) € [0, t,]x V, for some V,EV. Let Y, (A)=((t, ), (2, A)) be the
solution of

dyjdt = h(gy),  $o(d) = A
Then there exists #, and ¥; € ¥V such that §(A) e V for all (¢, X) € [0, £,] x V;. Set
G(o, )=F(t—o0, $,(N), 0S0<t=<ty, A€V, then

L£..Z (t—o,¢a(A)>+%°-<t o) oD OF

oF
=( ot g 6)\ +ho 6A)

d¢2(0, W)

o, (o) — 77—

t=t—o

A= g
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and hence G(o, A) is constant in o. In particular we have F(z, \)=G(0, )= G(z, A)
=F(0,¢9,(2))=0 and therefore F(z, A\)=0 for all (¢, A) € [0, t,] x V.

Now we shall prove Theorem 2. First, let X=(x,, P,) be a regular C.B.P. and
let T, be its semigroup. It is easy to see that T, is a semigroup on C,. Let 4 be
the infinitesimal generator in Hille-Yosida sense of T, and let D(4A) be the
domain of A4. Set

(2.12) falx) = e, A= (A, A) 20, x = (x,, xo) € D.
Then
(2.13) T, fi(x) = (T £A(1, 0))*«(T, /0, 1))*=.

By the regularity of X and (2.13), T,f\(x) is differentiable in ¢ at r=0 for each
A>»0 and noting that, for some 7, >0,

0sup T./A(1,0) <1 and sup T,/,(0,1) < 1
stst 0<tst

it is easy to see that (T, f\(x) —f,(x))/t converges uniformly in x when ¢| 0. Hence
{fi: A>0}< D(A). By (2.13) we have also

@14 AhE) = lim M = e~ {eM Afy(1, 0)x, + €2 41,0, 1)x,}.

We shall now determine the expression of Af,(1, 0) and Af,(0, 1). More generally
we shall determine the expression of Af, at a boundary point x, of D except origin
O('Y). Let xo=(x?, 0) where x>0 and V be a neighborhood in D of x,. Let
£1(x), €5(x) € C(R™)(*?) such that £,(x)=x; and £,(x)=x, on some neighborhood
U of the origin. Let D, (resp. V, )={x=y—x,;y € D(resp. y € V)} and we assume
Ve, ©U. By a result due to Venttsel’ [15], there exists o?(x,), a(xo), c(x0)=0,
Y(%0)20, a(x,) 0 and a nonnegative measure n,(dy) on D, —{O} with

[, GOor+ i @) en(Da=v.) <
such that for every ; € D(A) N C%(V),
Lf(x0) = o®(xo)f11(X0) +a(xo)f1(x0) + c(xo)f2(x0) — ¥(X0)f (xo)
+ f%{f (x0+ ) —f(x0) = £E:(P)fi(X0)xo(dY) + 0(x0) Af (x0) = O.

Furthermore if o?(x,) =a(x,) = c(xo) =y(x,) = (x,) =0 then n,,#0. We claim that
o(x,) #0. In fact, if o(x,)=0 then since {f,; A»0}< D(4) N CA(V),

Lfi(x0) = {A3e®(xo) — A1a(x0) — Azc(x0) — ¥(xo)

+] @M= 1=0Engdy)}e "0 = 0

Dxq

(1Y) A£,(0)=0 for every A>»0.
(*?) CP(R™={f: all derivatives of fe Co(R")} where Co(R™)={f : continuous on R" and

limj 4~ | f(x)|=0}.
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for all A»0. By a standard argument this implies that «?(x,) = a(x,) = c¢(xo) = y(Xo)
=n,,(dy)=0 and this is a contradiction. Hence o(x,)#0. Without loss of the
generality we may assume o(x,)= —1 then from Lf,(x,)=0 we have

Afi(xo) = {A%aZ(xo)—Ala(xo)—xlc(xo)—y(xo)

2.15
@13 + J;) (er¥—1+ )‘151(J’))”xo(dy)}e- Ao,
Set
hi(d) = —eMAf(1,0) = —Me?+(ar; +cAy) +y
(2.16)

[ e 1 nsom@)
D,0)
where «2=¢2(1, 0), a=a(l, 0), . . ., n;(dy) =ng 0((dy). We have a similar expression
for hy(X) = —e*24£)(0, 1);
ho(d) = —e2Af(0,1) = —A B2+ (DA +dA)+ 8

2.17
( ) - fD (e~ ¥ =14 A€5(»))no(dy).

By (2.14),

b} 0
@18 AR = e (=X =xsh) = (b 5+ ha 50 | A
1 2
If we set x=x,=(x%, 0) in (2.18) and compare this with (2.15) we see at once that

o®(xo) = x3?,  a(xo)=x%a, ..., n.(dy) = xn,(dy).

From the last relation, since n,(dy) is a measure on D, —{0}, by letting x, — 0
we see at once that n;(dy) is a measure on D—{0}. Similarly ny(dy) is a measure on
D —{0}. Thus we have proved that there exist e, 8, y, 8, a, b, ¢, d, n, and n, satisfying
(1.10) and (1.11) such that if the operator 4’ is defined by (1.9) then

Af, = A'f,  forall A » 0.

For any fe C3(D) choose f, € L{f\; A>0}(*®) such that f, = f, of,/ox; = f and

0%f,/(0x, 0x,) = &%f](0x; 0x;) (n—> o0) then Af,=A'f,— A’f and hence by the

closedness of the operator 4, we have C2(D)< D(A) and for fe C¥(D), Af=A'f.
Since f, € D(A) we have

oT fyjot = AT.f, = T, Af.
By (2.18),

T, 0 0 oT,
WD — Tfy = T L2+ ) = 1 Lo, T

(*3) Z{fr; A>0} is the linear hull of {f,; A»>0}.
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and this proves T,f,(x)=F(1, A; x) is a solution of the forward equation (1.16).
If we set exp (—¢,(t, A))=T,f,(1, 0) and exp (—4(t, ))=T,£,(0, 1) thenfori=1, 2,

d‘/li(t s A) ath)\
dt

exp ((2, A)) (1,0) = —exp (i(t, AT £:(1, 0)

= —exp ((t, )‘))A(fwt.)\)) = h($) (= @, 2), (1, V)

proving that ¢, is a solution of the backward equation (1.15).

Next we shall prove the existence of C.B.P. First we shall prove the uniqueness.
Let T, and T, be strongly continuous semigroups on Co(D) with the infinitesimal
generators 4 and A respectively such that C3(D)< D(A) N D(A), A=A on C3(D)
and the expression of 4 on C3(D) is given by (1.9). Then T,fy(x) and T,fi(x)
satisfy the forward equation with the same initial value e~** and hence F(, A)
=T,fi(x)—T,fi(x) satisfies

8 = hl()\) +h2(/\) FO+,2) =0.

By Lemma 3, F(1, \)=0, ie., T.f,=T.f, for every A>0. Since the linear hull
{fr; A>0} is dense in Co(D) we have T,=T,.

Now we shall prove the existence. Given «, 8, y, 6, a, b, ¢, d, n, and n, satisfying
the conditions (1.10) and (1.11) define 4;(A) and A,(A) by (1.13). By the corre-
spondence between C.B.P.’s and ¥2-semigroups established in Theorem 1 it is
sufficient to prove that the solution (1) of the backward equation:

(1.5) dyfdt = h(d), o, = A

where h=(h,, h,) defines a ¥2-semigroup. In fact it is easy to see that the C.B.P.
corresponding to ¢, by Theorem 1 has the semigroup 7, with the infinitesimal
generator A4 such that {f,; A>»0} < D(4) and Af,(x) is given by (2.18). Hence by
the same argument as above CZ(D)< D(A) and the expression of 4 on CZ(D) is
given by (1.9). To show that ¢, is a ¥2-semigroup it is clearly sufficient to prove
that for some #,>0, ¢, € ¥2, 1[0, t,] and Y, ()=, (P(A)) for all ¢, s € [0, t,]
such that 7+s € [0, 10]; then {Y;},c0.¢,; can be extended uniquely to a ¥'2-semigroup
{U}icr0. - Since A(A) is Lipschitz continuous on every domain U € A={A; A= 0},
the solution of (1.15) exists uniquely on U in ¢ € [0, #,] for some #,>0. The semi-
group property of ¢, is clear from the uniqueness of the solution. Hence what
remains to be proved is that ¢, € ¥'2 for all ¢ € [0, #,]. For this we first consider the
following simple case:

(2.19) o2 =82 =0, ny(D—{0})+ny(D—{0}) < 0.
Then it is easy to see that 4; and A, can be represented in the form
(2.20) h(d) = o@(N)— A, i=12,

where o; (i=1, 2) are positive constants and ¢; € ¥, (i=1, 2). Then the equation
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(1.15) is equivalent to the following integral equation
t

(2.21) i1, ) = e"’“/\¢+0sf e () ds, i=12.
0

Now if we define ${™(A) = (¢, A), $§(¢, X)) successively by
O, X) = A,

2.22) t
o, A) = e 7N+ o fo e (V) ds, i=1,2,
then noting that ¥'2 is closed under the composition we see easily by induction
that ${™ € ¥2, Hence by Lemma 1, ¢, € ¥'2 as the uniform limit of ${™ on a domain
U € A. To prove the general case we remark first that given A=(hy, h;) there
exists a sequence h,=(h{", h§") such that for each n, h, has the property (2.19)
and h, = h on every U € A. This is a well known fact and can be proved in a
similar method as the proof of Lemma 1. Let ${™ be the solution of (1.15) corre-
sponding to A, then i € ¥'2 and by Lemma 2, ${™ =, on some U, € A and
t € [0, ¢,]. Hence by Lemma 1,4, € ¥2 and the proof of Theorem 2 is now complete.
Consider the C.B.P. X=(x,, P,) of Theorem 2. Since its semigroup is strongly
continuous on Cy(D), X is a standard process or Hunt process, cf. Dynkin [1].
In particular we may assume that it is a strong Markov process with right con-
tinuous and d,-discontinuous sample functions. It is a diffusion process, i.e., its
sample functions are continuous with probability one if and only if y=8=n,
=n,=0. A probabilistic meaning of y, 8, n;, n, is the following. Define a non-
negative kernel n(x, dy) on D x D by

n(x, E) = xny(E, 0 D)+ xony(E; N D)+ (yX; + 8x2)8,(E),

2.23) b
Ee #B(D), x = (x1, x3)(**).

Let f(x, y) be any nonnegative function on D x D such that f(x, x)=0 for all
x € D. Then for every x € D and t=0 we have

2.24) E. [ét fx,, xs)] - E[ f: { fﬁ S P(x,, dy)} ds]

where x,_ is the left hand limit of x, at s (cf. Watanabe [16]).

3. The case of diffusion processes. In this section we shall study the case of
diffusion processes, i.e., the case y=8=n,=n,=0. The infinitesimal generator 4
given in Theorem 2 has now the following form:

(3.1 Af = &®x, fi1+ B2 fao +(ax; + bxo)f; + (cx1 + dX3)f>.

(**) E.={y—x; y € E}, #(D) is the set of all Borel subsets of D* and 8,(E) is the unit
measure on the point at infinity A.
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If b=c=0 then the corresponding C.B.P. is the direct product of two one-
dimensional Feller diffusions. This class of 2-dimensional diffusions was discussed
by Feller [2] in connection with Galton-Watson processes of two types.

The behavior of sample functions on x; axis when ¢=0 (or on x,-axis when
b=0) is the following. If a sample path reaches the x,-axis then it remains on x,-
axis moving as a one-dimensional Feller diffusion determined by the infinitesimal
generator «2x(d?/dx?)+ ax(d/dx). Finally it hits the origin O and then it is stopped.
The probability that a sample function hits the x;-axis is positive if 8#0.

From now on we shall consider the case when 5>0 and ¢>0. Assume for
simplicity that «a=B=1. It is natural to expect that the process X=(x;, P,) is
obtained as a solution of the following stochastic equation;

dxy(t) = (x1(£)*)"2 dB{P + (ax,(t) + bx(2)) dt(*°),

dxy(t) = (xo(£) )12 dB{® + (cx,(2) + dxo(2)) dt.
where BV’ and B{? are mutually independent Wiener processes. The coefficients
are Lipschitz continuous on every U € D and hence by Ito’s theorem (cf. [6], [13])
the solution of (3.2) exists uniquely up to the first hitting time for the boundary.

Since the coefficients are not Lipschitz continuous we cannot apply Ito’s theorem
for existence and uniqueness of a global solution of (3.2) but we have the following

(3.2)

THEOREM 3. For any x € D, there exists a unique solution x,=(x,(t), x5(t)) of
the equation (3.2) with x,=Xx such that it is stopped at the origin after it hits there
for the first time. The solution defines a diffusion process X =(x;, P.,) and this coincides
with the C.B.P. given in Theorem 2.

Proof. Since the coefficients are continuous on the whole plane there exists a
solution of (3.2) for any initial value x,=x € R* by Skorohod’s existence theorem
[13, p. 59]. We modify this solution so that it is stopped at the origin after it hits
there for the first time. This gives also a solution of (3.2). If the initial point x is in
D then this solution x, never leaves D. In fact, if it leaves D, there exists some time
interval [t,, #,] such that x,, € 8D, say on x;-axis (i.e., x2(fo)=0) and x,(¢) <0 for
t € [t, t;). But on a neighborhood of x;,, ¢x; +dx,2e>0 for some positive con-
stant ¢ and hence x,(t)—xa(s)=] ¢ [exy(u)+ dxo(u)] duz e(t—s) for every s,t
€ [to, t ]. This implies that x,(¢)= x,(fo)+(t—1#,) and contradicts with x,(¢) <0
for t € [t,, t,].

Now we shall show the uniqueness of such solutions. It is sufficient to show the
uniqueness of the solution on a neighborhood of each boundary point since then
the uniqueness of the global solution follows from the usual piecing out method.
Let x@=(x3, 0), x>0 and U be a sufficiently small neighborhood of x, such that
cx, +dx;>¢>0 on U where ¢ is a positive constant. Let x, and %, be two solutions
such that x,=%,=x®. We shall now prove x,=X, for t< 7y where 7 is the first
leaving time from U. Let A(x), B(x), C(x) and D(x) be bounded continuous

(*%) xe=(x1(2), x2(1)), a* =V O.
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functions on R? such that
(i) A(x)=A(x,); a function of x, only and A(x,)=(x{)"2 on U,
(ii) B(x)=B(xz); a function of x, only and B(x;)=(x5)"2 on U and B(x,)
< (2x3)'2, everywhere,
(iii) C(x)=ax;,+bx, on U,
(iv) D(x)=cx,+dx, on U and D(x)2 e everywhere,
(v) A, C, D are Lipschitz continuous and B(x) is Lipschitz continuous on
|x5| >k >0 for every k> 0.
Clearly such 4, B, C and D exist. In order to show that x,=%, for t<y it is
sufficient to prove that, if y, and j, are two solutions of
dx,(t) = A(x;) dBY + C(x,) dt,
dX2(t) = B(xt) dB§2)+ D(x,) dt
such that y,=j,=x, then y,=j,. First we remark that by the same argument
as above we can prove that any solution y,=(y,(¢), yo(¢)) of (3.3) with y,=x©
satisfies y,(1)=0 for all £=0.
LEMMA 4. There exists o, 0<a <1 such that if y,=(y,(t), y2(¢)) is a solution of
(3.3) with yo=x© then

t t
(3.4) [[Evsoras (= B[ yr-ras}) <
0 0
Proof. Let n>0; then by a formula on stochastic integrals due to Ito (cf. [6], [13])

(o) +n)*—9* = o f: (yo(s)+m)**B(y;) dB® + o f: (yo(s)+m)*~*D(ys) ds

+2 D [ oyt ds

By taking the expectations of both sides we have
t
E(ae)+ ) =7 = @ [ B(Ous) 42 *D(y) ds

oD [ EiGts) #2820 .

By the properties of B and D, B%(y)<2yj and D2e and hence if ] —e<a<1 then

E{(a(t) +m)3 = 2 ae j E{(ys(s)+n)~1) ds

3.3)

+

ol —a) f E{(yls) +m)*~2y(s)} ds

\%

ofe—(1-a)} [ E(ss) 4~ .
Letting 7 | 0 we have

® > Bt} 2 ale—(1-a)) [ Qo)1 ds
proving (3.4).
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Now we shall prove y,= j,. The following argument was suggested by a beautiful
proof of Tanaka [14] for the uniqueness of solutions with coefficients Holder
continuous of exponent > 1/2. Let f,(c), « € R, be defined by

Sal®) = |of, || > 1/n,
= (1+n%?)/2n, le| £ 1/n.

By Ito’s formula on stochastic integrals we have

£ =54(2))
- j:f,xyz(s)—yy(s»(B(ys)—(By:» dB® + f Fa) —=7e(s)

@3.5)

3.6)
x(D(ys)— D(ys)) ds+% Lt Ja(pos) = Fo()(B(ys) — B(Fs)? ds
=L+1L+1;, say.
Then(*%)
E{fu(yo(t) = F))} = E|po() = 52(8)],  (n—> o)
E{L,L} =0 for every n,
and

t
E(L} S K [ En) =510 +13)=5uls)} ds
since f,(c) is uniformly bounded and D(y) is Lipschitz continuous. If y, y' € D
|B(»)—B()|* < Ka|y3?—2'"|* < Ka|ya—yal*~¥5~*

for every « (0<a<1). Then
1 (., ~ ~
I = 3 [ Gu6)= DB~ B ds
t ~ 1 ~
= 3 [ {10501 = L@ - B ase)
n t
= K; 3 ne-2 f yo(8)*~tds
0
and hence, if we choose « so that (3.4) holds, E{I5} — 0 when n — co. Therefore
1
GT)  E(O-50) S K [ B =561+ [:6)~5us)] s
By a similar argument we can prove
t
G8  EnO-7O) S K [ E1n6) =50 +1346) =5} .

(1%) In the following K3, Ks, . . . are positive constants.
(17) Iz denotes the indicator function of an event E.
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In fact,
I =3 [ RO -5:6XA0) - 4G ds
=3[ H15©)-56) 5 ;09— G2 &
<& [[{in0-50) 5 Joww-ser

<§—§n-n’2t—>0, (n — )

by the Lipschitz continuity of 4 and hence we get (3.8) just as above. From (3.7)
and (3.8), if we set

A(t) = E{|y:(t)—7:(8)| + | y2(t) — 7D},
then we have

A < K, J" A(s) ds

and hence A(¢)=0 by a usual argument. Thus y,=j,.

Finally we shall show that the diffusion process X'=(x,, P,) defined by the above
unique solution of (3.2) coincides with the C.B.P. of Theorem 2. Again by Ito’s
formula we have for every A>0,

t t
e Mx g Nxy = AIJ‘ x1(5)12e= 2% st(1)+A2f x5(s)V2e~**s dB®
0 0
/\g t Az t
+—J xi(s)e 2% ds+—2f xo(8)e 2*s ds
2 Jo 2 Jo
t
Y f (@x1(5)+ bxa(s))e~ s ds
0
t
— Ay f (ex1(s)+dxo(s))e*%s ds
/]
and hence by taking the expectation of both sides

Efe=) = e'A"‘—hl(/\)Ex{ f: xi(s)e Vs ds}—hz()\)Ex{ J: xz(s)e"""sds}

= et | [ A G K
o |33+ 3, ) s :

Hence F(t, A; x)=E,(e”**) satisfies the forward equation

oF

B oF oF v
(1.16) 7= MOy thM g FO+,3x) = e

By Lemma 3, X coincides with C.B.P. of Theorem 2.
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REMARK. The branching property of X=(x,, P,) can be seen directly in the
following way: we have shown above that F(t, A; x)=E,(e~**) is the solution
of the forward equation (1.16). On the other hand, as is easily seen, F(z, A; x)
=FEq e~ M *)*1E 1)(e~*)*2 satisfies (1.16). Hence by the uniqueness of the
solution of the forward equation (Lemma 3) we have (¢, \; x)=F(t, \; x) i.e., X
has the branching property.

From Lemma 4 we have at once the following

COROLLARY. If e=B=1, b>0 and ¢>0 then the diffusion X=(x, P,) has the
following property; with probability one the Lebesgue measure of the set of all t
such that x, € 0D — {0} (x,-axis or x,-axis except origin) is 0.

This fact is in striking contrast to the case when b=0 or ¢=0. We shall study in
more detail the behavior of sample functions near the boundary. Set

3.9) T, ={x = (x,0); 1/c < x; < o0},
(3.10) o ={x =(x,0);0 < x; < 1/c},
(3.11) T3 ={x=(0,x5);0 < x; < 1/b},
and

(3.12) 3y = {x = (0, x3); x; > 1/b}.

Let x€ oD—{0} and U be a neighborhood in D of X which has the strictly
positive distance from the origin. For simplicity we assume that X is on x;-axis.
For each >0 set

(3.13) U= Un{x = (x5, X2); X2 > 7}
and let 7, be the first leaving time from U". Set 6=lim, ;, 7, and
(3.19) Iy, = the (random) set of all limit points of x; when ¢ 4 o.

Following Has'minsky [4], we shall give the following

DEFINITION 1.5. X is called regular if for every neighborhood V in D of X we
have
3.15) lim P{I'y < VnoD}=1

xeD° =%

where U is a fixed neighborhood of .

DEFINITION 1.6. Let X be an open interval in 9D —{0}. X is called unattainable
if for every X € T there exists a neighborhood U in D of X such that

(3.16) P.(I'NoD = g) =1, for every xe U N D°.

It is clear from these definitions that
(i) if  is unattainable then X consists of all irregular points,
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(ii) X is unattainable if and only if each x €  has a neighborhood in Z which is
unattainable,

(iii) if 2 is unattainable then with probability one sample functions starting from
a point in D° never hit 2.

THEOREM 4. (i) Z, and Z; consist of all regular points. Furthermore sample
functions hit any nonempty open set in X, U X3 in a finite time with positive prob-
ability.

(ii) X, and X, are unattainable.

Proof. Let X=(%;, 0) € Z,, i.e.,, 0<cx,; <1 and I be a neighborhood in %, of .
According to [4] set

. X cx,+dx
A = . S B* = max 22
*(xz) 2}?} X1 + |ax1 + bXQl (xz) x1€l Xa
then it is easy to see that, if I is sufficiently small, then there exist constants
0<k,<ky, 0<kz<ky<1 such that kyx, < A*(x;) Skgx, and kg/x, < B¥(x5) S ky/xo.
Then

Z*(xy) = exp { L B*(z) dz}~ L [exp { f B*(u) du ~A*(z)] 1 ds < koxgts

and hence [, Z*(x;) dx;<oo. By Theorem 3.1 of [4] % is regular. Next we shall
show that sample functions hit every nonempty open subset of X, with positive
probability. Let X € £, and U be a neighborhood in D of X such that cx; +dx,
2e>0on U where ¢ is a positive constant. Let u(x) € C3(D) such that u(x)=x, on
U then u(x) € D(A) by Theorem 2 and Au(x)=cx;+dx,2¢ on U. Let o be the first
leaving time from U N D° and let o"=0 A n. By Dynkin’s formula [1] we have
for any xe UN D°

E(u(x,))—u(x) = E, [ L " Au(x;) ds] > oE,[0"]

and letting n — oo, E,(0) =(2/e)|u| <. Hence P,[c<oo]=1. If P,[x, € @D]=0,
x € U N D°(*8), then every point of U N 0D would be irregular and this contra-
dicts with what we have already proved. Hence P, [x,€0D] >0 forevery xe D°U U.

Finally we shall show that X, U X, is unattainable. Let ¥=(%;, 0) e X4, i.e.,
c¢x;>1. Let I be a neighborhood in 2, of X and set

cxy+ dxz.

* =
A*(x;) = max )

X .

_ B,(x;) = min
x1€l x1+lax1+bx2l *( 2) xyel
If I is sufficiently small then there exist constants k, >0, 1<k,<k; such that

(*®) Note that if P.[x, € dD]=0 for at least one point x € D° U U then P,[x, € 2D]=0 on
D° v U since it is an 4-harmonic function.
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A*(x) Skyx, and kyfx, < B*(x,) < ka/x,. Then
Z.(x,) = exp { L B,(2) dz}~ L [exp { f B.() du}A*(z)] 2 kgt

and hence [, z(x;) dx;=+00. By Theorem 3.2 of [4] X has a neighborhood in Z,
which is unattainable.

Irregularity of a point Z, (or %,) is seen more directly in the following way.
Let ¥=(X,, 0) such that cx,>1 and let U be a neighborhood of X such that it is
surrounded by a segment [0, 0,] on x;-axis (1/c<o; < X; <o,) and a smooth curve
y in D° joining the points (oy, 0) and (o3, 0). If k>0 is a constant and u € C*(U)
such that u|y=0 then by Green’s formula we have easily that

”;/ A=-Ku-udx = —ﬂ;} {x1ud + xoud} dx — (k+-123+‘2_1) qu W2 dx

-1 f:z (cxy— Du*(xy, 0) dx,.

Hence if k> —b/2—c/2 and (A—k)u=0 then u=0 in U. This shows that any
solution of (4 —k)u=0 is uniquely determined by the boundary value on the part
y of the boundary and hence every point x € U N D must be irregular points(*®).

By Corollary of Theorem 3 the Lebesgue measure of the set of all ¢ such that
x, € 0D—{0} is zero with probability one. Let M(2°) be the set of all additive
functionals which are square-integrable martingales. Then by a result of [12] M
is generated by

t t
M) = fo X()V2dB® and  My(t) = L Xo(1)? dB®.

Hence for every M € M, [} I;n(x;) dM;=0. Generally it is natural to call a part
2 of the boundary a reflecting barrier if(**)

(i) it consists of all regular points,

(ii) the sample functions hit every nonempty open subset of X with positive
probability,

(iii) the set of time # such that x, € X has the Lebesgue measure 0 with probability
one,

(iv) for every M e M, [f Iy(x;) dM,=0.
Thus we have the following

COROLLARY 1. Z=X, U X, is a reflecting barrier, i.e., it satisfies the conditions

(D-(v).

(*%) By the classification of Fichera [3], £; U X, is Z®-boundary and X, U Z; is Z®-
boundary.

(2°) This class of additive functionals was studied in Motoo-Watanabe [12].

(2Y) In the case of one-dimensional diffusion these conditions characterize a reflecting
barrier among all possible boundary conditions, cf. Ito and McKean [7].
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Also it is natural to call a part £ of the boundary a pure entrance boundary if =
is unattainable and every X € ¥ has a neighborhood U such that if 7 is the first
leaving time from U then P.(ry<o0)=1 for every xe U. For any Xe Z, U X,
we can show the existence of such a neighborhood U in D of X by the same argu-
ment as above involving Dynkin’s formula. Thus we have the following

COROLLARY 2. =X, U X, is a pure entrance boundary.

4. A remark on the regularity. The regularity of a C.B.P. or equivalently the
regularity of a ¥'2-semigroup follows from a much weaker condition as we shall
see in the following

THEOREM 5. A C.B.P. X={x,, P,} is regular if ,(}) is continuous in t for each
A>0.

REMARK. As Lamperti showed in Lemma 2.3 of [11] the continuity follows
from the measurability and some additional condition.

Proof. From the continuity of () we can conclude easily that X is a Hunt
process. Next we shall remark that there exist u;(x), uy(x) € D(4) N C*(D)
such that

e M = oM(u(x)),  a(x) = (wi(x), ux(x)),

where ¢™(uy, u,) is a C*-function defined on a domain containing the range
u(D)={(uy(x), ux(x)); x € D} and further there exists a (nonempty) domain
U< A={A: A2 0} such that if A € U then all 8¢p™V/u;, 0%¢™/0u; ou; are bounded on
u(D). In fact take linearly independent A; >0 and A,>»0 and set for a fixed ¢

t t
w(x) = f T,fo(x) ds = f e-bOrE s i=1,2,
0 0

then clearly u; € D(4) N C*(D) and by a simple calculation it is easy to see that,
if ¢ is sufficiently small, the Jacobian d(u,, u;)/0(x,, x;) never vanishes on some
neighborhood of D. Hence there exists C®-function ¢™ such that

e~ = g™(uy(x), ua(x)).

Also it is easy to see that, if M >0 is sufficiently large U={A=(A;, A\)); > M,
i=1, 2} possesses the above property. Then by a formula on stochastic integrals
(cf. [12] for diffusion processes and Kunita and Watanabe [9] for the general Hunt
processes), if Ae U,

e M*i—e~M% = a martingale+a continuous additive functional
of bounded variation

and hence it is clear that for each x and A e U, e~ ¥V *=E (e~**) is a function
of bounded variation in ¢ € [0, T'] for every T>0. Thus $,(}) is a function of
bounded variation in ¢ and combining this with the semigroup property it is easy
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to see that () is differentiable in ¢ at 1=0 for every A € U, where U, is a dense
subset of U. Now the first part of Theorem 2 can be proved in exactly the same
way as above and hence we have the same class of C.B.P.’s. In particular this
implies that {{,} is a regular ¥2-semigroup.

The author wishes to thank Professor J. Lamperti for his remark.
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