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2-TRANSITIVE SYMMETRIC DESIGNS(")
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1. Introduction. The study of a finite 2-transitive group I' from a geometric
point of view involves intransitive subgroups A displacing all points. For, at least
two block designs may be associated with such a pair I', A. These are constructed
by choosing an orbit B of A, and letting points be the points permuted by I" and
blocks be the distinct sets B”, y € I'. In the particular case in which the degree v of
' is |T':A|, this construction produces two designs, both of which are symmetric
designs. That is, there are v points and blocks, k=|B| points on each block, k
blocks on each point, and, if A=k(k—1)/(v— 1), every two distinct points are on A
blocks and every two distinct blocks are on A points. Moreover, I" acts as a 2-
transitive automorphism group of these symmetric designs, and A is the stabilizer
of a block. Conversely, if a symmetric design admits an automorphism group I'
2-transitive on points, then I' has such a subgroup A of index », namely, the
stabilizer of a block. We are thus led to the problem of determining all symmetric
designs admitting 2-transitive automorphism groups. The design of points and
hyperplanes of a finite projective space has this property. The unique Hadamard
design 5, with v=11, k=5 and A=2 admits a 2-transitive automorphism group
isomorphic to PSL(2, 11) ([31]; see §2). We will place restrictions on symmetric
designs and their automorphism groups in order to obtain characterizations of
projective spaces and 5#,; among symmetric designs. However, we will not attempt
to classify the groups themselves, as this is an entirely different type of problem [32].

Throughout this section, and most of this paper, we will assume that k|(v—1).
This condition is satisfied by both projective spaces and 5£,. Let ', A and B be as
before, suppose that |I':A|=v and k|(v—1), and let 2 be the corresponding sym-
metric design. A has two orbits, B and its complement €B. I" has a simple normal
2-transitive subgroup I'* such that I'* N A is still transitive on both B and ¢B;
this generalizes a result of Wagner [32] concerning 2-transitive collineation groups
of finite projective spaces. If A is not faithful on B then 2 is a finite projective
space and I' contains the little projective group; this is a special case of a result of
Ito [17]. If A is faithful and 2-transitive on B, then it has a simple normal subgroup
which is 2-transitive on B and transitive on ¥ B. These results, proved in §5, depend
heavily on the fact that A is primitive on € B.
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In Theorem 7.2 we consider the case where A has a cyclic subgroup sharply
transitive on B. In §8 this theorem is used to determine the full automorphism
groups of Paley designs [28] and to prove the following result on permutation
groups of prime degree. If v is prime, the order of the normalizer of a Sylow
v-subgroup is at least vk, and k*2+4 1> (v—1)/k, then ' PSL(3, 2) or PSL(2, 11).
The difficult part of the proof of these results involves showihg that A is primitive
on B.

Other characterizations use additional numerical or transitivity conditions. If p
is prime and d=2 then PG(d, p) is the only 2-transitive symmetric design with the
same parameters as PG(d, p) (Corollary 12.2). If A is 2-transitive on B, then 2
is of known type provided that either (i) £ has the same parameters as a projective
space, or (ii) € is a Hadamard design (Theorems 11.1 and 11.5). Set n=k—2A
=k(v—k)/(v—1) and s=(v—1)/k. If A is 2-transitive on both B and ¥B, then 2
is of known type if either (i) (n, 2s—1)=1, or (ii) n is a prime power and A#2
(Theorems 11.2 and 11.3). These results are proved by means of Diophantine
conditions obtained from the action of the stabilizer of two points. In Theorem
9.3, different methods are used to show that, if n is prime, then I'xPSL(3, n),
PGL (3, n) or PSL(2, 11).

We also consider the larger class of symmetric designs consisting of those
symmetric designs admitting an automorphism group fixing a block and transitive
on the remaining blocks. Such groups have been considered in projective planes by
Wagner [33]. It will be convenient to make the following standing assumption.
The only symmetric designs to be considered are those for which A>1. Although
many of our results can be stated so as to hold for projective planes, they are not
of interest in this case in view of the results of Ostrom and Wagner [27] and [33].

2. Definitions. The definitions of (symmetric) designs and their parameters v,
b, k, r and A can be found in [7], [11], [20] or [30]. Incidence will generally be
identified with set-theoretic inclusion. If p and g are distinct points of a design, the
intersection of all the blocks on p and g is called the line joining p and g; there is a
unique line containing any two given distinct points. If B is a block, ¥B denotes
the set of points not on B.

In a design, v—1>k and distinct blocks are not on precisely the same sets of
points. It will occasionally be necessary to allow the possibility that at least one
of these requirements does not hold. It will be clear from context when this is
occurring. Similar considerations will also apply to incidence structures other than
designs.

The parameters of a symmetric design satisfy the relation

2.1 ANv—1) = k(k-1).
n=k— A is the order of the design. Set s=(v—1, k—1). (2.1) implies the following

LeEMMA 2.1. The following statements are equivalent for a symmetric design.
@) k|(v=1); (i) v—1=sk; (ili) v—k=sn; (V) (k, )=1; (V) v=(s*n—1)/(s—1),
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k=@n-1)/(s—1) and A=(n—1)/(s—1); and (vi) v=5%A+s+1 and k=sA+1. In
particular, if all these conditions hold then (v, k)=1 and n> A.

The stabilizer in I" of the objects 0,0',... is denoted by Iy,..... Thus, for
example, I's is the global stabilizer of the set S, and T',, is the stabilizer of the
points x and y (and never denotes the stabilizer of the line joining x and y). If Z is
a subgroup of I' then Np(Z) is the normalizer of Z in I'.

A permutation group is said to be k-homogeneous if it is transitive on the set of
k-element subsets of the set of permuted points. The rank of a transitive permuta-
tion group is the number of orbits of the stabilizer of a point.

By convention, isomorphic groups and designs will be identified. Also, a pro-
jective space will be identified with the design of its points and hyperplanes.

A Hadamard design is a symmetric design for which v— 1 =2k. There is a unique
Hadamard design 5], with v=11, k=5 and A=2, and the full automorphism
group I' of 5, is isomorphic to PSL(2, 11) (Todd [31]). I is 2-transitive on both
the points and blocks of 5#,,. If B and B’ are distinct blocks of 57, and q is a point
not on B, then the following statements hold and should be regarded as models
for many of our results.

(2.2i) ' acts faithfully on B as PSL(2, k—1) in its usual representation. In
particular, I'; is sharply 3-transitive on B.

(2.2ii) T'p acts faithfully on ¥B as PSL(2, 5) in its usual representation.

(2.2iii) T'pacts faithfully on the blocks # B as A5 in a primitive rank 3 representa-
tion of degree 10 (cf. [34, p. 94)).

(2.2iv) T';p acts on B as a Frobenius group of order kA.

(2.2v) T'gp acts faithfully on B—B N B’ as a Frobenius group of order nA.

(2.2vi) T'gp acts unfaithfully on B N B’ as a sharply 2-transitive group.

3. Known results. For future reference we state some known results which will
be needed several times.

ProposITION 3.1 (DEMBOWSKI [4]; HUGHES [14]; PARKER [29]). An automorphism
group of a symmetric design has equally many point- and block-orbits.

The method used by Dembowski [4] in order to prove Proposition 3.1 will
frequently be employed in our proofs.

LemMA 3.2. Every line L of a design has at most (b— X)/(r— }) points.
Proof [8]. There are 5)—A—|L|(r—X) blocks not meeting L.

PROPOSITION 3.3 (DEMBOWSKI AND WAGNER [8]; CF. [7] AND [19]). The following
statements are equivalent for a symmetric design 9.
(i) 2 is a projective space.
(ii) All lines have (v—X)/(k — A) points.
(ili) & admits an automorphism group such that the stabilizer of each line is
transitive on the points not on the line.
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LeMMA 3.4. If y and v’ are orbits of a finite permutation group T, and if x € p,
then the lengths of all the orbits of T, on v’ are divisible by |v'|/(|»], |9'|).

LEMMA 3.5 (LIVINGSTONE AND WAGNER [22]). Let " be a group t-transitive on a
set S. If p is a prime, and T is maximal among the p-subgroups of T fixing more than
t points of S, then Np(X) is k-transitive on the set of fixed points of Z.

We will generally use the well-known special case of this lemma in which X is a
Sylow subgroup of the stabilizer of ¢ points and X fixes more than ¢ points [34,
p- 20].

4. Preliminary results. Proposition 3.1 readily implies that an automorphism
group of a symmetric design is 2-transitive on points if and only if it is 2-transitive
on blocks (Dembowski [4]). Thus, we may unambiguously use the terms 2-transitive
automorphism group (of a symmetric design) and 2-transitive symmetric design.

LEMMA 4.1. From a 2-transitive group T of degree v having an intransitive subgroup
A of index v displacing all points a symmetric design £ may be constructed on which
I acts as an automorphism group. The points of 2 are the points permuted by T',
and the blocks are the images under T of one of the orbits of A. Conversely, every
2-transitive automorphism group of a symmetric design has such an intransitive
subgroup.

Proof. The construction yields a design with at most |I':A|=v blocks, and thus
a symmetric design. The converse follows from the preceding remarks.
We list some simple, useful facts.

LEmMMA 4.2. Let A be an automorphism group of a symmetric design 2 with
(v, k)=1 such that A fixes a block B and is transitive on the remaining blocks.

(i) A is transitive on B and €B.

(ii) If pe B and q ¢ B, then A, is transitive on €B and A, is transitive on B.

(iii) If k|(v—1) and q ¢ B, then A, is transitive on the blocks on q.

(iv) With the notation and hypothesis of (iii), all orbits of A, in €¥B—{q} have
lengths divisible by k. In particular, if 2 is a Hadamard design then A is 2-transitive
on €B.

(v) A is 2-transitive on B if and only if, for p € B, A, is transitive on the blocks # B
on p and on the blocks not on p.

(vi) If k|(v—1), A is 2-transitive on B, and p and p' are distinct points of B, then all
orbits of A,,- in €B have lengths divisible by n.

(vii) With the hypotheses of (vi), if pe B and q ¢ B then all orbits of A,, on
B—{p} have lengths divisible by A.

(viii) With the notation and hypotheses of (vi), A, is transitive on the blocks on
p' but not on p.

(ix) With the hypotheses of (Vi), if pe B,p € C# Bandp ¢ C', then A, is transitive
on B—B N C and A, is transitive on BN C’.
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Proof. (i) and (ii) follow from Proposition 3.1 and Lemma 3.5.

(iii) By (i), A has orbits of lengths v—4 on ¥B and v—1 on the blocks #B.
Lemmas 3.4 and 2.1 then imply that the lengths of the orbits of A, of blocks # B
are divisible by (v—1)/(v—k, v—1)=k.

(iv) Consider the tactical configuration J consisting of the blocks on g and the
points of ¥B—{g}, with induced incidence. Since A, is block-transitive on J by
(iii), the desired lengths are divisible by (v—k—1)/(v—k—1, k—A—1)=k by [20,
Proposition 4.5] and Lemma 2.1.

(v) This follows from (ii) by applying Proposition 3.1 to A,.

(vi) A, has orbits of lengths v—k on B and k—1 on B—{p}. The result then
follows from Lemmas 3.4 and 2.1.

(vii) By (vi), all orbits of A on ordered triples (p, p’, ¢) with p, p’ € B, p#p’ and
q ¢ B, have lengths divisible by k(k— 1)a. By (ii), all orbits of A,, on B—{p} have
lengths divisible by k(k— Dn/k(v—k)=A.

(viii) A, has orbits of lengths v~k on the blocks not on p and k—1 on B—{p}.
By Lemmas 3.4 and 2.1, the lengths of the orbits of A,,. of blocks not on p are
divisible by n. (viii) then follows from the fact that there are n blocks on p’ not on p.

(ix) For, by (viii), A is transitive on the ordered triples (p, p’, C) with p, p’ € B,
peCandp ¢C.

LEMMA 4.3. Let B be a block of a symmetric design such that every line contained
in B has h points. Then (h—1)|(k—1, A-1).

Proof. If p is a point of B and B’ is a block # B on p, then there are (k—1)/(h—1)
lines on p contained in B, (A—1)/(h—1) of which are also contained in B'.

LEMMA 4.4. Let 9 be a design whose lines all have the same number h>2 of
points. If 2 admits an automorphism group A fixing a block B and 2-transitive on € B,
then 9 is a projective space.

Proof. Each line ¢ B contains at least two points of ¥B. Since some such line
meets B, all such lines meet B and the result follows from [19]. (We require this
result in the special case where 2 is assumed to be a 2-transitive symmetric design,
in which case Proposition 3.3 could have been used.)

LeEMMA 4.5. Let T' be an automorphism group of a design 2 which is 2-transitive
on points and transitive on blocks and such that, for each block B, Ty is 2-transitive
on both B and €B. Then, for each point p, I', has rank p<S on the points #p.
Moreover, p=3 if D is- symmetric and p>3 only if v=2k.

Proof. Suppose first that v>2k. If p € B then I',; is transitive on €B (Burnside
[2, p. 204, Ex. 10]). Thus, if p#q then I',, has four block-orbits, namely, the blocks
on p but not g, those on ¢ but not p, those on both p and ¢, and those on neither p
nor g. Then p <3 by [20, Theorem 4.1]. By Proposition 3.1, p=3 if 2 is symmetric.
If v <2k then 2 may be replaced by its complementary design.
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Suppose that v=2k. If I',; is transitive on €B we may proceed as before. If
', is intransitive on €B then, by Lemma 4.1, it has precisely two orbits on €B.
Thus, I" has precisely two orbits of triples (p, B, g) with p € B and ¢ ¢ B, so that
I',, has six block-orbits in this case. As before we conclude that p<5. (That p=3
for symmetric designs has been obtained independently by H. Wielandt.)

5. Primitivity and simplicity. Given a 2-transitive automorphism group I' of a
symmetric design 2, it is useful to know whether or not the stabilizer I'y of a
block B is 2-transitive on B or on €¥B. Many of our results involve either proving
or assuming the 2-transitivity of I'y on B or ¥B. According to Lemma 4.2 (iv), if
2 is a Hadamard design then 'y is 2-transitive on € B. The following simple result,
which will not be needed later, is the corresponding result for projective spaces.

ProposITION 5.1. If T' is a 2-transitive collineation group of a finite projective
space and H is a hyperplane, then T'y is 2-transitive on € H.

Proof. By [27] we may assume that the space has dimension >2. Let p and g be
distinct points of a line L. If T',, has ¢ orbits of points not on L, by Wagner [32,
Lemma 3] I',, has 7+ 3 point-orbits and ¢ orbits of planes L. By Proposition
3.1, T',, has ¢ orbits of hyperplanes ©L, and thus 3 orbits of hyperplanes L.
These must be the hyperplanes on p but not ¢, those on g but not p, and those on
neither p nor ¢. This implies the result.

THEOREM 5.2. If A is an automorphism group of a symmetric design 2 with
k|(v—1) fixing a block B and transitive on the remaining blocks, then A is primitive
on €B.

Proof. By Lemma 4.2iii, A is transitive on the incident point-block pairs of the
design Z; of points not on B and blocks # B. Here ry=k and A=A are relatively
prime by Lemma 2.1. The result then follows from [20, Theorem 4.8].

We note that [20, Theorem 4.7] may be used to replace the condition kj(v—1)
by weaker conditions.

COROLLARY 5.3. If T is a 2-transitive automorphism group of a symmetric design
9 with k|(v—1), and if some nontrivial element of T fixes a block pointwise, then Z
is a projective space and T contains the little projective group.

Proof. By Theorem 5.2, the pointwise stabilizer of a block B is transitive on €B.
The result then follows from [19, Theorem 3], which in the present case is merely a
simple application of Proposition 3.3.

It is also clear that an automorphism group of a symmetric design is faithful on
the complements of blocks provided that n> A. Ito [17] has proven Corollary 5.3
independently and without any restrictions on parameters. The preceding proof is
somewhat simpler than his, and we are only concerned with the case k|(v—1).
Ito’s result implies that, if T" is a 2-transitive automorphism group of a symmetric
design with (v, k)=1 (and A>1), and if B is a block, then I' is nonsolvable. For
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otherwise, ' has an elementary abelian normal subgroup Z. Since either (|Z|, k)=1
or (|Z|, v—k)=1, X fixes a point of B or ¥B, and thus fixes B or B pointwise by
Lemma 4.2i. By Ito’s theorem, I'; is nonsolvable, a contradiction. Thus, I'; is
nonsolvable.

If A is the stabilizer of a block in a 2-transitive automorphism group of a sym-
metric design, then A is transitive on the pairs (p, C) with pe B—B N C (Lemma
4.2ii). Although [20, Theorem 4.8] can then be applied to the design of points of B
and intersections of B with the complements of the blocks # B, the results are not
satisfactory: A is primitive on B if k|(v—1) and n is square-free. Somewhat more
can be proved concerning the transitivity of normal subgroups of A on B; see the
proof of Lemma 7.3.

THEOREM 5.4. Let A be an automorphism group of a symmetric design 2 with
k|(v—1) which fixes a block B and is faithful on B. If A is 2-transitive on B and
transitive on €B, then A has a simple normal subgroup which is 2-transitive on B
and transitive on €B.

Proof. Let Il be a minimal normal subgroup of A. Since A is primitive on both
B and ¥B by Theorem 5.2, and A is faithful on these sets, II is transitive on B and
%B and Lemma 4.2 applies to II. IT is nonabelian since k#v—k. It then follows
from a result of Burnside [2, p. 202] that II is simple.

We will assume that II is not 2-transitive on B and obtain a contradiction from
a detailed examination of the orbits of II, for p € B.

IT, has the following orbits: (i) { p}; (ii) ¥ B; (iii) (k — 1)/t point-orbits on B—{p},
each of length ¢; (iv) {B}; (v) (k—1)/u orbits of blocks # B on p, each of length u;
and (vi) (v—k)/w orbits of blocks not on p, each of length w. Here the constancy of
the lengths of the orbits of types (v) and (vi) follows from IT1,<]A, and Lemma 4.2v.
p, B* and B will denote orbits of types (iii), (v) and (vi), respectively. Proposition
3.1 implies that

é.D snw =1 = (v—kw =1 = (k=1 *—u"?).

If B’ # B then all orbits of II;. on BN B’ and B—B N B’ have lengths
u/s and w/s, respectively.

(5.2)

For, consider an orbit of II of incident (nonincident) pairs (p, B') with p € B.
II is transitive on B, and each orbit of I, of blocks B’ has length u (resp. w). Il is
transitive on the blocks B’, and, since Ay is transitive on both BN B’and B— BN B’
by Lemma 4.2v, all orbits of I1I;. on BN B’ (resp. B—B N B’) have the same
length u, (resp. w,). The length of an orbit of IT of pairs (p’, B) is thus ku=(v—1)u,
(resp. kw=(v—1)w,), and (5.2) follows from the fact that v —1=sk.

We note that

(5.3) u>t

For, (5.1) implies that u2¢ and u=t only if w=sn. Since (u/s, w/s)|(A, n)=1, (5.2)
and Lemma 3.4 then imply that Il,; is transitive on B—B N B’ whenever
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p'eBN B If p', x and y are distinct points of B they are noncollinear in the
complementary design of 2 by Lemma 3.2. There is then a block B’ on p’ but on
neither x nor y. Since we have shown that II,.;. has an element moving x to y,
I1 is 2-transitive on B. This contradiction proves (5.3).

If B is an orbit of I1, of blocks not on p, let (¢B) be the set of points #p of B
lying in the complement of each block in B; although different 8’s may yield the
same set (€8, we will regard (¥®B) as depending upon B. This definition implies
that

(5.4) If B, € B then |B, N [(B—<¥B))—{p}]l| = \.

As A, is transitive on the B’s, w’'=|(¥®B)| is independent of the choice of B.
Note that w’ may be 0. Since p' € <¥8) and p’ € p imply that p=(¥B), (¥B)
contains w'/t orbits p. Since A, is transitive on the (k—1)/t p’s and the (v—k)/w
B’s, it follows that

(5.5) Each p is contained in (W't ~%)-(v—k)w~/(k—1)t~* = w'n/wX sets (¥B).

Fix p’ € B—{p}. A,, is transitive on the blocks on p’ but not on p (Lemma
4.2viii), and hence also on those orbits B having a block on p’. (5.5) and the
definition of (¥B) imply that there are (v—k)w=!—w'n(wd)~! such orbits B.
The number of blocks of such a 8 which are on p’ is independent of B, by the
transitivity of A,,.. Since each of the n blocks on p’ but not on p belongs to exactly
one such B, it follows that

, Every point #p of B—<{¥3B) is on
(5.6) n/{snw=r—w'n(wd)~1} = Aw/(sA—w")
blocks of 8.

Let p’ € p. Lemma 4.2viii implies that A,y is transitive on those orbits 8 such
that p £<(€B). (5.6), |p| =t and |B|=w then imply that

If p & <¥B), then the number of
(5.7) points of p on each block of B is
t-{Aw(sA—w') "} w = Xt/(sA—w').

Each block s B contains n points of B, so that there are wn/(v— k) =w/s blocks
of B on each point of ¥B. Fix 8 and B, € B and count in two ways the number
of pairs (x, By) with B,# B, € B and x € B, N B,. By (5.4) and (5.6)

0+0+AAw(sA—w)) " =1} +n(ws~1—1) = (w=1)A

(the four terms on the left correspond to {p}, <€B), B, N [(B—{(¥B>)—{p}] and
¥ B, respectively), which reduces to

(5.8 MN@EA=w") = A=1+nsw=Y)/(k-1).
(5.1, (5.7), and (5.8) imply that
(5.9) tA—1+nswY)/(k—1) = ts~*+1(z “*—u~?) is an integer.
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Since k—1=sA, (5.6) and (5.8) imply that

wA—=14+nsw=b)/(k—=1) = {A-1Dws~ 1 +n}/A
is an integer. By (5.2), ws~! is an integer, so that n=1+A(s— 1) implies that
(5.10) —ws~'4+1 =0 (mod A).
By (5.10) and (5.1),

0=nswi(l—ws™!)=nswt—n
s=nwl-1=(-D¢"*-u"t) (mod2),
so that

(5.11) s(t~*—wu"') is an integer.

By (5.2) and (5.3), su~! and tu~! are <1. Also, either st = or s~ is < 1. Since
both ts~'—tu~? and st ~1—su~! are integers by (5.9) and (5.11), it follows that
one of them must be 0. st ~! —su~150 by (5.3). Thus,

(5.12) u=-s.
(5.11) then implies that ¢|s=u, and by (5.3) we have
(5.13) t < s5/2.

If ws=*=1, then (5.12) and (5.2) imply that II;. fixes B pointwise; however, A is
faithful on B and II; #1 by Lemma 4.2i applied to I1. From (5.10) it follows that
ws~ 1= A+1, or

nsw=! < nf(A+1) = {1+ As—-1D}(A+1) £ s—1.

Then (5.9) and (5.13) imply that

sSA=(k=1) S t(A—=1+nsw™1) £ (s/2(A=1+s5-1),
or 201£A—1+s—1. In particular,
(5.19) (A—=1)/s is not an integer.

We now show that (5.12) and (5.14) are incompatible. Fix an orbit 8* of II, of
blocks #B on p. Since each block of B* contains n points of €B, each point of
#B is on un/(v—k)=uf/s=1 block of B*. Then distinct blocks of B* have no
common point in €B, and thus meet B—{p} in the same set (B*) of A—1 points.
IT, fixes (B*), so that (B*) is a union of (A— 1)/t p’s. Since A, is transitive on the
(k—1)/t orbits p and the (k—1)/u orbits B*, it follows that each p is contained in

(k=Du=t- A=t " Yk—=1t"t = A=1)/u=A-=1)/s

sets (B*). This contradicts (5.14) and proves Theorem 5.4.
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LeMMA 5.5. Let T be a 2-transitive automorphism group of a symmetric design 2
having a nontrivial regular normal subgroup Z. Then n is a power of 2 and v=4n.

Proof. = is an elementary abelian p-group of order p¢ where d=2 (Burnside [2,
p. 202])). The points of & may be regarded as the points of an affine space
& =AG(d, p). T is a 2-transitive collineation group of &/ and X is the translation
group of & Dually, the blocks of & are the points of an affine space &/#. &/ and
&/# are isomorphic but are clearly not identical.

Temporarily regarded .»/ as embedded in 2=PG(d, p). T induces a collineation
group of & which is transitive on the hyperplanes at infinity. According to Lemma
4.2v, applied to the complementary design of &, if x is a point of & then I', has
precisely two orbits of hyperplanes of &/ Equivalently, if H is a hyperplane of &/
then I'y; has precisely two point-orbits in %7, namely, H and ¥H (the complement
is taken within /).

X, is a subgroup of T of order p¢~*. Since T is a group of translations of /¥,
it follows that £, =X,#, where H¥ is any one of a unique class of parallel hyper-
planes of &/#. We now prove that

(5.15) I'y; and I'y# are conjugate in T'.

Certainly Np(Zy)= Np(Zy#), where A= Np(Zy) is the subgroup of I' consisting
of those collineations fixing the parallel class of H as a whole. Then Ay=T}.
A contains the centralizer of £ in I" and so contains . Then A is transitive on the
parallel class of H, so that

Let A(H) be the set of all elements of A fixing all hyperplanes |H. Then A/A(H)
is a transitive, faithful permutation group on the hyperplanes |H. If &/ is once
again embedded in the projective space & and we pass to the dual of & we see
that A/A(H) is similar to a group of projectivities on a line of Z More precisely,
since A fixes the hyperplane at infinity A/A(H) may be regarded as a group of
linear mappings x — ax+b, a#0, on GF(p).

A(H) may be described as the set of elements of A fixing all cosets of X, =2 #
in Z. Thus, A(H)=A(H¥). By (5.16), Ay/A(H) and Ay#/A(H) are conjugate in
A/A(H). Since T'y= Ay and T'y#= Ay#, this proves (5.15).

By (5.15) we may assume that I'y;=Ty#. Then I'y; has two point orbits H and
%H in 2, and, dually, two block orbits H# and €# H# (where €% H¥ is the comple-
ment of H# within »7#, that is, within the set of blocks of 2). Let i be the number
of points of H on each block € H#, and i. be the number of points of H on each
block € ¢#H#. Then there are |H#|i/|H|=i blocks of H¥ on each point of H
and |¢#¥H#|i /|H|=(p— 1)i, blocks of ¥ H¥ on each point of H. Thus,

(5.17) i+(p=1i, = k.
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Fix x € H and count in two ways the pairs (y, B) with x and y distinct points of
BN H and B a block of Z:

(H|=1)-A = i-(i—=D)+(p~ Dic- (e — 1),
which together with (5.17) implies that
(5.18) (i—i)? =n.
We now show that
(5.19) nlkp(i—i,).

Consider the action of T" on the ordered pairs (B, H), where B is a block of 2
and H is a hyperplane of & We know that I';; has two block-orbits H# and €# H¥.
Thus, I'; has two hyperplane-orbits in &/ Moreover, one of these orbits, say B,
has the following property:

(5.20) Be H# < He B,

It follows that p(p?—1)(p—1)~*|H#|=0v|B’|, so that |B®|=(v—1)/(p—1). The
number of points of B on a hyperplane H € B® is |[B N H|, which is also [B N H|
where Be H¥, by (5.20). By the definition of i, each hyperplane in B’ is on i
points of B and hence is on p®~!—i points of €B. It follows that each point of ¥B
is on
|Bo|-(p8~t=i) _ (=D)(p '=i) _ k(p*~'-i)
€8] ~ (p=Dl-k)  (p=Dn

hyperplanes of B?. Thus, mod n(p—1),
0 = k(v—pi) = k(v—k)+k®—kpi = n(v—1)+k?—kpi

(by (2.1)), so that, by (5.17),

k* = kpi = kp{k—(p—1)ic}
or
k*(p—1) = kp(p—1)i. (mod n(p—1)).

It follows that kpi=k?=kpi. (mod n). This proves (5.19).

By (5.18) and (5.19), n'/3|kp. Everything that has just been proved must hold if
2 is replaced by its complementary design. Then also n*'2|{(v —k)p. It follows that
n’2|yp. Then n is a power of p, and the lemma follows from Mann [24, Theorem 1
and Proposition 1].

The hypotheses of the preceding lemma are satisfied, for example, by the design
in (6.4).

THEOREM 5.6. A 2-transitive automorphism group T' of a symmetric design with
k|(v—1) has a simple normal 2-transitive subgroup I1. If, in addition, Ty is 2-transitive
on the block B, then the same is true of 1.
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Proof. Let I1 be a minimal normal subgroup of I'. By Lemma 5.5, Iz % 1. Then
I, is transitive on ¥B. All orbits of I1; on B have lengths dividing & and hence
relatively prime to v—k. By Lemma 3.4, I1,; is transitive on €B for each point p
on B. Then I, is transitive on {_ {¥B | B is on p}, so that Il is 2-transitive. II is
simple by [2, p. 202]. Although the last assertion follows from Theorem 5.4, we
note that, in the present situation, only the proof of (5.3) is needed because of the
dual of Lemma 4.2ii, applied to II.

The preceding proof depends upon the fact that Il is not regular. For the purpose
of Theorem 5.6, instead of Lemma 5.5 we could have used the fact that some block
of an abelian difference set design with (v, k)=1 is fixed by all (not necessarily
numerical) multipliers [11, p. 140].

6. A=2. In §§7 and 9 we will reduce the proof of two theorems to the case
A=2. Special techniques are needed to handle such symmetric designs. The
following simple result will be used in §7.

LEMMA 6.1. 3, is the only symmetric design with A=2, k—1=2¢, e 2 2, admitting
a 2-transitive automorphism group T such that, for each block B, 'y acts on B as a
subgroup of PTL(2, 2°) containing PSL(2, 2°) as a subgroup of odd index.

Proof (Wielandt). If B#C then a Sylow 2-subgroup X of I'zc has order 2 and
fixed 2¢ -1 pairs of points of B. Then Z fixes 2¢~* 41 blocks, so that by Lemma 3.6,
2+ 1) | |T] = {1 +k(k—1)/2bk(k~1)(k—2)t,

where 7|e. This implies that e=2, as claimed.

The preceding argument can also be used to show that PSL(2, g), represented as
a permutation group on the unordered pairs of points in its usual representation,
admits no transitive extension if ¢ >4 is a power of 2 or a prime power =3 (mod 4).

A result of Hall [12] suggests that, with a single exception for which k=9, it
may be possible to weaken the assumption of 2-transitivity in Lemma 6.1.

LEMMA 6.2. Let 2 be a symmetric design with A=2tk admitting an automorphism
group A fixing a block B and transitive on the remaining blocks. Then A is 3-transitive
on B.

Proof. Since A=2, A is 2-homogeneous on B. A is nonsolvable, as otherwise A
would have a normal abelian subgroup transitive on both B and ¥B (Theorem 5.2),
which is impossible. A is thus 2-transitive on B [20, Proposition 3.1]. By Lemma
4.2v, if p is on B then A, is 2-homogeneous on B—{p}. Since k—1 is even, A, has
even order and thus is 2-transitive on B—{p}, as claimed.

THEOREM 6.3. Let Z be a symmetric design with A= 2tk admitting an automorphism
group A fixing a block B and 2-homogeneous on € B. Then one of the following holds:

() 2is #,;
(ii) k=9 and A acts on B as PSL(2, 2°) or PTL(2, 2%); or
(iii) 3|k, v is even and n is a square.
The proof of Theorem 6.3 will be preceded by several lemmas.
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LEMMA 6.4. Conclusion (i) or (ii) of Theorem 6.3 holds if, in addition, A is not
4-transitive on B.

Proof. Two points of B are on precisely two blocks, each of which meets B in
two points. Conversely, two disjoint pairs of distinct points of B determine two
blocks # B which meet in two points of ¥B. Since A is 2-homogeneous on ¥ B it
follows that A is 4-homogeneous on B. Moreover, A is transitive on disjoint
unordered pairs of distinct points of B, and thus induces 4, or S, on each set of
4 points of B. If A is not 4-transitive on B and k> 5, then by [21] k=9 and A acts
on B as PSL(2, 2%) or PTL(2, 23).

From now on we will consider the case where A is 4-transitive on B. It will
frequently be necessary to consider several points at the same time. For this purpose
it is convenient to temporarily adopt some new notation. Points will be denoted by
positive integers, distinct numbers representing distinct points. 1, 2, 3 and 4 will
always denote points of B. The block B on 1 and 2 is B,;. The expression
B2 N By, will have its usual meaning; however, B,; N B3 will denote the point
#1 common to B,; and B,,.

The complementary design of PG(2, 2) is the only symmetric design with A=2
and k=4. We will exclude this case.

LEMMA 6.5. Let 2 be a symmetric design with A=2 and k >4 admitting an auto-
morphism group A fixing a block B and 4-transitive on B.

(i) If X is a block # B then Ay is 2-transitive on X—B N X.

(ii) A is 2-transitive on €B.

(iii) A does not act on B as Ss, A, or M,.

(iv) If A,2q4 fixes more than four points of B, then k=6 and A is Asg.

(v) A4 Sylow 2-subgroup of A,s3,4 fixes 4, 5, 6, 7 or 11 points of B.

(vi) Let p be an odd prime and let Z be a Sylow p-subgroup of A,q3.. Then the
set D* of fixed points and blocks of % is a symmetric subdesign of 2 with A\* =2, and
NA(Z) is 4-transitive on the set of points of B in 2*.

(vii) B,,, B,5 and B,; concur.

(viii) B,g, B,3 and B, do not concur.

(ix) If k>6 then 5=B,3 N\ By3 N Byz, 6=B,5s N Byy N Byy, T7=B,3N B;, N\ By,
and 8= B3 N By, N By, are distinct points lying on a block By o, where 9 and 10 are
in B— {1, 2, 3, 4} (see Figure 1).

Proof. (i) Ay is transitive on the unordered pairs of points of B—B N X. Each
pair determines a unique block # B which meets X—B N X in a pair of points.
It follows that Ay is 2-homogeneous on X— B N X. Since Ay has even order, it is
2-transitive on X—B N X.

(ii) follows from (i) and the fact that A is transitive on the blocks # B.

(iii) Since 7, does not admit Ss as an automorphism group fixing a block, A is
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not S;. There is no symmetric design with A=2 and k=7 (Hussain [15]; this also
follows from a result of Chowla and Ryser [7, p. 61], since 1+ 7(7—1)/2 is even).
If A were M, then, by (ii), M,; would have a 2-transitive representation of degree
v—k =45, which is not the case [1].

(iv) According to Nagao [26], A is A¢ or one of the groups in (iii).

(v) follows from Lemma 3.5 and a theorem of Hall [10, p. 73].

(vi) Both points of intersection of two blocks of 2* are in 2*, and dually.
2* is thus a symmetric design with A* =2 (Majumdar [23]; Dembowski [5, p. 269]).
The last assertion follows from Lemma 3.5. ’

(vii) Otherwise, 5=B,, N B,3 and 6=B,, N B,; are distinct fixed points of A,,;
on B;,. There is a unique block X' B;, on 5 and 6. Then A, ,; fixes X and neither
1 nor2isin X. BN X is fixed by A;,; and contains at least one point # 3. Since
A is 4-transitive and k> 5, this is impossible.

(viii) By (vii), B;s and B,; are the only blocks on both 3 and 5=B,;, N B;3 N Bys.

(ix) The four points are distinct by (viii). Let X be the block # B,; on 5 and 6.
Since A, 43, fixes B,,, 5 and 6, it fixes X. Then A, 3, fixes the point y#3 of B3 N X.
If 8=(1, 2)(3,4)- - - € A then also 8="--- (5, 6)(7, 8) - - -. Since 8 fixes X it follows
that y’e X. If y=7, then X is on 7 and 8 and the remaining assertions are trivial.
If y=3 then y°=4, so that X=B;, and 5=B,;; N By3 N By, contradicting (viii).
The only other possibility is that y is a new point. A;,3, then fixes the block
Y#B,; on 3 and y, and hence also the point z#3 on B N B,;. z is a new point
and is fixed by A, .34, contradicting (iv).

(vii), (viii) and (ix) are essentially configuration theorems. (vii)is a *“ tetrahedral
condition, while the remaining two are “cubic” conditions (cf. Figure 1). In order
to identify the subdesign generated by four points of B a further property, (6.1), is
needed. The proof is, however, slightly more difficult than those of the preceding
lemma.
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LEMMA 6.6. There is a unique design 2,¢ satisfying the hypotheses of Lemma 6.5
and which is generated by any four points of B. In this design, v=16 and k=6.

Proof. Let 2 be a design with k> 6, satisfying the conditions of Lemma 6.5,
and such that any four points of B generate Z; that is, 2 has no proper subdesign
2* with A* =2 which contains four points of B. We will use the notation of Lemma
6.5ix.

By Lemma 6.5vi and iv, Z=A, 3, is a 2-group fixing only four points of B. By
Lemma 3.5, A*=N,(Z)|r is 4-transitive on the set F of fixed points of Z, on B.
Clearly |F|26. If fe F—{1, 2, 3, 4} then Z,< Z, implies, by the maximality of Z,
in Z, that Zg=2X,. Then A¥ss,=1. A* is thus 4q, A7, M,; or My, (cf. [9] and {10,
p. 73]). |fE|=|Z:Zs| =2 implies that |F| is even, while = fixes {9, 10}. It follows
that A* is 4. We use this to prove that

S:B4QnB4IOnBQIO’ 6=339nB310nB910’

(6.1)
7=329n3210r\3910, 8=BlsnBl1onleo~

For, let «=(1)(2)(3,9)(4, 10)- - - € A. « interchanges B;, and B, ;. Then « fixes
B3y N By 1,={7, 8} (see Figure 1), that is,

7Tor8 = 7%= (Byg N Byy N Byy)* = Byg N By 10N By 10.

7*=T7 € B3 would imply that 1 and 7 are on the three blocks B,3, Byg and B, y,.
Thus, 7%*=8, proving the final relation in (6.1). In terms of Figure 1 this means
that the two blocks containing the opposite vertices of the “cube” 12345678 pass
through 9 and 10, respectively. This implies the remaining assertions of (6.1).

Replace the initial points 1, 2, 3, 4 by 9, 10, 3, 4. By Lemma 6.5viii, 11=8;,
N B3y N Byg and 12=B,, N B; ;4 N B, 1, are distinct points. They are new points
since A=2 implies that 5, 6, 7 and 8 are on no blocks # B, 1 Si<j<4 or i=9,
j=10. By (6.1) and Lemma 6.5ix, 5, 6, 11 and 12 lie on a block Y# By ,,. Since
B,; and By ,, are the only blocks containing 5 and 6, it follows that Y=B,,. At
this point we have the following sets of points lying on blocks, where the first two
points of each set are on B.

1234910 1 938
1 2561112 297
1 357 39611
6.2) 1 467 49511
2358 1108
2468 2107
34781112 310612
91056 7 8 4105 12

We now show that the 16 blocks involved in (6.2) are the blocks of a symmetric
subdesign Z* of 2 with A*=2 and k*=6. Set x=B,; N B;y N By, and y=8,,
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N B, ;0 N By 0. If we replace 9, 10, 3, 4 by 9, 10, 1, 2 in the preceding argument,
or use the symmetry provided by A*, we find that

{11, 12} = By, N By, = {x, y}.
x#11 as By and B,g are the only blocks on 9 and 11. Thus,
(6.3) 12 = Bl2 N B19 N Bzg al‘ld 11 = Bl2 N Bl 10 N B2 10

13=By3 N Byg N By and 14=B,3 N B, ;, N By 1, are distinct new points by
Lemma 6.4vii and viii and (6.2). Replacing the pairs {1, 2} and {3, 4} by {2, 3} and
{1,4} in (6.2) we find that B,; N B,,={13, 14}, 13=B,, N B, ;, N B, ,, and
14=B;, N B,y N By,. Similarly, points 15 and 16 may be introduced so as to
obtain the following points and parts of blocks.

1234910 19 8121415
12561112 29 7121316
13571516 396111315
(6.4) 1 4671314 49 5111416
23581314 1108 11 13 16
24681516 2107111415
34781112 3106121416
91056 7 8 4105121315

It is straightforward to check that (6.4) defines a symmetric subdesign 2* of 2
with A*=2, k*=6 and v*=16. The minimality of £ implies that 2 =2*, contra-
dicting the assumption that k> 6.

(6.4) defines a design 2, ([12] and [15]) with the property that every permutation
of the points of one of the blocks of 2, extends to an automorphism of 2.
Thus, 2, satisfies the required conditions, completing the proof of Lemma 6.6.

LeMMA 6.7. Under the hypotheses of Lemma 6.5, every four points of B generate
a subdesign 9,¢. If S is the set of six points of B of such a subdesign and A does not
act on S as Sg, then D is D

Proof. The first assertion follows from the preceding lemma. Let 2, be the
subdesign of which S is, in effect, a block. Since A=2, any element of A moving
four points of S to four other points of S fixes 2,5 and hence also S. By hypothesis,
Ag|s is Ag. If S={1, 2, 3,4, 5, 6} then A,,3, fixes 5 and 6. Then A=A4; by Lemma
6.5iv, and 2 is D,,.

Proof of Theorem 6.3. By Lemma 6.7, three points of B belong to (k—3)/3
subdesigns 2,4, so that 3|k. Two points of B belong to (2)/(§)=n(n—1)/12 sub-
designs 2, which contain B. We now obtain, successively, n=0, 1 (mod 4),
k=2,3 (mod4) and v=1+k(k—1)/2=0 (mod 2). By a result of Chowla and
Ryser [7, p. 61], n is a square.

7. Cyclic subgroups of I';. For k and v prime the following result has been
obtained independently by Ito [18].
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THEOREM 7.1. 5%, is the only 2-transitive symmetric design, not a projective space,
for which k is prime.

Proof. We will show that, for a 2-transitive automorphism group I' of such a
design 2, (2.2iv), (2.2v), (2.2vi) and (2.2i) hold. By (2.1), k|(v—1), so that v—k>k
and I'; acts faithfully on the block B (Corollary 5.3). Also, if pe Bthen (v—k) | |T'pg|
by Lemma 4.2ii. A theorem of Burnside [2, p. 341] then implies that 'y is 2-transi-
tive on B. However, if ¢ ¢ B, then I' ;5 is not 2-transitive on B by Proposition 3.3.
I';5 thus acts faithfully on B as a regular or Frobenius group. By Lemma 4.2viii,
[ is transitive on the ordered quadruples (B, p, p’, C) with p,p’ € B, pe C and
P’ & C. I' 5 is thus transitive on the blocks on p and g, so that A | |T',,5|. Moreover,
[,es is cyclic since k is prime. Thus, if |T',,5| > A, there is a nontrivial element
y € I'p¢p fixing all blocks on p and ¢q. If E and E’ are two such blocks, then y € [ jzzz
=1 (since I'j5 acts as a Frobenius group on the blocks on ¢), which is a contra-
diction. This proves (2.2iv). Moreover, I',.; is transitive, regular and faithful on
the blocks on p and g, so that |I',;|=nA. If B'#B and B’ is on p but not on gq,
then |Tpeps| | A. If ' € ['pypp has prime order then y' fixes p € B N B'; it follows
that y’ fixes a second point p’ € BN B’, and then y’ € ', =1, a contradiction.
This proves (2.2v).

We next prove

If p and p’ are distinct points of B, then I',,.»

. fixes every block on p and p’, and dually.

For, by (2.2v), I';,- has a unique subgroup Z of order n. Since I',, 5 has order n
it follows that I';, .= Z for all blocks B’ on p and p’, proving (7.1). Claim: If B’ is
another of these fixed blocks on p and p’, then BN B’ is a line. For otherwise,
there is a third point p” € BN B’ and a block B” on p and p’ but not on p”. By
(7.1), Z fixes p” and B, so that Z<T',.z.,,.=1 (since T',.5- acts as a Frobenius
group on B"). This contradiction implies that lines have A points.

Since L=B N B’ is a line, I'y; is 2-transitive on L and on the blocks # B con-
taining L. || =(A—1)|Tzp:| =(A—1)- An then implies that I'y,/Z acts on L as a
sharply 2-transitive group. The Frobenius kernel of I'y,/Z is elementary abelian of
order A. On the other hand, if p* € B—B N B’, then by (2.2iv) I',.p acts as a
Frobenius group of order kA on the blocks on p*, so that I',.zs- < ', has a cyclic
subgroup of order A. Thus, A is prime.

k is odd. If A is odd, then n is even. If p and p’ are distinct points of L=B N B,
then there is an involution ¢ € Z< T, 5 fixing no points of B—L. By (7.1), o fixes
all blocks containing L. By Proposition 3.3, there is a point x lying on no block
containing L. Since ¢ is an involution, ¢ fixes either x or the line joining x and x°.
As k and A are odd, ¢ must fix a block X on x. Then o fixes B N X. Since A is odd,
o fixes a point y € BN X. By (7.1), o € ', 5 implies that o fixes B N X pointwise.
By the choice of x, XL, so that ¢ fixes points of B— L, contradicting the choice
of o.
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Thus, A=2. Since |I's|=(A—1)An=2n, 'y is sharply 3-transitive on B. A result
of Zassenhaus [35] now implies that the hypotheses of Lemma 6.1 are satisfied.
This proves the theorem.

The main result of the present section is the following generalization of Theorem
7.1.

THEOREM 7.2. Let & be a symmetric design with k|(v—1). Suppose that T is a
2-transitive automorphism group of 2 having a cyclic subgroup fixing a block B and
a point q ¢ B and sharply transitive on the points on B and the blocks on q. Then &
is a projective space or 3, provided that either

(i) k has no proper divisor =1 (mod X), or

(ii) k<(A+1)%

We begin by proving a lemma which does not require (i) or (ii). The proof uses
ideas from [20].

LemMMmA 7.3. Ty is 2-transitive on B.

Proof. If A=T; is not 2-transitive on B, then k is not prime (Theorem 7.1)
and A is imprimitive on B by a result of Schur [34, p. 65]. Fix a system # of non-
trivial imprimitivity classes of A on B of maximal length ¢. € will denote a typical
member of £. Fix p e B and let p e §,. Let Il be the elementwise stabilizer of #
in A. [I<JA and A/II is primitive and faithful on #. £ N I is transitive on each €
[34, p. 74], where X is the given cyclic group.

Let & be the set of block-orbits of Il other than {B}. A typical member of #
will be denoted B. As A is transitive on the blocks # B, |8|=d is independent of
B e

By Theorem 5.2, Il is transitive on ¥B. Thus, II has the following orbits: € B,
k/c classes €, {B} and (v—1)/d orbits B. By Proposition 3.1, (v—1)/d=|%8|=|S|
=k/c. By Lemma 2.1,

(7.2) d = sc.
It follows that
(7.3) M, 2 dje > 1.

By Lemma 4.2ii, A, is transitive on the blocks not on p. Then |€, N €X|=tis
independent of the block X not on p. As II is transitive on €,, while A is transitive
on £, t=|€ N ¥X]| for each € € # and each X €.

Define 2* as follows. . is the set of points and # the set of blocks. € is on B
if and only if some point of € is #nor on some block of 8. There are k/c points and
blocks.

Fix X# B. There are precisely n/t classes ¢ X. That is, each block of 2* is on
n/t points of 2*.

Let € and €' be distinct classes and count in two ways the triples (x, x’, X) with
xeC,x' €€, x¢ X, x" ¢ X. This yields that there are (v— 2k + A)c?/t2=(s— 1)nc?/t?
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blocks X containing neither € nor €. If X is such a block then so is each block in
X, Thus, € and €' are on [(s— 1)nc?/t3]d ~1=(s—1)nc/st? blocks of 2*. This
shows that 2* is a (possibly degenerate) symmetric design with

7.4 v* = kje, k*=nft, A* = (s—Dnc/st?.
By (2.1), [(s— Dnc/st2)(k/c—1)=(n/t)(n/t—1). As sn— 1 =(s— 1)k, this reduces to
7.5) (s—=1)c =st—-1.
Then also
(7.6) k*> 1,
and
(1.7 v¥*—k* = (k—c)/sct = (v*—1)/st.

A/II is an automorphism group of 2* primitive on points. ZII/II is cyclic and
transitive. Thus, if A/II is not 2-transitive on points, then results of Burnside [2,
p. 341}, and Schur [34, p. 65] imply that |A/II| divides v*(v*— 1) properly. How-
ever, as A, is transitive on the blocks not on p, (A/Il)g, is transitive on the blocks
of 2* on €,. Then v*k* | |A/I1|, so that k*|(v* —1). By (7.6) and (7.7), k*=v*—1,
whereas |A/I| divides v*(v*— 1) properly. This contradiction shows that A/II is a
2-transitive automorphism group of 2*. In particular, as Ag, = A,I1, A, is transitive
on the classes € #G€,.

A, fixes the set of v* — k* blocks of 2* not containing €,. Then A, fixes a set of
d(v* — k*)=(k—c)/t blocks of 2 containing €,, by (7.2) and (7.7).

By Lemma 4.2v, our hypotheses and conclusion are self-dual. We may thus
define ¢ and 7 as before, using the blocks on p. Moreover, we may assume that
c2c.

All previous statements dualize. In particular, A,=T,; fixes a set p of (k—¢&)/f
points of B. By (7.7), (k—¢)/i>¢Zc, so that p'=p—p NEC, # F. a=|p' N E| is
independent of the class €#€, by the transitivity of A, on these classes. Then
|p’| =a(v*—1), so that

(k=0 = |p| 2 alk/c—1) 2 a(k/¢-1).

By (7.5), aséli<2,s0 a=1.

It follows that the set €# of fixed points of II, on B contains p’ U {p}. By (7.3)
and Corollary 5.3, ¥ is a nontrivial imprimitivity class of A on B. The maximality
of ¢, (7.7) and (7.5) imply that

¢z |C# > |p'| =klc—1 = st =1+(s=1,
a contradiction.
Proof of Theorem 7.2. If 2 is neither J#, nor a projective space, then k is
composite by Theorem 7.1. A=I,z is not 2-transitive on B by Proposition 3.3.
Since ‘A has a cyclic subgroup transitive on B, A is imprimitive on B by Schur’s
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theorem [34, p. 65]. Let € be an imprimitivity class of A on B; |€|=c, where
l1<c<k. Let p e €. By Lemma 4.2vii, the length of each orbit of A, on €—{p} is
divisible by A. Then ¢—1=0 (mod }) and (i) does not hold. Since k=1 (mod A), it
follows that k/c=1=c (mod A) and (ii) does not hold. This completes the proof.

We mention without proof a result analogous to Theorem 7.2; the proof is
similar to the previous one.

THEOREM 7.3. Let Z be a symmetric design with k|(v—1). Let T be a 2-transitive
automorphism group of £ having an abelian subgroup Z fixing a block B and sharply
transitive on B. Suppose that some nontrivial Sylow subgroup of X is cyclic and that
Z is centralized by a polarity of 9. Then 2 is #,, if either (i) k has no proper divisor
=1 (mod A), or (ii) k<(A+1)2.

8. Applications to difference set designs. Let v be an odd prime power and set
F=GF(v). Let B=B(v, k) be the subgroup of F* of order k=(v—1)/s, where s is
an integer > 1. B is a difference set in F* if and only if the elements of F and the
sets B+a, a € F, are the points and blocks of a symmetric design 2(v, k). The
designs 2(v, (v—1)/2) are the Paley Hadamard designs [28]; here it is necessary
and sufficient that v=3 (mod 4).

The group S(v, k) of mappings x — bx°+a, ac F, b € B and o € Aut (F), is an
automorphism group of 2(v, k). It follows from Dembowski [6] that (v, k) is not
a projective space if A>1. If A=1 the only desarguesian exceptions are PG(2, 2)
and PG(2, 2%). In view of Ostrom and Wagner [27], these are the only designs
D(v, k) which will actually be disregarded.

The problem of determining the full automorphism group of 2(v, k) was first
raised by Todd [31] in the case k=(v—1)/2. S(v, (v—1)/2) is not the full automor-
phism group if v=7 (PG(2, 2)) or 11 (3£;,). Todd checked some other cases with
small v and found that S(v, (v — 1)/2) is the full automorphism group of 2(v, (v—1)/2)
in these cases; Hering [13] obtained analogous results for additional small values
of v by using a computer. We will prove the following

THEOREM 8.1. If v is a prime power with 11 <v=3 (mod 4), then S(v, (v—1)/2) is
the full automorphism group of 9(v, (v—1)/2).

Proof. Suppose that, for some such v, the full automorphism group I' of
D(v, (v-1)/2) is >S(v, (v—1)/2). By [20, Proposition 6.1], S(v, (v—1)/2) is a
maximal subgroup of T" of odd order. As S(r, (v—1)/2) is 2-homogeneous on points
and |T'| is even, it follows that T is 2-transitive. As k=2A+1<(A+1)?, Theorem
7.2 applies. This contradiction completes the proof.

COROLLARY 8.2. Let v>11 be an odd prime power and set F=GF(v). If f and g
are permutation polynomials such that, for all xe F, f(x+q)—g(x) is a square
whenever q is a square, then f(x)=g(x)=bx’+a for all x, some square b#0, some
a and some o € Aut (F). :
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Proof. Let B be the set of nonzero squares of F. Let 2 be the tactical configura-
tion consisting of the elements of F as points and the sets B+aq, a € F, as blocks.
Each pair (f, g) induces an automorphism y(f, g) of 2. If v=3 (mod 4), Theorem
8.1 implies the result. Let v=1 (mod 4). If x € Fthen B+x={y | |(B+x) N (B+Y)|
=(v—>5)/4}. Thus, (B+x)"""?=B+x"'"9, that is, g(x)=f(x). A result of Carlitz [3]
completes the proof.

THEOREM 8.3. Let v be a prime power, let k|(v—1) and suppose that B(v, k) is a
difference set in GF(v)*. If the automorphism group of 2(v, k) is 2-transitive, and if
1 +kY3> (v—1)/k, then D(v, k)=2(7, 3) or D(11, 5).

Proof. By (2.1), A=k(k—1)/(v—1)>k*2—1. Theorem 7.2 thus applies.

Note that, if v is prime, then the automorphism group of 2(v, k) is either S(v, k)
or 2-transitive. This follows from a theorem of Burnside [2, p. 341], and the fact
that B(v, k) is fixed by all multipliers. By Lemma 4.1 we have the

COROLLARY 8.4. Let T' be a nonsolvable 2-transitive group of prime degree p
having a subgroup of index p with an orbit of length k+# 1, p— 1. If the normalizer
of a Sylow p-subgroup has order =pk and 1+k*?>(p—1)/k, then T is similar to
PSL(3, 2) in its usual representation or to PSL(2, 11) in its representation of degree 11.

9. Automorphisms of prime order > A. Automorphisms of this type are probably
rare in symmetric designs for which A is not small. However, when they occur it is
frequently possible to relate them to lines.

LEMMA 9.1. Let 2 be a symmetric design such that n has a prime divisor p>A> 1.
If x and y are distinct points of D, then every two distinct blocks on x and y have the
line joining x and y as their intersection, provided that 9 admits an automorphism
group A satisfying one of the following conditions:

(i) A fixes x and is transitive on the points #x; or

(ii) A fixes x and y and is transitive on the blocks on y not on x.

Proof. Let  be a Sylow p-subgroup of A,. Z fixes all blocks on x and y since
p>A. Let X and Y be two such blocks whose intersection is not the line joining x
and y. T fixes X N Y pointwise.

(i) Let Z be a block on y but not on x and assume that | XN YN Z|22.
Z fixes X N Y N Z pointwise, and thus fixes any block containing two points of
XN YNZ. In particular, I fixes Z. However [A|=(v—k)|Az|=(@—-1)|4,|, so
that n|A;| =k|A,| and |Z] t |Az], a contradiction.

(i)) This time suppose that Z is on both x and y but that there is a point
zeXNY-XNYNZ, so that x, y and z are not collinear. Then there is a
block B on y and z but not on x. Z fixes y and z and hence also B. Then I fixes a
certain number = 1 of blocks on y but not on x. Here f=k—A=0 (mod p). Since
A=A, is transitive on the blocks on y but not on x, Lemma 3.5 implies that N,(Z),
restricted to the fixed blocks of Z on y but not on x, is a transitive permutation
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group of degree f=0 (mod p). This is impossible since this permutation group has
a trivial Sylow p-subgroup.

The preceding lemma has been stated in a form dual to our usual form because
the present version can be extended to nonsymmetric designs. For example, in (ii)
one would need to assume in the more general situation that p|(r—A), p> A, and p
is greater than the number of points common to any three distinct blocks containing
x and y, one of which does not contain the intersection of the other two.

LEMMA 9.2. Let A be an automorphism group of a symmetric design fixing a block
B and transitive on the remaining blocks. If n is prime and > A, then A=2 and, for
some prime e, A acts on B as PSL(2, 2°) or PTL(2, 2°) in its usual representation.

Proof. By the dual of Lemma 9.1i, every block B meets B in a line. Then
(A-1)|(k—1) by Lemma 4.3, so that (A—1)|n and A=2. By Lemma 6.2, A is
3-transitive on B. If A is not 4-transitive on B the result follows from [2, p. 341]
and [9]. If A is 4-transitive, Theorem 6.3 applies. Lemma 6.1 now yields the
following

THEOREM 9.3. £, is the only 2-transitive symmetric design for which n is a prime
>A>1.

THEOREM 9.4. 57, is the only symmetric design & admitting an automorphism
group A fixing a block B and transitive on the remaining blocks, and such that
A2+ 12 k>4 and n has a prime divisor p> A.

Proof. The dual of Lemma 9.1i implies that every block # B meets B in a line.
Then (A—1)|(k— 1) by Lemma 4.3, so that

A< plk=DA-1)" £ (AP+1-H(A-1)"L

It follows that A=2 and k=35, so that £ is #,.

Lemma 9.1 involves groups of automorphisms, some of which have prime order
> A. Some information can also be obtained in the case of a single automorphism
of prime order p> A, even without the assumption that p|n. First, we prove a
generalization of Bruck’s Lemma [10, p. 398].

LEMMA 9.5. Let 2* be a proper symmetric subdesign of a symmetric design 9
such that X*= ). Then either n=(k* —1)? or Av* k. (The possibility that k*=A+1
is not excluded.)

Proof. From (2.1), applied to both 2 and 2*, it follows that k> k*. Let B be a
block of 2* and x a point of B not in 2*. Since A*=, B is the only block of 2*
on x. Then there are A(v* — k*)+(A—1)k* blocks on both x and exactly one point
of Z*, so that this quantity is at most k — 1. By (2.1), equality implies that (k* —1)2
=n. Inequality holds only if some block of 2 contains no point of 2*, and dually.
Replacing x by a point of £ on no block of 2* and proceeding as before, we find
that Av* <k.
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PROPOSITION 9.6. Let y be an automorphism of prime order p > A> 1 fixing more
than A points of a symmetric design 9.

(i) Either (a) every fixed block of y has n*'?+1 fixed points, or (b) k= A(A+2).

(ii) If also p|n, then (a) does not occur and k 2 4)2.

Proof. Let 2* be the set of fixed points and blocks of y. Since p> A, if x and y
are in 2* then all A blocks on x and y are in 2*, and dually. As 2* contains more
than A points it is a symmetric subdesign of 2, possibly with v*=k* + 1 (Majumdar
[23]; Dembowski [5, p. 269]). Since v* = A+2, the preceding lemma implies (i).
If also p|n, then p|(k—k*) and p{(A—1) imply that pf(k*—1). Then n#(k*—1)?,
so that Aw*<k by Lemma 9.5. Since k*—A=p> A, (2.1) implies that A(v*—1)
=k*(k*—1)>2M2A—1), so that k= Av* 242,

An automorphism of order 3 fixing 3 points of a block of the design in (6.4)
provides an example of (ia).

COROLLARY 9.7. Let 2 be a symmetric design for which \>+ 12 k>4 and n has a
prime divisor p> X. If there is a block B and a point x on B such that each y € B—{x}
is fixed by an automorphism of 2 of order p which fixes x, then D is H#,,.

Proof. Let y be an automorphism of order p fixing x and y € B—{x}. Then y
fixes each block on x and y. If C is such a block # B, then BN C is a line. For
otherwise, there is a block D on x but not on y such that |[BN C N D|22. Since
y fixes B N C pointwise it fixes all blocks containing BN C N D. Then y fixes at
least A+1 blocks, contradicting Proposition 9.6ii. The remainder of the proof is
the same as that of Theorem 9.4.

10. Diophantine conditions. Let I' be a 2-transitive automorphism group of a
symmetric design £ with (v—1)/k an integer s. Suppose that 'y is 2-transitive on
the block B, and that 2 is not a projective space. In this section we list numerical
conditions satisfied by some numbers related to the action of I" on 2.

If all lines have & points, then by Lemmas 2.1, 3.2 and 4.3, and Proposition 3.3,

(10.1) (h—=D)|(s, n),
(10.2) sZhz22.

Let p and p’ be distinct points of a line L. Let py, ..., p, be the orbits of T,
of points not on L. Set /;=|p,|. |¥B N p,| is independent of the block B on p and
P', and, by Lemma 4.2vi, |€B N p,| =nx,, where x, is an integer. x, >0, as otherwise
every block containing p and p’ would contain p,, whereas p,& L. Clearly,

(10.3) Dh=v-h and D x=s
3 i
Let g € p,. Since T, is transitive on the blocks on p and p’, the number of such
blocks not on g is Anx;/l;, so that
(10.4) nx; < hjAnx; for all i.



24 W. M. KANTOR [December

Fix B on p and p’. Counting in two ways the pairs (g, B’) with B and B’ distinct
blocks on p and p’ but not on g, we obtain

(10.5) > %2l = 1A

Lemmas 4.4 and 4.5 imply that
(10.6) If 'y is 2-transitive on €B, thent = h = 2.

Under the hypothesis of (10.6), the number ¢; of points of p, on a block X on
neither p nor p’ is independent of the choice of X. There are n— Anx;/l; such blocks
X on each point of p,. Then by Lemma 2.1, (s— Dnc;=(v— 2k + Xe;=1l(n— Anx /1),
so that

(10.7) If Ty is 2-transitive on € B, then (s—1)|(/;— Ax)) for all i.

If 9 is 54, then t=h=2, ],=6, I,=3 and x, =x,=1. In the proof of Theorem
11.3 we will encounter a second set of solutions of the conditions (10.1)-(10.7),
corresponding to which there is, however, no symmetric design of the desired type:
t=h=2, v=506, k=101, n=81, A=20, s=35, [, =180, [,=324, x, =2, and x,=3.

11. Applications of the Diophantine conditions.

THEOREM 11.1. Let @ be a symmetric design having the same parameters as a
finite projective space. If 2 admits a 2-transitive automorphism group T' such that
Ty is 2-transitive on the block B, then 2 is a projective space.

Proof. By Lemma 2.1, the assumption concerning parameters is equivalent to:
k|(v—1) and v—k=sn is a power of a prime p. If 2 is not a projective space then
the results of the preceding section apply. If s{/; for some i, then nx, = /;|Asp~'x, by
(10.4), whereas Asp~'=(A+n—1)p~* <n by Lemma 2.1, a contradiction. Thus,

S,ZI; =v—h = s2A+s5+1—h,
i

so that s|(h—1), contradicting (10.2).

THEOREM 11.2. Let @ be a symmetric design for which (v—1)/k is an integer s
and (n, 2s—1)=1. If 2 admits a 2-transitive automorphism group T such that, for
each block B, 'y is 2-transitive on B and on € B, then 9 is a projective space.

Proof. If 2 is not a projective space then r=h=2 by (10.6). By (10.3) and
Lemma 2.1,
W\ 1, L)X, s2A+s+1-2) = (A, s—1),
(n, I, L)|(n, (s2n=1)(s=1)"1=2) =1
and
(%1, Xg5 1y, 1)| (s, $2A4+5+1-2) = 1.
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Since (/;, )| An(x,, x3) by (10.4), it follows that (I, I5)|(A, s—1). By (10.5),
A(x3ly+ x3l) =115, so that I;|Ax%(l, I;) and thus /,|A(A, s—1)x3. Comparison with
1,|Anx, shows that /;|Ax,(n, (A, s—1)x,). (n, A)=1, (10.3) and (10.4) then imply that

nx; £ L|Axi(n, x1) £ Axey(s—1) = (n—Dxy,
a contradiction.

THEOREM 11.3. Let 2 be a symmetric design for which k|(v—1), n is a prime
power and A> 2. If 2 admits a 2-transitive automorphism group T such that, for each
block B, T'y is 2-transitive on B and on € B, then 2 is a projective space.

Proof. Suppose that 2 is not a projective space. Then t=h=2 by (10.6). We may
assume that (/}, I, n)=(l;, n). As in the proof of the preceding theorem, this
divides (n, A, s—1)(n, 2s—1)=(n, 25— 1). Lemma 2.1 and (10.4) imply that

{1+ AMs—D}x; = nx; £ LA, 25— Dx; S A25—1)x,.
It follows that /, =eA(2s—1)x,, e=1 or 1/2, and (2s—1)/(/;, n) £2. Then (I, I3, n)
=2s5— 1. Substituting in (10.5),
(11.1) x2eM25—1) = l{e(2s—1)—5+x5}.
Case 1. e=1. By (10.3), (10.4) and Lemma 2.1,
{1+As—1D}xz £ Lb=(s2A+5+1)=2— A2~ 1)(s—Xa),
or (As—1)x3 2 (As—1)(s—1). Then by (10.3), x;=s5-1, x;=1 and /;=(s—1)n. By
(11.1), A(2s—1)=2n, so that A|2, a contradiction.

Case 2. e=1/2 and (x3, m)=1. By (11.1), x,=1 and thus /;=A(2s—1). Since
Iy =A(2s—1)(s— 1)/2 this contradicts (10.3).

Case 3. e=1/2 and (x,, n)#1. Let p be the prime dividing n. By (11.1),
l3=x3M(25—1)/(2x,—1), so that x,|n by (10.4). By (10.3) and Lemma 2.1,

(11.2) Axy 24+ Ax3/(2x— 1) = {s2n(2s—1)"1—1}/(s—1).

Since A#2, n#25—1 and so p|n(2s—1)~*. If n(2s—1)"*=x,=0 (mod p?), then
(11.2) implies that Ax,/2= —1/(s— 1) (mod p?), so that, by (10.3), s=x, = —2/(n—1)
=2 (mod p?); since 25— 1 is a power of p this is impossible. Thus, either (i) n=
p(2s—1) or (ii) x;=p. The same argument also shows that s=2 (mod p), so that
p=3.

(i) n=3(2s—1) implies that A=2(3s—2)/(s—1) (by Lemma 2.1). Then (s—1)|2,
contradicting the fact that s>x,=p=3.

(if) x=3, (10.3), (11.2) and Lemma 2.1 imply that x, =s—3 and

A2s=1)(s—3)/2+32M2s—1)/(2-3—1) = s2A+s—1.

Then A=10(s—1)/(s—3). Since 2s—1 is a power of 3 it follows that s=5 and
A=20. Then k=101 is prime, contradicting Theorem 7.1. This proves the theorem.

THEOREM 11.4. Let 2 be a symmetric design with k|(v—1) and A>2 admitting a
2-transitive automorphism group T. If, for each block B, Ty is 2-transitive on €B
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and transitive on the ordered triples of noncollinear points of B, then Z is a projective
space.

Proof. If £ is not a projective space then t=h=2 by (10.6). In particular, T’y
is 3-transitive on B. However, =2 means that I" has precisely 2 orbits of ordered
triples of points. Thus, T is transitive on those triples contained in some block and
on those triples contained in no block. In the preceding section we may thus
assume that A=Anx,/l,. A straightforward calculation using (10.3) and (10.5)
yields

(h=Ax)/(s—1) = X2(k—2)/(A>=2X+n).

Since (n, A)=1, (10.7) implies that {(A— 1)(A—2) + (k —2)}|(k — 2), which contradicts
A>2,

THEOREM 11.5. Let T' be a 2-transitive automorphism group of a Hadamard
design 2. If Ty is 2-transitive on the block B, then Z is either a projective space or
Hi.

Proof. Suppose that £ is not a projective space. Since > 1 by Proposition 3.3,
(10.3) implies that =2 and x;=x,=1 (compare Lemma 4.2iv). h=2 by (10.2).
Then (10.3) and (10.5) imply that l,J,=(n—1)4n-3), so that /,-(-1/,)=0
(mod 4n—3). Then by (10.4), n=3, as claimed.

Note that Theorem 11.6 can be used in place of Theorem 7.1 in the proof of
Theorem 8.1.

12. n a prime power. The conditions given in §10 may be generalized somewhat.
The resulting numerical conditions do not, however, seem useful unless n is a prime
power (compare Theorems 11.1 and 11.3). In this case we can prove the following
simple characterization of projective spaces over prime fields.

THEOREM 12.1. Let Z be a 2-transitive symmetric design with (v—1)/k an integer
s. If n is a prime power relatively prime to every number of the form as+s—a with
1=a<s and a|(n, s), then 2 is a projective space.

Proof. Assume that 2 is not a projective space. By Lemma 3.2 and Proposition
3.3, all lines have the same number 2 <s of points. Let p,, ..., p, be the orbits of
T,,- of points not on the line joining the points p and p’. Set /;=|p,|. By Lemma
4.2ii, T, is transitive on the blocks C on p but not on p’. Then y,=|p; N C| is
independent of C. By Lemma 2.1,

D l=v—h={s*n—1—h(s—1)/(s=1)}.
i

Since (h—1)|(n, s) by Lemmas 2.1 and 4.3, our hypothesis implies that (n, v—h)=1.
Then (n, l)=1 for some i. As in §10, there are ny,/l; blocks C on each point of ;.
Since /,2y; it follows that /;=y;. Then each of the n blocks on p but not on p’
contains p; U {p}. Since n> A this is impossible.
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COROLLARY 12.2. A 2-transitive symmetric design is a projective space if (v—1)/k
is a prime s, n is a prime power and (n, 2s—1)=1.

This corollary applies to Hadamard designs in which n is a power of a prime #3,
and to designs with the same parameters as PG(d, p) with p prime.
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