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CLOSEDNESS OF COBOUNDARY MODULES
OF ANALYTIC SHEAVES

BY
YUM-TONG SIU AND GUNTHER TRAUTMANN()

Abstract. Suppose A4 is a subvariety of a complex space X and % is a coherent
analytic sheaf on X. It is shown that, if the analytic sheaf #%(#) of local co-
homology is coherent for 0=<v<gq, then for 0=v=gq the local cohomology group
H(X, ) with its natural topology is Hausdorff and hence is a Fréchet space.

Suppose Z is a coherent analytic sheaf on a (not necessarily reduced) complex
space X. Denote by S,(%) the subvariety {x € X | codh &, <k} [4, Satz 5]. For any
open subset D of X, denote by S,(Z|D) the topological closure of S,(#|D) in X.
If A is a subvariety of X, denote by s#%(#) the sheaf defined by the presheaf
U~ HY(U, &), where HY(U, %) is the k-dimensional cohomology group of U
with coefficients in & and supports in 4. If ¢: X — Y is a holomorphic map of
complex spaces, denote by ¢,(F) the kth direct image of &# under ¢.

In [6] and [9] the following coherence criterion for sheaves of local cohomology
is proved:

THEOREM 1. Suppose A is a subvariety of a complex space X, q is a nonnegative
integer, and F is a coherent analytic sheaf on X. Let 0: X — A — X be the inclusion
map. Then the following three statements are equivalent:

(i) 6(F|X—A) is coherent on X for 0Sv=gq.
(ii) S%(F) is coherent on X for 0<v=q+]1.
(iii) dim 4 N 84 q+1(F|X—A) <k for k=0.

A trivial modification of the proof of [1, Satz 5] yields readily the following
isomorphism theorem:

THEOREM 2. Suppose Y and Z are complex spaces and Z is Stein. Suppose
w: Y —Z is a holomorphic map and 9 is a coherent analytic sheaf on Y. If q is a
nonnegative integer and w(9) is coherent on Z for 0=v<gq, then for 0<v=q the
natural homomorphism H*(Y, 9) — I'(Z, w (%)) is an isomorphism.
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For a coherent analytic sheaf % on a complex space X (with countable topology),
we give H'(X, %) the quotient topology induced by Z*(U, %), where U is a
(countable) Stein open covering of X. This quotient topology on H'(X, &) can be
easily verified to be independent of the choice of U. Suppose X is Stein and A4 is a
subvariety of X. For »>1 we give H)(X, &) the topology induced through the
algebraic isomorphism HY(X, F)xH'"Y(X—A4,%). HiX,%) is given the
quotient topology induced by I'(X— 4, #) through the algebraic isomorphism

HYX, F) ~ T(X—A4, F)/Im (I(X, F) - [(X — 4, F)).

HY(X, %) is given the topology induced by I'(X, %) through the algebraic
isomorphism

HY(X, #) ~ Ker (I'(X, F) > '(X— 4, F)).

Denote by N}(X, %) the topological closure of 0 in Hj(X, %).

In view of Theorems 1 and 2, it is natural to raise the following questions: If one
of the three equivalent statements in Theorem 1 is satisfied and X is Stein, is the
algebraic isomorphism

H'(X—A4, F) — I(X, 0,(F| X - A))

also a topological isomorphism for 0<v<q (where I'(X, 0,(¥|X— A4)) as the
section module of a coherent analytic sheaf is given the natural Fréchet structure)?
Is H**Y(X— A4, %) a Fréchet space? Some special cases of these questions are
considered in [9]. In this paper we give an affirmative answer to the above questions.

MAIN THEOREM. Suppose F is a coherent analytic sheaf on a complex space X and
A is a subvariety of X. Suppose #%(X, F) is coherent on X for 0=v=gq. Then
(i) Hi(X, %) is a Fréchet space for 0<v=q+1,
(ii) the algebraic isomorphism HY(X,%)— I'(X, #UF)) is a topological
isomorphism for 0 =v=<gq, and
(iii) 29T Y(F) is a Fréchet sheaf [2, VIII. A.3].

The proof of the Main Theorem is obtained by refining the proof of Theorem 1
and keeping track of all the topologies involved there.

In this paper complex spaces are not necessarily reduced and all of them have
countable topology. All linear topological spaces are over C and need not be
Hausdorff. ,0 denotes the structure sheaf of C".

Suppose A4 is a subvariety of a Stein complex space X. Let U be a Stein open
covering of X — A. For a coherent analytic sheaf # on X, define the (— 1)th cochain
group C~ (1, #) as I'(X, #) and define the coboundary map &: C ~'(i1, #)
— C°(1, #) by restrictions. Define C~2(1, #)=0 and define §: C 211, ¥)
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— C~(1, #) as the zero map. Using these notations, we have the following
natural topological isomorphism:

HY(X, ) = Z*7'(U, F)[B* (1, F).

LeMMA 1. Suppose A is a subvariety of a Stein complex space X and q is a non-
negative integer.

(@) If & is a coherent analytic sheaf on X and X' is a Stein open subset of X, the
linear map p: HY(X, #) — H(X', ¥) induced by restriction is continuous, where
A'=4An X'

(b) If \: & — 9 is a sheaf~homomorphism of coherent analytic sheaves on X, then
the linear map \*: HY(X, ) — HY(X, %) induced by X is continuous.

© If0>F' > F —F"—0is an exact sequence of coherent analytic sheaves
on X, then the linear map &*: HY(X, ") — H{*Y(X, F') in the cohomology
sequence of the exact sequence is continuous. Moreover, if H is a closed subspace of
HY(X, F') contained in Im 8*, then the map (8*)~*(H) — H induced by 8* is open.

Proof. Let U be a Stein open covering of X— 4.

(a) Let 1’ be a Stein open covering of X' — A’ which refines 1. The continuity of
p follows from the continuity of the restriction map Z?-(1l, #) — Z*- (W', F).

(b) The continuity of A* follows from the continuity of the map Z¢~}(U, ¥)
—Z*"}(0, ¥) induced by A. ’

(¢) The exact sequence 0 —F' —F —F" — (0 gives rise to the following
commutative diagram with exact rows:

0—> Co-(1, F) —> Co-}(, &) Lo covu, F) 0

! g !

0—— CY, F') —=» CYU, F) —> CYU, F") —> 0.

Let o:Z°7 (U, ") - HY(X, #") be the natural map. Consider the following
commutative diagram:

B-1(Ze-Y(u, F7) ® C*-(u, F') L> ZUu, F)

|

Hi(X, F") ———— > Hi"{(X, &),

where 0(a @ b)=o(B(a)), y(a ® b)=«~1(8(a))+ 8(b), and  is the natural map.

0 and 7 are continuous and open. The continuity 8* follows from the continuity
of y. Since 7~}(Im 8*)=Im y, if H is a closed subspace of Hi*!(X, #') contained
in Im &*, then the openness of the map (8*)~(H) — H induced by &* follows from
applying the open mapping theorem for Fréchet spaces to the map y~*(+~*(H))
— 7~1(H) induced by y. Q.E.D.
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LEMMA 2. Suppose A is a subvariety of a Stein complex space X and % is a coherent
analytic sheaf on X such that #%% =0. Suppose X' is a Stein open subset of X such
that X— X' is a subvariety of X. Let A=A N X' and A"=A—X'. Then there
exists an exact sequence

0—> Hi(X, &) —> Hi(X, F) —> HiAX', F) —> H}(X, F) —>- --

[ 4
— Hi(X, F) —> HY(X, F)—> HY(X', F) —> H# (X, F)—>- -+,
where «, is induced by restrictions and is continuous.

Proof. The sequence is induced from the Mayer-Vietoris sequence of & on
X—A"=(X—A) v X'. The continuity of «, follows from Lemma 1 (a). Q.E.D.

LeEMMA 3. If X is a Stein open subset of C" and A is a subvariety of dimension r
in X, then H; (X, ,0) is Hausdorff.

Proof. We can assume that r<n.
(a) Consider first the special case where
X={z,..,z)eC"||z| <1,12isn
and
A={(z,...,2,)eX |z, =0,r+1 <i < n}.
Let H={(z1, ..., 2,) € X | z#0, r+1<i<n}. Let B be the subset of all elements f
of I'(H, ,0) whose Laurent series expansions in z,,,, .. ., Z, have the form

f= Z{fw“...v”z)";f. -ezyn | v, 2 Oforsomer+1 < i < n}.

B is a closed subspace of I'(H, ,0). It is easily verified that H}~"(X, ,0) is topo-
logically isomorphic to I'(H, ,0)/B and hence is Hausdorff.

(b) Assume that A is nonsingular and has pure dimension r. Since #%(,0)=0
for 0sv<n—r [3, Korollar zu Satz 3], by Theorem 2, the canonical homo-
morphism H3;~"(X, ,0) — I'(X, 7%~ "(,0)) is an isomorphism. Hence we need only
prove that every point of 4 admits an open neighborhood U in X such that
H%35(U, ,0) is Hausdorf, but this follows from (a).

(c) For the general case, choose a holomorphic function on X whose zero-set B
satisfies the following two conditions:

(i) dim BN A<r and

(i) 4— B is nonsingular and has pure dimension r.

Let X'=X—B, A’=A—B, and A"=A N B. By Lemma 2, we have the following
exact sequence:

0 = H3 (X, ,0) —> H3"(X, ,0) —> H}"(X", ,0),

where « is continuous. Since by (b) H: (X', ,0) is Hausdorff, H; (X, ,0) is
Hausdorff. Q.E.D.
REMARK. Lemma 3 is a special case of [7, (4.1)].
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PROPOSITION 1. Suppose X is a Stein open subset of C", A is a subvariety of
dimension r in X, & is a coherent analytic sheaf on X, and 0=q=<n—r. Let .# be the
ideal-sheaf of AU S, .,_(F). If X' is a relatively compact Stein open subset of X,
then there exists a nonnegative integer k=k(X") such that I'(X', £Y*N(X', F)=0
and T'(X', HYH} (X', F)=0 for 0Sv<q, where '=A N X'.

Proof. (a) First we reduce the general case to the special case g=n—r. Suppose
0=g<n-—r. By shrinking X, we can assume w.l.o.g. that we have the following
exact sequence of coherent analytic sheaves on X:

0>%— ,0Pr-r-a-1—> OPr-r-a-3—>...— 01— (P > F 0.

Since H}.(X’, ,0)=0 for 0=v=<n-—r—1 [3, Korollar zu Satz 3], the exact sequence
yields algebraic isomorphisms

HAX', F) Zs Hypn—r-9(X", ) for0<v<gq
and an algebraic monomorphism
X: HY(X', ) — Hy (X', 9).

By Lemma 1, A is continuous. A(N%.(X’, F)<Ni (X', %). Since S,_.(%)
=8, +4-1(F), the general case is reduced to the special case g=n—r.

(b) Suppose g=n—r. By applying the functor Hom,e (-, ,0) to a free resolution
of Hom,e (%, ,0) of length n—r+1 and combining it with the natural sheaf-
homomorphism % — Hom,e (Hom,e (%, ,0), ,0), after shrinking X, we can
assume w.l.o.g. that we have the following order-two sequence of coherent analytic
sheaves on X which is exact on X—S,_,(%#):

0 F P-1 0% Po 0% P1
Frorst s P Oonran,

By Hilbert Nullstellensatz, there exists a nonnegative integer / such that

1) F'H{Kerp,) =0 onX'for—1Sv=n—r
and
) F'(Kerp,/Imep,_;) =0 on X'for —1=v < n—r,

where Im ¢ _,=0.
We are going to prove (3), and (4), for 0<v=<n-—r by induction on »:

3), T, £He+VHLyX',Kerp,_,_,) =0 for0 < p < min (@, n—r—1).

4, (X', AW+ HLUX , Imp,_y_,_1) =0 for0 < p < min @, n—r—1).
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Because of (1), (3), is true. (3), implies (4),, because of the exactness of

H47 (X', Ker ‘Pn—r-v/Im Pr-rov-1) —> Hi(X',Im e, _,_,_1)
- Hﬁ’(XG Ker ‘Pn—r—v)

which comes from the exact sequence

5y O0—>Ime,, ., ,—>Kerg, ,.,~>Kerg, , ,/Ime,_,_, ;>0

and because of (2). (4), implies (3), ,;, because of (1) and because of the exactness of
Hi(X', Im @,y 1) = HEP (X', Ker @u_y_y_1) = HAFP (X, 0 -r-v-1) = 0

which comes from the exact sequence

6), 0—>Kerg,_,_y_y > @Pn-rv-1—>Ime,_,_,_; —O0.

The induction process is complete.
(4), -, implies that I'(X’, LY *+*2HL (X', F)=0for 0<v<n—r.
Consider the following exact sequence which comes from (6),_,_;:

HLr=3(X7, Tm o) —%> HI-"(X", Ker go) > HI-7(X", ,0%).

Since B is continuous (Lemma 1) and H3 (X', ,0%) is Hausdorff (Lemma 3),
N37'(X', Ker ¢p) <Im «. By (4),_,_,, we have

) (X', £Y* T+ DINZ7(X', Ker @) = 0.

Consider the following exact sequence which comes from (5),_,:

H3 "~ Y(X', Ker go/Im @_,) i> Hy "X, Ime_,) N H37 (X', Ker g,).
Since 7 is continuous,
(N3 (X', Im p_,)) © N3~7(X’, Ker ).
By (7), we have
rx’, Fyea-r+iNt-7(X', Im ¢_,) < Im &
As a consequence of (2), we obtain I'(X’, £)*-"+2INT (X', F) = 0. Q.E.D.

PROPOSITION 2. Suppose X is a Stein open subset of C*, A is a subvariety in X,
& is a coherent analytic sheaf on X, and q is a nonnegative integer. Suppose V is a
subvariety of X containing A such that for k=0 every branch of S, . (%) not con-
tained in V intersects A in a subvariety of dimensioh =k. Let # be the ideal-sheaf of V.
If X' is a relatively compact Stein open subset of X, then there exists a nonnegative
integer I=I(X") such that I'(X', #)N3(X', F)=0, where A'=A N X".
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Proof. (a) First we reduce the general case to the special case #9%% =0. Let
Y= |[H#0F. There exists a nonnegative integer / such that FH#9F =0 on X’.
The exact sequence

0—>H)F >F —>%—>0

yields the exact sequence
H(X', #3F) 25 HUX', F) B, HUX', 9).

Since B is continuous, B(N%(X', F))<=Ni(X', 9). If (X', £'N(X', ¥)=0, then
r'x’, HY"Ni(X’, #)<Im « and therefore I'(X’, £)'*'Ni(X', F)=0.

(b) Suppose H#%F =0. We can assume ¢>0. Let Y=Supp & We can assume
Y# @. Let m=sup {codh &, | x € Y}. Since #9F =0, every branch of Y inter-
sects X— V. Let r=m—gq. Since Y=S,(#) and no branch of Y is contained in V,
dim A N Y=r. By replacing 4 by AN Y, we can assume that dim 4 <r and
rz0.

For —1 =<k <r define 4, to be the intersection of 4 and the union of all branches
of Sy +4(%) not contained in V. dim 4, <k and 4,=A.

Construct subvarieties A¥ of X (—1=<k=<r) by descending induction on k such
that

() 47=4,,

(ii) A,<Ajf and dim A4 <k,

(iii) AF is the intersection of A¥,,; and the zero-set B, of some holomorphic
function on X, and

(iv) S+ F)=V U B,.

Let A,=X' N AFf and A;=A;—B,_,. By Proposition 1 there exists a non-
negative integer / such that

® P(X '~ B, J)'H:f:l(x '—B,,#)=0
and
&) (X’ —B,, )Nz, (X' — By, ) = 0.
We are going to prove (10), for —1 =<k <r by induction on k:
(10); L(X’, Y+ DING(X', F) = 0.

Trivially we have (10)_,. Suppose —1=k<r and (10), is true. By Lemma 2, we
have the following exact sequence

E—> Hy(X', ) %> H,, (X', F) Lo HY,, (X' =By, ),
where

E=0 wheng =1,
= H: (X' —B,,#) whenq > 1.

Ak +1
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Since B is continuous,
B(N%,... (X', F)) = Ni;., (X' — By, F).
By (9), we have
11 X', #yNg.,.X',#)<c Ime.

Choose a Stein open covering 11 of X' —A;, and a Stein open covering 8 of
X' — A}, such that B refines U. Let

7: 277U, F) > ZY(B, F)
be the restriction map. Define
0:Z U, F)D C B, F) > 2B, F)

by 6(a @ b)=x(a)+ 8(b).
Since #°9(F)=0, we can choose f3, . . ., f, € ['(X, #) such that
@) fi,...,f, generate £ on X’, and
(ii) the sheaf-homomorphism & — £ defined by multiplication by f; is injective.
Take f=f,,. .. f;. To finish the proof of (10),.,, we need only show that

STX, $YF+DNG, (X, F) = 0,

Since multiplication by f maps C?~1(%B, &) injectively and continuously onto a
closed subspace of C4~1(B, #), fB*~ (B, F) is a closed subspace of Z?~ (B, F),
where B?~1(®B, #) is the topological closure of B?~(B, #) in C*~ (B, F). By
(11), fB*-Y(B, F)<Im 6.

Take arbitrarily g e B~1(B, #). There exists a sequence {g,} in B~(U, ¥)
whose limit is g. fg, — fg. By applying the open mapping theorem for Fréchet
spaces to the map

0-X(fB-X(B, #)) > fB (B, F)

induced by 6, we obtain s, D t,, s®teZ (U, F)P C*"%(B, #) such that
5, Dt,—>sDt, 0(s, D 1,)=/8,, and 0(s © 1) =/g.

Take arbitrarily b, € I'(X’, #£) and h, € T'(X’, £) e+ V! By (8), hys, € B2~ Y(U, F).
Since h,s, — hys, by (10), we have h,hys € B4~1(11, #). Hence hh, fg € B*~ (B, F).
(10)., is proved. The proposition follows from (10),. Q.E.D.

PROPOSITION 3. Suppose A is a subvariety of a Stein complex space X, q is a non-
negative integer, and & is a coherent analytic sheaf on X such that dim A N
S +o(F| X—A)<k for k20. Then HY(X, F) is a Fréchet space.

Proof. Hi(X, #) being a Fréchet space is equivalent to Nj(X, #)=0. By
Theorems 1 and 2, H{(X, )2 T'(X, #%%). Hence, we need only prove that the
proposition is true when X is replaced by some arbitrary relatively compact Stein
open subset. We can therefore assume the following:
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(i) X is a relatively compact open subset of a Stein complex space X,
(i) A=A N X for some subvariety 4 in X,
(iii) S#£%(&F) is coherent on X for 0<v<gq.
Let R=T(X, 0). Let # be the ideal-sheaf on X for 4 and I=T(X, #). We are
going to prove (12) by induction on g:

HY(X, #) is a Fréchet space and, if ¢: R®? - HY(X, ¥) is an R-
homomorphism and I' Im ¢=0 for some /, then Im ¢ is closed.

(12)

When ¢=0, (12) is clear, because H3(X, %) is topologically isomorphic to
(X, #%F) and #%F is coherent.

Suppose ¢g>0. We can assume w.l.o.g. that #Y(F)=0.

By Theorems 1 and 2,

(13) I"H Y (X, %) =0 forsomel,
and there exists an R-epimorphism y: R — H{~ (X, &). By Proposition 2,
(14) INY(X, #) = 0 for some L.

Since #°3# =0, we can choose f€ I's such that the sequence

0—F N F L FF 0

is exact on X, where A is defined by multiplication by f. We have the following exact
sequence

*
Hy (X, %) s HI- (X, F[fF) 2> HY(X, 7) s HY(X, ),

By (13) and the induction hypothesis, H~*(X, #[f#) is a Fréchet space and
Im a=Im ay is closed. By (14), Ni(X, #)<=Ker \*=Im B. By Lemma 1(c), the
map B-YNY(X, #)) - Ni(X, ¥) induced by B is continuous and open. Hence
Ni(X, #) is topologically isomorphic to the Fréchet space B8~ Y(N4(X, %))/Im o.
It follows that Nj(X, #)=0 and H}(X, &) is a Fréchet space.

Suppose ¢: R" — Hi(X, #) is an R-homomorphism such that I™ Im ¢=0 for
some m. Since #°3F =0, we can choose g € I™ such that the sequence

0—>fo—>.¢/&9’—>0

is exact on X, where p is defined by multiplication by g. We have the following

exact sequence
%*

H(X, &) —> Hy XX, F|gF) —> HYX, #) 2> HY(X, #).
Since p*e=0, there exists an R-homomorphism : R" — H{"Y (X, F|gF) such
that np=¢. Define v: R* @ R"— H{"Y(X, F[gF) by v(a @ b)=o(y(a)) +(b). By
(13), I™*'» Im »=0. By induction hypothesis, Im » is closed. Since Im ¢ is topo-
logically isomorphic to Im v/Ker 7, we conclude that Im ¢ is closed. Q.E.D.
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Proof of Main Theorem. (i) and (iii) follow from Theorems 1 and 2 and Propo-
sition 3.

To prove (ii), we need only show that the canonical isomorphism A: I'(X, 5£%%)
— H}(X, &) has a closed graph for 0<v=<q. To prove the closedness of the graph
of A, it suffices to show that for every relatively compact Stein open subset X’ of X’
the canonical isomorphism X': I'(X', #4F) — Hix (X', F) is continuous. Let
0 be the structure sheaf of X. There exists a sheaf-epimorphism u: 0° — #%% on
X'. The map a: I'(X’, 0*) > I'(X’, %% induced by p is open. It is clear that

'f: T(X', O°) > Hj~x(X', &) is continuous. Hence X’ is continuous. Q.E.D.

REMARKS. (a) The arguments used in the proofs of Propositions 1, 2, and 3 can
be trivially modified to give a proof of (iii) = (ii) in Theorem 1 which is simpler
than the proofs in [6] and [9].

(b) Part (ii) of the Main Theorem can also be proved directly and very easily by
induction on ¢ and by considering the following commutative diagram:

Hi7Y(X, F) — Hi7'(X, F|f#) — Hi(X, F) —>0

lzz lzz
L(X, #41F) — I(X, X5 UF[fF))

whose first row comes from the exact sequence

0—F S F SFIfF—50
where fe I'( X, 0) satisfies f5#4% =0 and « is defined by multiplication by f.
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