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STRONG RENEWAL THEOREMS WITH INFINITE MEAN

BY
K. BRUCE ERICKSON()

Abstract. Let F be a nonarithmetic probability distribution on (0, ) and suppose
1—F() is regularly varying at o with exponent o, 0<a=<1. Let U(t)=3 F™(¢) be
the renewal function. In this paper we first derive various asymptotic expressions for
the quantity U(¢z+h)— U(t) as t — o, h> 0 fixed. Next we derive asymptotic relations
for the convolution U*z(t), t — oo, for a large class of integrable functions z. All of
these asymptotic relations are expressed in terms of the truncated mean function
m(t)= [} [1— F(x)] dx, ¢ large, and appear as the natural extension of the classical
strong renewal theorem for distributions with finite mean. Finally in the last sections
of the paper we apply the special case a=1 to derive some limit theorems for the
distributions of certain waiting times associated with a renewal process.

1. Principal theorems. Let F be a probability measure concentrated on
[0, 0)(%) and let U be the associated renewal measure defined for any measurable
set I by

(L.1) Uily = 2 F{I}

where F™ denotes the n-fold convolution of F with itself (F* is the probability
measure concentrated at the origin). The series (1.1) converges to a finite number
for every bounded I. (For this and other elementary properties of U see [3, VI. 6];
for a probabilistic interpretation of U see §9 in this paper.) We write U(x) for
U{[0, x]} and we shall henceforth ignore the distinction between U the measure
and U the function. (This convention applies to other measures as well.)

The main results of this paper deal primarily with the differences U(¢t+h)— U(t)
for h> 0 fixed, and ¢ — oco. The principal assumption is that F has the form

(1.2) 1—F(t) = t~°L(t), t> 0,
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where 0=« =<1 (fixed) and L is a slowly varying function(®). Unless otherwise
indicated, we also assume F is nonarithmetic; that is, we exclude the possibility
that F concentrates the entire mass on the multiples of some positive real number.
For a«#1, the arithmetic versions of Theorems 1 and 2 below were treated by A.
Garsia and J. Lamperti, [5] (nothing was known in the case «=1). See §2(ii) for
further discussion. Define the ““truncated mean’ function

(1.3) m(t) = f: (1-F(x)) dx = t(1—F(t))+ f: xF{dx}.

THEOREM 1. Let F satisfy (1.2) with ¥ <« < 1. Then for every h>0 and as t — o
(1.4) U@+h)—U(t) ~ C.him(t)
where C,=[T()T'(2— )] .

THEOREM 2. If 0<a =1 then
(1.5) litn_"linf m@)U@+h)—-U@)) = C,h.

REMARK. When a#1, m(t)~(1 —e) 1t ~%L(t), t — oo (see Lemma 1, §3) and
I'(e)I'(2—o)=7(1 —a) csc me. It follows that (1.4) is equivalent to

(1.6) lim £2-SL(YU G+~ U () = s,

The results of Theorems 2, 3, and 4 may be restated in an analogous fashion.
Let z be a nonnegative function on [0, ). For 2> 0 write

e~ =h i sup {z(x) : (k—1)h = x < kh}
k=1

and similarly define o_ with inf in place of sup. Following Feller [3, p. 348], we
say that z is directly Riemann integrable (dri) if the series defining the upper sum
o~ converges and ¢~ —o_ — 0 as A — 0. It follows immediately that a dri function
is bounded, measurable and (Lebesgue) integrable.

" THEOREM 3. Let z be a nonnegative dri function on [0, 0) which satisfies

(W) z(t) = 0(lft), t>0.
If F has the form (1.2) with 3<a =1 then
(1.8) j: z(t—y)U{dy} ~ r_nC(% J:o z(x) dx.

(®) A measurable ultimately positive function L on [0, o) is regularly varying with exponent
p if as t — oo, L(xt)/L(t) — x* for all x>0. When p=0, i.e., L(xt)/L(t) — 1, we also say L is
slowly varying. We assume as known the various properties of slowly varying functions as
described in [3, pp. 272-274], or in [6]. Note that the function L in (1.2) must be bounded on
bounded subintervals of [0, ©©).
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THEOREM 4. Let z20 be a dri function (not necessarily satisfying (1.7)). If F
satisfies (1.2) with «#0 then

(1.9 lim inf m(r) f " - y)Uldy} = C, f ® 2(x) dx.

REMARKS. 1. Define a complex valued z to be dri if |z| is dri as defined above.
With this definition it follows readily from Theorem 3 that (1.8) holds for any dri z
satisfying (1.7).

2. Any piecewise continuous function on [0, c0) vanishing off a compact interval
is dri and certainly satisfies (1.7). In particular, taking z(x)=1 for 0<x=<#h, and
z(x)=0 elsewhere we have by (1.8)

Ch . b
mi+h) ~ C m@)

as t — oo. (That m(t+h)~m(t), t - oo, h fixed, follows easily from monotonicity
and regular variation of m, see Lemma 1.) Thus Theorem 3 is equivalent to Theorem
1 (we use Theorem 1 to prove Theorem 3). Similarly Theorem 4 (with 0<a=<1) is
equivalent to Theorem 2.

For a generalization of (1.8) to nonintegrable but regularly varying z see §2(iii).

§§3-8 of this paper are concerned with the proofs of Theorems 1-4. In §9 we
give an application of the special case «=1 to obtain some curious limit theorems
for the spent and residual waiting times of a renewal process.

Ut+h)—U(t) = f:” At +h—x)Uldx} ~

2. Notes. (i) Let m and U be defined as in §1 and let /2 and U be their Laplace
transforms:

() = L Y e (1—Fx)dx, O0) = f e~ U{dx),

If in addition F is the transform of F then by (1.1) and (1.3)

F’ »

A = ——% =
(3) = 00 = =775
and hence U(A\)ri(X) = 1/A. Using this relation and Karamata’s Tauberian theorem,
[3, p. 420], we conclude the following:

THEOREM 5. Let 0=« =<1. Each of statements (a) and (b) which follow implies
the other and both imply the asymptotic relation (2.1).

(a) m is regularly varying with exponent 1 —a.

(b) U is regularly varying with exponent «.

2.1) U(t) ~ [[(e+1)I'Q2—a)]~X(t/m(2)).

By Lemma 1 statement (a) is true when F satisfies (1.2). (The converse is also
true provided a#1; if (a) is true for some 0 <« < 1, then (1.2) holds for some slowly
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varying L, cf. [3, p. 422].) When «#1 in (1.2) we see as in the remark following
Theorem 2 that (2.1) is equivalent to

sin wo. ¢t
“ma L(1)
(when «=0, (sin me)/me=1). For a proof of (2.2) when O0<a<1 cf. [3, p. 446].
See also Teugels [10]. When 3 <a =<1 (2.1) may also be derived from Theorem 1
(1.4). We shall not do this however. Theorem 1 cannot be proved from (2.1).

(i) Let F be an arithmetic distribution on (0, co) which we suppose, without
loss of generality, has span 1. (A distribution has span 5> 0 if it is concentrated
on the multiples of b and b is the largest such number.) The renewal measure U
defined by (1.1) is also arithmetic with span 1. Denote by f, and u, the mass assigned
to the integer n by F and U. If F satisfies (1.2), i.e.,

(2.2) U(t) ~

t— 0,

1—F) = > fu = n~*Le)

n+1
for some 0 <o« <1 and slowly varying L, then (Lamperti-Garsia, 1962) for $ <o <1

(2.3) lim n'-eL(n)u, = S="%

n— o

while for 0 <« <1 the lim must be replaced by lim inf. However (2.3) does hold
when 0<a <} provided the limit is taken excluding a set of intergers having
density 0.

These authors did not consider the case =1 (nor, for that matter, «=0). The
appropriate and true conclusion for a=1 is
24 lim m(n)u, = 1

n— oo

where, as before,
m(n)=fo A-Fapdx= > D fi~Dify n—>ow.
k=1 j=k 1

The proof of (2.3) and (2.4) starts with the following representation for u,
(see [5] or [8, pp. 98-99]): let #(6)=>. fie™® and put W(8)=Re [1—¢$(f)]~* then
provided F has an infinite mean

@.5) u =1Ref”—fﬁ-d0=3f" W(6) cos nd db
"om T Jo 1-4(0) 7 Jo
for n=1. (When the mean p is finite (2.5) holds with u, replaced by u,—1/u.) The
lack of a similar formula for U(¢+h)— U(¢) when F is nonarithmetic constitutes
the chief difficulty in the proof of Theorem 1.
Here is a brief proof of (2.4): from (2.5)

T Bn /2
Tt = ( J + ) W(6) cos nb db = J, +J,.
2 0 Bin
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As in the latter part of the proof of Theorem 1, see (5.10) and (5.11), we get
lim m(n)J; = =/2, lim sup m(n)|J,| = O(1/B).

(The first limit follows directly from Lemma 4, «=1.) Hence

lim m(mu, = lim lim 2/mm(n)(J,+J3) = 1.

J. A. Williamson [11] has extended the results of Lamperti and Garsia [5] to
include distributions not necessarily restricted to the positive integers nor to
1-dimension. He does not, however, consider nonarithmetic distributions. He also
gives examples showing that (2.3) and its generalization to d-dimensions cannot
hold when « <d/2 without making further assumptions on F. In this connection,
see also [5, §3.4].

(iii) Suppose the positive function z on (0, o) is nondecreasing and regularly
varying with exponent 8> 0. Consider the integral

U*(t) = f: 2t—x)Uldx) = fo ' 21— y) Uttdy).

By Theorem 5 U(ty)/U(t) — y* and it follows that the measure U{tdy}/U(t)
converges weakly as ¢t — oo to the measure with density «y*~*. Furthermore

(2.6) S() = 2¢(A=y)/z(t) > (1-y), t—>

and the convergence is uniform in y, 0<y<1, since each fi(y) is monotone in y
and the limit function (1 —y)* is continuous. We see therefore that

Ut [ —y) Ul [ L
e o - |, e v e, e

as t — oo. Now #z(t)~(1+p) [} z(x) dx by Karamata’s theorem on regular varia-

tion, [3, p. 273]. Hence using (2.1) we see that (2.7) may be put in the equivalent
form

@.8) f: At —x)U{dx} ~ D,f“z’tf) f: Ax)dx, t-> o,
where
___«l+p) ! €1 g I'(2+p)
DB = Firare=a fo A=)y dy = Fe e =a

Notice that the proof of (2.7) and (2.8) did not depend on the renewal nature,
(1.1), of U; (2.8) remains true when U>0 is any nondecreasing function regularly
varying with exponent «, 0<« <1, and m is any function satisfying (2.1).

J. Teugels [10] gave a proof of (2.8) when z>0 is nonincreasing and regularly
varying with exponent B where — 1 <B8<0. The proof is much complicated by the
fact that convergence in (2.6) is no longer uniform: when B<O the function



268 K. B. ERICKSON [September

(1—y)# is not bounded at y=1. (Teugels imposes a supplementary and rather
technical condition on U, in addition to regular variation, which seems to me to
be unnecessary; compare the proof in Feller [3, p. 447], of a result where similar
problems arise.) Again the proof makes no use of the renewal properties of U.

The regular variation of z with exponent 8> —1 and to a lesser extent the mono-
tonicity of z is clearly essential to the proof of (2.8). In particular, the condition
B> —1 cannot be dropped. When B> — 1, the integral [} z(x) dx occurring in (2.8)
diverges to oo as ¢ — oo, while for < —1, 7 z(x) dx is finite for all large enough A.
In this case, B< —1, Theorem 3, §1, usually applies and leads to results directly
opposed to (2.8). For example, let z(1)=¢"5, t>1 and z(t)=1, t<1 (z is regularly
varying with exponent 8= —5). Then [ z(x) dx=5/4 and, provided « > %, Theorem
3 gives m(t)U*z(t) - C,5/4 <o as t — co0. On the other hand, if (2.8) were true we
would get m(¢)U*z(t) - D(e, —5)5/4=0c0.

One last remark. As noted before, one could prove Theorem 5 from Theorem 1
(and Lemma 1) at least for $ <« =<1. Since (2.8) depends only on Theorem 5 for
the regular variation of U and since Theorem 3 is equivalent to Theorem 1, we
see that (2.8) could be derived from Theorem 3, at least in principle, when the
only data given, besides the function z, is that U is the renewal function of a
distribution F of the form (1.2). In no way, however, can Theorem 3 be proved
from (2.8).

(iv) The classical “strong” and “weak” renewal theorems assert respectively

(2.9) U@t+h)-U@)—hlp (b > 0)

(2.10) 1/HUu@E) > 1/p
as t— oo, for any (nonarithmetic) distribution F on (0, c0) with mean p=oo
(1/u is interpreted as 0 when p=o00). Since m(t) — n as ¢ — co we may rewrite (2.9)
and (2.10) as

U@+h)—U(t) ~ him(t), U(@t) ~ t/m()
provided p<oo. Thus apart from the constant C, in (1.4) and [[(«+1)[(2—«)]~*
=C,/a in (2.1), Theorems 1 and 5 are the natural generalizations of these classical
theorems.

(v) It should be pointed out that when «=1 in (1.2), i.e., if F has the form
1—F(t)=L(t)/t for some slowly varying L, then F may or may not have a finite
mean. For an example when p<oo consider L(t)=[log (¢+2)] 3~ (log ¢)~3. For
w=00, consider L(¢)~const>0.

As noted in (iv), the classical theorems already imply Theorem 1 (and 5) when
u<oo. Hence we shall assume from now on that =00 when =1 in (1.2).

3. Properties of distributions satisfying (1.2). Let F be of the form (1.2) (when
«=1 we assume in addition that F have infinite expectation, see §2). Let ¢ be the
characteristic function of F:

$(0) = f: ¢ *OF{dx).
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LEMMA 1. The function m defined by (1.3) is regularly varying with exponent
l1—«a, and as t > ©

3.1) t(1=F(@))[m@t) = t~*L(t)/m(t) > 1 —«.
We shall need the following immediate consequence of Lemma 1: let >0, then

provided «>1/2 and B> 0,

(3.2 tlim tim?(t) f " m~3(x) dx = [(2e—1)B2*-1]"1,

NotE. The restriction to «>1/2 in (3.2) partly explains the failure (at least of
the proof) of Theorems 1 and 3 when « < 1/2. See equation (5.11).

Proof. This lemma is a direct consequence of Karamata’s theorem on regularly
varying functions, see Feller [3, p. 273]. The relation (3.2) likewise follows from
this theorem. To see this, define Z(x)=m~%(x) for x=», Z(x)=0, 0<x<1. Since
m is regularly varying with exponent 1—«, Z varies regularly with exponent
—2(1 —e)=2a—2. Hence, according to the theorem,

tZ(t) .. (t/B)Z(t|B) _

lim =142¢—2 = 2a—1.

e TZ(x)dx  tme [P Z(x) dx
But Z(¢/B)~(1/B)?**~2Z(t), t — oo (by definition of regular variation). Therefore
t/B
f m-3(x) dx ~ (2u—1)-Xt/B)Z(t|B) ~ tm-*(¢)(2a— 1)B2~1
n
as t — oo which proves (3.2).
LEMMA 2. As 0 — 0+
3.3) 1—¢(0) ~ e 202 —a)0m(1/6)  (« # 0).
When «=1 we have in addition to (3.3)
(3.9 Re (1 —¢(8)) ~ 370L(1/6), 60—0+.

Proof. Suppose O <a<1. Then by (3.1) m(1/6) ~ (1 —a)~16*~1L(1/6), § — 0 +.
Since I'(2 — &)/(1 —e)=T'(1 — ) we see that (3.3) is equivalent to

3.5 1-4(6) ~ e~"2T(1-)0°L(1/6), 0> 0+.

Stated in this form (3.3) is well known so we omit the proof. See Garsia and
Lamperti [5], or Feller [3, Problems 12 and 13, p. 562]. (There is a slight misprint
in the latter reference.)

When a=1, (3.3) and (3.4) do not seem to be as well known. Here then is a brief
proof. For any A4, 6> 0, write

1-90) = [+ Ja-ep) = n+ss
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then
] = | [ (l—e*v°)F{dy}| < 21— F(4)6)),

J, = f:’o (1—e%)F{dy} = —(1—e4)(1 — F(A/0))—i L * etx(1 — F(x/0)) dx.

But 1 — F(¢)=L()/t with L slowly varying. Hence
(3.6) 1-¢(0) = o(%‘@) —i fo * etx(1 = F(x/8)) dx.

(The bound in the 0 term is =4 in magnitude.)
We prove (3.3) first. From (3.1) and slow variation of L we get

L(A[6) ~ L(1/6) = o(m(1]6)), 6—0+.
Hence from (3.6)

1= §0) .. (A (1—F(x/6)
@7 Jm ey~ hm | e ( 9m(1/0) )d"

provided the latter limit exists. Now by Lemma 1 m is slowly varying (=regularly
varying with exponent 0); also m(0)=0. Hence, the measure Q, on [0, A] with
distribution function Q4 y)=m(y/60)/m(1/8) converges weakly as § — 0+ to the
measure which assigns unit mass to the origin. Whence, for any continuous g on
[0, 4]

f: 2()Qdx} = f 2(x) (%1‘7‘0/)")) dx — g(0)

as § — 0+. Taking g(x)=e'* we see that the right-hand side of (3.7) equals —i.
This proves (3.3).

Note. The preceding proof requires only minor changes to apply in the case
0<a<1. In particular, a term O(1/4%) must be added to the right side of (3.7);
also Q, converges to the measure with density (1 —«)x~% In (3.7) one lets § — 0+
followed by A — co. The remainder of the proof is then an evaluation of an im-
proper integral.

To prove (3.4), take real parts in (3.6). Then

Re(1-¢(0)) (1 4 sin x L(x/0)
TOL(/e) o(3)+ o x L8

A
(The bound in the 0 term is <8 for all 0 < 6 < 8, sufficiently small.) Letting § — 0+
and then 4 — oo we see that

. Re(1—-¢(0) .. . (4sinx L(x/6)
(38) im —gragey - Am lim fo — La >
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provided the iterated limit exists. Since L is slowly varying, we get from the Kara-
mata theorem mentioned earlier

f L(u) du ~ tL(t), t— 0.
0

Hence, for every y=0,

. (v L(x/6) vi6 B
im | T % = lim L(1/0) f Lw)du =y

That is, the measure with density L(x/6)/L(1/6), x=0, converges weakly as § — 0
to Lebesgue measure. Hence for any continuous function f and any compact
interval [0, 4], say,
L(x/ 0)) f 4
lim f(x)(L(l/O) dx = . f(x) dx.

6-0 Jo

Letting f(x)=(sin x)/x and returning to (3.8) we have
- 4 g
lim Re (1-4(0)) im J‘ Sl,r: X =T
0o

= =

9-0+ OL(1/0) 4o 2
which proves (3.4).
For the purposes of the next two lemmas put
1 Re (1 —¢(x))
3.9 W(x) = ( )
¢9) 0 =Re\=g) = T—s0P

Note that Wis positive since Re (1 —(x)) =[5 (1 —cos xt)F{dt} >0, and symmetric:
W(—x)=W(x). Also, W is unbounded (hence undefined) at all x for which
¢(x)=1 (in particular at x=0); at all other x W is continuous.

LEMMA 3. As 6 — 0+

cos (7a(2) 1
(1-)I'2—a) m(1/6)

When o=1 the constant on the right is replaced by

2 (Ima=oreoa)

(3.10) j " W(x)dx ~

REMARK. The integrability of W over bounded intervals containing the origin
is, of course, part of the conclusion. This fact, however, is true for any distribution
on (0, ) (and for some distributions on the entire line); see [3, p. 578].

Proof. A simple calculation using (3.9) and the asymptotic relations (3.3),
(3.4) and (3.5) gives

(3.11) W(x) ~ xf—[’fli%% x>0+,
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where k, is the constant occurring on the right in (3.10) (k, =#/2). Next note that
the function 1/m(1/x), x>0 is absolutely continuous on any interval bounded
away from 0 and co. So, by the chain rule and (1.2)

(3.12) d( 1 )=1—F(l/x)_ L(1/x)

dx \m(1/x) x®m?(1/x) ~ x2~*m%(1/x)

for almost all x. (The exceptional set is at most countable.)
Consider 0<e<1 fixed but arbitrary. By (3.11) there is a A= A(¢) >0 such that

W) 2 (1 e i

whenever 0 < x < . Integrating these inequalities from x =8 to x= 6 and using (3.12)
yields

1
[ wea s asok. (i)
for 0<8=<6=A. Now let 8§ — 0, then m(1/8) — co (n=o00 recall), hence
(1—8),%“/0) < f: W(x) dx < (l+s)m(li+0)

whenever 0 < 6 < A. This concludes the proof.
By Lemmas 1 and 3, as ¢t — o©

3.13) m(t) fo W(ylt) dy = m(¢) J-s/c W(x) dx — k,0*
t Jo 0

for all 6>0 and it follows that the measure with density g, (y)=(m()/e)W(y[t)
converges weakly as 1 — oo to a measure which when «=1 is concentrated at the
origin with total mass k; ==/2 and when 0<a<1 is absolutely continuous with
density (1 —«)k,y~* Denote the limit measure by E,. Then for any function f
continuous on a compact interval, [0, B), say,

mo) [ 0w a8 = [ 1)) & [ fOIEDY, 1o

Taking f(y)=cos y we have
LeEMMA 4. Let W be given by (3.9). Then for any B>0

. Bit _ cos (1ra/2) B cos y
iy mmO fo Wo)costods = ™) ("L, an,
= 11'/2, o = 1.

LemMMA 5. (i) For all 6,+#0,

(3.15) |$(82)—$(81)| = 2[0;— 6:]m(1/|6;— 6, ).
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(ii) If F is nonarithmetic, then for each A>0, there is a number k >0, which may
depend on A, such that

(3.16) 0m(1/6) < k|1—4(60)] for 0 < 6 =< A.
If F is arithmetic with span h, (3.16) is true provided A <2=n[h=period of $.
Proof. (i) Fix B>0. Then

869401 =| [+ [ e eorian
< J:, (€% ¢t | F{dx} +2(1 — F(B))
< 0,— 8] J‘: xF{dx}+2(1 — F(B)).

But 0< [§ xF{dx}=m(B)—B(1—F(B)) by (1.3). Hence setting B=|0,—0,|* we
get  |¢(65)—$(6,)| < B~*[m(B)— B(1— F(B))]+2(1 — F(B))=B"'m(B)+1—F(B)<
2B~ 'm(B) which proves (3.15). (Note that (1.2) was not used; (3.15) holds for any
F on [0, 00).)

(ii) If Fis nonarithmetic then |1 —¢(68)| >0 for all 6#0. By Lemma 2 as § — 0+

Om(1/6)/|1—4(8)] — 1/T(2—e)
and it follows that the function
BO) = bm(1/0)[1-4(0)| 7, 6 +#0
= TQ2-a), 6=0
is continuous on [0, 4]. Taking k=max {B(0) : 0= 0 < 4} gives (3.16).

4. An inversion formula for the renewal measure. Define the symmetric renewal
measure

Vil = U+ U{-1})

where U is given by (1.1) and —I={x : —x € I}. In this section we establish the
following

ForMULA. Suppose F is nonarithmetic and has an infinite mean. Then for any
continuous function g with compact support whose Fourier transform

@1) ) = [ g0y a
satisfies

@) ¥®) = 0%,  |x| >,
we have

0

@.3) fw e~ M ) Vit +dx) = f

- @

e-"g(6+2) Re (l_;w)) do
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for all real A and ¢. Here, as elsewhere, ¢ is the characteristic function of F. Note
that the integral on the right in (4.3) only extends over a bounded interval. For
examples of g and vy see §5.

LEMMA 6. Let y be any continuous function satisfying (4.2). Then for every t the
integral

[ mx-niviay
is finite.

Proof. Since [*, |[{x—1)|V{dx}<co and since |p(x—?)| is bounded by a
constant (which may depend on ¢ but not x) times 1/x2, it suffices to show

(4.4) J: me Vidx) = f L vian < .

From (2.10) it follows that U(x)<k,x for some constant k; <co and all x=1.
Therefore integrating by parts in (4.4) we get

fl " L Udx) = lim (U(A) U(l)+2 J“ U gy )

- —U(1)+2f1 %")dxg 2k1J; S dx < o

which proves (4.4) and the lemma.
For 0<s<1 let V, be the finite symmetric measure

1 < . .
Vilde) = 5 > sMF™{dx}+F*{~dx})
n=0
and note that
4.5) V{I} Y V{I} as st
for every measurable I bounded or not.
Since
$(—6) = ¢(0)
we have

[7 vty = 3340+ 0) = Re (—75)
and an application of Fubini’s theorem gives
j RV ) = f 2(0) Re ( ¢(0)) b ©Oss<l)

for any (Lebesgue) integrable function g with y given by (4.1). Replacing g by
£1(6) = e~*g(6+X)
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and y by

i) = f " et0g,(0)db = e-Px-Dy(x—1)

we get

(4.6) J: =5 Do(x— 1)V {dx} = J' * e-tg(9+X) Re (IT.:W)}) a6

LeMMA 7. For any continuous function h with compact support

@7 hmf h(6) Re( ¢(0)) do = J' h(6) Re (1 ¢(0))

provided F is nonarithmetic and has infinite expectation.

Proof. We base the proof on the following proposition due to Feller and Orey
[4]:

PROPOSITION. The measure whose density is

1:02 Re (1 —s1¢(o))

converges weakly and in variation to a finite measure as s — 1—. In every interval
excluding the origin the limit measure is automatically absolutely continuous with
density given by

1 1
T+e e (1—¢(o))' |
If B is the mass assigned to the origin by the limit then B=m[p >0 when p (the mean of

F) is finite and B=0 in case p=oco.

We omit the proof. (Besides the Feller-Orey paper, see also Breimann [1, p. 221],
and Feller [3, p. 578].) The proposition implies, among other things, that

tim [* O e (L) a0 - o+ [ £ re (i) a0

for every continuous function f with compact support. In our case =0, and
(4.7) follows by setting f(0)=(1+ 6*)h(6).

Proof of formula (4.3). The very strong convergence (4.5) of the measures
V, to V implies

@58) lim f " SV = f " fovis

for every fintegrable with respect to V. (In fact, if fis nonnegative the integral on the
left is nondecreasing as a function of s and one can show (4.8) holds even if fis not
integrable.)
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Suppose now g and v satisfy (4.1) and (4.2) with g continuous and vanishing off
a compact set. Then by Lemma 6

e~ Nx-ty(x 1)

is integrable with respect to ¥{dx} for every ¢ and A. Hence by (4.6) and (4.8)

f_° e~ M)Vt +dx} = f ¥ ety (x— 1)V {dx}

~—

o 1
—_ M —1{to, —_—
= lim [* e-g0+)Re (1—s¢(o)) db.

Formula (4.3) now follows from Lemma 7.

5. Proof of Theorem 1.
1°. Introduce measures p;, >0, by

.1 pdl} = 2m(@)WV{I+1t} = m(e)U{I+t}+U{—I—1})

where I is measurable and I+¢={x : x—t € I}. Since U is concentrated on [0, c0)
it follows by taking I=[0, 4] in (5.1) that

U@t+m)—-U() = (1/m()pdl}-
Therefore to prove Theorem 1 it suffices to show
(5.2) pdl} = Cill|l, t—oo0,
for every bounded interval I where |I| denotes the length of I and
C, = [[(@T2—o)] .

For each a>0 put y,(0)=1 and
(5.3) ya(x) = 2(1 —cos (ax))/a®x>.

LemMmA 8. Let {,}, t>0, be a family of measures such that pd{I}<oo for every
compact set I and all t. Suppose for some constant C
(54) lim [~ ety ude) = € [ emyn) d
for every a>0 and all real . Then C ~p, converges weakly to Lebesgue measure:
pdl} — C|I| for every bounded interval I.

(We defer the proof until §6.)
Now 1y, is the Fourier transform (4.1) of the function

g.(6) = (1/a)(1—|6]/a), when |6] < a

5.5
(5.3) =0, when |6] > a.

Whence by the Fourier inversion theorem

(6) [ ey ax = 2.
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Clearly we may also apply our inversion formula (4.3) to obtain

5.7 f " e @uddy = 2m() f " e g 0+ NW (D) o

where W(6)=Re [1 —¢$(6)]-1. Note that the integral on the right extends from
0= —a—Ato 6=a—A. From (5.6) and (5.7) we see that (5.4) in our case is equivalent
to

(5.8) lim (1) f " eitog (04 N)W(0) d = 7Cau(N)

and, by Lemma 8, the proof of (5.2) (and Theorem 1) will be completed when we
establish (5.8), with C=C, for every a>0 and all real A.

2°. Let B>1 be fixed but otherwise arbitrary, and write the integral in (5.8)
as the sum J, +J, where

B/t
L., b) =f e-g (0+\)W(6) df and
t

Jo(t, B) = f et (0+ NW(8) df
161> B/t

5.9 "
= [[" temtg 0+ +eg.(0- X1W (9) b,
Bt
A = max{a+A, a—AL
(The last integral follows by making the substitution § — —@ in the integral

~B" using the evenness of the functions g, and W and noting that g, vanishes

-

outside the interval (—a, a).) We will show

‘ B 2 cos maf2 B cos x
tllrg m(t)Jy(t, B) = g4() T2—a) Jo

dx, a#1

(5.10) X

= ‘”ga(’\), =1
and”
G.11) tim sup m(t)|Jo(1, B)| = o(#), l<asi

which lead directly to (5.8).
3°. Proof of (5.10). It is clear from (5.5) that

(5.12) | 8a(82) —84(61)| = (1/a%)|6,— 6,

for all 6,, 6,. Hence

m(t)

5t B8 [ e ow@ o] s m) [ a0+ - DI W (@) o

< 2.0 f:’t W(6) do = 0(%)

a
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where the O(1/t) follows from (3.10) and Lemma 1. Thus
B/t
lim m(1)J,(t, B) = (%) lim m(r) f e~ "(6) df
t— Il -Bjt

Bt
= 2,3 lim m(r) fo W () cos 18 db

and (5.10) now follows from Lemma 4.
4°. Proof of (5.11). Let

hy(0) = e™"'ga(6+2)+€*g,(6— 1),
ho(0) = e~*go(0+ 7/t +X)+ g (0+ 7/t —N).

Then hy(0+n[t)= —hy(6) and making the change of variables § — 6+ /t in (5.9)
gives

To(t, B) = J:n hy(6)W(6) d8 = f !

(B-n)

— hy(O)W(8+/t) df
It

(note that the integrand in the last written integral vanishes for 4—=/t<0).
Adding these integrals we get

(.13) 2, = — f o hz(o)W(0+’;’) do+ f; [hl(o)W(B)—hz(O)W(0+7-;)] o

(B—m)/t
Now |hy(6)| £2/a and from (5.12) we have

2w

ga(O—A)—ga(o—A+1-;)| S =

|hy(6) —ha(6)| = a’t

Thus

ga(o+A)-ga(0+A+’-t') ’+

hl(G)W(O)—hz(G)W(0+7-;)‘ < |h1(0)—h2(0)|W(0)+| W(o)—W(o+’7') k()|

27 2
< — =
s 3 W(0)+a

W(0+’-t’) - W(0)|-

Applying these inequalities in (5.13) gives

e W(o+’—’) do+12~f W(6) b
aJe-mit t a‘t Jpy

(5.14) b
a Bt
From Lemma 3 it is clear that

+

W(o+’—t') — W) | do.

. Bt T 1
fim m(f) f W(0+—) d6 = k,[(B+m)-2— B %] = 0(7)-
t- o (B-mlt t B

Also, since W is integrable on [0, A], 4 <o,

A
=70 (" wigyas = O(M) —~0 as 71— oo.
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(That m(t)/t — 0, t — oo, follows from Lemma 1, §3, in our case, but is true for
any F on [0, o) with m given by (1.3).) Hence from (5.14)

A
lirtn sup m(t)|Jo(t, B)| = a~* lixtn sup m(t)
- —®© Bit

W(e+§) - W(0)| do+ o(%).

But O(B~%)=0(B'~%%) (B>1, 0=«=<1), so the proof of (5.11) will be complete

when we show
A

(5.15) lirtn sup m(t)

W(0+7—;)— W(O)‘ do = 0(32}__1).

Bjt

By Lemma 5 (i) we get

Re — $(@+m/1)—(6)
[1—¢(8+=/0)][1—4(0)]

- 2w/t )m(t )
= [1—¢(0+m/1)[|1-4(0)|

Applying this estimate and the Cauchy-Schwarz inequality to the integral in (5.15)

J‘Bt
/

G109 < ) (I, =awsmr) (o =sm)
m(t) (>4 db

t Jen [1=4(0)?
Again by Lemma 5(ii) there is a constant k < oo such that

1/[1-4(0)| = k/0m(1/6)
for 0< §=<2A. Consequently

sz __d0—2 é k2 24 # _ 2 t/B —g-x_
s |1—4(0)| s 0°m?(1/6) n mi(x)

where 7=1/24. Combining (5.16) and (5.17) we get

‘W(o+§)— W(0)| -

W(e+§) - W(G)‘ do

<8

(n/t £ A).

(5.17)

2 t/B
W(0+1—;)— W(o)l d6 < 8K? lim ”‘T(‘) f dx
t— 0

A
lim sup m(z)- J' e
“2' wup mi(t) BIt n mix)

1
= Ga=DB= 1 («>13)

where the last equality comes from (3.2). This completes the proof of (5.15) and
hence of (5.11).

5°. The proof of (5.8) with C=C,=[T'(«)T'(2—«)]~* is now almost immediate.
Let

A = |m@) [ e g0+ WW(9) do-nC.e

= Im(t)(Jl +J2) - ﬂcaga(A)I
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and suppose «# 1. Then by (5.10) and (5.11) '

mg4(A)
IN'e)I'Q2—a)

_ &) (w_a)f"cosx o ( 1 )
= Te-a \ZCOS 7)), dx e) +0 -1

lim sup A(¢) = tlim l m(t)J,— ‘+lirtn sup m(t)|J,|

(5.18)

Now as B — o0, ¢ x~%cos x dx — sin (7/2)I'(1 — ), hence

mo B cos x T
2 cos (—2—) fo e dx—m

Therefore taking the limit in (5.18) as B — oo we get

lim =

B- o0

sin (ma)T(1 —a)—%a)l =0.

lim sup A(r) = lim lim sup A(¢) = 0
to o B-® tow®

which proves (5.8) when «#1. When «=1 the proof of (5.8), with C=C,=1,
from (5.10) and (5.11) is even simpler so we omit it. Theorem 1 now follows from
Lemma 8.

6. Proof of Lemma 8. There is no loss in generality in supposing C=1. Taking
A=01in (5.4) and (5.6) we see that as t — o0

Ada) = f

-

® 2
vudds > [y dr =2 >0,

Hence (5.4) implies that the characteristic function of the probability measure

1
Pdx} = e Yao(X)pddx}
converges pointwise to the characteristic function of the probability measure
P{dx} = (a/2m)y.(x) dx.

Consequently, by the continuity theorem for characteristic functions P; converges
weakly to P as t — oco. Whence

©.1) lim [ BeyComian) = [ Beyale)

for every bounded continous function B on R! and for every a>0.
For any continuous function f with compact support, write

M0 = [ s, = [ fa

Let I be a bounded interval and let £>0 be arbitrary but fixed. We can find con-
tinuous functions f* and f~ both with compact support such that

@) 0Sf~<1,f-(x)=0for x¢ 1,

@) [I]SAS)+e,
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(iii) f*20,f*(x)=1 for x in I,
@iv) M) || +e.
Now choose a>0 so small that

ff(x) =f"(x) =0 when |x| = =/da.
Then since

yo(x) = 2(%) >0 for |x| < =[2a

it follows that B*=f*/y, and B~ =f" [y, are continuous functions on R* with
compact support (hence bounded). Therefore by (6.1)

62 M) = [ Bl > [ B0 dx = S
From (i) and (iii) it is clear that
MST) = pdl} = M)
for all £>0. Letting ¢t — oo and using (6.2) we get
AMf™) = liminf p{I} < lim sup p{l} £ A(f+),
and hence by (ii) and (iv)
[I]—& £ lim inf p{I} < lim sup p{l} < |I|+e.
Since this holds for every >0 it follows that
pdl}— |1, t— oo,
which completes the proof.

7. Proof of Theorem 2.
1°. Our first task is to show

(1.1, lim inf m(OU(+R-U®) 2 Ch (b > 0),
or, equivalently,
(1.2) lim inf 1LYV +h) - U() 2 s“:r”“ h.

(See remark following the statement of Theorem 2.)

Condition (1.2) with 0 <« < 1 is necessary and sufficient for F to be in the domain
of attraction of the unique (apart from a scale factor) stable distribution with
exponent « concentrated on [0, ). Thus if a sequence {B,} is chosen so that
0<B,*+ o and

n(l1—F(B,)) = nB;°L(B,) — 1
as n — oo, then

(1.3) Fr(Byx) > f “g)dy (>0, x 2 0)
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where g, >0 and satisfies
J ) e Mg (y)dy = exp [-A*T(1-o), A20.
(1]

In addition to (7.3) a local limit theorem for nonarithmetic distributions due to
C. Stone [9] implies the somewhat stronger result

(7.4) F¥(t+h)—F¥(t) = (h/Byc)qu(t|By) + 8:/By
where 8, — 0 as k — oo uniformly in t>0 ((7.3) only allows F¥(¢+h)—F*(t)
~hB;; *q,(tB;*) for t and h fixed). Using (7.4) we prove (7.2) almost exactly as
Garsia and Lamperti [5] prove the analogous inequality in the arithmetic case.
Thus from (1.1) and (7.4)

Ut+h)—U(t) > > (F¥(t+h)—F¥ (1))

k=n

-1 b}
=h 25 el(z) 25

k.

Let 0 <A < C <0, and choose n=[At*/L(¢)], r=[Ct*/L(¢)}. Then, as in [5], we have

both

tl'“L(t)z%‘ =o(l), t—>wo
n k

and, writing x,=kL(t)[/t*, nSk=r,

Lol t
treL(t E — a(_) ~ z X Vog (0 Vo) (X, 1 — X
()anq B, i (i V) (x4 1 — X))

ASxxsC

— f: x-llaqa(x-lla) dx
as t — co. Hence for any ¢>0
AL U +B) - UQ) 2 f ® - ag(x~11%) dy —e
for all ¢ sufficiently large. In other words !
li?_l. inf 1L UQ@+h)—-UQR)) = f x~eg (x~1%) dx,

and (7.2) now follows by letting A — 0, C — o and noting

fo X~ g, (x=11%) dx = a f y=oq(y) dy = S0

m™

2°. To complete the proof of Theorem 2 we need the following lemma (also
needed in the proof of Theorem 3).

LEMMA 9. Let z be any nonnegative integrable (but not necessarily dri) function
on [0, o). Then

(1.5  liminf m() J ' t=y)Uldy} < C, f Ade (0 <axl)
) t—+ o 1] [\]
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To finish the proof of Theorem 2 we set z(x)=1 for 0= x <A, z(x) =0 elsewhere.
Noting that m(¢+h)~m(t) as t - co we get from (7.5)

lim inf m(e)(U(t-+B)— U(1)) = lim inf m(e-+ HU*2(t+h)

(7.6) ©
£C, fo 2(x) dx = Cah.

Together (7.1) and (7.6) give (1.5).
Proof of Lemma 9. Let v(t)=U*z(t)= [} z(t—x)U{dx}. Then

#0) = fo " e~ Mp(x) dx = ( J': e~ 2(x) dx) 00) = 2000

where U is defined as in §2(i). Since U is regularly varying with exponent « we have
O\ ~ D@+ 1)U/ as A —0+
by Theorem 1 in [3, p. 420]. Now £(0)= [’ z(x) dx <o and it follows that
Q) ~ 20+ D)UA/Y), A—>0+

which, by the converse of the same Theorem 1 in [3], is the same as

a.n f " ox) dx ~ HOU®),  t-> 0.
Now by Theorem 5 in §2
(7.8) U(t) ~ T(e+DI2—a))"1t[m(t) = (C,le)t[m(t)

as t — o0; also, since 1/m is regularly varying with exponent o —1> — 1 we have
for fixed >0

1t e
am(®) " Jy m(xy

(cf. [3, p. 273)). From (7.7), (7.8), and (7.9) it follows that

7.9 t— o0

(7.10) J: o(x) dx ~ C,4(0) f" 'mi(’;;, t o

Suppose, contrary to (7.5),
litm inf m(t)v(t) > C.3(0).

Then for some >0 and all x = sufficiently large

u(x) 2 (1+)Ca2(0)(1/m(x)).

Hence
' . t dx
J; v(x)dx 2 J: v(x) dx = (1+¢€)C,2(0) ] m

for all £=7. But this contradicts (7.10).
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8. Proof of Theorems 3 and 4.
1°. Let A>0. Throughout this section put z,(x)=1 when (k—1)h<x<kh,
2,(x)=0 elsewhere, and let

v (1) = U*z,(t) = U@t —(k—=1Dh) - U@ —kh).
Since m(t — kh)~ m(¢) for fixed kh, t — o0, we have by Theorems 1 and 2
lim inf m(¢)v,(t) = C,h O0<a=?),

t— o

(8.1) .
lim m(Oout) = Ch G <asD; k=12...

2°. Let z=0 be any dri function on [0, co]. Then
t ©
82  liminfm(r) f «t—y)Uldy} 2 C, f A9dx (O <asl).
t— 00 0 0

Theorem 4 follows immediately from (8.2) and Lemma 9.
To prove (8.2) let £ >0 be arbitrary. We suppose 4> 0 is so small that

J; z(x) dx-——CE < Zakh
where a,=inf {z(x) : (k—1)2<x<kh}. Then by (8.1) and Fatou’s lemma
c, f " axydx—c < D ay lim inf m(1)ou(r)
L] 1 -0

< lim inf m() D a,U*z(t)
t— oo 1

< lim inf m(¢)U*z(t)
t— oo

which implies (8.2) as £> 0 is arbitrary.
3°. From now on in addition to being dri we assume z satisfies (1.7). That is for
some constant b < oo

(8.3) 0<zx) <blx, x>0.

We also assume + <« =1 in (1.2). Obviously our goal now is to show

] ©
8.4) tim sup (1) f At—-y)Uldy} < C, f 2(x) dx.
- 0 0
4°. Fix0<#0<1. Then

8.5 lir‘rl sup m(t) J:o 2(t—y)U{dy} < ;f_i";)

and

(8.6) lim sup m(z) f " At—y)Uldy) < C, f ® 2(x) dx.
t— o0 t6 (1]
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Proof of (8.5). From (8.3)

J; “ At—y)Uldy} < b f :‘; Uldy} < (—lfT)t U(t).

But U(t0)~6°U(t)~a"1C,0%t/m(t)) as t—> oo by Theorem 5 and Lemma 1.
Hence

. ; b .. m@t bC,0*
lim sup (1) [ 2-)U@) 3 125 lim ™0 v) = 2ET

Proof of (8.6). Let £>0 be arbitrary and put b,=sup {z(x) : (k—1)h<x<kh}.
We assume £ is so small that

@®.7) S < [[amare

Let n be the largest integer satisfying (n—1)h<¢(1—6). Then z(t—y)=0 for
k=n+1 and all t0<y=<t, hence

(85) [ 2t-pvia < > b [} a-»Ui) s > ().
Suppose for the moment that

(8.9) lim m(z) 2 bao(t) = C, ; b.h.

Then by (8.8) and (8.7)

lim sup m(7) J: =)V} S C. 3, beh < C. fo " 200) dite

which yields (8.6) on letting ¢ — 0.

Let B(k)=b.m(t)v(t) for k=1,2,..., n and Byk)=0 for k=n+1 then
m(t) 3t boi(t) =>- 1 Bdk), and since, by (8.1), B(k) — C.hby, k=1,2,...,t — o0,
we see that to establish (8.9) it will suffice to find numbers 7" and B so that

(8.10) Buk) < Bb, forallk = 1andalltz > T.
First choose s, so that s s, implies
U(s+h)—U(s) < 2C,h/m(s).
Next from m(t60—h)~m(t0)~ 6*~*m(t) as t — oo, we find a ¢, so that for all £> ¢,
m(t) < 260°~*m(t6—h).

Suppose now that t>¢,, t0—h2s, and 1<k=<n. Noting that 16 —h<t—kh, by
definition of n, we get '

m(t) < 20°"*m(t0—h) < 26*~*m(t—kh)
v(t) = U(t—kh+h)—U(t—kh) < 2C,h/m(¢t—kh),

and
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that is, m(t)v,(t) <4C,h6*~1. Since B(k)=0 for k>n we see that (8.10) holds with
T=max {(so+h)/0, to} and B=4C,h8*~*. This completes the proof of (8.6).
5°. From (8.5) and (8.6) we have

lim sup m(1)U*(t) = lim sup m(s )( f: "+ ﬁ :)z(t-— Y ULdy}

_ 0(%)+c., f: 2(x) dx

whenever 0 < § < 1. Letting § — 0 gives (8.4).
Theorem 3 is evident from (8.2) and (8.4).

9. An application. In this section we study the asymptotic behavior of the
spent and residual waiting times associated with a renewal process whose waiting
time distribution has the form (1.2) with «=1.

A renewal process with waiting time distribution F is any sequence {S,}, n20
of the form $,=0, S,=X;+---+X,, n=1, where the X, are positive mutually
independent random variables with common distribution F. The S, are usually
interpreted as consecutive points on a time axis and are called renewal epochs.
The X, are then called waiting times. In this context U{I}=> F*{I}=> P{S, € I}
is clearly the expected number of renewal epochs falling in I.

Our interest here is in two auxiliary random variables Y, and Z, called, respec-
tively, the spent and residual (or excess) waiting time at epoch ¢ defined as follows:
let Ny=max {n : S, <t} (=the number of renewal epochs in (0, ¢]). Then

Y, =1t-Sy, Z, = Sy,41—1.

When the distribution F has a finite mean, Y, and Z, have nondegenerate limit
distributions:

©.1) lim P{Y, > y,Z, > z} = 1f°° [1 - F(u)] du
[aded ®Jy+z

(see [3, p. 371, problem 3], or [2, Theorem 1]).

In general when p=oco the most one can say is Y, — o0 and Z, — o0 in probability.
However, if F has the form (1.2) with 0<«<1, then Lamperti [7] and Dynkin
[2] have shown that Y,/t and Z,/t have nontrivial limit distributions:

1 1
im P> 5, %5 2} = I et et
v

t— t m

for 0<z<o and 0sy<1. See also Feller [3, p. 447]. These writers show that
(1.2) with 0 << 1 is in fact necessary and sufficient for Y,/t and Z,/t to have non-
trivial limit distributions. (Dynkin proves that if Y,/B(t) (or Z,/B(t)) has a non-
trivial limit distribution where B(¢) is regularly varying and approaches infinity
as t — oo, then (1.2) holds for some 0 <« <1 and B(t)/t — const.)

When o=1 in (1.2) F may or may not have a finite mean (see §2(v)), but in either
case it is quite straightforward to show that Y,/t — 0 and Z,/t — 0 in probability
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(see (9.4) for the precise rate). But as noted above if p=c0 we also have Y, and
Z,— oo (in probability) so one might expect that some nonlinear normalization
such as A(Y,)/B(t) where A(t), B(t) — oo will yet produce a nontrivial limit distri-
bution.

THEOREM 6. Let F have the form
1—-F(t) = L@t)/t, t>0,
where L is slowly varying at co and suppose the mean of F is infinite. Then for

0<asl,b20
9.2) lim p{"X) < , MZ)

Jim m(p) = a, ) = b} min {a, b}
where m is the function defined by (1.3).

The limit distribution in (9.2) is just the uniform distribution concentrated on
the diagonal of the unit square, consequently we have the following.

COROLLARY. (m(Y,)—m(Z,))/m(t) — O in probability as t — o, and for 0<0<1

9.3) m P '”((tY;) } = lim P ”'(Z‘) < o} -0

REMARKS. 1. Since Z; and Y; — o in probablllty it is clear that the function m
in these results may be replaced by any function m, such that m,(¢t) 4 co and
my(t)/m(t) > k+#0 as t — co.

2. It should be pointed out that for any F on (0, ) with a finite mean (9.3)
(but not (9.2)) is still valid. To see this consider for example Y,. Let p be the continu-
ous inverse of m: p(m(t))=t, m(p(x))=x, 0= x<p. From (9.1),

lim P(Y, 5 5} = " j " 1= F(x)] dx = m(y)fu;
hence
lim POn(Y)jm(t) S 6} = lim P{Y, S p(0u)} = m(p(@)fu =6  © <0 <1).

Our last result gives precise information about the distribution of Y/t and Z,/t
for large ¢.

THEOREM 7. Let F be as in Theorem 6 and let 0<a=<1, =0, a+b+#0. Then as
t— 00

Y, L(t) l+b
©.4) L >b} o8 (5 +b)

(Note that L(t)/m(t) — 0 as t — o0 by Lemma 1.)
Proof. From (9.7) it follows that u
Gia,b) = P{Y, > ta,Z, > th} = f [l = F(t+ tb— )| U{dx}
1]

- J'o T =P +b—y) ULy},
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We now argue as in the proof of (2.8): By Lemma 1 and Theorem 5 (with «=1)
[I=FOIU(r) ~ L(t)[m(2),  t—> oo,

SO
m(t) 1= 1-F@(1+b-y)) U{tdy}
Gla, ) ~ [ IEEHEE B,
Now
5y = IEEUAHED o s i

and the convergence is uniform in 0<y<1—a (provided a+b+#0) since each
f{y) is monotone in y and since the limit 1/(1 +5—y) is continuous on 0<y<1—a.
Also, since U(ty)/U(t) — y, the measure U{tdy}/U(t) converges weakly to Lebesgue
measure as f — 0.

From these remarks we see that

m(t) 1 .
P{Yt > ta, Z, > tb}L(t) J-o ’H_T_ydy, t — oo,

and (9.4) follows.

Proof of Theorem 6. Since we use Theorem 1 we shall assume F is nonarithmetic.
Theorem 6 is still true when F is arithmetic, and, though certain of the details in
the present proof must be slightly modified, the essential points are the same. (Of
course one uses (2.4) rather than Theorem 1 in the arithmetic case.)

Let p be the strictly increasing continuous inverse of the function m: p(m(t))
=m(p(t))=t. Since F has infinite expectation, m(t) — oo as ¢t — o0 s0 p is defined on
[0, ). Fix 0<a<1, b>0 and let

©-5) a = plam(1)), b, = p(bm(1)).
We will prove
(9.6) ‘lim P{Y; < a, Z, > b} = max {a, b}—b

which is evidently the same as (9.2).
Our starting point in proving (9.6) is the following equation

©.7) P(Y,<a,Z >b} = f " L= F(t+b—y) Uy},
t—-a

Here is a probabilistic derivation: By definition Y,=¢—Sy,, Z,=Sy,,,—t where
N;=n if and only if S,<¢<S,,;. Hence the joint event {Y,<a, Z,> b} occurs if
and only if for some (unique) n, S,=y with t—a<y=<t and then Z,=§,,,—¢
= X,+1+y—1t>b. By independence of S, and X, ,,, the conditional probability
of the second event is simply P{X,.,>¢+b—y}=1—F(t+b—y). Multiplying this
by F™{dy}, the distribution of S,, and summing over all t—a<y=<t we get

PY,SaZ>bNo=n= [ [1-Fa+b-pIFi).

t-a
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Summing over all n2>0 gives (9.7) since >, F* =U.

LemMA 10. (i) Let a, be defined by (9.5) with 0<a<1. Then
9.8) ajt -0 but a,— o0 as t— oo.

(ii) Let ¢, 8>0. Then there is a T>0 such that for all t2T and all 3t <y <2t we
have

l+e

9.9) prots

28 < U(y+8)-U(y) <
(t) (y+9-U(y)
(We prove Lemma 10 later.)

Let &, 8>0 with O0<e<1 be fixed but arbitrary. By Lemma 10, a, — o0 and
(t—a))/t — 1 as t — co. Hence by choosing T; sufficiently large we may assume
that both (9.9) and the inequalities

9.10) 1t+108 < t—a, < t < 2t—108, a, > 1008,

hold simultaneously for all 1=7,. Let =7, and consider the partition 0=y,
<y <yy<--- of [0, c0) where y,=kd. Write

AU, = U(is) = U) = Ui+ 8)—U(yi)

and let y, and y, be chosen as in the following diagram

Yr YVr+1 Yn-1 yn

9.11) — | ] | 1 ~ 1 ' 1 l .

0 t—a-8 t-g t 148

(»,St—a, y,_1=t). Since y,>t—a,— 8 and y,<t+38 it follows from (9.9) and
(9.10) that

1- 1
©.12) ’-n(T';s < AU, < J(“t‘)"
Now let f(y)=1—F(t+b,—y), 0 y<t+b,. Then f is nonnegative, nondecreasing
and bounded by 1. Consequently by (9.7), (9.11) and (9.12)

k=rr+l,...,n—1,n

P Sa,Z0> b) = [ SOV S D f0u U, < 225 f0,08

14 < 14+¢
- m k=zr+1f(yk)8 m(t) Yre1 f( ») dy

146 [t+20 1+ 48
<oy | 10y < [ SO

A similar calculation gives

1—¢ [t 43
PtisaZ > by > o[ f0)dy-

ol
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But
t t
ft fO)dy = f [l — F(t+by—y)] dy = m(ay+b)—m(b)
—a¢ —ag

= m(a,+b,) — bm(t).
Therefore for all t= T,

< (1o (2ecth) _p) 22
019 PHsaZ>bs Axo(Tamt)-b) s
Assume for the moment

. m(at+bt) _
09.19) z1_1‘1'2 OB max {a, b}.

Then since m(t) — oo as t — oo we conclude from (9.13) and (9.14)£
(1 —e)(max {a, b}—b) < lim inf P{Y; < a;, Z; > b}
< lim sup P{Y; < a,, Z; > b}
< (1 +¢&)(max {a, b}—b)
and (9.6) follows.

It remains to prove (9.14). Let c=max {a, b} and c¢;=p(cm(t)). Then cm(t)
=m(c;) £ m(a,+b;) =m(2c,), or

.15 ¢ £ m(a,+b)[m(t) £ mQ2c)m(t) = (m(2c,)m(c))e.
Now m is slowly varying by Lemma 1 and ¢, — o0 by Lemma 10, hence
m(2c,)/m(c;) — 1

as t—oo. Letting ¢t — oo in (9.15) gives (9.14). This completes the proof of
Theorem 6.

Proof of Lemma 10. (i) Since both p(¢) - and m(t) — oo it is clear that
a,= p(am(t)) — oo as ¢t — oo for any a>0. Let 0 <a<b we show

(9.16) plam(2))/p(bm(t)) = a,/by—0, t— 0.

To get (9.8) take b=1,0<a<1 in (9.16).

Suppose (9.16) fails. Then for some 0<f<1 and some sequence f, — 0 we
have 0<a, b, <1 for all n. Hence m(6b,,) < m(a,,) <m(b,,), or since m(a;)=am(t),
m(b,)=bm(t),

9.17) m(6b,)/m(b,,) < alb < 1.
But m(6b, )/m(b,,) — 1 as t, — 0, since m is slowly varying and b,, — 0, s0 (9.17)
leads to the contradiction 1 <a/b< 1. Hence (9.16) must be true.

(ii) Let e, &,, &5, 8 be positive numbers with ¢;, £;< 1. Since m is slowly varying
there is a ¢#; >0 such that

9.18) 1—e; < m(t/2)/m(2t) < 1+¢, forallt = ¢,.
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By Theorem 1, «=1, we can find 7, >0 so that

) 8
9.19 l—g) —— < U(y+8)—-U(y) < (1+ey)-——> for y = 1,.
019 (1-e) ) (+9)-U(y) < (1+ey) m0) yzit,

Suppose now that 47=max {z,, ,} and 3t<y=<2t. Then since m is increasing
m(t[2)[m(2t) < m(t)[m(y) £ m(21)/m(z/2).

Consequently 1—¢, <m(t)/m(y)<1/(1—¢,) by (9.18), and from (9.19) it follows
that

(1_81)(1_32)% < U@(y+8-U(y) < (1+32) 3

1—¢ m.

By (pre) choosing ¢;, 5 so that (1—e&)(1—e;)=1—¢ and (1+e&5)/(1—&))S1+¢
we get (9.9) with T=max {2¢,, 2¢,}.

BIBLIOGRAPHY

1. L. Breiman, Probability, Addison-Wesley, Reading, Mass., 1968. MR 37 #4841.

2. E. B. Dynkin, Some limit theorems for sums of independent random variables with infinite
mathematical expectations, Izv. Akad. Nauk SSSR Ser. Mat. 19 (1955), 247-266; English transl.,
Selected Transl. Math. Stat. and Prob., vol. 1, Amer. Math. Soc., Providence, R. 1., 1961, pp.
171-189. MR 17, 865; MR 22 #7164.

3. W. Feller, Introduction to probability theory and its applications. Vol. 11, Wiley, New York,
1966. MR 35 #1048.

4. W. Feller and S. Orey, A4 renewal theorem, J. Math. Mech. 10 (1961), 619-624. MR 24
#AS581.

5. A. Garsia and J. Lamperti, 4 discrete renewal theorem with infinite mean, Comment.
Math. Helv. 37 (1962/63), 221-234. MR 26 #5630.

6. G. H. Hardy and W. W. Rogosinski, Notes on Fourier series. I11: Asymptotic formulae
Sor the sums of certain trigonometrical series, Quart. J. Math. Oxford Ser. 16 (1945), 49-58.
MR 7, 247.

7. J. Lamperti, Some limit theorems for stochastic processes, J. Math. Mech. 7 (1958),
433-448. MR 20 #4888.

8. F. L. Spitzer, Principles of random walk, The University Series in Higher Math., Van
Nostrand, Princeton, N. J., 1964. MR 30 #1521.

9. C. J. Stone, A local limit theorem for nonlattice multi-dimensional distribution functions,
Ann. Math. Statist. 36 (1965), 546-551. MR 30 #5351.

10. J. L. Teugels, Renewal theorems when the first or the second moment is infinite, Ann.
Math. Statist. 39 (1968), 1210-1219. MR 37 #5952.

11. J. A. Williamson, Random walks and Riesz kernels, Pacific J. Math. 25 (1968), 393-415.
MR 37 #2328.

UNIVERSITY OF WISCONSIN,
MADISON, WISCONSIN 53706



