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1. Introduction. Nirenberg [1] proved uniqueness of solutions to the Cauchy
problem across convex surfaces for equations of order m with constant leading
coefficients and with characteristics of multiplicity at most r, 0 <r <m. Only lower
order derivatives of order at most m—r were allowed in the equations. In §2 we
shall prove uniqueness of the Cauchy problem across certain convex surfaces for
equations of order m with constant leading coefficients, with complex character-
istics of multiplicity at most r and with real characteristics of multiplicity at
most s. Only lower order derivatives of order at most m—gq are allowed in the
equations, where ¢ is the maximum of s and the largest integer no greater than
(r+1)2. '

Protter [7] proved uniqueness across arbitrary surfaces for certain elliptic
equations of order m with variable leading coefficients, with characteristics of
multiplicity » and with lower order derivatives of order no greater than m—r/2.
The principal part was derived from the product of r second order elliptic operators.
In §4 we shall generalize these results to allow factors of arbitrary order with simple
characteristics, and the equations will have Lipschitz continuous leading coefficients.

In §5 we shall compare the present results with Cohen’s [1] counterexamples.
We shall see that if a lower order derivative of order higher than we allow should
occur in the equation then uniqueness fails. In §3 we shall prove uniqueness across
certain convex surfaces for parabolic equations in which the elliptic operator has
constant coefficients. Finally, in the above equations for which uniqueness holds,
the lower order terms are merely required to have locally bounded, measurable
coefficients, whereas Cohen’s counterexamples have continuous coefficients. In
§6 we shall prove some special uniqueness results for equations with lower order
terms of order greater than previously allowed, provided all coefficients of terms
above a certain order are constant, the remaining ones being measurable and
bounded.

NOTATIONS AND DEFINITIONS. Let Q be an open set in real n-dimensional
Euclidean space R*, n22; x=(xy,..., X,) € Q; a=(ey,..., «,) is a multi-index
where the o, are nonnegative integers; |a|=%.; . £=(§1,..., &) ERY &&=
L L=(Ly, ..., L) € CT, where {, k=1, ..., nare complex numbers and C*
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is complex n-dimensional Euclidean space. {*=1{$:---l%. Let P(x, {) be a poly-
nomial of order m in n variables {,,..., {, with complex variable coefficients
defined for x € Q. [a] is the largest integer less than or equal to a. k is always a
single index, k=1, ..., n.

D,=—i¢/ox,. D=(D,,..., D,). Do=D%1---Din. Let P(x, D) denote a linear
partial differential operator of order m with complex variable coefficients defined
for x € Q. P(x, D) is obtained by replacing {, with D, in P(x, {); thus P(x, D)
=3 a1sm Au(X)D,. P(x, {) is called the symbol associated with P(x, D). The principal
part P,(x, D) of P(x, D) is 3¢ =m a(X)Dq. P9(x, {)=0""'P(x, {)/0L%:- - -8{% and
the special case when the latin letter k is used P®(x, {)=0*P(x, {)/ol¥. When
P(x, D) has constant coefficients, then P(x, D)=P(D).

The equation P,(x, {;, &, ..., £,)=0 is called the characteristic equation for
P(x, D), where &, ..., &, are real and not all zero and {; is complex. Assume the
coefficient of {7 is not zero. If the m roots Ry, . . ., R,, of the characteristic equation
at x, € Q are always distinct for all real choices of (¢,,..., &)#0, we say that
P(x, D) has simple characteristics at x,. If for some choice of (¢, ..., £&)#0 we
have a (real) root of multiplicity r we say we have a (real) characteristic of multi-
plicity r at x,. If real characteristics do not occur we say P(x, D) is elliptic at x,.

2. Equations with constant leading coefficients and with complex or real character-
istics. We shall study solutions of the differential inequality

2.1) P(Dul £ K 2 |Dal,

lajsm-gq

where P(D) is a homogeneous operator of order m with constant coefficients, with
complex characteristics of multiplicity at most r and with real characteristics of
multiplicity at most s, g=max (s, [(r+1)/2]). u € C™ is a solution of the differential
inequality which vanishes for x; Se(x3+ - - - +x7), £>0, when x is in a neighbor-
hood of the origin. We shall prove that « vanishes in a neighborhood of the origin.

The symbol P({) has the following two properties: the set of polynomials
P®(§), 0£k<s, 0#£ € R have no common zero, and the set of polynomials
PO, &, ..., E0), 0SkSr, 0#(¢,, ..., é) € R*71, ; € C have no common zero.

We drop the restriction on the symbol P({) that the coefficient of {T is not zero.
Rather, we require the property of P({) concerning the complex roots to still be
valid, and that the multiplicity of the real characteristics of P(D) is at most s in the
sense that the set of polynomials P@(§) with |«|=s have no common zero for
0+ £ € R By Euler’s theorem on homogeneous polynomials, this class of operators
will include those previously defined. Also included in this class are operators such
as the wave operator in two dimensions P(D)= — D, D,, for which the x, axis is a
characteristic direction.

We use these two properties of P to prove a key inequality.
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PROPOSITION 1. Let Ny=(—1,0,...,0), é=(¢1,...,,)€R" and r€ R. Then
there is an open cone V< R" with Ny € V such that for Ne V

|é+irN|2m-9 < C( Z [P@(£+irN)|?
lel=s

2.2)

r

+ z (TINI)“'“‘"’|P(")(§+i1’N)|2)‘

k=s+1
If r<s, then there is no second sum in (2.2).

Proof. Because of the continuity and homogeneity properties of P, we shall first
prove (2.2) when N=N, and |£+iTNo|=}; then |Ny|=1 and

m
|§+irNol? = 72+ > & = 1.
k=1

When 7=0, P@(£)#0 for some |«|=s because P has real characteristics of
multiplicity at most s.

When 7#0 and (&, . . ., £,)#0, then the polynomials P®(¢+irNy), k=0, ..., r
have no common zero, since P has complex roots of multiplicity at most r. By
Euler’s theorem on homogeneous polynomials, the set of polynomials P‘®(¢+irN,),
|«| =s and P®(¢é+iTN,), k=s+1,..., r have no common zero.

When 7#0 and (&,,..., £,)=0, then the set of polynomials P@(£+irN,),
|| =s becomes a set of monomials c¢,(¢, —it)™~* with constant c,. For this set to
have a common zero with £+ 73=1 would require all ¢,=0, but that would
contradict the assumption on the multiplicity of the real roots of P().

Hence for N=N, and for all (¢, 7) such that |£+irN,| =1, the sum on the right
side of (2.2) is nonzero. That sum is a continuous positive function on the compact
set T2+ %, é2=1, hence it has a minimum value m,>0. Let c=1/m,, then (2.2)
is proven for |£+i7N,| = 1. Since both sides of (2.2) are continuous functions in N,
it follows that with a C larger than 1/m,, the proposition is true for all N in some
neighborhood U of N, with |[N|=1 and |é+irN|?=72+31_, &=1.

Next consider §+irN such that (¢, 7)#0 and Ne U. Let

E+iT’N=(¢+irN)/|é+iTN]|.

Since the proposition is proven for |¢'+ir’N|=1 and since P({) is homo-
geneous of degree m, substituting into the inequality for ¢ +ir’'N yields (2.2) for
(¢, 7)#0 and N € U. Finally if (¢, )=(0, 0), both sides of (2.2) are either zero if
m> s or constant if m=s. Hence (2.2) is proven for N € U.

Since N and 7 occur in (2.2) only as the product r¥, it follows that (2.2) is valid
for those N#0 in the cone ¥, where N € V if N/|N| e U. When N=0, (2.2) holds
because of the multiplicity of the real roots.

In the integrals to be studied, we shall use as a weight function exp (27¢(3, x)),
where r is a parameter which will eventually be allowed to increase toward +c0
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and 8 is a positive parameter which will be taken sufficiently small and then fixed.
8 is the parameter introduced by Malgrange [4] and it enables us to include in (2.1)
the terms of order m—gq.

23 § =96, x) = (¥, =82+ 8(x3+ - +xd).

Notice that the surface ¢(8, x)=gp(8, 0)= 562 has a contact of the second order at
the origin with the paraboloid x,=(8/2)(x3+ - --+x2), which apart from the
origin lies in the set x, <8(xZ+ - - - +x2). Let U, be a neighborhood of 0 such that
when x € U, then grad (8, x) € ¥ and |grad ¢(8, x)—grad ¢(8, 0)| <8, where V is
defined in Proposition 1. Using the methods of Hormander [3], we shall now
prove the basic Carleman type estimate.

THEOREM 1. Let P(D) be a homogeneous operator of order m with constant
coefficients, with complex characteristics of multiplicity at most r, and with real
characteristics of multiplicity at most s. Then when u € Cg*(U,), || Sm—s, 1>8>0,
T>8"%"2 t=max (r,s), p=2sif s=rand p=0 if s<r,

(2.4) 8?(1 +32.‘.)m—lal ~tym-ial leaulzeZta dx s C fIP(D)ulzezw dx.

Proof. First we introduce a partition of unity, which is necessitated, as will be
seen, by the fact that ¢ is nonlinear. Let x(x)=x(x, ..., x,) be the characteristic
function of the unit cube defined by |x,| <43, k=1, ..., n. With a function ®20
in Cg°(R™) with integral 1, we form the convolution

o) = (x* O)) = [ x(x=)0() .

6 is a function in C&(R™); moreover we may assume © is so chosen that the support
of 6 is contained in the cube |x,|<1,k=1,2,..., n. Forfixed xand y, >, x(x—g—»)
=1 except on a set of measure zero, note g=(g,,...,g,) runs through all the
integer coordinates. Hence >, 6(x— g)=_|' » O(») dy=1, and the functions 0(x—g)
form a partition of unity. We shall use the partition of unity given by the functions
O(x 7Y% — gy, x,87Y2 — gy, ..., X,8742—g,) with 7, §>0. Hence for ue C(Uy)
u=73,u, where

2.5) Uy(x) = O(x, 72— gy, x287V2— gy, . . ., X872 — g )u(x).

Notice that at most 2" functions u, are different from zero at any one point.

Let N,=grad @(8, x,) where x,=(g,/7"2, go/87%3,.. ., g,/87'%). Let x=x, € U,,
hence N, € V and Proposition 1 is valid for N,. Let 4,(¢+irN;) be the Fourier
transform of u,(x) exp ((x, TN), <x, Ny> =% .1 Xi(Ny)e. With N=N,, we multiply
(2.2) by |i#,(é+iTN,)|? and integrate,

f'f+irNg|2(’"")|ﬁ9(§+i7N,)|2 d¢

.6) <c f (| .Z |P@E+irN,)|2+ kﬁ 1(f|1v‘,|)2<k—*=>|1r><k>(.f+mw,,)|2)
|dy(E+irN,)[? dE.
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Let | D™ *u|?=3 4 am-s | D.u|2. We shall use Parseval’s formula; for fe C¢°
[ po+iN) fe+ieN)l2 de = [ lexp (G NHPODY G d.
R’l n
Using Parseval’s formula on (2.6) yields

[107-12 exp 2r¢x, M) ax

@7 scf (Z PO + > (rlNgI)“"‘"’IP""(D)ugl’)

la|=s k=s+1

-exp (27{x, N,») dx.
Multiplying (2.7) by exp (27(9(8, x;) — (X, N,»)), we have

le"'”u,I’ exp 2ry) dx
2.8 ,
=C f( Z |P@(D)uy|? + Z (-r]Ng|)2<’°‘”|P""(D)u,|‘*’) exp (2y) dx,
lel=s k=s+1
where p=¢(8, x;)+ {(x— x4, Ny).
LemMMA 1. ¢(8, x) 2 ¥(8, x) = @(8, x) —n/ in the support of u,.

Proof. o(3, x)=(8, X)+(xy —x41)2 + 82 Dheg (X —X)?24¥(3, x) by Taylor’s
formula. In the support of u,, by (2.5), (x1—x4)%<1/7, and (x, —x,)% < 1/82%r,
k=2,...,n; hence ¢(8, x) S¥(3, x)+n/r.

Since x, € U;, |N,—grad ¢(8, 0)| <8 and |N,| < 38. Using Lemma 1 and |N,| <38
in (2.8)

f | D™~ %u,|? exp (279) dx
2.9 .
s Cf( Z IP(“)(D)u,|2+ Z (fs)ﬁ(k-s)lp(k)(D)uglz) exp (27) dx,

lal=s k=s+1

where henceforth C is a generic constant depending on n, m and P but independent
of =, 8 and u.

Since at most 2" of the supports of the u, meet at any one point, we have in
view of Cauchy’s inequality

(2.10) |Dm=su? < 20 > | D™y, |2.
g

Let «’ denote the multi-index obtained by setting the first component of « equal to
zero.

LEMMA 2. 3, [PY(D)uy|2< C 35 |P@*B(D)u|278182181,
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Proof. By (2.5) and Leibniz’ formula
(2.11) P(Dyuy = 3, (P *P(D)u)(Dy6)r'*128"|B]1.
B

Since 6 € Cg°, Z\52m | Dsf|? is bounded. Also no more than 2" functions u, are
nonzero at any one point. Let N(m) denote the number of terms in the set P®,
and let C be a bound on 2"N(m) >,5sm | Ds0|2. By use of Cauchy’s inequality from
(2.11) we have 3, |P“(D)u,|2< C 3, |P@+P)(D)u|2+'8182151,

Using Lemma 2 together with (2.10) on (2.9) yields

| D™~*u|? exp (2r¢) dx < C f S Aisigaie
(2.12) ’
( z |P@+®(Dyu|?+ Z (.,.8)2(k-s)|P(k+B)(D)u|2) exp (2r) dx.

lxj=s k=s+1

Next we use a fundamental inequality, proven by Tréves [8). If Q(D) is a linear
partial differential operator with constant coefficients, then for v € Cy°

(2.13) (ro)2 f | Q< Dyul%e” dx < |af12m 14l f | Q(D)uf?e dx,

where p=1ix2+ .- - +12x2, t=(1;,...,t,) and t*=t§1---tf. For the dperator
P(D)in (2.1) we let t2=27, t3=--.=t2=278% and multiply (2.13) by exp (2732)
to obtain

2.14)  Alelgel f |P@(D)ul* exp (2r(p+p) dx < C J' |P(Dyul? exp 2r(p+p)) dx

where u(8, x)=28x,. We apply (2.14) with ue~ ™ replacing ¥ and P (D +2i78N,)
replacing P (D). Since P“(D+2ir8N,y)(ue~*)=e~*P‘®(D)u we obtain

2.15) rlol 21 f |P@(Dyul?e® dx < C f |P(D)u[2e¥ dx.

Using (2.15) to estimate two typical terms on the right side of (2.12)
(2.16) 7181§218°) flP“'*”(D)uPem dx £ C(8%7)~° flP(D)ul’e’“’ dx
since 8<1 and |o|=s, and

T|5182|B'|(78)2(k -8 flP(k+B)(D)uI2eZ!v dx
@2.17)
< C(8%r)¥(87)~ % J' |P(D)ul|?e?* dx.

If s=r, using (2.16) in (2.12) yields

@.18) [1Dm-tupree ax < ceny+ [iP(DYpere d.
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If r>s, then by choosing 7> 8-2*-2 and using (2.16) and (2.17) in (2.12)
(2.19) J'|Dm-8u|2e2w dx £ Cr=5(1+ 7825 f |P(D)ul?e?* dx.

All lower order derivatives are estimated by integrals of | D™ ~u|2.

LEMMA 3. If ve Co(U,) then
(1 +8%7) f o[22 dx < f | Dyo[2e% dx.
Proof. Let w=ve®®, then
f | Dyol2e®™ dx = f |ow/ox, |2 dx + 412 f (1 — 8)2|w|? dx
—-27 f(x, —8)0|w|?/ox, dx.
Using integration by parts —27 [ (x, —8) 9|w|?/ox, dx=2r [ |w|? dx.
f | Dyo|2e¥® dx 2 f (r+473(x, — 8)2)|wi? dx.

For x € U,, 4(x, — 8)®> 82
Using Lemma 3 repeatedly with v=D,u and |e|Sm—s

(2.20) (r + 8273n-tal=s f | Dyu[2 dx < J' | D™tuf3e%@ .
(2.18) and (2.20) yield
§23(1 4 §27)m - el =spm et f | Dese®% dx < C f |P(D)u[2¢> dx.
(2.19) and (2.20) yield
(1+ 827y -lai-rym=ta f | Dol dx < C f |P(Dyul?e® dx

and the theorem is proven. C depends on m, n and P but is independent of u, =
and é.

We shall now use Theorem 1 to prove uniqueness of solutions to the Cauchy
problem for (2.1).

THEOREM 2. Let P(D) satisfy the hypothesis of Theorem 1 and let ue C™ be a
solution of (2.1) which vanishes for x, Se(x3+ - - - +x2), >0, when x is in a neigh-
borhood of the origin. Then u vanishes in a neighborhood of the origin.

Proof. Let U, be a neighborhood of 0 such that (2.4) is valid and U, belongs to
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the neighborhood given in the hypothesis of this theorem. Let x € C5°(U;) such
that x=1 in a neighborhood U’ of 0 and let v=yu. Thus in U’

(2.21) |Po| £ K D> |Da.
lalSm—-q
When x € U, and x is also in the support of v then e(xZ+ - - - +x2)<x; <8. Let
8 < e, then @(8, x) < 82 except when x=0. If in addition x € CU’, the complement
of U’, then ¢ < 62—L where 0<L < 8%/2. Also let U"< U’ be a neighborhood of
the origin where ¢> 82—L/2; note ¢(8, 0)= 852
Since Cy°(U,) is dense in Ly(U;) we may apply (2.4) to v:

5P~ 1e1(] 4 §27)m~lei~t f | Dyr|?e™® dx

lalsm-q

2.22) sc J' |P(Dyo|2e® dx

<kc| S |Daftereds+c _[ |P(D)o|2e® dx,

U’ lalEm-q cu
where (2.21) is used to obtain the second inequality. When r is an even number,
s=r/2 and |«|=m~—r/2, then as 7 — +oc0, 877™~lel(]1 4 §27)m-lel-7 . §-7; choose
81> KC and then fix 8. In all other cases as + — +00, then 877™ ~1¢!(] 4 §27)m ~lel -2
— +00. Thus in all cases for 8 sufficiently small and then fixed and for = sufficiently
large we may move the terms involving D,v on the right side of (2.22) to the left
side to obtain with a larger C

Spfm—lal(l +32.r)m—la|—t J‘IDav!zezw dx < Cf 'P(D)vlzez'w dx.
lafsm-q cu’
Dropping all terms on the left side except the one for |«| =0 and restricting the
integration for that term to U”

(2.23) f |v]?e*® dx = C f |P(D)v|?e*® dx.
U~ cu’

Using in (2.23) the fact that ¢ <82—L when x € CU’ and x is in the support of v
and ¢>6%—L/2 when x e U”", we have

f |v|"’dx§Ce“'*J |P(D)v|? dx.
u” cu’

When = — 40 it follows that the inequality can hold only if u=v=0 in U”, and
the theorem is proven.

Hence solutions of the Cauchy problem for (2.1) are unique across those convex
surfaces S which at any point % of S admit coordinates such that in a neighborhood
of %, S does not lie below x; =e(x2+ - - - +x2), for some ¢>0.
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3. Parabolic equations with constant leading coefficients. For this section only
we change the notation slightly. Here Q denotes an open set in real n+1 dimen-
sional Euclidean space R**, n=1. x=(t,x, ..., X,) € Q.

n
@ = (“ta L P aﬂ)‘ o = (07 &1y - e -’O‘n)' |a| =+ z e
k=1

§=(6 b, E)ERL Lo ={pln. £ =0(06,...,6).
(=0l ..slpeCm*l D, = —iofot. D = (D, Dy,..., D,).
D. = Df:Dfr- - - Dyr.

An operator P(D) of order m with constant coefficients will be called para-
bolic if it has the form

(3.1) P(D) = 8/dt—P,(D).

P,(D) is a polynomial in D, for k=1,...,n For n22, P,(D) is a homogeneous
elliptic operator of order m with characteristics of multiplicity at most r when
considered as an operator in the variables x,, ..., x,. For n=1, P,(D)=cD} with
¢ a nonzero constant, m even and i™c¢>0.

We shall consider two problems. First we study the solutions of the differential
inequality

(32 |P(Dyu| = K 3 |D.ul,

la’lsm—-q
where P(D) is the parabolic operator (3.1). g=[(r+1)/2].

PROPOSITION 2. Let No=(0, —1,0,...,0), £ € R**1, v € R, then there is an open
cone V<=R"*' with NoeV such that for NeV, N=(N,N,,...,N,), N'=
©, Ny, ..., N,) we have

|§'+i.rN'I2(m—1)

3.3) < C( Z |P@(¢+irN)[2+ Z (TINI)z"“1’|P(k’(§+irN)|2).
je’l=1 k=2

Proof. From (3.1) we have P@’({)= —P{&({) for |«'| 2 1. Since both sides of
(3.3) are independent of ¢, we prove (3.3) with £,=0. The remainder of the proof
is the same as for Proposition 1, but here we replace P with P, and use the elliptic
and homogeneous properties of P,. Note if =1 then there is no second sum in (3.3).

Using Proposition 2 a Carleman type estimate analogous to Theorem | can be
proven for the parabolic operator (3.1) with «’ replacing «, s=1 and (3, x)
=(x; =82 +8%(x3+ - - - +x2+1?) in (2.4). Using that estimate and following the
proof of Theorem 2, it follows that solutions u € C™ to (3.2) which vanish for
x1Se(xj+ - +x3+1%), £>0, when x is in a neighborhood of the origin, do in
fact vanish in a neighborhood of the origin.
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Next we study uniqueness of the Cauchy problem for parabolic operators across
the surface t=e(x2+ - - - +x2), e>0. We study solutions of the differential inequality
(3.2) but with g=1, hence now (3.2) is independent of the multiplicity of the complex
characteristics of P.(D).

PROPOSITION 3. Let No=(—1,0,...,0) e R**1, £e€ R"**, v € R, then there is an
open cone V<R"*! with NoeV such that for NeV, N=(N, Ny,..., N,),
N'=(0, N,, ..., N,) we have

(3.4 |€ +izN'[2m=D < c( > |P<a'>(§+iﬂv)12).
la’l=1
Proof. Since both sides of (3.4) are independent of ¢,, we prove (3.4) with £,=0.
We first prove (3.4) when N=N, and |é+irNy|?=7%24+3%_, é&=1. Then

(3.5) |€ +irN'|2m=D = | 4z Ng|2m-D = |¢|2m=D
and from (3.1) for |o'|=1
(3.6) P@(E+irN) = —PE (E+itNg) = —PE(8).

When 7=0, |§+i7No|=|¢| =1, hence P&(§)#0 for some |o’| =1, by the use of
Euler’s theorem on homogeneous polynomials and the fact that P,(¢) is elliptic in
¢'. Therefore the sum 3., |P®(£)|? is a continuous positive function on the
compact set |£| =1, hence it has a minimum value m,>0. Let C=1/m,, then

3.7 |g]Zm-P =12 C > [P, for |¢ = 1.
la’f=1
Since both sides of (3.7) are homogeneous of order 2(m—1) in &, k=1,...,n,
(3.7) is valid for all £. Using (3.5) and (3.6) in (3.7) yields

|€ +irNg|2m=D £ C > [P E+iTN)[?
la’|=1
and (3.4) is proven when N=N, and |{+i7Ny|=1.

Since both sides of (3.4) are continuous functions in N, it follows that with a
larger C than 1/m,, the proposition is true for all N in some neighborhood of N,
with |[N|=1 and |é+irN|?°=72+3}%., £&#=1. The remainder of the proof is
exactly the same as that of Proposition 1.

So we see that when N, points in the 7 direction of R**?, then we can choose V
““narrow” enough so that we miss the complex roots of P.({). Now we shall prove
a Carleman type estimate for P similar to (2.4), but here we set

(3.8 9(8, x) = (1—8)*+3(xF+ - - - +x7).

Let U, be defined as in §2 except that here we use (3.8) and the V defined by
Proposition 3.
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THEOREM 3. Let P(D) be the parabolic operator defined by (3.1). Then when
ue Cg(Uy), |&'|Sm—1,7r>0and 1>8>0

3.9 (r82)n- el J‘|Da1u|2ez‘°’ dx < CIIP(D)u|2eZ'° dx.

Proof. The proof is similar to that of Theorem 1 so we shall only indicate the
changes. Let | D™~ 'u|2=3 ;e m-1 | Dou|® The proof proceeds as before but now
instead of Proposition 1 we use Proposition 3 to obtain the basic estimate (similar
to (2.18))

(3.10) w8t [|Dn-tuftee dx 5 C [|PDYpter d.

Lemma 3 is not useful here because its use is dependent upon the basic estimate
estimating derivatives in the N, direction, which (3.10) does not do. However
when ¢ is defined by (3.8) we have

LeMMA 4. Ifve CE(Us) and D, = —i 9/ox,
(.11 o8 [oftese dx 5 [|Doofrene v

The proof is similar to that of Lemma 3. Using Lemma 4 repeatedly together
with (3.10) yields (3.9).

Using (3.9) and following the proof of Theorem 2, it follows that solutions
u € C™ to (3.2) which vanish for r<e(x2+ - - - +x2), >0, when x is in a neighbor-
hood of the origin, do in fact vanish in a neighborhood of the origin.

4. Elliptic equations with variable leading coefficients. We shall study the
solution of the differential inequality

@.1) |P(x, D)u £ K D |Daul,

lalsm—-q

where P(x, D) is an elliptic operator of order m with characteristics of multiplicity
at most r and g=[(r+1)/2]. ue C™ is a solution of (4.1) which vanishes for
x;=x3+---+x2 when x is in a neighborhood of the origin. P(x, D) also has the
following form. :

(42) P(.\', D) = Pl(x9 D)P2(x9 D) - ‘Pr(x9 D)'
Each of the factors P.(x, D), k=1,...,r in the product (4.2) satisfies the

following conditions.

(4.3) Pix,D) = > a¥x)D,

lalsmg

is an operator of order m, with coefficients a¥(x) such that for k=2, ..., r, a&(x)
have Lipschitz continuous derivatives of order (3¥-tm;)—1, and for k=1, a¥(x)



504 P. M. GOORIJIAN [December

are Lipschitz continuous for |«|=m, and L. for |«|<m,. Let P, .(x, D)=
el =my @5(x)D, denote the principal part of Py(x, D); we assume P(x, D) is
elliptic at the origin, i.e.,

4.4) P, (0,8 #0 for0+# £ R
Finally we assume that P,(x, D) has simple characteristics at the origin, i.e.,

(45) Pk.m(O’ Cla §2a sy fn) = 0

has distinct roots for ¢, complex and 0#(¢,,.. ., £,) € R* L.
Each P, .(x, {) satisfies an inequality analogous to (2.2) for operators with
constant coefficients. Let

P(l)(x, l) = aP(X, ;)/alls 1 = 19 ey .

PRroOPOSITION 4. Let No=(—1,0,...,0), £€ R", 7€ R; then there is a compact
neighborhood U* of the origin and an open cone V*< R with N, € V* such that for
xeU¥and Ne V*

(4.6) [€+irN|*™ < C(|Py,m(x, §+iTN)|2+ (7| N || Ph(x, +i7N)|?),
4.7 |€+irN|2m=D < C( > |POu(x, £+ivN)I2)~
=1

Proof. The proof of (4.6) for N=N,, x=0 and |é+irN,| =1 is exactly the same
as that for Proposition 1. The extension to a compact neighborhood U* of the
origin follows from the fact that the right side of (4.6) is a continuous function of x.
The remainder of the proof of (4.6) is exactly the same as for (2.2). Using Euler’s
theorem on homogeneous polynomials, a similar proof yields (4.7), and the
proposition is proven.

Just as in §2, we shall use e?*® as a weight function in the integrals, but in this
section

4.8) ¢ = @8, x) = (x;—8)>+8(x3+ - - - +x3).

Let U¥< U* be a neighborhood of 0 such that when x € U} then grad (8, x) € V'*
and |grad ¢(8, x)—grad @(8, 0)] <8, where V'* is defined in Proposition 4. Finally
let U,=(L., U¥; we shall prove the basic Carleman-type estimate.

THEOREM 4. Let P(x, D) be an elliptic operator of order m with characteristics
of multiplicity at most r and let P(x, D) satisfy (4.2). Then when u € Cg(U,), |o| Em,
>0, 8,>8>0, 76> M, where M and 8, are constants

49)  (1482pm-lel-rm-ia f | Dau|2e®e dx < C f |P(x, Dyu|?e¥® dx.

Note that (4.9) is similar in form to (2.4).
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Proof. By induction on r. First we simplify the notation. Let v=1+8%r,
|u|2=[ | Dou|?e*® dx and ||u||3={|P(x, D)u|?¢** dx. ||u||3, and |u|3,..n are the
integral ||u||2 with P,(x, D) and P, .(x, D) respectively replacing P(x, D).

First let r=1; Hérmander [3(b)] proved (4.9) for P(x, D)=P, ,(x, D), the princi-
pal part of Py(x, D). Hence

(4.10) 2 vt eluly < Clulam

lelsmy
where C denotes a generic constant which depends on n, m and P but is independent
of =, 3 and u. By using Cauchy’s inequality on (4.3) with k=1 and the fact that the
aX(x)eL,

(4.11) |Pyn(x, Duf* S 2|Py(x, Dyul*+C > |Daul®.

lal <my

(4.10) and (4.11) yield
(4.12) D vmtletimslely)2 < Clu|Z, +C > |ul2

lalzmy lal<my
For > 2C the second term on the right side can be moved to the left to obtain
(4.9) when r=1.
Next assume (4.9) is valid for r—1; we shall prove that (4.9) is then valid for r.
Let m'=3}. 1 m, and P’(x, D)=P,(x, D)---P,_,(x, D). From the assumption
that (4.9) is valid for r—1 we have

(4.13) D sl ely2 < Clu|3.
lelsm’

Next we replace u in (4.13) with P,(x, D)u; that the resulting inequality is valid
follows from approximation since Cg° is dense in L, and we obtain

(4.14) D, wroiareiaw-al| D P (x, Dyl < Cllul3,
lalsm’
where [ullo=u], with |e|=
Now
(4.15) D, P(x, D)u = P, n(x, D)Dou+ >  ci(x)Dsu,

181 <my +jal

where the cj(x) are bounded and measurable in the support of . Hence by using
Cauchy’s inequality on (4.15) and the result in (4.14)

Z p olal=relam =lal| P, (x, D) Dol
@16 "
. S Clulg+c 3 ool 3l

181 <my + lai

4.17) 1B < my+|e| £ m+m =m.
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From (4.17) m' —|o| Sm—|B|—1, let 7> 1 and since v>1

(4.18) sm-lal < gm-18l-1 and  ym-lel-r4l < ym-iBl-r

Using (4.17) and (4.18) in (4.16) yields

VM/-laI-H-l"m'_Ial”Pr,m(x9 D)Dau"%
lels=m’

4.19
(4.19) < Cllul|§+CmZ ym1Bl=rom =811 )12

Since D,ue C§(U,) and since (4.9) has been proven for P(x, D) with simple
characteristics, i.e., r=1, we may use (4.9) for P(x, D)=P, ,(x,D)

(4.20) > vymo8i=1m -8 D, Dou|g < C||P, m(x, D)Dgul3.
18lsm,

Using (4.20) in (4.19), with DyD,= D, ,,, and |B+a|=|B|+ ||
@21) D ooy < Clu24C > ymlesremle -t y)2,
I

lalsm al<m
Since the power of 7 is one higher on the left side of (4.21), we take 7>2C and
move the second term on the right to the left to obtain

3 wnetisrnoeljuf? < Cluls.
lelsm
So (4.9) is proven for r and the induction is completed. :
We now use Theorem 4 to prove uniqueness of solutions to the Cauchy problem
for (4.1).

THEOREM 5. Let P(x, D) satisfy the hypothesis of Theorem 4 and let u€ C™ be a
solution of (4.1) which vanishes for x, £ x3+ - - - + x2 when x is in a neighborhood of
the origin. Then u vanishes in a neighborhood of the origin.

Proof. The proof is exactly the same as the proof of Theorem 2 with =1, but
here we use the estimate (4.9) instead of (2.4).

Let S be an arbitrary surface of class C™ and let X be a point on S. By a change
of coordinates the surface S can be made to coincide with the paraboloid x; =xZ+
-+++x2 in a neighborhood of ¥ with X at the origin of the new coordinates. The
class of differential inequalities considered in (4.1) is invariant under the change of
coordinates and hence Theorem 5 implies uniqueness of solutions to the Cauchy
problem for (4.1) across arbitrary surfaces.

The results of §2 and this section can be combined. Consider the differential
inequality
4.22) |P(x, Dyu| S K D |Daul,

lajsm-p

where P(x, D) is an operator of order m with complex characteristics of multiplicity
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at most r and real characteristics of multiplicity at most s, g=max (s, [(r+1)/2]).
P(x, D) also has the following form

(4.23) P(x, D) = Py(x, D)- - -Py(x, D),

where each of the factors in (4.23) is the type of operator considered in either (2.1)
or (4.1). By the method used to prove Theorem 4, a Carleman type estimate similar
to (2.4) can be proven for (4.23). But now ¢(8, x)=(x, —8)2+8°(x2+ - - - +x32),
1 <b<2. That estimate then implies that solutions u € C™ of (4.22), which vanish
for x; Se(x3+ - - - +x2), >0, when x is in a neighborhood of the origin, do in fact
vanish in a neighborhood of the origin.

5. Comparison of the results in §§2 and 4 with counterexamples. Paul Cohen [1]
has constructed equations for which solutions to the Cauchy problem are not
unique. First, he has constructed an equation of order m, with constant leading
coefficients, with a real characteristic of multiplicity s, and with a lower order term
of order m—s+1 with C* coefficients for which uniqueness fails. Second, he has
constructed an equation of order m, with constant leading coefficients, with a
complex characteristic of multiplicity », and with a lower order term of order m— 1
with C* coefficients, k <r—2 for which uniqueness fails.

In this second case, he claims that the lower order term can be chosen to be of
order m—b with C¥ coefficients, k <r—b—1. Although this generalization is not
proven, it is stated that the proof proceeds in the same manner as for b=1.
Proceeding with the proof for general b, we find his condition for the lower order
term to have C¥ coefficients becomes

A=A~ 50 as ! — oo,

We choose, as he does, A, =/2%, t,=c/ =%, 8>0 and ¢>0; note At;=t,—t,,,. Since &
can be made small, the condition on k becomes k<r—2b. For k=0, b<r/2.
Hence for complex characteristics, Cohen has constructed a counterexample with
a lower order term of order m—b=m—[(r+1)/2]+1 with C° coefficients.

In comparing these counterexamples with the results of §§2 and 4, we see that if
a lower order derivative of order higher than we allowed in the right side of the
differential inequalities (2.1) or (4.1) should occur, then uniqueness fails.

6. Uniqueness results for equations of a special form. In §2 we have proven
uniqueness of the Cauchy problem for

6.1 PDyu= D a(x)Du, g =max(s, [(r+1)2].

lelsm-q
The coefficients a.(x) are merely required to be locally bounded and measurable.
If we allow a term of order greater than m—q on the right side in (6.1) then
uniqueness fails as was seen in §5.
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However one may ask if uniqueness would hold when terms of order greater
than m—gq are allowed on the right side in (6.1) provided their coefficients a,(x)
are sufficiently smooth. Pli$§ [6] has constructed the following elliptic equation for
which uniqueness fails:

6.2) = +it6——6_x4 =fu, feC™.

(314_ , 3u)6 ®u  0u
ot  0ox ox®

In this section we shall prove uniqueness for certain equations of the type (6.1),
which include terms on the right side of order greater than m —gq but with constant

coefficients. We shall study solutions of the differential equation

(6.3) QD = P(Du— D cDau= D  a(x)Dety

m-s3lalSs laj<m-s
where P(D) is a homogeneous differential operator of order m with constant
coefficients, with complex characteristics of multiplicity at most r and real charac-
teristics of multiplicity at most s, [(r+1)/2] <s<m. ¢, are constants and a,(x) are
locally bounded measurable functions.

Now Q@()=P@({) for |«|Zs+1, and hence an inequality analogous to (2.2)
can be proven with Q and s+ 1 replacing P and s respectively in (2.2). Using that
inequality a Carleman type estimate analogous to Theorem 1 can be proven with
Q and s+1 replacing P and s respectively. Therefore let u € C™ be a solution of
(6.3) which vanishes for x, Se(xZ+ - - - +x2), for some £>0, when x is in a neigh-
borhood of the origin. By using the Carleman type estimate for Q and following
the proof of Theorem 2, it follows that  vanishes in a neighborhood of the origin.

Some examples of equations of type (6.3) are:

(1) Equation (6.2) with the coefficient of &5u/0x® replaced by a constant.

) P(Du= 2 c,Deu+a(xu.
O<|aj<m
3) P(D)u = > caDaut D afx)Dau, d=[(r+1)2].
d-15ja|lsm-d+1 lal<d-1
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