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THE CONVERGENCE OF RATIONAL FUNCTIONS
OF BEST APPROXIMATION TO THE
EXPONENTIAL FUNCTION

BY
E. B. SAFF

Abstract. The object of the paper is to establish convergence throughout the
entire complex plane of sequences of rational functions of prescribed types which
satisfy a certain degree of approximation to the function ae” on the disk |z| < p. It is
assumed that the approximating rational functions have a bounded number of free
poles. Estimates are given for the degree of best approximation to the exponential
function by rational functions of prescribed types. The results obtained in the paper
imply that the successive rows of the Walsh array for @e” on |z|=p converge
uniformly to ae” on each bounded subset of the plane.

1. Introduction. A rational function r,,(z) of the complex variable z is said to
be of type (n, v) if it can be expressed in the form

apz"+az" "+ - +a, <
bz’ +b, 2 1+ ---+b, Z |bx| # O,

ra(2) =

where the g, b, are complex constants. The possibility that a,=0 or b,=0 is not
excluded so that a rational function which is of type (n, v) is also of type (m, p) if
m2nand p=v.

Let the function f(z) be continuous on the closed disk A,:|z| <p. Then for each
pair of nonnegative integers (n, v) there exists a rational function W,(z) of type
(n, v) which is of best Tchebycheff (uniform) approximation to f(z) on A, in the
sense that the inequality

En(f; p) = [max |f(2)— Wa(2)|; z on B,] = [max |f(2)—ra(2)]5 z on A)]

holds for every rational function r,,(z) of type (n, v). Best approximating rational
functions need not be unique [1, §12.4] but any particular determination of them
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will suffice for our purposes. The W,,(z) form a table of double entry

Woo(2) Wio(2) Wao(2)
Woi(z2) Wiu(z) Wal(2)
Wox(z) Wia(2)

known as the L,, Walsh array [2] for f(z) on A,. The first row of the array, which
consists of best approximating polynomials, has been the object of considerable
study. Comparatively little is known, however, of the behavior of the other rows
of the array or of other sequences of rational functions which may be formed from
the array.

If the function f(z) is analytic on A, and meromorphic with precisely » poles
in the open disk |z| <o, p<o =00, J. L. Walsh has shown [3, p. 3] that the (v+ 1)th
row of his array converges to f(z) at each point of |z| <¢. In a recent paper [4] the
author established the convergence of certain other rows of the array for the case
where f(z) has a multiple pole on |z|=0. However, the two results mentioned
yield no information about the convergence of the successive rows of the Walsh
array for a function f(z) which is entire and transcendental.

It is the aim of the present paper to establish the first such convergence theorem,
namely, for the function f(z)=e*. In §2 we prove that for fixed » and »n sufficiently
large each of the rational functions W,,(z) of best approximation to e* on A, has
precisely v finite poles and these poles approach infinity. Consequently we deduce
that every row of the Walsh array for e on A, converges uniformly to e* on each
bounded subset of the plane. Analogous convergence theorems are then established
for the columns of the Walsh array. To prove these results it is first shown (com-
pare [5, p. 168]) that for fixed v the degree of best rational approximation E,,(e?; p)
to e on A, satisfies

1) 0< Ay <(+22+1)p "E,(e%p) S Ay <0, n20.

In §3 we establish the convergence of sequences of rational functions which are
of least pth power line integral approximation to e on |z| = p. The results obtained
here and in §2 are stated not merely for best approximating rational functions but
for any sequence of rational functions of prescribed types which satisfy a certain
degree of approximation to e

The Walsh array is analogous to the much applied table of Padé [6, §73], which
consists of interpolating rational functions. The Padé rational function of type
(n, v) for the function e? is defined to be the rational function R, ,(z) with the prop-
erty that among all rational functions of type (n, v) the difference e*— R,,(z) has a
zero of highest order at z=0. We shall write R, (z)=P,(2)/0Q.(z), where P,,(z)
is a polynomial of degree n, Q,,(z) is a polynomial of degree v, and Q,,(0)=1.
Pad¢ established [6, p. 434] a convergence theorem for the R,,(z) which, in partic-
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ular, implies that for fixed v we have lim,_, Q.(z)=1 and lim,_, R, (2)=¢*
uniformly on each compact subset of the plane. This result plays an important part
in the proofs to follow.

2. Rational functions of Tchebycheff approximation. To establish the inequalities
(1) we prove two lemmas.

LeMMA 1. Let R' be the set of all ordered v-tuples x=(xy, X, ..., X,) of real
numbers and let

Loa®) = n+R)+ S xfn+ k=)L

If 1=pu=v+1, then for each n (Zv) the system of v linear equations L, ;(x)=0,
12k £v+1, k#p, has a unigue solution x,, and

@ |Lnu(xn)| = (=D +1-p)nl/(n+p—Dinr+v+ 1)L

Proof. Let D, be the determinant of the matrix 4{), obtained by deleting the
uth row from the (v + 1)-by-v matrix

~ 1/n! 1/(n—1)! cor 1/n+1-v)17
1/(n+1)! 1/n! e 1/(n4+2-v)!
| 1/(n+v)! 1/(n+v-1)! --- 1/(n+1)!
It is known [9, §769] that
® by =12,

=1 (a+d)!

and the same method used to derive this formula can be used to show that for
l1<p<v+1 we have

D 2 (v—1i)!
W) — n+p—-1,v-—u+1l .
(4) Dn“.v - (P' 1)1 1—[ (n+i)!

Indeed, if from the jth column (j=2, ..., v) of 4%, 1 <pu, we subtract the (j— 1)th
column multiplied by the factor n—j+2, then we obtain

&) Dy = vIDY - a/nl(p—1).

Repeated application of the reduction formulae (5) then leads to (4). Since
DyiV=D®, , it is clear that no DY), is zero and hence the system L, ,(x)=0,
12k=v+1, k#p, has a unique solution x,,,.
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It is easy to verify that

1Y(r+w)!  Yn+p=1)! - 1Yn+p—)!
1/(n+1)! 1/n! s HYm+1-0)!
L,,,u(x,,,,)=ﬁ Yntu—-1)! Yn+u—2)! - Ymptu—l—n! |
T mAr+D)! Yn+p)! oo Y@tp+1—v)!
Y@n+v+1)!  Y@n+r)! .- 1/(n+1)!

and hence |L, ,(x,,)| = D, 1/D¥,. Using equations (3) and (4) the last expression
may be evaluated to obtain (2) which completes the proof.

LeMMA 2. The function fy(x)= >4t |L, «(x)|, x € RY, n2v, has an absolute mini-
mum at the point x, ., so that

6) Jo(x) = vInl/(n+v)\(n+v+1)!, xeR".

Proof. We first show that f,(x) has an absolute minimum in R'. Let m=
inf {f,(x) | x€ R"} and let S= i1 {x||L,(x)| Sm+1}. Since f,(x)>m+1 for
x ¢ S we have that m=inf{f,(x) | x € S}. Note that the set S is a closed convex
polyhedron. Furthermore S must be bounded, for the contrary assumption implies
that S contains a ray, i.e., there exists a vector u € S and a nonzero vector v such
that u+ Av € S for every A = 0. Since the homogeneous system L, ,(x)—1/(n+k)!=0,
1=k =v+1, has only the trivial solution, there exists an integer k*, 1 Sk*=v+1,
for which b=L, ,.(v)—1/(n+k*)!#0. But then we have

|Lp,ko(u+A0)| = |Ly (@) + 20| < m+1,

for all A=0 which is impossible. Thus S is bounded and since S is also closed the
continuous function f,(x) attains its absolute minimum m on S.

Now let # ={x € R" | f(x)=m} and we show that there exists a vector in
which satisfies » of the equations L, ,(x)=0, keI={1,2,...,v+1}. For each
xe M put I(x)={kel|L, (x)=0} and let x* € .# be a vector for which I(x*)
has maximum order. It is clear from Lemma 1 that the set J=7—I(x*) is nonempty
so that x* is an interior point of the closed polyhedron

K, = QJ {xeR"| L, (x*)L, (x) = O}.
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If I(x*) is nonempty, we set
K,= () {xeR|L,(x)=0}

kel(x®)

Otherwise let K,=R". Now note that on the set K=K, N K, the function f,(x)
is the sum of a linear function plus a constant and hence is concave in K. Since x*
is an interior point of Kj, it is easy to see that for each vector y € K there is a vector
we K and a scalar 8, 0<8<1, such that x*=38y+(1—8)w. Thus from the con-
cavity of f,(x) we deduce as in [7, p. 194] that f,(x)=m for every x € K. Since the
order of I(x*) is maximal, we therefore have L, ,(x*)L, ,(x)>0forxe Kand k € J.
Hence K=K? N K,, where

K{) = n {x ERY | Ln,k x*)Ln,k(x) > 0}’
keJ

and so the set K is both open and closed relative to K,. Consequently K=K, and
we deduce that K,<K?. Now if the order of I(x*) is strictly less than v, then at
least one of the points x,, of Lemma 1 lies in K, but not in K{. Thus x* must be
equal to one of the points x,, and from (2) it is easy to see that x*=x, ,,; which
completes the proof.

We may now prove

THEOREM 1. Let a and y be nonzero complex numbers. For fixed v (Z0) the degree
of best rational approximation E,[(ae*;p) to the function ae”™ on the disk A,
satisfies
@) 0 < 4; £ (n+22+1)!ply|)""E,(ae™;p) < 43 <0, n20.

Here and below constants A are independent of n and z and may change from
one inequality to another.

Proof. It suffices to prove the inequalities (7) for the case where a=y=1. To
obtain an upper bound on the degree of best rational approximation to e* we
consider the Padé rational functions R,,(z)=P,/(2)/Qx/(z). From the known
identity [6, p. 436]

(_ l)vzn+v+1

& 0u(2) ~Pure) = e — f =1ty dt,

it follows that

|€20ni(2) — Ppy(2)] S ep™ ¥+ Winl/(n+v)!(n+v+1)!,, zon A,
Since lim,, _, , Q,,,(z) =1 uniformly for z on A,, we deduce that for n sufficiently large
®) = Ru(2)| = A4:|€Qu(2)—Pu(2)| S Azp"/(n+2v+1)!,  zon A,

and hence E,(e?; p) < Ap™/(n+2v+ l)! for n=0.
To obtain the lower estimate indicated in (7) we consider the rational functions
Wo.(z) of respective types (n, v) of best Tchebycheff approximation to e* on A,.
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Since the poles of W,,(2) liein |z| > p we may write W, (z) = fn(2)/#4(z), Where f,(z)
is a polynomial of degree n and ¢,(2) is of the form

7@ = T 1A=hd) = 1+ 3 au,
where [A,| <1/pfori=1, ..., ». Note that |#,(z)| £2" for zon I',: |z| = p and hence
EZ(e%; p) = [max |e*— W,,(2)|; z on T, ]?
) 2 @r) [ o= Wl
2 @rp) 2 [ |t~ )Pl

Now set
Lo = 1n+0)1+ Y ay/(n+k—i)l.
i=1
Since the nth section of the Taylor development for e*¢,(z) about z=0 is the poly-

nomial of degree n of least squares approximation to e*s,(z) on I'), there follows
for n=v the inequalities

2
|dz|

o
Z &, 2t

o lk=1
v+1

(10) 2 2mpPtl Y |, %%
k=1

[ OB [

v+1 2
2 2ﬂp’”“(v+l)"(z |$¢.klpk) ;
k=1
the last inequality is a consequence of the Cauchy-Schwarz inequality. From (9)
and (10) we deduce that E,(e?; p) = Ap™fn(Xn1s Xnas - - -» Xny), BZv, Where X,
=Re a,;. Hence the desired lower bound follows from (6) and the theorem is
proved.

Theorem 1 implies that with each successive row of the L,, Walsh array for ae”
on A, the degree of approximation by the nth entry of the row is improved by a
factor of 1/n2.

Estimates on the degree of best approximation by rational functions of respective
types (v, n) follow immediately from Theorem 1 and the identity

(11) |ae™ —s,,(2)| = |a~te~ " —r,(2)|/|a~ e~ "r,(2)|,
where r,,,(z) =1/s,.(z). We obtain

COROLLARY 1. For fixed v the degree of best rational approximation E,(ae”*; p),
a#0, y#0, satisfies

(12)  0< 4y S @+2+DNply) "Evmlae™™; p) S 4y <, 120,
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We now state our main result.

THEOREM 2. Suppose r,,(z) is a sequence of rational functions of respective types
(n, v), v fixed, which satisfy

(13) [max |ae?*—r, (2)|; z on A,] = o(p™|y|"/(n+2v—2)!) asn— oo,

where a#0, y#0. Then for n sufficiently large each r,(z) has at least v—1 finite
poles and as n becomes infinite the finite poles of the r,,(z) approach infinity. Further-
more, the sequence r,,(z) converges to ae' uniformly on each bounded subset of the
plane.

Proof. It suffices to prove Theorem 2 for the case where a=y=1. If some sub-
sequence of the r,,(2), say ry,(z), possesses v—2 or fewer finite poles, then Theorem
1 implies that

[max |e*—ry,(2)|; z on A,] 2 Ap*[(k+2(v—2)+1)!,

which contradicts (13). Hence for n large enough each r,,(z) has at least v—1
finite poles.

Now write 7,,(2) =p.(2)/g.(z), where p,(z) is a polynomial of degree n and ¢,(2)
is the polynomial of the form g,(z) =] J!=1 (1 — a;z) whose zeros are the finite poles
of r,,(z). Note that since each o, is in modulus bounded by 1/p the g,(z) form a
normal family in the whole plane C. We shall show in fact that ¢,(z) — 1 uniformly
on each compact subset of C. Let g(z) be any limit function of the ¢,(z) and suppose
that g(z) is nonconstant in C. Since g(z) must be a polynomial there is at least one
point B, |B| = p, for which g(8)=0. Now choose = (> |B|) so that no zero of g(z) lies
on |z|=7. From the inequalities (8) and (13) it follows that

[Pan(2) — Ro(2)| S enp™/(n+2v—2)!, zon A,

where ¢, — 0 as n — c0. Hence

(14) Ipn(z) On(2)—P nv(z)qn(z)l S Aep™/(n+2v-2)!, zon A,

and since the function whose absolute value appears in (14) is a polynomial of
degree n+v the generalized Bernstein lemma [1, p. 77] implies that

(15) |pn(z) On(2) '"an(z)qn(z)l S Aep,m™/(n+2v—-2)!, lzl =T.

Suppose now that the subsequence g,(z) of the g,(z) converges to g(z) uniformly on
compact subsets of C and note that for k large enough we have |g,(z) Q)(2)| 27>0
for |z| = . Then from (15) there follows |r;,(z) — Ry (2)| < A&y 7™*/(k +2v—2)!, |z]| =,
and so from (8) (with p replaced by 7) and the triangle inequality we obtain

(16) |e2—re(2)| £ o ((k+2v—2)), lz] = =,

where o, — 0 as kK — 0. It is clear that for k sufficiently large each r,,(z) has at
least one pole in p < |z| < 7, say at the point 1/e. In [8, Lemma 1] it is shown that
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the presence of such poles 1/o; lying interior to |z| = does not help to improve
the degree of rational approximation on |z| =r. We briefly justify this fact.

Let M ,=o,7%/(k+2v—2)!, m(2)=q(2)/(1 —,z) and note that from (16) we
have |m(2)e*—pi(2)/(1 —oyz)| S AM,, |z|=7. The transformation w=T,(z)=
7(1 — o2)/oy (72— z/&;,) maps |z| = onto |w|=1 and hence

an ITi(@)md2)e* ~ Si(2)| < AM,,  |z| = 7,

where S,(z) = pi(2)/o (72 — z/&,). Since the function whose absolute value appears
in (17) is analytic in |z| < 7, the Maximum Principle implies that (17) also holds for
z=1/a, and so |S,(1/o)| < AM,. Hence

|T(2)m(2)e* — (Si(2) — Si(1/ex))| < 24M,, |lz| =,

from which it follows that |e*—s;_;,,-1(2)] S 41 My, |z|=7, where s;_;,,-1(2)
=(Si(2) — Si(1/))/ Ti(2)mi(2) is a rational function of type (k—1, v—1).

Clearly the above procedure may be repeated (at most v—1 additional times)
to obtain a sequence of rational functions #, _; ,_,(z) of respective types (k—1, v—1)
which have no poles on A, and which satisfy |e*—#,_; ,_1(2)| S AM,, z on A,.
But then E;_,,_.(¢%; 1)=o0(v*"1/(k+2v—2)!) as k—>oo which contradicts
Theorem 1. Hence g(z) must be constant in C and since g(0)=1 we have g(z)=1.
From the arbitrariness of g(z) as a limit function of the g,(z) it therefore follows
that g,(z) — 1 uniformly on each compact subset of C and so the finite poles of the
r.,(z) approach infinity.

Furthermore since ¢g,(z) -1 we can deduce inequality (16) for each = (>p)
and every sufficiently large integer k. Hence r,,(z) — e* uniformly on bounded
subsets of C which completes the proof.

From Theorems 1 and 2 we deduce

COROLLARY 2. For fixed v and n sufficiently large, each entry W,,(z) of the
(v+ )th row of the L, Walsh array for the function ae’®, a0, y+#0, on the disk A,
has precisely v finite poles. As n becomes infinite these poles approach infinity and the
W.(2) converge to ae’® uniformly on each bounded subset S of the plane. If S<A,,
p=<7<00, then for n sufficiently large we have

[max |ae”*— W,(2)|; z on S] £ A™/(n+2v+1)\.

We remark that in Theorem 2 the hypothesis concerning the degree of approxi-
mation cannot be weakened. For suppose that the points z,, n=1,2, ..., are
everywhere dense in |z| >p and choose constants B, (>0) so small that

|Buf(z—2z,)| £ p™(n+2v—2)), zon A,

Then the rational functions r,(z)=R,_;,,-1(z)+ B,/(z—z,), which for nZv are
of respective types (n, v), satisfy

[max |e*—r,(2)|; z on A,] £ Ap™/(n+2v—2)!,

and have every point of |z| >p as a limit point of poles. We thus state for reference
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THEOREM 3. For v=1 Theorem 2 is best possible in the sense that if in (13) we
replace o(p"|y|*/(n+2v—2)!) by O(p"|y|"/(n+2v—2)") then the conclusions of
Theorem 2 need not hold.

From Theorem 2 and the identity (11) it is easy to deduce the following analogue
of Theorem 2 for approximation by rational functions of types (v, n):

THEOREM 4. Suppose s,,(2) is a sequence of rational functions of respective types
(v, n), v fixed, which satisfy

[max |ae”*—s,,(2)|; z on A,] = o(p™|y|"/(n+2v—2)!) asn— o,

where a#0, y#0. Then for n sufficiently large, each s,,(z) has at least v—1 finite
zeros. As n becomes infinite the finite zeros and finite poles of the s,,(z) approach
infinity and the sequence s,,(z) converges to ae’® uniformly on every bounded subset
of the plane.

Consequently each column of the L, Walsh array for ae' on A, converges to ae”*
uniformly on every bounded subset of the plane.

3. Line integral norms. The results and methods of §2 have immediate
application to approximation in the sense of least pth powers on T',: |z| =p, i.e.,
where the norm is defined by

@l = ([ repla) ", p>o.

If f(z) is continuous on I', there exists for each type (n, v) a rational function
Wwy(z) of that type such that ES(f; p)=|f(2)—wa(2)], is @ minimum for all
rational functions of type (n, v). The doubly infinite table, whose entries are the
best approximating rational functions w,,(z), is called the L, Walsh array for f(2)
on I',. Concerning the degree of approximation of the rows of this array for the
exponential function we have

THEOREM 5. For fixed v the degree of best rational approximation E&)X(ae; p) to
the function ae’, a#0, y+#0, in the sense of least pth powers on T', satisfies

(18) 0< 4; £ (m+2v+1D))(p|y]) "ES(ae?; p) < Ay <0, nz0.

Proof. For convenience we assume that a=y=1. The upper bound in (18) is
immediate from Theorem 1 and the inequality E%)(e?; p) < (2wp)/PE,,(€%; p).

To obtain the lower bound we assume to the contrary that for some sequence of
positive integers k we have

(19) (k+2v+1)1p*E@(e%; p) >0 as k — oo.

Let wy,(2) be rational functions of respective types (k,v) of least pth power
approximation to e* on I',. Since

le*— R,y 41> = o(p*/(k+2v+1)!) as k— oo,
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we deduce from (19) and the modified triangle inequalities [1, p. 93] that
[Wir(2) = Riv+1(2) |5 = 0(p*/(k+2v+1)!) as k — oo.

Now choose polynomials m,(z) such that the zeros of m,(z) are the finite poles of
Wi(2) — Ry, . 1(z) and such that the m,(z) are uniformly bounded on each compact
subset of C. Since

Imd2)(Wiel(2) = Rie,y+ 1)) ]l» = 0(p*[(k+2v+1)1)  as k— o,

it follows by using the analogue [1, p. 92] of the Bernstein lemma that there is a
subsequence wy,,,(z) and a 7 (> p) such that

[max |e*—wy, (2)|; z on T';] = o(+*/(k;+2v+1)!) as k; — co.

Since the last inequality leads to a contradiction of Theorem 1 the proof is complete.
We remark that if p=2, then the lower estimate in (18) is immediate from the
proof of Theorem 1 and from the fact that || f|,= M| f| s, where M is a constant
dependent on p and p.
The methods used to prove Theorem 2 also yield

THEOREM 6. Theorem 2 remains valid if condition (13) is replaced by the
hypothesis

lae™—ra(2)l, = o(p™l¥[*/(n+2v—2)}) asn— co.

Consequently every row of the L, Walsh array for ae" on T', converges uniformly
to ae on each bounded subset of the plane.

The proof of Theorem 2 depends on the fact that with each successive row of the
Walsh array for the exponential function the degree of approximation is significantly
improved. It thus seems likely that the methods of this paper can be used to deduce
the convergence of the rows of other Walsh arrays which have this same property.
These further applications shall be reserved for a later occasion.
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