ON THE HAUPTVERMUTUNG FOR A CLASS
OF OPEN MANIFOLDS(})

BY
A. J. MACHUSKO, JR.

1. Introduction. The Hauptvermutung for PL manifolds is the conjecture that
homeomorphic PL manifolds are PL homeomorphic. No counterexample to this
conjecture is known. It is known to be true for manifolds of dimension three or less
([13], [14]) and for many high dimensional compact manifolds ([20], [21]), but the
only high dimensional result for open (i.e. noncompact with empty boundary)
manifolds is that it is true in case the manifolds are topologically E™ (n=5) [19].

The main result of this paper is that the conjecture is true whenever the manifolds
are topologically S™ minus a nonempty tame [8] compact 0-dimensional subset and
n>5. The analogous result in the differentiable category holds if =6, 7 (Theorem
5.2), but there exist many counterexamples to the complete transfer of the theorem,
there is one in dimension 8. We also obtain a connectivity characterization of S™*
(n>5) minus a nonempty tame compact 0-dimensional subset (Theorem 4.3).

2. Definitions and basic facts. An end of a manifold M is a function

e: {compact subsets of M} — {open subsets of M}

such that

(1) &(C) is a nonempty component of M —C and

(2) &(Cy)>&(C,) whenever C; < C,.

This definition is equivalent to that given by Siebenmann in [16].

Throughout this paper &X, €X, €., (X— A) and ¢X will denote the set of ends
of X, the set of components of X, the set of unbounded components of X— A4
(i.e. components with noncompact closure in X), and the cardinality of X respec-
tively. The following elementary lemma is given without proof.

LEMMA 2.1. Let M™ (n=2) be a compact manifold and let K be a 0-dimensional
closed subset of M. Then o&(M — K)=0K.

A manifold M is said to be g-connected at infinity if and only if given any compact
subset C of M, there is a compact subset D (depending upon C) of M such that
C< D and each component of M — D is g-connected. M is (p, q)-connected if and
only if M is p-connected and g-connected at infinity.
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Throughout this paper E™, B", and S™ will denote the PL manifolds, Euclidean
n-space, a standard n-simplex, and the boundary of B"*! respectively. A cored
n-ball CB} of index k (k a positive integer) is a PL n-manifold which is PL homeo-
morphic to S™ minus the interiors of £ mutually disjoint PL n-balls. M is the
monotone union of the submanifolds My, M,, ... if and only if M=|J M, and
M,<Int M, for all i.

THEOREM 2.2, If U is an open PL n-manifold (n>5) which is the monotone union
of cored n-balls, then U is PL homeomorphic to S™ minus a nonempty tame compact
0-dimensional subset.

REMARK. We will not give all the details of the proof of Theorem 2.2. The
theorem actually can be proven in every dimension except four (in question here
because we use the Hauptvermutung for balls). Edwards [6] gives a proof of the
3-dimensional case. One proves Theorem 2.2 in a straightforward manner using the
following three lemmas and a theorem of McMillan [8] which tells us that the
subset is tame.

LEMMA 2.3. Let h: M — S™ be a PL embedding where M is a compact connected
PL n-manifold (n>5) with Bd M being a disjoint union of k PL (n—1)-spheres,
S1, 825 - .5 Sg. Then C1(S™—h(M)) is the disjoint union of k PL n-balls, B, . . ., B,
with h(S;)=Bd B;; and hence M is a cored n-ball.

Proof. By duality A(S;) separates S™ into two components. One of these, say Q;,
does not intersect A(M). Since h(S;) is a PL sphere, Cl Q;=B; is a topological ball
by applying a theorem of Brown [3]. Obviously B; is a component of Cl (S™—A(M))
and hence is a PL manifold by [1]. Since for n>5 the PL Hauptvermutung for
balls is true [18], B; is a PL n-ball. The lemma now follows easily.

LEMMA 2.4. Let CB?<Int CB? (n>5). Let S, S, . . ., S, be the boundary spheres
of CB?. Then Cl (CB?— CB?) has r components, Q., . .., Q, with
Q,NCB! = Bd Q; " Bd CB! = S
and each Q; is a cored n-ball.

LEMMA 2.5. Let M be a cored n-ball (n>5) with boundary spheres Sy, S, . . ., S.
Let h: S, — S™ be a PL embedding such that Cl Q is a PL n-ball where Q is a
component of S™—h(S,). Let M'<Cl Q be a cored n-ball with boundary spheres,
S1, S9,...,S; and S;=BdCl Q. Then h extends to a PL homeomorphism
h: M -» M’ such that K'(S)=S/ for i=1,..., k.

The PL n-manifold M, is said to be obtained from the PL n-manifold M,
by surgery of index k (0<k<n) if and only if there are PL embeddings
fi: S¥xB**— M, and f,: B¥*1x S™®~*¥-1 — M, such that

M1 N M2 = Ml—fl(SkXInt Bn-k)

1
M = M,—f,(Int B+ x §n~k-1)
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and
2) filSExSr k-1 = fi|SkEx Snok-L,

PROPOSITION 2.6. Let f: B¥** — M™ be a proper (i.e. f~1(Bd M)=S*) PL em-
bedding. Then there is a regular neighborhood N of f(B**) in M such that

(1) M'=Cl(M—N) is a PL n-manifold.

) Ifj<n—k—2 and M is j-connected, so is M'.

(3) NnBd MxSkx Br~k-1,

(4) NNnBd M'x Bk+1x §n-k-2

(5) Bd M’ is obtained from Bd M by surgery of index k.

(6) If 2k +2 <n and X is the homotopy class of f|S* in m(Bd M), then m(Bd M’)
~m(Bd M) for i<k and =,(Bd M')~m,(Bd M)/(X) where (A) is a subgroup con-
taining A.

Proof. Let N be a regular neighborhood of f(B**') in M such that NN Bd M
is a regular neighborhood of f(S*) in Bd M. By [15], there is a block bundle ¢
over f(B**') whose total space is N and whose restriction to f(S*) has total space
N n Bd M. Also by [15], since f(B**?) is collapsible, ¢ and ¢|f(S*) are product
bundles. Hence, there is a PL homeomorphism A: B¥*!x B"~¥-1 . N such that
h(x,0)=f(x) for all xe B**!, and h(S*x B"~*~1)=N N Bd M. Hence (3) is
satisfied, and by [1], it follows that (1) is satisfied. Now M and M —f(B**?*) have
the same homotopy type and hence (2) follows easily using standard general
position techniques [23]. An elementary point-set argument yields (4), and (5)
follows. (6) is an immediate consequence of a theorem of Milnor [10].

The following elementary lemmas are given without proof.

LEMMA 2.7. The complement of a compact subpolyhedron in a connected poly-
hedron has only finitely many components.

LEMMA 2.8. Let C be a compact subset of a connected PL n-manifold M. Then
C'=CulU{Q : Q is a bounded component of M—C (i.e. Cl Q is compact)} is
compact and M — C' has only finitely many components.

3. Approximating open manifolds by compact submanifolds.

PROPOSITION 3.1. Let U™ (n>5) be an open (0, 1)-connected PL manifold. Let C
be a compact subset of U such that each component of U—C is 1-connected and
i: C< U induces onto homomorphisms i,: H(C) - H(U) for r<n—2.

Then there is a compact connected PL n-submanifold N of U such that

(1) C<Int N,

(2) 0¥ Bd N=0¥(U—N)=0%,(U-C),

(3) each component of Bd N and of U— N is 1-connected, and

(4) i: N<U induces isomorphisms i,.: H(N) > H(U) for r<n-3.

The proof of this proposition parallels closely that of Proposition 4 of [2].
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For 1 £k =n-3 let 4, be the statement that there is a compact PL n-submanifold
Ny of U such that (1), (2), and (3) of 3.1 hold if N, replaces N, and (4), i :N,<U
induces isomorphisms iy: H(N,) - H/(U) for r<k and is onto if k<r<n-2.

Let <} be the statement that if P is a compact subpolyhedron of U with dim P
=n-2 and N, is as above then there is a compact connected PL n-submanifold Ny
of U such that (1), (2), (3) and (4), hold if Ny, replaces Ny, N, U P<Int Ny, and
(N — N,) intersected with any component of U— N, is 1-connected.

The proof will proceed through the following steps.

Step 1. Verify 4.

Step 2. Verify .

Step 3. Show that %, implies 7.

Step 4. Show that %, implies %, if 2<k=<n->5.

Step 5. Show that %, _, implies %, _s.

It is clear that %, _; implies the proposition.

Step 1. The validity of 4.

Proof. Let C'=CuU|J{Q : Q is a bounded component of U— C}. By Lemma
2.8, C’iscompact and U— C’ is composed of finitely many components, Q,, . . ., O,,
which are precisely the unbounded components of U— C. Since C’ is compact, let
N be a compact PL n-submanifold of U such that C’'<Int Ng;. Without loss of
generality we assume that N is connected ; for if not, we can join components of Ny
by arcs, take regular neighborhoods, and let the new N be the old N union these
neighborhoods.

Now let a and a’ be the number of components of Cl(U—Ng) and U—-C’
respectively. By Lemma 2.7, a is finite; and since C' <Int Ny, a=a’. We must alter
N; so that a=a’. But if a>a’, then two components V; and V, of Cl (U— Ny) lie
in the same component Q, of U—C’. Let « be a polygonal arc in Q; such that
aN Vi=Bd e N Bd V;={x;} (i=1, 2) and Int a<Int N;. Let P be a regular neigh-
borhood of « in Ng such that PN C'= g. Let Ng=Cl (N;—P). Since an arc
cannot separate Ng, it now follows that Ng is a compact connected PL n-sub-
manifold of U such that C'<Int Ng and Cl (U— Ng) has one less component
than Cl(U—Ng). By finite induction we now assume that ¢% Cl(U— Ng)=
o€, (U—C). But 0% Cl(U—Ng)=0%(U— Np), and hence Ny almost satisfies (2).
Now let b be the number of components of Bd Ny and a’ be as above. It follows
that b>a’. If b>da’, then since Bd Ng=Bd Cl (U— Ng), two components B; and
B, of Bd Ng are components of Bd ¥ for some component V of Cl(U— Nyg).
Let B be a polygonal arc in ¥ such that 8N Bd V=Bd 8 N (B, U By)={y,, y2}
with y; € B;. Let W be a regular neighborhood of B in V. Let Ny=Ng U P. Since
cannot separate V, it is clear, by finite induction, that we may now assume that N,
satisfies (1) and (2). Now let M be a component of Bd N,. Let Q be the component
of U— C which contains M. Let A be a generator of #,(M). By general position let
f: S*— M be a PL embedding such that [f]=A([f] is the homotopy class of f).
Since Q is 1-connected extend f to f: B2 — Q. By Irwin’s embedding theorem we
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assume that f'is a PL embedding, and putting f into general position with respect
to M keeping f|S?! fixed, we may assume that f(B%) N M is a finite number of PL
1-spheres S;, S, ..., S, with S,=7f(S!). Now let S; be an innermost embedded
1-sphere. It follows that f(f~1(S;) U Int £~1(S))) is a PL properly embedded 2-ball
BZ in N, or in a component of Cl (U— N,). By taking a regular neighborhood of
B2, it follows from Proposition 2.6 that we can replace N, by a compact connected
PL n-submanifold N; such that the component M’ of Bd N; which replaces M by
surgery satisfies the condition

m(M') % m(M)/([f]S:]).
Continuing in this fashion we may assume that
m(M') % m(M)[([f]S1]), . . ., [fIS:D)-

Hence we can kill the generator A. Since (M) is finitely generated, we may assume
that M’ is 1-connected. By finite induction, we can replace N; by a compact con-
nected PL n-submanifold N; such that each component of Bd N, is 1-connected.
Since all alterations occured in U— C, N, satisfies (1). The dimension of the surgery
is low so that N, satisfies (2). The fact that U— N, is 1-connected follows easily by
general position or the van Kampen theorem depending upon whether in the
inductive stage the new compact submanifold was formed by removing or adding
on a regular neighborhood to the old compact submanifold. To verify (4), consider
the exact Mayer-Vietoris sequence for the triad (U; N,, Cl1 (U— Ny)).

H,(Bd N;) — Hy(N,) ® H\(Cl(U~N,))— Hy(U).

Since each component of Bd ¥, is 1-connected, it follows that i,.: H,(N,) — Hy(U)
is an injection. Since C<Int N,, using the hypothesis, it follows easily that i, is a
surjection.

Step 2. The validity of .

Proof. Let N, satisfy #;. We will obtain N, from N;. Let Q,, Q,,..., Q, be
the components of Cl(U—N,;). Consider the excision map ¢: (| Q;, U Bd Q;)
— (U, N,) and the following commutative diagram with exact rows.

P i j
Hyeor(U, Ny) ————> H(Ny) ———> H(U) —————> H,(U, N,)

I~ i ]i e[z
y . )
Hyar(U QU Bd Q) —> H(U Bd 0) —> Hy(U Q) 2> H(U Q. U BdQ)

iy is surjective, so we will alter N, to N, so that N, satisfies % by killing ker 7.
Let 0#x € ker i,. Choose y € Hy(U, N,) such that d,(y)=x. Hence z=0;¢"(y)
is a nonzero element of H,(lJ Bd Q,) such that i(z)=x. But H,(lU Bd Q)=
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> Hy(Bd Q,) and hence z can be thought of as (z,, ..., z;) where z, € Hy(Bd Q,).
Since each Bd Q, is 1-connected, we represent each z, by a PL embedding
fi: 82— Bd Q.. But z €im 0;=Xker i; and hence each [f;] is homologically trivial
in Q. Since each Q, is 1-connected, by the Hurewicz theorem and Irwin’s em-
bedding theorem, we may extend each f, to a PL embedding f;: B®> — Q,. Take
regular neighborhoods P, of f(B®) in Q,. By the proof of Proposition 2.6, these
are PL balls and P, " Bd Q, ~ fi(S?) x B*~3. Let N3=N, U (U;-, P;). Consider
the proper triad (N, U Py; Ny, P,) and the resulting exact Mayer-Vietoris
sequence

Hy(f1(S%) x B"~?) ’a—> Hy(Ny) @ Hy(P,) —> Hy(N; Y P;) —> 0.
It follows that Hy(N;)/(im )X Hy(N; U Py), i.e.
Hy(N)/([1) & Hx(N, Y Py).

Hence H,(N3)x Ho(NY)/([11), - - - [fi]) = Ha(NV,)/(x). Since ker i, is finitely generated,
by finite induction, there is a compact PL n-submanifold N, of U such that i : Ny,< U
induces an isomorphism i,: H,(N;) - Hy(U). It can easily be checked that N,
satisfies (1), (2), (3), and (4),.

Step 3. %, implies &.

Proof. Let N, satisfy ,. Since U is 1-connected at infinity, let C’ be a compact
subset of U such that C'> N, U P and each component of U—C" is 1-connected.
Let N’ be a compact connected PL n-submanifold of U which satisfies #; for the
compact subset C’. Every component of Cl (U— N’) is a subset of a component of
U— N, and hence by an argument like that given in Step 1, we may assume that, in
addition, ¢% Cl1(U— N')=0%(U— N,). (Note: It is here that we use that fact that
dim P<n—2, for recall in Step 1 we join components by arcs; and here we must be
sure that the arcs do not intersect P, for otherwise it may be that P¢ N'.) Now let
N;. be a PL n-submanifold of U which satisfies %, for the compact set N'. It is easy
to check that N, satisfies %;.

Step 4. . implies %1, 2<k=<n->5.

Proof. Let N, satisfy .. Roughly, we wish to alter N, so as to kill i, 4 Where
i:N,<U and iyy1x: Hep1(Ny) — H,1(U) without disturbing the other nice
properties of N,. Let 0# x € ker iy, ;4. Choose y € H,., 5(U, N,) such that 0, 5(y)
=x. Since dim (carrier y)<n—2, by Step 3, choose N, which satisfies & for
N, U carrier y.

Let Q,, Q,,..., O, and Q3, Qs, ..., Q; be the components of Cl (U—N,) and
Cl (U— Ny) respectively. Let X;= Q; N Cl (N;— N,). Hence, each X; is 1-connected,
Bd X;=Bd Q, U Bd Q;, and Bd Q;,, Bd Q; are each l-connected. Consider the
excisions

8:(U Qb U Bd Qi) < (U, Nk)’ e,:(U Qb U A,i) < (U, NI:)
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and the following commutative diagram

Hk+2(U XuUBd Q) iy

N |

Hyor(UBA Q) <9 HeooU QU B Q) =25 HiooU N 2223, b (V)

lh* lk* 11* jk+ 1%

HoUX) <2 HooU 00U X)—2s HeooU N 95 1 ()

where iy, hy, Ky, Ix, and ji, 14 are all induced by inclusions. Since N, > carrier y,
1(»)=0. Let z=0ez'(y). Hence iy(z)=x and hu(z)=0. Now choose we
Hyy2 (U X;, U Bd Q) such that (w)=z. But H (U Bd Q)3 Hy.1(Bd Q)
and H,,.(U X,, U Bd Q)= > H,,.(X;, Bd Q;). Hence we may think of z and
w as z=(2y, Zy, . . ., Z5) Where z; € Hy,,(Bd Q)), w=(wy, w,, . .., w,) where

w; € Hy, o(X;, Bd Q).

Since each X; and Bd Q, is 1-connected, 7,(X;, Bd Q;)=0. Since i,: H,(N,)» H(U)
and i,: H,(N;) > H(U) are isomorphisms for r<k, so is j,: H.(N,) > H/(Ny).
Hence H,(Ng, N,)=0 for r<k. Using excision it follows that H,(X;, Bd Q,)=0
for 1 £i<sand r <k. By the relative Hurewicz theorem, m,(X;, Bd Q,)=0 for r<k;
and hence by Lemma 8 of [2], each w, can be represented by an embedded handle
Bf*2x Br~ ¥~ 2 meeting Bd X; in SF*1x Br~*-2cBd Q..

Let Ny 1=N, U Ui, (Bf*2x Br~*~2)_ It follows that x=1i,(z) =i,(0w) includes
trivially in H,, (N, 1), where we recall that x is an arbitrary generator of ker iy, ;4.
The desired result will follow by finite induction if we do not change any of the
nice properties of N,. By finite induction, we may assume that N,,.,=N, U B
with B* N N,=S***x B"~¥-2_ Considering the Mayer-Vietoris sequence for the
triad (Ny4 1, Ny, B"), one concludes that N,, = N, ; induces homology isomorphisms
through dimension &, and since N, < U induces homology isomorphisms through
dimension k; it follows that N,,; < U induces homology isomorphisms through
dimension k. Furthermore, it is easy to see that H,, (N,.,) is being reduced so
that eventually we will kill ker i, , ;4. It now follows easily that N, , satisfies (1),
(2) and (4)41 of %.1. We will check (3). Let Q' be a component of Bd N, ;. It
follows that Q' is obtained from a component Q of Bd N, by (k+ 1)-dimensional
surgery. Hence

Q' = (Q—(S***xInt B*"¥=2)) U (B**2x §""¥~%) = CU D
where C N D=S**1x §*~%-3 But C has the homotopy type of 0—S**! and

k+1=n—4. Hence, by general position, since 0 is 1-connected, so is C. Since
min {k+1,n—k—3}22, by the van Kampen theorem it now follows that Q’ is
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1-connected. Let Q' be a component of Cl (U— N, ). Let Q be the component of
Cl (U—-Ny) such that Q'=Cl (Q—(B**2x B"~¥~-2)), Since Q is 1-connected and
Q’ has the homotopy type of Q— B**2, by general position Q' is 1-connected.
Step 5. ,_, implies %, _.
Proof. Let N satisfy %,_, and let ¥=CI (U—N). Consider the excision map
e:(V,Bd N)<(U, N) and the following commutative diagram

ir jr ar ir—l
Hr(N) _— Hr(U) — Hr(U, N) — r—l(N) I r-l(U)

[kr ]Ir X Ier ]kr-l lr-l]‘
il al i’

H(BA N) > HV) > H/(V, Bd N) 2> H,_,(Bd N) 7% H,_,(v).
For r<n-2, i, is onto, and hence j,=0 and o, is injective. For r—1<n—4, i,_, is
an isomorphism and hence 9,=0 for r<n—3. Hence H(U, N)=0=H/V, Bd N)
for r<n—3. Since each component of Bd N is 1-connected, by duality and the
Universal Coefficient theorem, it follows that H,_;(Bd N) is free. But j,_,=0
implies that j, _, =0, and hence 0,,_, is injective. So H,,_,(V, Bd N)and H,_,(U, N)
are both free. Now consider the following portion of the above diagram

0 0 i
——> H,_y(U, N) — H,_4(N) ——> H,_o(U) —> 0

| I

0
— > H,_,(V,Bd N) —> H,_4(Bd N) —> H,_s(V) —> 0.

We wish to kill ker i,. Since N is compact, let A, A, . . ., A be a set of generators of
ker iy. Choose (n—2)-chains ¢y, . . ., ¢;in U such that (c)=A;. Let P=|_ carrier ¢;.
By Step 3, let N’ satisfy the conclusion of %, _, relative to N and P. Since N’
satisfies the same homology conditions as that of N, the conclusions we made
above for N and ¥V are valid for N’ and V'=Cl (U—N"). Now consider the com-
mutative diagram with exact rows

0 0 i
I Hn—z(U9 N) —> Hn—S(N) 'L> Hn—a(U) —0

1h; lh* 1id
al il

—> H,_3(U, N') —> H,_3(N') = H,_4(U) —> 0.

Since Int N'>| carrier A, hy(ker iy)=0. Hence h}=0. Let X=CI(N'—N).
Since (V,Bd N)<(U, N) and (V, X)<=(U, N’) are excisions; it follows that
k:(V,Bd N)=(V, X) induces the 0 map A,: H,_»(V, Bd N) > H,_,(V, X). Also
H(V, X)=0 for r<n-3, and H,_,(V, X) is free. Now since H,_,(¥, X) and
H,_,(V,Bd N) are both free, using the Universal Coefficient theorem, it follows
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that 2*=0. Consider the following commutative diagram with exact rows where
all vertical homomorphisms are induced by inclusions

H™*(¥,Bd N) <— H"3Bd N) <— H"3(V) «—0

ol ]
8

O«— H" 2(V,X) S H" 3(X)«~— H" 3¥V)<«—0

L

H™=%(V', Bd N') 35 H**(BA N') «— H"~%(V)«—0.
oc

The zeros on the right are valid by the Universal Coefficient theorem since
H.(V,Bd N)=H.(V, X)=H/(V', Bd N')=0 for r<n—3. To show that § is onto,
consider the commutative diagram

Hom (9, 1)
Hom (H,_4(V, X), Z)«————— Hom (H,_3(X), Z)

l 3 v

H* %V, X) H™%(X)

where p and p’ come from the Universal Coefficient theorem. It is not difficult to
show that 0 — H, _,(V, X) 2, H,_3(X)— H,_3(V)— 0 is split exact and hence
Hom (9, 1) is onto. But p’ is onto and hence pd is onto. But H*~2(V, X) is free,
and hence p is an isomorphism, and & is onto. Using the facts that H*~%(V, X)
is free and A*=0, it is not difficult to define «: H*~2(V, X) — H"~3(X) such that
da=1and va=0. Now defineo’: H*~%(V', Bd N') — H" 3(Bd N') by &’ =v'a(e’) 2.
(Note that &' is induced by an excision, so that « is well defined.) One easily checks
that 8’«’=1 and im o’ <v'(ker v). It follows that im « is a free direct summand of
H""3(Bd N’). Now let V4, ..., V,and Vj,..., V; be the components of ¥ and V’
respectively such that ¥/<V,. (Recall, ¥=Cl(U~N), V'=CI(U-N’), and N’
satisfies #;_, with respect to N.) Let X,=Cl(V,—V]). Hence V=Ugsy Vi
V'=Uaisst Vi, BAN=Bd V=gs;s Bd ¥;, Bd N'=Bd V'=gse; Bd V{, X=
Uatsit X5, Bd X;=Bd V; Uqase Bd V;. Let »,:Bd ;< X; and v.:Bd V/cX,. It
follows that, for 1 <i<¢, there is a commutative diagram

H""%(V,,Bd V}) <— H""%(Bd V)) <— H"~(V})
4’7* 8 T”‘* T
H" 2(V,, X)) =—= H""3(X)) <— H"%(V)

N
i
8
H™%(V, Bd V}) <= H""%(Bd V) «— H""3(V)

oy
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such that §,;=1, v}oy=0, 8jy=1, im o <vi*(ker v}¥), and im «; is a free direct
summand of A"~3(Bd ¥;). By Lemma 11 of [2], the duality isomorphism

¢;: Hn_a(Bd V‘/) i Hz(Bd Vi’)

sends v;*(ker v}¥) onto (ker vjy),. Hence A;=¢,(im o) is a free direct summand of
Hy(Bd V7). Let Ay, Agy, .. ., Ay, be a basis for 4, < Hy(Bd V). Since each Bd ¥} is
1-connected and dim Bd ¥} >4, it follows that each A; can be represented by a
PL embedded 2-sphere Sj; such that S; N S,,;=2 unless j=k and i=/. Since
A;<(ker viy) we can, using Irwin’s embedding theorem, bound each S; with a PL
3-ball B; with Int B;<Int X; such that B; N B,,= @ unless j=k and i=/. For
each Bj, take a regular neighborhood M;; such that M; N M,,= & unless j=k
and i=/.

Let N,_3=Cl(N'—U M;;). We want to show that N, _; satisfies ¥, _3. Clearly
(1) is satisfied since N, _3> N and Int N> C. One easily checks that the deletion of
the handles and the surgery is such that, ¢ Cl (U—N, _3)=0% Cl (U-N") and
0% Bd N,_;=0% Bd N’, and so (2) follows.

By finite induction, to show that each component of Bd N, _; is 1-connected, it
suffices to show that Bd (V; U M};) is 1-connected. But Bd ¥} is 1-connected and
Bd (V/ U M};) is obtained from Bd ¥V, by surgery of index 2. So, using general
position and the van Kampen theorem, it follows that Bd (V; U M};) is 1-con-
nected. Each component of U— N, _; is 1-connected, for by finite induction we
may assume that such a component is V; U M,; with M;~B3x B*~%and V/N M,
~S2%x B"~3, and since V| is 1-connected, so is V; U M;; by the van Kampen
theorem.

It remains to show (4); that i:N,_3<U induces isomorphisms i,: H,(N,_3)
- H,(U) for r<n-3.

Let V,=V; Uk, M, i=1,...,t be the components of Cl(U—N,_3). To
show (4), it suffices to show that H(¥V;, Bd ¥})=0for r<n—2and i=1,..., ¢t; for
since V; N V;=g if i#j, this will imply that H,( V,, U Bd ¥,)=0. Hence by
excision H, (U, N,_3)=0 for r<n—2, which implies (4). By finite induction we
may assume that V; is obtained from ¥, by adjoining a single M. Let W,=
Bd ¥} —(S? x Int B"~3) and consider the following commutative diagram where all
maps are inclusions

Bd vV, 2>y
W; i3
Bd Vj -—[2—-) Vj'

It now suffices to show the following:
(a) iye: H(Bd V;) — H,(V;) is an isomorphism for r#2 but r<n—4.
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(b) izs: Hy(Bd V;) - Hy(V,) is an isomorphism.

(c) H(V,,Bd V,)=0 for r=n—3,n—2.

To verify (a) it suffices to show that iy, i}, i5, i3 induce homology isomorphisms
in dimension k where k <n—4 but k#2. We will only check that i; induces iso-
morphisms; the arguments for the others being similar or easy. Let T=S%x B"~3
and consider the reduced Mayer-Vietoris sequence for the triad (Bd V;; W;, T).

A(S?x S*4) — A(W,) @ H,(S>x B*~9)
LN A(Bd V) SN H,_,(S2x ™4,

If r#2 but r <n—4, this sequence has the appearance 0 — Hy(W,) — H,(Bd V;) 2,
for we know that in this range ¢ is injective, since S2 x 0 represents a free generator
of Hy(Bd ¥;), and hence ¢’ =0. Hence, in this range i, 4 is an isomorphism. Now if
3 =r=n—4 the sequence appears as

o I1% , ¢" _ ¢
Z—> H, (W) —> H,_(Bd V;) —> H, _(S?xS""*) —.

As above ¢'=0. Hence i, will be an isomorphism if «=0. Notice that Bd W,
=S82%x 8™ * and consider the following commutative (up to sign) diagram where
the isomorphisms are given by duality.

H2( Wj) —‘—*> Hz(Bd Wj)
I
H,_o(W,, Bd W,) —> H,_,(Bd W)) —> H,_(W)).

By exactness of the lower row, it now suffices to show that i* is surjective. But
iy: Hy(Bd W;) — H,y(W)) carries the generator of H,(Bd ¥)) onto a free element of
Hy(W)), since S2x 0 represents a primitive free element of a basis for Hy(Bd V).
Hence there is a split short exact sequence of the form

i
0 —> Hy(Bd W,) — Hy(W,;) —> G —> 0.

Now consider the commutative diagram

HZ( Wj) L) Hom (Hz(Wj), Z)
li* lHom (ix, 1)
H?(Bd W) —’g—> Hom (Hy(Bd W), Z)
where 8 and B’ come from the Universal Coefficient theorem. It follows that 8

and Hom (iy, 1) are surjective. But B is an isomorphism since H%(Bd W,) is free,
and hence i* is surjective.
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(b) follows, for as given in [2],
Hy(Bd 7)) & Hy(Bd V;)/4,
X Hy(Vj)[incy (4))
~ Hy(V).
To verify (c), one first easily shows that i,, is onto for dimensions less than n—1.
Hence, using (a) and (b) and arguing as we did early in the proof of this step for
(V, Bd N)=(V, Bd V), it follows that H,¥,, Bd V,)=0 for r<n—3 and
Hn—2(7:i’ Bd I7J)

is free. From this information, it follows, as it did for (¥}, Bd V), that the following
is an exact sequence.

0« H" 2%V, Bd V)< H"3(Bd V,) < H"~3(V;) < 0.
By Poincaré duality, H"~3(Bd V,)~ H"~3(Bd V;)/A; where

Aj = ei(H""2(Vj, Bd V).
But since o] (] of the diagram on page 381) is a splitting homomorphism,
H""3Bd V;) x H*3(V)).

Now

Hn_a(Vl’) X Hom (Hn-S(VJ',), Z) (‘B EXt (Hn—4(V:l,)s Z)
and

H"=%(V,) X Hom (H,_4(V)), Z) @ Ext (H,-«(V), Z).
But H(V,)~ H(V,) for r#2, and since incy (4,) is a free direct summand of
H,(V}), from the argument given in (b) above, Ext Hy(V;)~ Ext Hy(V)). It follows
that H"~3(Bd V;)x H"~3(V,). Since these groups are finitely generated and
H"-2%(V; Bd V))is free, the above exact sequence tells us that H"~2(V,, Bd ¥,)=0.

Now by the Universal Coefficient theorem, H,_,(V,, Bd V;)=0. This completes
the proof of Proposition 3.1.

PROPOSITION 3.2. If C is a compact subset of the open connected PL n-manifold U
(n>5) such that each component of U— C is q-connected, then there is a compact
connected PL n-submanifold N of U such that

(1) C<Int N,

(2) ¢ Bd N=o¥(U—N)=0%,(U—-C),

(3) each component of Bd N is min {g, [(n— 1)/2]— 1}-connected, and

(4) each component of U— N is min {q, [n/2] — 1}-connected.

Proof. For 0<i<min {g, [n/2]— 1} let £ be the statement that there is a compact
PL n-submanifold N, of U such that (1), (2), (3), and (4) hold when i and N; replace
g and N respectively. If g=0, the techniques used in the proof of & of Proposition
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3.1 will prove Proposition 3.2; and if g=1, ] is valid by the proof of . Now
suppose that 5 is valid where 1 <i<min {q, [n/2]—1}. Let My, M,, ..., M, be the
components of Bd &, and let Q,, Q,,..., O, be the components of U— C such
that Q;2 M,. For each j, consider the triad (Q;; M;*, Cl1 (Q;— M;*)) where M;*
is the component of Cl (U— N;) which contains M;. Now consider the following
portion of the resulting Mayer-Vietoris sequence

Hip (M) —> Hyy o(M;") @ Hiy 1(C1(Q,— Mj)) —> H,y1(0)).

Since Q; is (i+ 1)-connected, o is onto; and hence it follows that H, ,(M;") is
finitely generated. Let A be a generator of H;,,(M;*). Choose u € H;,,(M,) such
that a(x)=(A, 0). Since M; is i-connected, let f: S**! — M, be such that, via the
Hurewicz isomorphism, [f]=p. By a general position argument, we may assume
that f'is a PL embedding. Now (A, 0)=a«(u)=c([f])=([f], —[f]) and hence [f] is
trivial in H;,,(Cl (Q— M,;*)). But, since M; and Q; are both i-connected, so is
Cl1(Q;—M;*), and hence f is homotopically trivial in Cl(Q;— M,*). Hence, we
extend f to f: B**2 — Cl(Q;— M,*). One easily verifies the hypothesis of Irwin’s
embedding theorem [23], and hence we may assume that fis a proper PL embedding.
Let P be a regular neighborhood of f(B*2) in Cl(Q,—M;*), and let N/,,=
CI (N;—P). N{,, will be our first approximation to N;,,. Since P< Q,cU—Cl it is
clear that Ny, , satisfies (1). It is easy to see that neither the deletion of handles, nor
surgery in this dimension range disconnects N; or any M;, and hence N;, , satisfies
2).

Now let us see what happened to the connectivity conditions. Consider the triad
(Mt U P; M;*, P). By Proposition 2.6 (3), P N M;*x~ S**1 x B"~~2, Now consider
the reduced Mayer-Vietoris sequence

7 (Si+1 NI AV ¥ B
H(S**'x B*'-?) — H(M}*) @ H(P) — H(M;* U P)
_>Hk_1(si+1xBn-i-2).

Note that M;* U Pe ¥ Cl (U- N/,,) replaces M;* € € Cl (U— N,), and what we
wish to show is that M;* U P is as nicely connected as M,*, and that in addition
we have killed the generator A of H;,,(M,*). It is easy to show that H,(M;* U P)
is flanked by zeros in the above sequence if k <i, and using the van Kampen and
Hurewicz theorems, it does follow that M;* U P is i-connected. For k=i+1,
H,_,(S**1x B"~'~%)=0, and hence B, is surjective. It follows that

Hi (Mj7)fim ey & Hi (M U P).

But [f|S**!] generates Hi,i(S'**xB"'~2) and a1 [f|S"* ]=[flu s 00,5 =A-
Hence H;,,(M;* U P)x H;,,(M;")/(A), and we have reduced H,,,(M,") by one
generator. Hence we will be able to alter N; inductively to N;,, which satisfies (4)
of #,,, if we can show that Bd (M;* U P) is min {i, [(n—1)/2]— 1}-connected.
By Proposition 2.6, we obtained Bd (M;* U P) from Bd M;* = M, by surgery of
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index i+ 1. Let M/=Bd (M;* U P), T;xS***xInt B*~*~2 and T,x B'*2x S"~-3,
so that M]=(M;-T,) U T, with (M;—T;) N T,xS***x S"~*=3, Consider the
triad (M;; M;— T, T,) and the resulting reduced Mayer-Vietoris sequence,

A(M,—T,) ® H(T,) > H(M]) > H,_(M;,—T,) N Ty).
For k<min {i, [(n—1)/2]—1}; n—i—3>k and hence
H(T;) =0 = H,_(M;,—T)) N Ty).

M ;— T, has the homotopy type of M;—.S!*! and since M; is min {i, [(n—1)/2] —1}-
connected, general position arguments give that M,;—T; is also

min {i, [(n—1)/2] — 1}-connected.

It follows that M; is min {i, [(n— 1)/2]— 1}-connected.

It remains to show that (3) can be satisfied on the i+1 level. If i+ 1= [(n—1)/2],
we are done; for any M; € ¥ Bd N;,, is min {i, [(n—1)/2]— 1}-connected. Now
suppose i+1<[(n—1)/2]. Let A be a generator of m,,,(M;). Since we are in the
trivial range, there is a PL embedding f: S'** — M/ such that [f]=A. Since
i+1=[n/2]—1and M;* U Pis min {i+1, [n/2]— 1}-connected, we can extend fto a
proper PL embedding f: B'*2 — M;* U P. Let P’ be a regular neighborhood of
f(B'*2)in M;* U Pand let N;,,=N/,,; U P’. By Proposition 2.6, we have obtained
M;=Bd Cl (M;* UP)—P)e¥Bd N,,, from M;e%¥ Bd N/,, by surgery of
index i+ 1. But, we are in the trivial range for surgery, and by Proposition 2.6,
m1(M])x 7 (M])](X). Hence the proposition will follow by induction, if we can
show that (M * U P)—P' € ¥(U— N,,.,) which replaces M+ U Pe €(U— N/,,) is
min {i+ 1, [n/2]— 1}-connected, so that we will not destroy (4) at the i+1 level.
But by Proposition 2.6, P’'~f(B'*2?)x B"~'~2 and hence (M;* U P)—P’ is of the
homotopy type of (M;* U P)—f(B'*2). Now using the connectivity of M,;* U P,
general position, and the fact that i+ 1 < [(n— 1)/2]; the desired result follows easily.

REMARK. Proposition 3.2 is an important step in proving the PL Hauptvermutung
for the open PL manifolds that we consider, for it enables us to take a connectivity
(at infinity) condition, which is not a priori related to any PL structure, and relate
it to a given PL structure.

4. A connectivity characterization of S™ (n>5) minus a nonempty tame compact
O-dimensional subset.

LEMMA 4.1. Let U be an open (p, q)-connected PL n-manifold (n > 5) with p = [n[2],
qg21 and p+q=n—2. Then U is (n—2)-connected.

Proof. Using Proposition 3.2, it follows that U is the monotone union of compact
PL n-submanifolds N, such that

(1) Each component of Bd N, is 1-connected.

(2) Each component of U— N, is min {g, [n/2]—1}-connected for each i.

(3) 0% Bd N;=0%(U—N,).

(4) N, is 1-connected for each i.
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(1), (2), and (3) are immediate. To see (4) consider the decomposition U=N; U Qy;
U---U Q,; where the Qy’s are the closures of the components of U— N,. Since U
and each Q;; N N, (a component of Bd N}) are 1-connected, an application of the
van Kampen theorem, a finite number of times, tells us that N, is 1-connected.
Let Q;=Cl (U—- N;). Now consider the exact reduced homology sequence for the
pair (U, Q)

ﬁk(U) —- H(U, Q) —~ Hk-l(Ql) g ﬁk—q(U)-

Since U is p-connected and each component of Q; is min {g, [1/2]— 1}-connected,
it follows, using excision, that H(N;, Bd N;)=0 if 2=k <min{g+1, [#/2]} and
H,(N,, Bd N)) is free. By duality and the Universal Coefficient theorem,

Hr(Ni) ~ Hn-r(N” Bd Ni)
~ Hom (H,_.(N,, Bd N)), Z) ® Ext (H,-,-.(N;, Bd N), Z).

But p+1=<r=<n-2 implies that 2<n—r=<min{g+1, [n/2]}, and hence H,(N;)=0
for p+1=<r=n-2. Since U is the monotone union of the N;s, H(U)=0 for
p+1=r=n-2; and since U is p-connected, U is (n— 2)-connected.

PROPOSITION 4.2. Let U be an open (p, q)-connected PL n-manifold (n>5) with
pz[n/2], q=1 and p+q=n—2. Let C be a compact subset of U such that each
component of U—C is 1-connected. Then there is a cored n-ball CB} such that
C<lInt CB} and k=0%,(U— C)=0%(U— CB}).

Proof. By Lemma 4.1, U is (n—2)-connected. Hence i : C< U induces a surjective
homomorphism iy: H(C) > H,(U) for r<Sn—2. Now let N be a compact con-
nected PL n-submanifold of U which satisfies Proposition 3.1 for C. We will show
that N is the cored n-ball we are seeking. Note that C<Int N and ¢¢ Bd N=
0%, (U—C)=0%(U— N) by Proposition 3.1. Also, H,(N)=0 for r<n—3. Hence N
will be (n—3)-connected, if N is 1-connected. Let Q,, Q,...., O, be the com-
ponents of CI(U—N). Hence U=NU Q, U Q,U---U Q, with each NN Q,
being a component of Bd N and hence, 1-connected. Since U is 1-connected, as we
remarked in the proof of Lemma 4.1, N is 1-connected. The proposition will follow
from the following.

CLAIM. A compact (n—3)-connected PL n-mianifold N (n>5) with nonempty
boundary such that each component of Bd N is 1-connected, is a cored n-ball.

Proof. By Lefschetz duality, H,_,(N, Bd N)x H'(N) and since N is (n—3)-
connected, H'(N)=0 for 1<r=n-—3. Hence, H (N, Bd N)=0 for 3<k=<n-1.
Now consider the exact homology sequence for the pair (N, Bd N),

H(N)— H(N, Bd N) — H,_,(Bd N) — H;._y(N).

Since N is (n—3)-connected, H,(N, Bd N)x H,_,(Bd N) for 2<k<n-3; and
hence H(Bd N)=0 for 2<r<n—4. Since each component of Bd N is 1-connected,
it now follows that each component of Bd N is (n—4)-connected. But since n=6,
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n—42[(n—1)/2] and n—125. Hence, by a strong form of the Poincaré conjecture
(essentially [17]), each component of Bd N is a PL (n— 1)-sphere. Let Sy, Sy, ..., Sn
be the components of Bd N. Let N’ be the closed PL n-manifold obtained from N
by inductively coning over the components of Bd N, i.e.,

N' =NUCS) U U C(S,)

where C(S)) is the cone over S; and Cl (N'—C(S)) N C(S;)=S;. By inductively
applying the van Kampen theorem it is easy to see that N’ is 1-connected. Suppose
we have shown that H,(N')=0 where 1 =r < [n/2]. Consider the triad

(N5 N, U C(S))
and the following portion of the resulting exact Mayer-Vietoris sequence,
H,1(N) ® H,4:(U C(S)) > Hy 1 1o(N') = H(U S).

Since n2 6, n—3=[n/2], and since N is (n— 3)-connected, H,,,(N)=0. Since each
C(S)) is a ball and C(S;) N C(Sy))=a if i#j, H,,,(U C(S;))=0. Also 1 =r<[n/2]
<n—1, and hence H( S;)=0. It follows that H,,;(N')=0, and N’ is [n/2]-
connected. Again by the Poincaré conjecture for spheres, N’ is a PL n-sphere, and
hence N is a cored n-ball.

THEOREM 4.3. An open PL n-manifold U (n>5) is PL homeomorphic to S™
minus a nonempty tame compact O-dimensional subset K of cardinality « if and only
if there are positive integers p and q such that p=[n/2), p+qzn—2, U is (p, q)-
connected, and &U has cardinality «.

SUFFICIENCY. Since U is 1-connected at infinity, let {C;} be a sequence of compact
subsets of U such that U= Int C;, C;<=C;,,, and each component of U—C; is
1-connected for each i. Now by Proposition 4.2, U is the monotone union of cored
n-balls. By Theorem 2.2, U is PL homeomorphic to S"— K for some nonempty
tame compact 0-dimensional set K. By Lemma 2.1 and the fact that homeomorphic
manifolds have the same number of ends, c8U=0K.

NECEssITY. Let UxS"—K where K is a nonempty tame compact subset of
cardinality «. By Lemma 2.1, cK=0&U. A theorem of McMillan [8], implies that
U is the monotone union of cored n-balls, and hence it follows easily that U is
(n—2, n—2)-connected.

ReMARK. The conditions on the integers p and ¢ in Theorem 4.3 cannot be made
any weaker. Consider the following examples, all of which have exactly one end,
but none of which are homeomorphic to E™.

ExampLE 1. In [5], for n=5, contractible open PL r-manifolds which are not
l-connected at infinity are shown to exist.

Here g = 1 fails. (Note that p=00.)

EXAMPLE 2. (S™# x Stm+D/2)) minus a point is an ([n/2]—1, n—2)-connected
open PL n-manifold which is not homeomorphic to E™. Here p = [n/2] just fails.

(Note that for n=6, ([n/2]—1)+(n—2)=n.)
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EXAMPLE 3. For n27 and [n/2]Sp<n—4, S***xE"?-1is a (p,n—p—3)-

-connected open PL n-manifold which is not homeomorphic to E™. Here p+gq
=n—2 just fails.

(Note that we need n=7 here, because for n=6, [n/2]+1=n—2; and hence the
theorem applies.)

5. On the Hauptvermutung.

THEOREM 5.1. Let U and U’ be homeomorphic open (p, q)-connected PL n-mani-
folds (n>5) where p and q are two positive integers such that p=[n/2], q=1 and
p+q=n—2. Then U and U’ are PL homeomorphic.

Proof. Let h: U-» U’ be a homeomorphism. Since U is 1-connected at infinity,
let {C}i>, be a sequence of compact subsets of U such that each component of
U—C; is 1-connected for each i, C;<Int C,,,, and | Int C;=U. For each i, let
C/=h(C;). Let M, and M be cored n-balls in U and U’ respectively which satisfy
the conclusion of Proposition 4.2 with respect to C, and Cj respectively. Hence
C,<Int M,, C{<Int M, and (index of M,)=(index of M;). Let Syi,..., Si, be
the boundary spheres of M,. Now let Sj;, . . ., Si;, be the boundary spheres of M;
such that if Q,; is the component of U— C; which contains S;;, then S;;<h(Q;,).
Letg,: M, — S™ be a PL embedding. Using Lemma 2.5, it follows easily that there
is a PL homeomorphism g;: M{-» g,(M,)such that g;(S;;)=g,(Sy,)forj=1,...,k;.
Let h;=(g;) " 'g,. Hence A, is a PL homeomorphism of M; onto M; such that
hy(S1;)=S;;forj=1,..., k,. Suppose now for 1 £i<r—1, we have found a positive
integer s(i), cored n-balls M; and M, in U and U’ respectively, and a PL homeo-
morphism A;: M; - M, such that

(1) M; and M, satisfy the conclusion of Proposition 4.2 for Cy; and Cyy
respectively,

(2) Int M;>M,_, U C,

3) Int M{>M/_, v Cj,

(4) m|M,_,=h;_,, and

(5) h(Si))=S}; 1 Sj<k, where the S;’s are the boundary spheres of M;, and Sj;
is the boundary sphere of M, such that if Q,; is the component of U— Cy;, which
contains Sy, then S, <h(Q;;).

We wish to define s(r), M,, M;, and h,. Since U= Int C;, U'=J Int C}, and
M,_, U C, M/_,uU C; are compact; choose an integer s(r) such that Int C,,
SM,_; VU C, and Int Cy,, > M,_, U C,. Now apply Proposition 4.2 to Cy,, and
Cyn, obtaining cored n-balls M, and M, such that Cy,,<Int M, and C,,,<Int M;.
It follows that M, and M, have the same index. Let S,,, .. ., Sy, be the boundary
spheres of M,, and let S, ..., S, be the boundary spheres of M, such that, if
Q,; is the component of U— Cy,, which contains S,;, then S;,<h(Q,,). Clearly M,
and M satisfy (1), (2), and (3) for i=r. We must construct a PL. homeomorphism
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hy: M, > M; which satisfies (4) and (5). By Lemma 2.4, let 4,,, ..., Ay, _,, 4Ap1, - . -,
rk,_, be the pairwise disjoint cored n-balls such that

ky-1 kr-1
Uy =cio-m, U 4, = crom-mi_),

Ay M, 1=8,_1;, and A; N M;_;=S;_,);. It now suffices, to complete the
inductive step, to define for 1 <j<k,_,, a PL homeomorphism #,,: 4,; -» A;; such
that

(@) Ayl Ser-1y5=hr-1|Sr-1); and

(b) hrj(Srm)=Sr'm if SrmCArj°
For if we can do this, then

h, = hr—l on M,_,,
=h,; onAd,

will clearly satisfy (4) and (5). We will need the following.

CLAIM. S,,<A,; if and only if S, < Ay,

Proof. S,,<A,; implies that S, < Q¢ _1y;; since Ay N M, _1=8,_1);, Q-1 1S
a component of U— C,_,,, and A4,; is connected and lies in U— Cy,_;,. By our
construction, S,, < Q,,. Hence since Q,,_1,; € €¥(U— Cy,-1y); Orm € €(U— Cyyy), and
Cir-1y< Cyny; we have that Q. _1);> Qrn. Hence h(Q 1)) 2h(Qrm)> Sym. But
Ser_ 1< Ar; N h(Q - 1)), and using the fact that h(Q, - ;,,) is a component of Cy, _,),
we conclude that Ay, <h(Q, -1,,). It follows that A;, N A(Q-1))=2 if k#j and
hence it must be that S,, < 4,;.

Conversely, if S,, ¢ 4,;, then S,, < A4,, for t+#j since S,, € € Bd M, and

ky -
Bd M, ku’ Bd A4,,.
=1

Hence by the first part Sy, < A4;, and 4;, N 4;;= &. Hence S, ¢ 4;,.
Now for 1 £j<k,_,, let g,;: A,;—~ S™ be a PL embedding. Hence

& = &r(hi | Se 1)
is a PL homeomorphism of S(;_,,; onto g,/(S -1);)- By Lemma 2.5 and the claim,
let g/, be an extension of g, to A, such that g, (Sy,)=g(S:m) Whenever S,, < A4;,.
Now let h,;=(g,;) ~'&,;- One easily verifies (a) and (b).
Now define H: U — U’ by H(x)=h(x) whenever x € M,. It follows that H is a
PL homeomorphism.
In view of Theorem 4.3, we obtain the following corollary.

COROLLARY. The Hauptvermutung holds for PL manifolds whenever the manifolds
are topologically S™ (n>5) minus a nonempty tame compact 0-dimensional subset.

For example the manifolds may be topologically S™ minus a tame Cantor set,
S™ minus any countable set, an open n-annulus, or E", (Stallings [19] has proven
the corollary for E* (n=5).)
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THEOREM 5.2. For n=6,7 homeomorphic differentiable manifolds which are
topologically S™ minus a nonempty tame compact 0-dimensional subset are diffeo-
morphic.

Proof. Let K be a nonempty tame compact 0-dimensional subset of S*, and let
U and V be differentiable manifolds which are homeomorphic to $™"— K. By [22],
give U and V PL triangulations T; and T, respectively, which are compatible with
their differentiable structures. By the preceding theorem, (U, T;) and (V, T,) are
PL homeomorphic. By [8], U is the monotone union of cored n-balls; and hence it
follows that H,(U)=0 if k#n—1 and H,_,(U) is free. It follows from [12], [4],
[17], [7], and [9] that the least positive integer a such that I';#0 is 7. For n=6, 7;
Hg(U) is free and H(U)=0 for k=7. Now applying Theorem 6.5 of [12], it
follows that U and V are diffeomorphic.

REMARK. Theorem 5.2 does not hold for arbitrary n> 5. For let Z" be an exotic
n-sphere. Hence X" x E! is topologically an open (n+ 1)-annulus, but is not
diffeomorphic to $™ x E*. For, if so, then X" can be smoothly embedded in S™*1,
Now by 3.6 of [11], 2" is bicollared in S™*! and by [3], the closure of a component
of S*+1—3 is a topological ball B. By the smooth Hauptvermutung for balls [18];
B, as a smooth manifold, is diffeomorphic to B**!. Hence Bd B"*!=X" is diffeo-
morphic to S*, contradicting the fact that " is exotic, i.e., the existence of an
exotic n-sphere implies the existence of an exotic open (n+ 1)-annulus.
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