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ON THE SOLUTIONS OF A CLASS OF LINEAR
SELFADJOINT DIFFERENTIAL EQUATIONS

BY
LARRY R. ANDERSON(!) AND A. C. LAZER(?)

Abstract. Let L be a linear selfadjoint ordinary differential operator with co-
efficients which are real and sufficiently regular on (— 0, ). Let A+ (4~) denote the
subspace of the solution space of Ly=0 such that y € A* (y € A7) iff D*¥y € L2[0, )
(D*y € L*(— 0, 0]) for k=0, 1,..., m where 2m is the order of L. A sufficient con-
dition is given for the solution space of Ly =0 to be the direct sum of 4* and 4 ~. This
condition which concerns the coefficients of L reduces to a necessary and sufficient
condition when these coefficients are constant. In the case of periodic coefficients this
condition implies the existence of an exponential dichotomy of the solution space of
Ly=0.

1. Introduction. The object of study of this paper is the general linear homo-
geneous selfadjoint differential equation which for convenience we shall write in the

form
1) > (=1} DFa,D*y =0,
k=0

where D*y=d*y/dt*.
Except when otherwise stated we will assume throughout that for each k=0,
1,...,m, a,t) is real valued, a, € C¥(—o0, o0) and a,(t)#0 for all ¢ € (— o0, o0).
The motivation for this paper comes from the case when a,(¢)=c, =constant,
k=0,1,...,m. In this case the solutions of (1) are determined entirely by the
zeros of the polynomial

%) PO = Z (= DYecoce,

Since only even powers of A appear in p it follows that if u#0 is a zero of p of
multiplicity r then —p is also a zero of p of multiplicity r and the functions #e*,
tle™#t j=0,1,...,r—1, form a set of 2r linearly independent solutions of (1).
Consequently if p()t) has no zero or purely imaginary roots and S denotes the set of
solutions of (1) considered as a complex vector space of dimension 2m, then S has a
simple geometrical description. Namely, if E* denotes the subspace of S consisting
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520 L. R. ANDERSON AND A. C. LAZER [December

of solutions of (1) which together with their derivatives tend to zero exponentially
as t — oo and E - denotes the subspace of S consisting of solutions of (1) which
together with their derivatives tend to zero as # — — oo exponentially then dimension

=dimension E - =m, dimension E* N E~=0. Therefore S will split into the
direct sum of E* and E-.

The objective of this paper is to give a partial extension of this simple observation
to a class of equations of the form (1) with variable coefficients. For simplicity we
will only consider real solutions. Henceforth S will denote the set of real solutions
of (1) considered as a real vector space of dimension 2m.

THEOREM 1. Assume that for each k=0, 1,...,m, a.(t) is bounded below on
(—o0, ©) and define

3) ¢, = inf a,(2).
Let A* and A~ denote the subspaces of S defined by

. D*v e L?[0, c0)
@ A ={ve 0O<k<m }
_ D*v e L?(—o0, 0]
©) 4 ={UGSO§k§m }
If
(6) cm >0

and the polynomial p defined by (2) has no zero or purely imaginary roots then
dim A* =2 m, dimA- = m.
If, in addition, each a,(t) is bounded above as well as below then
dimension A* = dimension A~ = m
and
dimension A* " A~ =0

so that S is the direct sum of A* and A~.
Ifve A* (ve A™) then

}im D¥y =0 (hm D"v—O) k=0,1,...,m—1.

To the best of our knowledge the only literature connected with Theorem 1
is a remarkable paper by M. Svec [3] which deals with the fourth order equation
d*y/dt*+p(t)y=0 where p is defined and continuous on a half-infinite interval
[c, ). Svec showed that if p is bounded below by a positive constant then there
exist two linearly independent solutions of the differential equation which belong
to L?[c, ) and tend to zero as ¢ — oo. As an application of Theorem 2, which
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is similar to Theorem 1 but concerns the differential equation (1) when the a, are
only defined on a half-infinite interval [c, ), we shall generalize Svec’s result.

The proof of Theorem 1 will be deferred until after we have established some
auxiliary lemmas.

2. Some preliminary lemmas.
LEMMA 2.1. Let di, k=0, 1, ..., m, be real numbers with the property that
m
g(w) = Z dw?* =20
k=0
for all real w. Let f be a real function of class C™~* on [-T, T, T >0, and sectionally
of class C™ on this interval, i.e. there exist numbers t;, j=1, ..., N—1, such that
'-T=to < tl << tN—l < tN=T
and f is of class C™ on each of the intervals [t;_,, t;], j=1,..., N. If

D*f(—-T) = D*A(T) = 0, k=0,1,...,m—1,
then

| TS aDE)ds 2 o.

=T k=0

Proof. If for t € [—m, =] we define F(¢t)=f(tT/n) then F is of class C™~* on
[—m, w], F is sectionally of class C™ on this interval,

@) D¥F(—m) = D*F(m) =0, O0<k<m—1,
and
8) j‘fr kio d(D¥f(s))? ds = .}' J‘:‘n k':‘o d,r2*(D*F(4))? du,

where r==/T.
For each j=0, +1, +2,... let

1 ¢
Yy = W J._n F(u)e'”" du,
Integration by parts and (7) yield

) (=0 = gy | DF e du

for k=1,..., m—1. Since D™F is sectionally continuous it follows by dividing the
interval of integration in (9) into suitable subintervals that (9) is also true for
k=m.

The orthonormal functions

1/@m)2)e,  j=0, £1, £2,...,
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form a complete set in L2[—, 7], so by Parseval’s formula

[ wrara= 3 e

= =0

for k=0, 1,..., m (0°=1 in the above and following identity). Hence

n m m 2
f d r*(D*F(u))? du = 2 dyr?* Z J*lysl?
0 k=0 9

- )= =—0

0

= Z |'>’1|2kzo a(jr)** = Z lv:%q(rj) Z O.

j=—-o j==o

By (8), this proves the lemma.

LEMMA 2.2. Let the real numbers dy, d,, . . ., d, satisfy the same hypothesis as in
Lemma 2.1. Let f be a real valued function defined and of class C™ on the interval
[0,T], T>O0. If

(10) Df(T)=0, O0=k=m-1,
and for some fixed integer j with0 < j < m—1,

an D¥(0) =0, k#j,0<sk=s=m—1,
then

Z [ s as o

Proof. We define a function g on [T, T as follows:
If j is an even integer

&) = f(), 0<t=T,
= f(-1), -T=<t<0O.
If j is an odd integer
g(®) = f(), 0=<t=T,
= —f(—1), —-T=<t<O.

Using (11) it is easy to verify that g is of class C™~* on [—T, T] and sectionally
of class C™ on this interval since D™g has both left-hand and right-hand limits at
t=0. From (10) D*g(—T)= D*g(T)=0,0=<k <m—1. Thus Lemma 1.1 is applicable
and

T m
[, > awrseyazo.
-T £=0

But
T m 2 1 T m .
[[ S awpora=3[ 5 aweey

and the assertion of the lemma follows.
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LEMMA 2.3. Let the real numbers d,, d, . . ., d, satisfy the same hypothesis as in
Lemma 2.1. If fe C™(—o0, 0©0) and D*fe L*(—o0, ), k=0, 1,..., m, then

I S (D) ds = o.
-© §=0

Proof. This result is almost an immediate consequence of Lemma 2.1. Let ¢(2)
be a real valued function defined and of class C® on the real line such that ¢(¢)=1
for t=4 and ¢(¢)=0 for t= 1. For each positive integer n let 6, be the C*® function
defined by

0,(t) =1, 0=t=n
=¢(t—n), n<it,
=0,(-1), t<0O.

Let f,=0,f for n=1,2,.... Since D¥f, is bounded independently of n for
0=k < m there exists a fixed constant L such that

(D) = Lé (Dfy

for k and n in the same range. For each fixed ¢ € (— 0, 00), lim, _, , D*f,(t)= D*f(¢)
so by the dominated convergence theorem

[ 3 awsora=im [ Z (D (s))* d.

© =0

Since for each n, f, has compact support, it follows from Lemma 2.1 that

[ > awsorazo
-© =0
This proves the lemma.

3. Proof of Theorem 1. In addition to the preliminary lemmas the proof of
Theorem 1 will depend on a certain identity which we first establish.
For each solution y of (1) we define a function F[y] on (—o0, c0) by the formula

m k-1
(12) FIyI(t) = ,Zl go(—1)f+k(ny>(t)(Dk-f-lakay)(t).
According to (1)
[0 3 vy as = o

so by the integration by parts formula

[[yzas =3 v 4 [y as
o i=0 0 0
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we obtain the important identity
(13) Flylt) = F [J’](O)—g,0 J: a(s)(Dyy(s))* ds.

The proof of Theorem 1 will be broken up into several lemmas.

LEMMA 3.1. Let the coefficients a,(t) be bounded below on (—oo, ) and assume
that the numbers c, satisfy the hypothesis of Theorem 1. Let v be a solution of (1) such
that for some number T >0,

(19 Dw(T) = 0, 0<k=m-1,
and for some fixed integer j with 0<j<m—1,
(15) D¥»(0) = 0, k#j,0k<m-1.

There exists a number M >0 independent of both v and T, such that

(16) ,,Zmo L " (D*o(s)* ds < MFIB)(0).

Proof. Since the polynomial p(A)=>7_,(—1)*c,A%* has no zero or purely
imaginary roots it follows that if Q(w)=p(iw)=>7_, c,»?* then Q(w)#0 for all
w € (—o0, 0). According to assumption (6) ¢, >0 and hence
an lim Q(w) = +oo.

w— % 00

Thus Q(w) >0 for all real w and in particular Q(0)=c, > 0. This together with (17)
implies the existence of a number &> 0 such that if

(18) dy =c.—=8, O0=ks=m,

then

(19) gw) = D dw™ 20, we(—w,o).
k=0

Now by (14) and (12) it follows that F[v](T)=0 and so by (13)
FIsl®) = 3. [ ao)(De(o) ds.
From (2) ay(f) 2 c,, 0<k <m, so by using (8) we have
Fol0) 2 'Z f: co(D*u(s))? ds = éo f: d(D¥o(s))? ds+3 ’Z Jj (D*0(s))? ds.

From (14), (15) and (19) we observe that the function v and the numbers d, satisfy
the hypothesis of Lemma 2.2 and hence

éo f d(D*o(s))? ds 2 O.
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The assertion of the lemma follows by setting M =1/8.

LEMMA 3.2. Let the hypothesis of Lemma 3.1 hold. For each integer j with
0=<j<m—1 there exists a solution v, of (1) such that

D*y, e L?[0, o), 0<k=m,

(20)

Dy (0) = 0, k#j,02k=m-1,
and
(21 D'v,(0) # 0.

Proof. Let z, 0<i<2m—1, denote the solution of (1) defined by the initial
conditions

Dkz‘(O) = S‘k = 0, i # k,

22
22) =1, i=k

The solutions z,, zy, . . ., Zz, 1 Obviously form a basis for the vector space S.

Let 0<j<m—1. By a well-known result of algebra, for each positive integer n
there exist m+ 1 numbers, which we denote by b, b7, b7+, ..., b2™~1, not all zero
such that

2m-1
(23) biD*z(n)+ Z b.D*z(n) =0 fork=0,1,...,m—1.
i=m
By a suitable normalization we may further assume that for all n=0,1,2,...,
2m-1
24 G+ D (B2 =1
i=m
For each positive integer n consider the solution
2m-1
(25) U = blz;+ > bhz.
i=m

From (22) and (23) D*v,,(0)=0, k#j,0<k<m—1, D*v;,(n)=0,0<k <m—1. Thus
if M is defined as in Lemma 3.1, it follows that for all n=0, 1, 2, ...,

26) i [} @ouy2 as s MFI,10).

Condition (24) implies the existence of a sequence of integers {n,} and m+1 num-
bers ¥, b™, b™*1,. .., b~ such that lim,_, o b}, =b', i=j, m<i<2m—1, and

2m-1

@n @+ > ) =1
i=m
We will show that the solution
2m—-1
(28) v =bz+ > bz
i=m

fulfills the assertion of the lemma.
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Fix ¢t>0. Since by (25) the sequences {D*v,,} converges uniformly to D*v,,
0=k <m, on bounded intervals

m t m t
> f (Divofs)Pds = lim > f (D*v,(5))? ds.
k=0 JO h—>o =0 Jo
For n, =1t it follows by (26) that
m t m n
> [ @omeyrds s 3 [ (D06 ds S Mo, 10).
k=040 k=0 4J0

From (12), (25), and (28) we see that
Jim F(v;,10) = F[2,)(0).
Hence

i f (D v/(s))? ds < MF[0;)(0).

Since >0 was arbitrary this implies that D*v; € L?[0, o) for 0k <m and

Z [7 @092 as = MFwO)

Finally, suppose contrary to the lemma D’v,(0)=0. By (22) and (28) D*v,(0)=0,
0=k=m-—1, so by (12) F[v0)]=0. Hence

i [ woras=o

and v,(¢)=0 for all ¢. This, however, contradicts (27), (28) and the linear in-
dependence of the solutions zj, Zm, Zms1s - - +» Zom—1. Hence Dvj(0)#0 and the
lemma is proved.

From this lemma the first assertion of Theorem 1 follows immediately. For each
jwith 0=<j<m—1, let v; be the solution whose existence was established above. If
Vo, U1, U 1 Were not linearly independent, there would exist numbers yg, ¥1, . - s ¥m—15
not all zero such that

m-—1
Z yi0i(t) = 0
i=o

for all z. But D*v,(0)=0, k#j,0<k<m—1, D'vj(0)#0, so y;=0,j=0,1,...,m—1.
This contradiction proves that the set {v;}7=¢ is linearly independent and hence
dim A+ =Zm.

The proof that, under the hypothesis of Lemma 3.1, dim 4~ =m follows easily
from the inequality dim A*2m by means of a convenient artifice. For k=0,
1,..., m, define functions d@,(t)=a.(—1t), t € (—o0, ). Clearly d, e C*(— oo, o0)
and inf @, = inf a, = ¢,. Therefore, by what we have just shown, there exist m linearly
independent solutions @y, 7, . . ., ¥, _; of the differential equation

) i (= 1 D@, D) = 0
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such that D¥f, e L?[0, 0) for 0<k<m, 0<j<m—1. If for j=0,1,...,m—1,
w,(t)=0,(—1), it is easy to verify that w, is a solution of

) i (=1)D¥(a, D*y) = 0.

Therefore, since D¥w,; e L*(—0,0], 0<k=<m, and the set {w}7-¢ is linearly
independent, dim 4~ =m.
The second assertion of Theorem 1 is a consequence of the following:

LeEMMA 3.3. Suppose in addition to the hypothesis of Lemma 3.1, a, is bounded
above as well as below for 0 < k < m. If uis a solution of (1) such that D*u € L?(— o0, c0)
for 02k <m, then u(t)=0 for all t € (— 0, 00).

Proof. Referring to the proof of Lemma 2.3 we see that there exists a sequence
of function {u,};-, such that

(29) u,(t) =0 if|t| 2 n+1, u,e C?*(—o0,0),
and
(30) lim D*u, = D*u in L*(—o0,0) for0 £ k £ m.

n-—»

Since for n=1, 2, ...
7 u 3 - 0pani ds o,
it follows from (29) and integration by parts that
[ 3, aoxoum@ ous ds = o.

By the boundedness of a,, 0 <k <m, (30) implies that

f " S a(s)Deu(s) ds = 0.

—-® k=0

Let the numbers dy, d,, . . ., d,, and 8 >0 be defined as in the proof of Lemma 3.1.
Since >P_, dyw? =0, Lemma 2.3 implies that

f "S> dUDu(s)? ds = 0.
-® k=0

Therefore

5 ﬁ [* atyras = 5 i [" oaerr ds+§0 [ daorur as

= S f ° ci(D*u(s))? ds < i Jm a,(s)(D*u(s))?ds = 0

=0

and so u(¢)=0 for all ¢ € (—o0, 0).
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The second assertion of Theorem 1 now follows by a well known result in
algebra. Assuming the hypothesis of Lemma 3.3 we have as an equivalent statement

dimension A* N A~ = 0.
Therefore
dimension A * +dimension 4~ < dimension S = 2m
(see for example [2, §12, problem 7(b)]). But we have shown that dim 4* =m,
dim A~ =Zm; hence dim At =dim A~ =m.
The final statement of Theorem 1 is a consequence of the following elementary
fact:

LemMA 3.4. If fe C1[0, ) and f € L?[0, o), f € L?[0, ), then lim,_, , f(t)=0.

Proof. The hypothesis implies that 2ff’ e L'[0, c0). Therefore the identity
F@)2=£(0)2+2 [; f(s)f(s) ds implies that lim,_, f(¢) exists. But fe L0, o) so
lim, ., ,, f(¢)=0.

This concludes the proof of Theorem 1.

4. Equations defined on a half-infinite interval—Examples. The following
statement is actually a corollary of Theorem 1:

THEOREM 2. Let ay, 0 <k <m, be real functions defined on the half-infinite interval
[b, 00) with a, € C*. Assume each a is bounded below and if c.=inf a,, 0Sk=<m,
then c,, >0 and the polynomial (2) has no zero or purely imaginary roots. If A denotes
the vector space of real solutions of

0)) kgo (—=1)*D*(a, D¥y) = 0

which together with their first m derivatives belong to L?[b, ), then dim Az m. If
each a, is bounded above as well as below on [b, ), then dim A=m.

Proof. Let ¢ be a real C* function defined on (— o0, ) such that
0=¢() =1, t € (— o0, ),
@31 o(t) =0, t<b+1,
o(t) =1, tzb+2.
For k=0, 1, ..., m, define af € C*¥(—o0, o) by the formula
ax(t) = [1—p(®)]ce+p(t)ax(t).
Since for k=0,1,...,m
inf af = inf a, = ¢,
(—o0,0) [b, o)
Theorem 1 implies that the differential equation
" 2, (=1)D*atD*y) = 0

k=0
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has m linearly independent solutions which together with their first m derivatives
belong to L2[0, c0). For t=b+2 these solutions are also solutions of (1). Con-
tinuing these solutions back from b+2 to b we obtain m linearly independent
solutions of (1) which are in 4. This proves the first assertion of Theorem 2.

Suppose that each g, is bounded above as well as below on [, c0) and contrary
to the second assertion of Theorem 2, dim A =m+ 1. This clearly implies that (1”)
has m+ 1 linearly independent solutions which together with their first m derivatives
belong to L%[0, o). But if each a, is bounded above on [b, ) each g} is bounded
above on (—o0, o0) so we have a contradiction to Theorem 1. This contradiction
proves Theorem 2.

We conclude with some simple but noteworthy examples:

1. Assume that both the first and second hypothesis of Theorem 1 and in ad-
dition that each a, is periodic with the same period 7>0. It is known (see for
example [1, Chapter 3]) that every solution of (1) can be expressed as a linear
combination of solutions of the form

(32) &> p()
i=0

where p,(t+ T)=p;(t). The numbers A are the characteristic numbers of (1). If y is
a solution of (1) then y € A* (y € A7) if and only if in the linear combination of the
solutions of the form (32) (comprising y) those solutions with Re (1) 20 (Re (1) £0)
do not appear. Hence if E* (E ~) denotes the subspace of solutions tending to zero
exponentially as ¢t — +oo (f — —o0) it follows that E* =A%, E~=A". Hence by
Theorem 1,

(33) dimension E* = dimension E~ = m,
(34) dimension E* N E~ = 0.

From the above discussion it also follows that if ye E* (y€ E~) and y is not
identically zero then y is unbounded on (—oo, 0] (on [0, c0)). Thus since (33) and
(34) imply that every solution y of (1) can be represented uniquely in the form
y=y1+y:, y1€ E*, y; € E~ it follows that there exists no nontrivial solution of (1)
bounded on (—oo, c0). In particular, (1) has no periodic solution other than the
trivial one.

2. Consider the fourth order selfadjoint differential equation

(35) (ry")"+(qy') +py = 0.
If re C2[b, ©),q € C'[b, ), p € C[b, ), infr=R>0,supqg=Q< +o0,inf p=P>0,
and either Q <0 or Q?—4RP <0, then by Theorem 2, there exist two independent
solutions u,, k=1, 2, of (35) such that u,, u;, € L?[b, 0), k=1, 2. For the special
case r(t)=1, q(t)=0 for all ¢ € [b, 00), this result was discovered by Svec [3].

3. Finally consider the classical second order selfadjoint equation

(36) (Y)Y +qy =0
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where r € C1[b, ), g € C[b, 0). If
supr = R < 0, infg =0 >0,

then by Theorem 2, (36) has a nontrivial solution u such that u, ¥’ € L2[b, 0). It is
easy to see that any other solution of (36) with this property must be of the form cu.
Indeed if v is a solution with v(b) >0, v'(b) >0 then since drvv’[dt=r(v")?2—qv? <0,
v(t)>0, v'(t)>0 for all ¢ € [b, o). Since u and v are independent solutions of (36)
any other solution y has the form c,u+ c,v and hence y, y' € L?[b, c0) if and only if
¢ =0. Thus dimension 4 =1 regardless of whether or not r is bounded below and
q is bounded above.
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