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Abstract. Let P",,5.,.(z) be the associated Legendre function of order m and
degree —1/2+ix. We give, here, two integral transforms G™ and H™, arising naturally
from the generalized Mehler transform, which is induced by P™ ;3 +;.(cosh y), such that
H™G™=1dentity (formally). We show that if 1 <p<ow, —1/p<«<1-1/p,m=1/2 or
m=1,2,...,then |G"f|lp.a < A% | fls.c and | H"f||p.« < AZo]|f]l.a» Where “~** denotes
the Fourier cosine transform. We also prove that G™f, H™f exist as limits in L?* of
partial integrals, and we prove inequalities equivalent to the above pair: |G™f],.q
S A7) fl».« and "Hmﬂlp,aéAzl.a I.f15,a- These we dualize to [(H™f)"|,a < AF.allfl5.a
and [(G"f)"|p,e = Apal flIp.c-

G™ and H™ are given by G™(f; y)=j';° f(X)K™(x,y)dx and H™(f; x)
=[5 f(PIK™(x, y) dy (0=y <), where

K™(x, y) = |I'(1/2—m—ix)[T'(—ix)|(sinh y)*/2PZ 4,5 +1<(cosh ).

The principal method of proving the inequalities involves getting asymptotic expan-
sions for K™(x, y); these are in terms of sines and cosines for large y, and in terms of
Bessel functions for y small. Then we can use Fourier and Hankel multiplier theorems.

The main consequences of our results are the typical ones for transplantation

theorems: mean convergence and multiplier theorems. They can easily be restated in
terms of the more usual Mehler transform pair

gy) = j: SX)P_ 112 +12(y) dx

and

F(¥) = m=1x sinh mx-T(1/2— m+ix) T(1/2— m—ix) f: P 12+1x(») dy.

1. Introduction. Let P™,;;,,.(2) be the Legendre function of real order m and
degree —3+ix given by the formula [5, p. 122, 3.2(3)]

1 +1
PTpii(2) = T( (z

l——"'l) le)mle(%—lx, %+lx; l—m; %—%Z)

form#1,2,..., and by [5, p. 148, 3.6(1)]
TE—m+ix)ym! P™5.1.(2) = 27" TG +m+ix)(22—1)™2
FG+m+ix, 3+m—ix; 1+m; 3—12),
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ifm=1, 2, ...; Fis the classical hypergeometric function. Then P™,, ,;,(2) satisfies
the second order differential equation [5, p. 121, 3.2(1)]

d{o-m Zuo}-{x+ - o} o =0

Replacement of z by cosh y, for x and y real, gives the conical functions, introduced
by Mehler. They arise in the course of solving Laplace’s equation in a hyperboloid
of two sheets. For certain values of m they occur in a probabilistic connection, as
spherical functions on some noncompact hyperbolic spaces.
From the differential equation satisfied by (sinh y)*2P™, ,,,.(cosh y)=v(p),
2
v”+{x2+ ﬁ'g—y}v =0,

and the definition of P™ ;5 ,.(2), it is easy to show that

(1.1) (sinh y)*2PY2, ... (cosh y) = (2/m) 2 cos xy
and
(1.2) (sinh y)2P-}2, .. (cosh y) = (2/=) 2 sin xy.

Rewriting the differential equation for (sinh y)2P™,, .. (cosh y) as

— 2

vV+x% = — %} v
and treating it as a nonhomogeneous second order differential equation leads us to
seek trigonometric expansions for (sinh y)2P™; .. (cosh y). We will, in fact,
find functions k,,(x) so that k,(x)(sinh y)“2P™ ;.. (cosh y) behaves roughly like
constant (i.e., independent of x) linear combinations of sin xy and cos xy (or
J_m(xy), with J_,, a Bessel function). The asymptotic behavior of the error terms,
as well as that of their partial derivatives, can be determined; they can be differ-
entiated termwise.

The functions k,(x)(sinh y)Y2P™,, ,.(cosh y) form the kernels of two integral
transforms. From the asymptotic expansions it will follow that the mapping from
the cosine transform of a given function to either of these two integral transforms
of the same function is, in some sense, bounded.

Let us be more specific; for f a Lebesgue measurable function on [0, o), we
formally define

(1.3) g(y) = f: SOOP™ 3 201(7) dx.

With certain conditions of f, principally on its behavior near 0 and oo, it can be
recovered from g by means of the formula [15, p. 2C(3)]

(1.4) f(%) = =~ 1x sinh mxDG—m+ix)[ G —m—ix) fo ® ()P 124 ix(y) dy.
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Rosenthal [19] has shown that this is the right inversion formula and has given
conditions for its validity. This integral transform pair occurs in solving certain
boundary value problems arising from conductivity questions. In order to rewrite
(1.3) and (1.4) so that the cosine and sine transforms arise when m= + 1, let

(1.5) kn(x) = [TG—m—ix)[T(—ix)|;

using an identity for the I-function [5, p. 3,1.2(5)] one gets
m~x sinh mxI'(3 —m+ix)['(F —m—ix) = k2(x).

Also, define

(1.6) K™(x, y) = ku(x)(sinh y)2P™ 5 .. (cosh y).

Then K'2(x, y)=(2/m)'% cos xy and K ~Y%(x, y)=(2/m)!? sin xy. We rewrite (1.3)
and (1.4) as
g(cosh y)(sinh y)}/2 = ° S K™(x, y) dx,
o kn(x)

and

kf,fg) - f: g(cosh y)(sinh y)2K™(x, y) dy.

Replacing f(x)/k.(x) by F(x), and g(cosh y)(sinh y)*2 by G(y) leads us to define
two integral operators:

1.7 G™(F; y) = f " FoK™(x,y) dx,  FeL'[0, o),
and
(1.8) H™G;y) = f " GUK™(x, ) dy, G e L0, ).

With m=% or m= —1, these operators become the cosine or sine transform. We
will postpone treatment of the existence of G™ and H™ for arbitrary m until we have
some estimates for K™(x, y).

Formally, at least, G™ and H™ are inverses of each other. Hence, it is natural to
raise the mean convergence question: in what (Lebesgue integral) norms do the
partial integrals for H™ (G™(F)) converge to F? For the Fourier transform, mean
convergence results follow from the boundedness of the Hilbert transform
f— j f(x)/(x—y) dx on the real line (or an any subinterval). The boundedness of
this latter operator is a well-known result of M. Riesz [17] for L? (1 <p <),
extended to L”*(1<p<oo, —1/p<a<1—1/p), by Hardy and Littlewood [11].
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Mean convergence results are also known for series expansions of a function by
means of classical orthogonal polynomials. Pollard [16] investigated the problem
for Legendre series and obtained positive results for L? with 4/3 <p <4. Hirschman
[12] used Jacobi expansions to get a projection theorein; his result can be viewed
as a mean convergence theorem for Jacobi coefficients. Also in the area of mean
convergence theorems is a result of Wing [22] dealing with partial Hankel integrals,
operating on L? with 1 <p=2.

Transplantation theorems are somewhat stronger results than mean convergence
theorems. Very roughly, they amount to comparing | TF| and |T'F||, where T and
T’ are given operators. Important applications arise when, for example, mean
convergence results are known for one operator, giving analogous results for the
second operator in the transplantation pair. D. L. Guy [10] found a theorem on
transplanting between integral transforms induced by the kernels (xy)*/2/J,(xy) for
az—% on L»*(1<p<oo, l/Jp<a<l—1/p). Askey and Wainger [3] obtained
transplantation theorems arising from consideration of certain ultraspherical
series. They also showed [2] that one can transplant between two sets of ultra-
spherical coefficients of a given function provided the parameter is, in each case,
greater than zero. Askey [1] obtained a similar result for Jacobi coefficients pro-
vided all parameters are at least —4. Our principal transplantation results will be:
Ifm=form=1,2,...;ifl<p<oand —1/p<a<1—1/p, then

IIA

fo G™(F; y)|Py dy < A2, f [E(y)[Pye dy

and

fo |H™F; y)|Py ™ dy < AZ’.af |E(y)|2y e dy,

V]
where A" , is independent of F and F stands for the Fourier cosine transform of F.
The significance of transplantation theorems is that they enable us to lift results
known for one operator to another. A typical example of this procedure is the way
in which a Fourier multiplier theorem is used to obtain multiplier theorems for
other operators.

We state the definition of L?>*[0, c0):
DEerINITION. For 1=<p<oo, fe LP %[0, o) if fis measurable and

1£15.e = L If(x)lpx“p dx < .

In this paper, we will take 1 <p <oo. It is easy to see here that L?** is a Banach
space with dual L*~* where 1/p+1/g=1. If —1/p<a<1—1/p, we also have
—1jg< —a<l-1/q.

We will be using the Fourier multiplier theorem in the following form:
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THEOREM 1. Let |p(2)| 2 C, [ |dp(t)|SC, 1<p<oand —1/p<a<1—1/p. Then
there is a constant A, depending only on p and «, such that, for g, § € L*[0,00),

S AC|glp.e

p,x

[ cos tr 9080

and

“ f sintyqo(y)g(y)dy{] < AC| gl
P,

REMARK. Theorem 1 remains true if () is replaced by a bounded function of ¢
multiplied by ¢(y) or by sums of such terms. (4C would obviously be replaced by
some other constant.)

We will also use the following form of Guy’s lemma [10, 8C]:

THEOREM 2. If p=—3%,1<p<oo and —1/p<a<1—1/p, there is a constant
A%, such that, for g € L*[0, 00),

The fact that a mapping f— Tf majorized by [; M|f(p)|dy+ [T (M/»)|f(¥)|dy
is a bounded operator of L?**[0, o0) into LP+%[0, 1] will be used frequently. We will
also use the boundedness (on LP*[0, c0) into itself) of operators majorized by
{3 M|f(»)|/(x+y) dy. In both situations, 1 <p<oo and —1/p<a<1—1/p. These
facts will be needed to deal with some error terms.

Our results will hold when the parameter m=% or m=1, 2, . ... To simplify the
problem a bit, we use the fact [5, p. 140, 3.3(7)] that, for m=1,2,.. .,

u
S A5,
P,

fo ) &) 2I,(ty)g (y) dy f: cos ty g(y) dy

D0

I'G+m+ix)

Py 1ix(2) = m}’?ﬁmu@)-

The quotient is a polynomial of degree 2m and, by induction on m, it equals
(=D"G+x?)- - -([(2™— 1)/2]2 + x?), which has constant sign (— 1)™. From (1.5)

kn(x) T(3+m+ix)

K"'(xa.})) = k_,,.(x) F(%—m-——ix) K—m(x’ y)
_(TG+m+ix) [|TG+m+ix)\ pom
- {I‘(%—m+ix)/| TG —m+ix) }K (x,)
so that
(1.9) K™(x,y) = (—1)"K-™(x, y) form =1,2,....

2. Asymptotic expansions.
2.1. To get our transplantation results, we will need some asymptotic expansions
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for K™(x, y). We begin with the region where x>1 and y>1. From [5, p. 128,
3.2(26)], we have

Py, +£x(c°5h y)
_ I'(—ix) _ l 1 . —1
1/2 ix . .
=G )1,2 (sinh ) {F(%—m—ix) v. F( m, 5—m; 1+’x’e2y_1)
.L"‘)m(_ L i S 1
TTa-m+m € T\atmam ] ’x’e‘«’—v-_l)}’

this has the form w+ w. Hence, combined with (1.5) and (1.6), it gives

K™(x,y) = (;)1/2 Re {[I‘(F(:nii)zx) F(;S”ii)"x)“

1 -1
ce-tvE(= ——m: ive —— ) L.
e F(2+m,2 m,1+1x,e2y 1)}

(2.1.1)

For the quotient we write

I'(—ix) /‘ I'(—ix)
I'G-m—ix)/ |T'G—m—ix)

(2.1.2) (i)

= exp [1 arg m] = exp [1 Im log o zx)lx)]

Now using Barnes’ expansion for log (z+a) and fixed n [5, p. 48, 1.18(12)] twice
and subtracting, we have

where B, is the nth degree Bernoulli polynomial and Hy(x)=0(x"¥"1). Also from
Barnes’ expansion,

t(z) = log l"(%+ ) (l+a—-l-) logl+—— log 27
_B@ _  _(=D""'B..4(@) . n+1
T2 27 n(n+1) = 0"

for |arg z| <, and for real a, 1(z) is analytic off the real axis. For imaginary z#0,
let y, be the circle of radius |z|/2 centered at z. Then by Cauchy’s formula for ¢'(z),
applied to y,, we obtain [t'(z)| = O(|z|"), z~0, z imaginary. Replacing z by 1/—ix
for x real therefore gives Hy(x)=0(x""~2), x~o0.
Let N=1 in the preceding formula. Then [5, p. 36, 1.13(3)] By(0)— By(3—m)
= —m?+14 so that
1

l°g‘r(r(—)x) = —(3—m) 1og(—ix)—('”2+*) —+H(%)
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and from (2.1.2) and the Taylor expansion for the exponential function

I'(—ix) I'(—ix)
2.1.3) T@E-m—ix)/ |[TG—m—ix)

= exp [—i(2m— )a/4){1 —(m?—1)/2ix + R(x)}

where R(x)=0(x"%), R'(x)=0(x"3).
To obtain the needed expansion for the hypergeometric term, we make use of the
fact that it is analytic in x and in y. Let

2.1.9) iw,2) = F(%+m,%—m; 1+iz; ez;__l 1)—1—(%:1’-’:—)1%._1'”) (e2;_1 l).

Then { is analytic in {(w, z) : Re w>0, Re z>0}. First fix y=1 and let x=>1. Let
v be a circle centered at x of radius 4. By analyticity

d 1 iy, 2)
o i, x = i v z—x)? dz

so that

a
g <
‘3x 62 x)l = 2 sup |43, 2)l;
where Q, =closed disc of radius 4 about x. Similarly, we find that
l_a i, x)l = 2 sup [{(w, x)|.
3)’ wetdy

Thus once we can estimate ||, we will also have bounds for the first partial deriva-
tives of {.
Now

_ S G+miG—m) [ —1 \* 1/2
{w,z) = kZz A+i0) k] (e“"’—l) on Re w = log 212,

It is easy to see that
G+m)(E—m), = G+m)(3/2+m)(5/24+m),._o(3 —m)(3/2—m)(5/2—m),,_,
= An(5/2+m)y_o(5/2—m)y_,
and that
(A +iz), = 1 +i2)2+i2)(3+iz)y—_o;

zeQ,(x21) implies |14+iz|ZRez2=x/2,|2+iz|Zx/2 and, for n22, |n+iz|
2n—Im z=n—4. Hence, for z€ Q,,

|(1+iz)| Z 3x3(5/2)-s-
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We also know that if we Q,, y=1, then
|e2w_ ll g e2(u—1/2)_1 ; 82!’/5-

Consequently, x=1, y=1, (w, z) € Q, x Q, implies

: ' < (5/2 W(5/2—=m)i o _opni
|, Z)l = ile(;elzy)z kZo( : +(rgl/)2§k]/c! 4 (5e™2)

Cn <= (524+m)(5/2—m), (5\* _ Cp
e 2 e () =

e2

We conclude that
(2.1.5) U, %), 2 U, %), 2 U3, ) = O(x~%*)
Al d b £l ay bl bl ax bl .

Combining (2.1.3), (2.1.4) and (2.1.5) with (2.1.1) gives

K™(x, y) = 2/=)' cos (xy+[2m—1]n/4)

—(2/m)/2 %;i coth y sin (xy + [2m—1]=/4)

+cos (xy+[2m—1}m/4) Ry(x, y) +sin (xy + [2m — 1]7/4)Ro(x, y)
+cos (xy+ [2m— 117/4) Dy(x, y) +sin (xy + [2m — 1]=/4) Do(x, y)

(2.1.6)

where Ry(x, y)=S{x)+T(x)/(e? —1) with
Sl(x)9 Tj(x) = O(x_2)9 S;(X), T;(X) = O(x—S)’
and
i o o
Df(x’ y)’ 5 Dj(x’ y)’ a_x -Dj(xa y) = O(x %e 4]’)’

forx=1,y=1.
2.2. To obtain an expansion for the region x<1, y=1, we again make use of
[5, p. 128, 3.2(26)], so that we now consider

I'(—ix) /‘F(l"(—ix)

I'G—m—ix) —m—ix)
for small x. For the moment, assume m#1%, 3, .... With this restriction on m,
I'(—ix) I'(1—ix)

i
log Fg—m—ig) ~ 98zt 8 T —mm—im)

and log I'(1 — ix)/T'(3 —m—ix) is analytic for x close to zero. These facts yield the
expansion

log F(?P(;%nl—?l_x) = logi.—log IG—m)+g.(x),
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where g;(x)= 0(x), g1(x)=O(1). Making use of (2.1.2) shows that, form#1%, 3, ...,

['(—ix) I'(—ix)
@.2.1) F(%_m_,-x)/ \ e S—

where g(x)=0(x) and g'(x)=0(1); the “ + > sign depends on sgn I'(} —m).

Note that if we let m=k+4% for k=0,1,2,..., and call the corresponding
quotient, (I'(— ix)/T(3 —m—ix))/|T(— ix),/T(} —m—ix)|, pi(x), then py 4 1(x)= py(x)
-(k—1—ix)/|k—1—ix|. Since po(x)=1, we obtain, for m=14, 3, ...,

I'(—ix)
P(%—m—ix)/ IF(% m— zx)

where g(x)=0(x), g'(x)=0(1).
We write the relevant hypergeometric term as

(2.2.2) = 1+g(x)

F(%+m,§—m; 14ix; e’;_—ll) = 1+s(x, p),

and from the series for F, we have |s(x, y)| < Ae~2¥ (4=absolute constant). The
analyticity of Fin x for |x| <1 shows, by Cauchy’s formula, that for small x,

|0s(x, y)/ox| £ Ae~2v.

(We use Cauchy’s formula for the derivative on a fixed circle of, say radius 1 —36
(some 6> 0) about the origin.) The function s(x, y) is also analytic on Re y>0 and
by the same methods we used for { as defined in (2.1.4)

|0s(x, y)[oy| = Ae=2.

Now according to [5, p. 128, 3.2(26)], we combine (2.2.1) with these facts on the
hypergeometric function so that

K™(x,y) = +(2/m) 2 sin xy+cos xy h,(x)+sin xy hy(x)

(2.2.3) .
+cos xy s1(x, ¥)+sin xy so(x, y)

for m#4, 3, ..., where hy(x)=0(x), hj(x)=0(1) and
s/(x, y), 0s{(x, y)|ox, 0s{(x, y)[0y = O(e~*) forx =1,y 2 1.

When m=1, 3, ..., one gets by (2.2.2)

K™(x, y) = (2/m)'2 cos xy+cos xp hy(x)+sin xy hy(x)

(2.2.9) .
+cos xy s,(x, ¥)+sin xy so(x, ),

where A, 5, have the same properties as in (2.2.3), for x<1, y=1.
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2.3. We will now do the expansion of K™(x, y) for x<1, y<1. We exclude the
casem=1, 2, ....(Recall that by (1.9), this restriction involves no loss of generality.)
Then by [5, p. 122, 3.2(3)],

1 (cosh y+1)"
I'(1 —m) (sinh y)™-12

FG—ix, 3+ ix; 1—m; 3—% cosh y).

(sinh y)*2 Py 4 ix(cosh y) =
2.3.1)

Setting the hypergeometric function equal to 1+4#(x, y) and using the power
series shows that |¢(x, y)| < Ay2. Also, the formula for differentiating a hyper-
geometric series (with respect to its last argument) is well known; applying it yields
|ot(x, y)/oy| < Ay. Moreover, t(x, y) is an entire function of x; by Cauchy’s
formula we therefore conclude that |ot(x, y)/ox| < Ay2.

Now k,(x)=exp Re log (3 —m—ix)/T(—ix) from (1.5). If m#1,3,..., we
have, by power series,

(2.3.2) kn(x) = x-|[TG—m)|{1+r(x)}

with r(x) = 0(x?), r'(x)=0(x).
Form=%4,3,...,let m=n+% and o,(x) =kn(x). Then o, , ;(x) =0,(x)/[n+ 1+ ix]|.
We have oy(x)=1 so that if m=4, 3, ...,

(2.3.3) k(%) = 1/(m—3)1+r:(%)

where ry(x)=0(x), ri(x)=0(1).
Combining our information on the hypergeometric term with (2.3.1), letting

H5,2) = R s (59), 5() = [T@=m)lxr(3)

leads to

|[T’'3—m)| (cosh y+1)* X
I'(1—m) (sinh y)m-1/2

o D iy @) 55 )

Km(x’ y) =

(2.3.4)

+|TG—m)|xti(x, y) +

for m#4,3,..., where #(x, y), 9t:(x, y)[ox=0(y*2"™), ot:(x, y)/0y=0(y**~™)
s(x)=0(x®) and s'(x)=0(x?), for x<1,y=1.
If, on the other hand, m=14, 3, ... then (2.3.1) gives rise to the formula

i ~ 1 (cosh y+1)"
K™% ) = Ta—mym—13)1 (sinh )™

+ (m——l-}T t(x, y)+ Ta l_m) ((:lzs;l };v):_ll): 51(x) +ri(x)ty(x, y)

(2.3.5)
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where #,(x, ¥) has the same properties as in (2.3.4) and r,(x)=0(x), ri(x)=0(1),
forx=1,y=1.

2.4. To develop the kind of expansion we will need for the region x=1, y<1
requires more work than was required to get expansions for the previous regions.
We will use an integral representation for the Legendre function, comparing it to a
similar representation for the Bessel function. Both representations are valid only
if m<% and so from here on, we will be making this restriction. To obtain bounds
for the remainder that occurs in the expansion for P™, . .(cosh y), we have
adapted methods developed by G. Szegd and appearing in [20] and [21].

According to [5, p. 156, 3.7(8)]

P™ 110 rix(cosh y) = (Gm) 71 (sinh y)™ f ’ (cosh y—cosh v) =™~ 12 cos xv dv
-1/2+ix F(%—m) 0

which we write as

PZy341x(cosh y)

(2.4.1(1) oMy -1/2 o [ 0 » cosh 5y 2ge g
- P(%—m_) (sinh y) J._v( cosh y—2 cosh v) o .

The expression to which we will compare this is [6, p. 81, 7.12(7)]
1

(2.4.1(2)) L(u+4)Ju(2) = ﬂ‘””(%Z)“f (1 -2 -2 dt,
-1

which is valid for p> —13.
Our aim is to expand

2 cosh y—2 cosh v\ ~™~1/2
y2_v2

in a series of powers of (p%2—0v?), which gives an expansion of

(2 cosh y—2 cosh v) "™~/2 in powers of (y2—v?). A change of variables will then

allow us to compare (2.4.1(1)) with the kind of representation we have in (2.4.1(2)).
Let r=y2—v? and set

2 cosh y—2coshv
y2_v2

l‘(y,‘r)= s T #0,
_sinhy r=0
y bl bl

for y and v complex variables. Since the hyperbolic cosine is an even function, r is
entire in y and 7. Its only zeroes occur where either v—y or y is a nonzero multiple
of 2mi. Hence if |y| <, then r(y, 7)=0 implies v=y+ 2nmi, for some nonzero
integer n, and so v?’=y%+4nmi—4n?z? or Re r=4n?n?=4x> It follows that
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r(y, 7)#0 whenever |y| <= and || < 7#?/2. Within this region r(y, 7) has analytic
powers so for such points

m-1/2 X
(2.4103) = () S e
wkere
. inh m+1/2 2 -m-1/2
QA 2mip() = (ST T

we also have po(y)=1.
From here on, we take —7<y=<w. Then if ve[—y, y], we have

0= 7=y>2-0® s
hence the series in (2.4.1(3)) converges uniformly on
{riv=0*-v)"e[-yy]
We obtain the representation
JW (2 cosh y—2 cosh v) =™~ 12¢i* gy
-y _ (smh y) -m=1/2 i (%) Jw (2 g)s-m-i3gien g,
k=0 -y

A change of variables gives
Jw (y2_v2)k-m—1/2elxv dD — y2k—2m fl (1 _tZ)k—m—1/2eixllt dt
-y -1
= w226~k —m+3)(y [x)* =" m(x¥),
by (2.4.1(2)) since k—m> — 3. Thus, in consequence of (2.4.1(1)), the formula
PZy)241x(cosh y)

(2.4.1(5) _ ( y
sinh y

) e > 2 KD 6, 5)(2) e o)

valid for | y| £, arises. Moreover, if we let the error in this expansion after p terms
be R,(x, y)=R,, then

2m -1/2

R, (sinh y)™
(2.4.1(6)) ~ TG-m) (

s1nh ) m-1/2

. z ou(») Jw (p2—v?)E~m=12ghx0 gy,
-V

k=p
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We also want to differentiate this formula with respect to x. (We will later
differentiate a shorter expansion with respect to y.) Clearly,

Y
f (2 cosh y—2 cosh v)~™~12¢txv gy
-y
is differentiable in x, and
a v
- f (@ cosh y—2 cosh p)~™-1i2¢t=v gy
-y

v
= f (2 cosh y—2 cosh v) =™~ 12jpe!* dp
-y
1 -m-1/2 X ]
= (BT S wo) [ - oronies o
k=0 -V

sinh m-1/2 2 "
=(52) T 2 0 gy [, e o

by parts. With the same change of variables just used, and an application of
(2.4.1(2)), this expression becomes

(sinh y

-m-1/2 X
22 S o) T = m ) Y (0 s )

Hence, for |y| <, we get by (2.4.1(1)),
a m
I Py 5 44x(cosh y)

(smh y) x 2 W ?k(y)(i)k.fk +1-m(xY)-

Letting the error after p terms of this expression be denoted by R,(x, y)=R,, we
have

(2.4.1(7))

s Mgz sinh y\ ~m~1/2
R, = ==/ (sinh y)"
(2.4.1(8)) G—m) ( )

X ]
. Z ody) J‘ & 2_ v2)k -m=12jpetxv gy
k=p -y

2.4.2. To consider the accuracy of our expansions, we need to estimate |@,(»)|;
we use (2.4.1(4)). We recall that r is entire, thus continuous in (y, 7) and that if
|y| £7 and |7| £7/272 then r(y, 7)#0. It follows that there is a constant, M, such
that, for y and = as indicated,

] m+1/2
(m) r(y, r)"m" Y2 < M.

(2.4.2(1)) 5 <
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Therefore by (2.4.1(4)),
(2.4.2(2) lpu(¥)| = M(3%)*

for —n<y=<=.
Now let 0 <y <; the error terms for —m <y <0 will obviously be of the same
order of growth. We wish to bound R, and R,; to this end, let

(2.4.2(3)) S, = Z o) f v (p2—pR)e-m-12gixv g
k=p -y

and

(2.4.2(4)) 5= o) j’” i0(p? = Ry -m =112t gy
k=p -y

Note that R,=0(y™S, and R,=0(y™S,. Two cases arise: xy<1 and xy=1.
First take xy<1 and let p=1. Then p—m—%>4—m>0 so that

|Sp| é 2M Z (3"2)—ky2k-2m = 0(y2,,_2m)'

k=p

Moreover, integration by parts shows that we can write

x ¢4
§p == Z e(y) Xk—_lxm J..,, (p2—v2yk+1-m-1izgtxv gy

k=p
Since p—m+32p21,

I§p| S Mx kz (3m?)~ky2k+2-3m — O(xp2P+2-2m),
=r

Therefore, if xy<1,

(2.4.2(5) Ry(x,y) = 0(y**~™)
and
(2.4.2(6)) OR,(x, y)[ox = R,,(x, y) = O(xy?r+2-m),

Finding bounds when xy =1 is a bit harder; however a device due to Szegé [20]
is very helpful. It consists of repeatedly integrating by parts, noting that
3n

n
560_" (y2_02)k—m-1/2 = 517‘ {(y_v)k-m—1/2(y+v)k-m—1/2}

_ < (r 2 k-m-v2 0"’ k—m—1/2
= jzo (j) w(y_v) o7 (y+v) s
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which gives rise to the sequence of estimates

20)

(k—m—3) Z ('})(y_v)k-—m-1/2—j(y+v)k—m—112—(n—j)

j=0

-t § (G G

i=0

= (k—m—-%)"(yz,—02)"""'1’2"‘2");"

and consequently, for k—m—4—n=0and —y<v=<y,

of
_a_vj(y_v)k—m—llz

on-7
avn-l

IIA

aa_l:n(y2_v2)k—m—112 (y+v)k—m—1/2

IIA

@420) | 2 (routponoin| s Clyk—m—dyyseomm-ion

Now let /=0, 1, ... be chosenso that /S —m+34</+1. Put n=p+1/in (2.4.2(7)) to
get

- < VPt e avk-m—vz €
[Sp+1] = k=§+1 ?(») J‘.,, 271 (2 =07) de
§ C'(p)x—p—l i (k_m__.})p+ly2k-2m-(p+l)’
k=p+1
by (2.4.2(2)),

= C'(p)x~?-ly-p-i-2m Z (k—m—13)r+iy2e

k=p+1
é C,,(p)x_p_xyp—l—zm+2
for y~0. Now /+m+3>0 and y~'<x so that y U+m+lUDgxl+m+1i2 or
y-i-m< xt+m+12)112 Jeading to
|Sp41] < C(p)xm+iiz-ry —misizes,

Moreover, the leading term of the series for S, can be evaluated in terms of Bessel
functions by (2.4.1(2)) giving

v
w0 [ r=vpnimes do = 6,(NCE(E) Tp-nr)
-y
and by well-known estimates on J,(¢) for z~ o0, the leading term is bounded in
absolute value by
(2.4.2(8)) C(p)xm— 1/2 —Py -m-1/2 +P.

Combining this with the estimate for S, ., shows that S,=O0(x™*/2-?y —m=1/2+7)
Replacement of p by p+1 in this gives S,,,=0(x™"!2-?y ~m*+112+7) which when
used in conjunction with (2.4.2(8)) leads to S,=O(x™~12-?y ~m-12+?) gnd so

(2.4.209) R, = O(xm~12-py -1i2+7), xyzl,y~0.
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To estimate S,, first note that for k—m—34=n, by (2.4.2(7)), we have for
—ysvsy
n-1

aa 1(y2_v2)k—m—1/2
[V

IIA

an
6_vnv(y2_02)k—m—1/2 +n

o —m—
l va_vn(yz_vz)k 1/2

s Cm(k—m—Lyry=e-2m-m,
Thus, with n=p+1, we obtain, by the same procedure as before, for y~0,
|§p+1| < C’/(p)x—p—lyp—l—2m+3 < C//(p)xm+ll2—py—m+7/2+p

by choice of /. Consideration of the leading term of S, yields, by a similar sequence
of steps as for S, S, =OQ(x™~1/2-Py -m+1/2+P) ap(

(2.4.2(10)) R, = o(xm-12-pyliz+p) xyz1l,y~0.
2.4.3. We note an expansion for k,(x)=exp Re log (I'} —m—ix)/T'(—ix)), for
xZ1. We use [5, p. 48, 1.18(12)]; the differentiation property of this expansion

follows in the same way as for the quotient of I'-functions we looked at on the
region x=1, y=1. We thus obtain

1og£§l{—i%"’9 =@G-m) 1og(—ix)+%€ﬂ+ll(x)

with
L(x) = O(x~2), l[i(x) = O(x~°).

The Bernoulli polynomials have real coefficients; therefore taking the real part and
exponentiating gives

(2.4.3) kn(x) = xY2-™1 4+ k(x)}

where k,,(x)=0(x"2) and k,(x)=0(x"?).
We can now put the pieces together and expand K™(x, y). Using only two terms
of (2.4.1(5)) we obtain

(sinh y)Y2PT 5 4 1.(cosh y)

(2.4.9)

= yYEX" (X)) + 2 —m)pi(y) y 32X L n(x) + En(x, ¥),
where
(2.4.5) En(x,y) = 0(y°2~™), xy =13

= 0(x""%%%),  xyzI,

by (2.4.2(5)) and (2.4.2(9)).
Multiplying k,(x) and (sinh y)2P_,, ,;.(cosh y), using these last two formulas
and (2.4.5) gives

(2.4.6) K"™(x,y) = (p)' _u(xy) +2(3 —m)ep:(y)y*2x = 2T, _p(xy) + Fu(x, »)
and F,(x, y) is a sum of four terms, each of which we will examine. To do this, we
use the estimates for the Bessel function: J,(¢)=O0(t*), t~0; J,(¢)=0(t ~ ), t~ 0.
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Note also that ¢,(y)=0(1). We tabulate below estimates for the terms adding up
to Fp:

o(....)
Term xy =1 xyzl
x12=mE (x, y) xl/2-my9/2-m x~2p?
(xy)”zk,,,(x)J_,,.(xy) x-a/z-mynz—m x-2
2G—mpy(»)y*%x 2k (X)J1 - m(xy) x~32-mysi2=m x~%
x”z""fc,,.(x)Em(x, y) x-3/2—my912—m x'4y2

Each of these terms, excepting the second, is of smaller magnitude in x, and no
larger in y than the second term in (2.4.6). Consequently, F,, can be written as

O(x-m—alzy-m+5/2)’ xy § 1;

Q47) Ful3) = () -n9) +H{ iz i

The next problem is that of estimating dF,(x, y)/éx. Evidently
2 K™(x, ) = (—m)x~ 371 + En()}(sinh y)M3P" 5 . ncosh y)
+x12 =k (x)(sinh p)Y/2P™ )3 41x(cosh y)

+ X124 k(X)) % (sinh y)Y2P2, 5, yi(cosh ).

If we now substitute from (2.4.4) and (2.4.5) and use (2.4.1(7)) with two terms plus
remainder (using (2.4.2(6)) and (2.4.2(10)), this expression can be written as

o K73, ) = (b= m)x= 3y ] (xy) —xi2y 93], _,(xy)
20~ (Y Yox~ By Yy () xRy, o (xy)}
e (YY)}

O(x—m—512y—m+5/2), xy § 1’
{O(x'*ya), xpz L

Differentiation of the first two terms of (2.4.6),‘using [6, p. 11, 7.2.8(51)], and
comparison with this expression, shows

o Fal, ) = e (9T 7))

O(x~m-512) ~m+512) xy <1,
{O(x'zys), xyz L

(2.4.8)
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Finally, we come to differentiation with respect to y. For our purpose, we only
need to use one term plus remainder for K™. Using (2.4.6) and (2.4.7) we get

(249 K™(x, ) = (1 +kn(x))(xp) 2T _n(xp) + Wa(x, )
with
Wa(x, y) = O(x~m*12p—m*si2)  xy < 1,
= 0(x~1y), xy z 1.
Next, we differentiate X™(x, y), making use of the recurrence relation [5, p. 161,
3.8(9)] to arrive at
2 Kn(x,9) = (—m) coth y K"(x, ) — {(m—$P+3% 120 gm-1(x, ),
oy kp -1(x)
Noting that &k, (x)/ky, - 1(x)={({m—31)%+ x2} /2, we write this as

(2.4.10) 5% (%, ¥) = (—m) coth y K™(x, y)—((m—3)*+ x)2K™~(x, y).

Moreover, since
5, COVIRT_nxp) = (b =m0y ~H30_(xp) =299V, _p),
termwise diﬁ’erentia;tion of (2.4.9) yields
55 K"00.9) = G=m) L+ kn()x% = _y(xy)
— (4 FnIX Y 2, (3) + 5 W, )
Substitution of (2.4.9), with m and with m—1, into (2.4.10) shows that

% K™(x, ) = (3—m) coth y {y(1+Kn(x))x'/2y ~ 2] _,,(xy)}
+@—m) cothy W,(x, y)
—((m =3+ 320~ 11+ k- 1 (X))x2y 2], _(xp)}
—(m—3)2+x3) 2 Wy _1(x, y).
Now
ycothy—1 = 0(y);
(((m—12+x3)"2/x)(1 + kpn-1(x)) = (1 +kn(x)) = O(x3).

Consequently, by subtracting the two previous expressions for dK™(x, y)/0y, we
arrive at

% Wa(x, y) = O(x}3-myt2-m) xy < 1,

(2.4.11)
= 0(1), xy 2 1.
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3. Transplantation theorems. We now have enough information to prove our
transplantation theorems. The first one will be enough to give a mean convergence
theorem. It follows:

THEOREM 3. Let G € L'[0, ). Then if m<t orm=1,2, ...,

G.1) H™G; x) = f G)K™(x, y) dy = H™(x)

exists as a Lebesgue integral; moreover, if 1 <p<oo and —1/p<a<1—1/p, there is
a constant A3, such that

[H™p.e & Ap.al HYp,0-
By (1.9) it suffices to prove this theorem for m <4. By (2.1.6), (2.2.3), (2.3.4) and
(2.4.4), K™(x, y) is a bounded function of y for each x. Since G € L*, the existence
of (3.1), for m <4, follows. Thus (3.1) exists.

To ‘prove the required norm inequality, we recall, from elementary Fourier
analysis, that for G € L,

1

® L
@2[m)Hi2 j HY2(u)e~*% cos uy du —» G(y) ase § 0.
0
Since K™(x, y) € L*(dy), we have
2 1/2 © ©
H™(x) = lim (—) f K™(x, y) f HY%(uw)e~** cos uy du dy.
€0 \TT, 0 0

Hence, by Fatou’s lemma,

1/2
17,0 5 lim ()
&l0

v,

f K™(x, y) f HY%(u)e~** cos uy du dy
0

0 P,

Setting H (1) = H''?(u)e** and noting that | H(u)| < | H*/?(u)|, we see that Theorem
3 is implied by the following:

THEOREM 4. Let m<%, with p and « as in Theorem 3. Then there is a constant
AD, such that for He L»* N L', He L*,

| [7 &m0y @y V < AT H e
p,x

(Here, as in the rest of this paper, “~” stands for the Fourier cosine transform.)
Theorem 4 (as well as Theorem 7) is analogous to results of Askey and Wainger
(see [3]; there all parameters must be at least zero).

For the proof of Theorem 4, we will write

[[ @t d = [ kAo dv+ [ ko na) a.

The expansions we obtained in §2 for K™(x, y) were in terms of sin xy, cos xy and
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J_m(xp). In view of Theorem 1, we will try to show that the coefficients of sin xy
and cos xy form acceptable Fourier multipliers. For expansions involving J _ ,(xy),
we will use Guy’s transplantation result (Theorem 2) and then Theorem 1.

We begin with [ K™(x, y)H(y) dy. Let

3.2.1) oy = cos Qm—Da/4, B, = sin Cm—1)x/4.
Then

cos (xy+(2m—1)n/4) = «, cos xy—B, sin xy,
3.2.2
( ) sin (xy+(2m—1)n/4) = B, cos xy+ o, sin xy.

Let x= 1. The sum of the two leading terms of (2.1.6) is

1/2 2 __ 1/2 2 __
- (2) (,3,,.+a,,, m2x i coth y) sin xy+ (7%) (a,,,— Bn m2x i) cos xy.

W

Now d(coth y)/dy= —csch? y € L[1, o) and hence, by Theorem 1 and the remark
following it, the functions equal to the above coefficients of sin xy or of cos xy for
y21, and equal to zero for 0=y =<1, form satisfactory multipliers. The next two
terms of (2.1.6) have for coefficients of sin xy or of cos xy terms of the type
P1(x) + o(x)/(€2¥ — 1), with ¢, , bounded. The same results again apply. We may
now conclude that

i

where K™ denotes the sum of the first four terms in the expansion (2.1.6).

We must now deal with the last two error terms. The situation is now somewhat
different, inasmuch as instead of actual quotients for coefficients, we have terms
which are merely bounded by quotients of the right type. We look at

fl " Rn(x, y)A() dy

P 1/p
x® dx} S A7 Hpa

Jm cos (xy+ 2m—1] 121)01(36, VH(y) dy

1

= (3)112 J‘l‘” cos (xy+ [2m—1] 127) Dy(x, y) f: H(u) cos uy du dy

W

2 1/2 po © -
= (—) f H(u) f cos (xy+ [2m—1] Z) Dy(x, y) cos uy dy du.
0 1

W

(Fubini’s theorem applies since D, € L(dy).) Then we have

on cos (xy+[2m- 1] %)Dl(x; y) cos uy dy \ = J‘oo |Dy(x, ¥)| dy = OG)
1

1
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Also,

f cos (xy+ [2m—1] %) Dy(x, y) cos uy dy
1

sinuy [V=°

u

y=1

= cos (xy+[2m— 1] %) Dy(x, y)
— -11;‘[1 {—x sin (xy+[2m—-1] %T)-0(x-2e—4y)+0(x-2e—4y)} sin uy dy

- o(%)-

Now if xZu, O(1/x)=0(1/(x+u)), and if x=u, O(1/u)=0(1/(x+u)). Hence, we

obtain
f;w cos (xy+ [2m—1] 711) Dyx, NH(y) dy L.a

[
[}

ut+x

S A7 Hlp, e

p,a

s 47

Similarly,
| [ sin (xy+2m=113) Da5 DAGY dy| S A5alH e
p,a

This completes treatment of the case x 2 1, giving

(3.3) L S A7 Hllp.e
ya {xix 21}

[ ke @

(The actual value of AT, has already changed several times; it will again.)

Now we will let x<1; the relevant expansion is (2.2.3). The leading terms are
(£ (2/m)' 12+ hy(x)) sin xy +hy(x) cos xpy, and + (2/m) 2+ hy(x), hy(x) are bounded,
s0 they are permissible Fourier multipliers.

For the first remaining error term, we consider
© R 2 1/2 po ©
f cos xy s1(x, yY)H(y)dy = (;) f H(u) f cos xy s:1(x, y) cos uy dy du
1 o 1
by Fubini’s theorem, applicable since s, € L(dy). Now if #<1, we note that

j cos xy s,(x, y) cos uy dy' =M< oo
1 »

If, on the other hand, u=1, then we }ntegrate by parts:

y=o

sin uy
u

f cos xy s,(x, y) cos uy dy = cos xy s,(x, y)
1

y=1

1 (= . 3 ' |
- fl {—x sin xy 51(x, ) + cos xy % s1(x, y)} sinuy dy = o(;)
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since x < 1. We obtain

Jm cos xy s;(x, )H(y) dy = J: H(u)-0(1) du+f1w H(u)O(%) du.

1

Similarly,
[ sinxy sae ARG dy = [ -0 du+ [ HG)O(5) .

The remark following Theorem 2 completes the case x<1, y= 1. Combining these
two facts with our remarks on the relevant multipliers and with (3.3), we conclude
that the mapping

H— f:) K™(x, y)H(y) dy

is a bounded transformation of L' N L?-*[0, co)< L?-°,

We now deal with [} K™(x, y)H(y) dy. We address ourselves first to the case
where x <1 and use (2.3.4); evidently an appeal to the Fourier multiplier theorem
would not help. We have, instead,

2\ 1/2

f: K™(x, y)H(y) dy = (1—7) J: K™(x, y) f: H(u) cos uy du dy

2 1/2 o 1
= (-—) f H(u) f K™(x, y) cos uy dy du
0 [}

W

since K™ € L([0, 1]; dy). From (2.3.4), K™(x, y) < M. Hence,
1 1 1
f H() f K™(x, y) cos uy dy du = f H()-0(1) du.
0 0 1]

Also, from (2.3.4), [ |[6K™(x, y)/oy| dy<M, so that, by integrating by parts,
{5 K™, y) cos uy dy=0(1/u) for u=1 and

© 1 ©
f H(u)J‘ K™(x, y) cosuydy du = f H(u)-O(%) du,
1 V] 1
so we obtain, as before,
1 1 P 1/p
(3.4 {[| [ entio ar[xoas}™ < apail,.e
We proceed next to the remaining situation: x=1, y < 1. Our principal tool will

be Guy’s transplantation theorem for the Hankel transform (Theorem 2). It will be
sufficient to use the short expansion (see (2.4.9) and (2.4.11)):

(3.5) K™x, y) = (1 +kn()(x0)Y2T _n(xp) + Walx, ),
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where
kn(x) = O(x~2);
Walx, y) = O(x~m*+12y-m+5i2) xp <1,
= O(x~'y), xyz1;
3W,,.(X, y)/ay = O(x—m+1l2y—m+112)’ xy é 1’
= 0(1), xy =z 1.
First,

|} Q072

p,a; {(x:x21)

IA

c| [} oy aen) ) ay

p,a

IA

m
45,

fl H(y) cos uy dy

P,

by Guy’s result, with the function g replaced by the restriction of A to [0, 1]. The
mean convergence result (for partial integrals) for the cosine transform implies that
the last norm is bounded by a multiple of | H |, .; hence

(3.6) j [} 0+ R 20 B ) dy “ S Al

To dispose of the error term, we note that if xy <1, then
XMl —m45/2 — x-m+li2) -m+l2y2 = O(px-l),

Therefore Wo(x, y)=0(yx~1),x=1,y<1 and so

1
f Wau(x, y) cosuy dy = 0(1)
0 X

Moreover, since m<%, Wy(x, y)=0(1), and oW,(x, y)/oy=0(l), integration by
parts gives

1
f Wa(x, y) cosuy dy = O(t—l‘)
[}

These two integral estimates show that
2 1/2

J.: Wa(x, )H(p) dy = (;) f: H(u) fo ' W(x, y) cos uy dy du

- L v H(u)o(L) du.

u+x,

(Fubini’s theorem applies because W, (x, y)=0(1).) Using this in conjunction with
(3.6) and (3.4) we see that the mapping

1
H— f K"(x, p)A(y) dy

is a bounded transformation of L* N LP-¢[0, co)<L¥:*, as desired.
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COROLLARY 5. Let p, o, m be as in Theorem 3. Then if H € L* N L%, we can
define a function STH by
N
(SEH)) = Limae [ K, y)A() dys
- 00 0
moreover
ISTH |p,e = A7l H 5.0
Proof. Let 0N, <N,<oo and put the G(») of Theorem 3 equal to zero off
[Ny, N}, and equal to H(y) on [N;, N,]. Then G € L[0, ©) so

fna cos xyA(y) dy "

N

| " ke A

m
s A7,
P,

The corollary is known to be true for m=4; thus ||fy2 K™(x, »)H () dy|,,. — 0 as
N;, N, — 0 and STH exists in L?%. Taking N, =0 then gives the desired norm
inequality.

Our second transplantation theorem (which, in turn, implies a projection theo-
rem) is as follows:

THEOREM 6. Let Fe LY[0, ). Then if m<% or m=1,2,...,
(37) G"(F;y) = [ FOK™(x, 3) dx = G"(3)

exists as a Lebesgue integral; moreover if 1 <p<o, —1/p<a<1—1/p there is a
constant A% , such that

1G™l5.e S A7 GH*]|pe-

Itis enohgh to prove Theorem 6 for m <. By (2.1.6), (2.2.3), (2.3.4) and (2.4.9),
K™(x, y) is bounded in x for each y. Since F € L, G™(F; y) exists.

As with our first transplantation result, we will prove the following and it will
imply Theorem 6:

THEOREM 7. Let m<3%, with p and « as in Theorem 6. Then there is a constant
AT, such that for Ge L** N LY, G € LY,

|[; K nbeoax| s gl
Again we write
f: K™(x, )’)(7(?6) dx = J: K™(x, y)G(x) dx+ f:) K™(x, y)G(x) dx

and we will begin by treating ﬁ K™(x, y)G(x) dx. As a start, we let y<1 and use
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(2.3.4). Since our expansion is not in terms of sines and cosines, we will not use
multiplier theorems. Instead, we have

J: K"(x, y)G(x) dx = (%)”2 J: K™(x, y) f: G(u) cos ux du dx

2 1/2 po 1
= (—) f G(u) f K™(x, y) cos ux dx du;
7. 0 0

the order of integration is interchangeable because |K™(x, y)| < C. Now for u<1,
we note that [y K™(x,y)cosuxdx=0(1). For u=1, we use the fact that
|K™(x, y)| £ C and |0K™(x, y)/ox| £ C, integrate by parts, and get

r K™(x, y) cos ux dx = O(1/u).
V]

We conclude that

(.8) { fo '

Next, we let y= 1. The estimates we need are in (2.2.3). We write this as

K™(x, y) = (£(2/m)"2+ hy(x)) sin xy
+hy(x) cos xy+s1(x, ¥) cos xy +54(x, y) sin xy.

fmm%ma

P 1/p
yer dy} pS AZ‘.a"G"p.a-

The coefficients + (2/m)Y/2+ hy(x) and h,(x) satisfy the requirements for multipliers
given in Theorem 1.
To deal with the error terms, we note that s/(x, y), ds/(x, y)/ox=0(e~%). Now

1 . 12 o 1
f cos xy s1(x, y)G(x) dx = (2) f G(u) f s1(x, ¥) cos xy cos ux dx du
0 0 0

,

since (5 |s:(x, y)|dx=0(1). Moreover, |s,(x, y)| < Me~?¥ so that

1
f s1(x, y) cos xy cos ux dx l < Me™%,

0
Also, integrating by parts and using the condition on ds,(x, y)/éx gives
|f5 51(x, ¥) cos xy cos ux dx| < (M [u)e~2. Now letting w(u)=M on 0Su=<1, w(u)
=Mfuonuzl,and 1/p+1/g=1, w € L* %[0, ), the dual of L?%. Hence,

1
’ [7 o5 3 5203, 236 dx‘ < e Gl alole, e

Clearly, e=2 € LP+¢[1, o) and so

1 -~
“mewwmmﬂgﬂmm

P,
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The same argument works for the term sin xy s,(x, y). Recalling (3.8), we conclude
that

1 A
(3.9) “ [} Knx, 6 ﬂ S A2l Gle

We will now deal with |7 K™(x, ¥)G(x) dx, starting with y=1. According to
(2.1.6), (3.2.1) and (3.2.2)

2 1/2 2 1/2 m2_i .
K™(x, y) = -[(;) ﬁm+(—) am 254 coth y+ﬁmR1(x,y)~amR2(x,y)]sm xy

W
2 1/2 2 1/2 m2__
+[(3) em— (3) "n 5 coth y-+ anRu(x, )+ BuRaCx, ) |cos

+ Dy(x, y) cos (xy+ [2m—1]n/4) + Dy(x, y) sin (xy + [2m— 1]=/4).

The coefficients of sin xy and of cos xy that appear in this expression satisfy the
sufficient conditions given in and right after Theorem 1 for Fourier multipliers. The
last two terms we treat differently.

[ cos (xy+12m—115) Ditx, 2)6(x) dx

W

N2 o ® -
= (—) f G(u) f cos (xy+ [2m—1] Z) Ds(x, y) cos ux dx du,
0 1

since [ | Dy(x, y)|dx=0(1). We also have

'[ cos (xy+[2m—1]‘%)D1(x, ») cos ux dx| < Me™ %, u=sl,
1

S Mwe *, wuzl

The same argument we used for the remainder terms when x<1, y=1 works here
as well as for the term sin (xy+ [2m—1]7/4) Dy(x, y). We have

(3.10) { f

Now we assume x=1, y<1. The expansion we want is (2.4.6) with estimates
(2.4.7) and (2.4.8):

K™(x, ) = (1 +kn(0)xp)V2T _n(xy) +2G —m)py(») y*2x = V2, _n(xy) + E(, y)
with

J' ® Kn(x, )6() dx

14 1/p
yrdy} S A5Gl

kn(x) = 0(x~2),  kn(x) = O(x~?);
E(x,y) = O(x~m~%2y-m+8i2)  xpy <1,
= 0(x~%?), xyz1;
and
2 E(x,y) = OG—m-%2y-msm),  xy <1,
= O(x~?%9), xyz 1
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We replace the “g” of Guy’s result (see Theorem 2) by the restriction to [1, o) of
(1 +knu(x)G(x) to get

V J:” (1 +En()Gx)(xy) 2T _ n(xy) dx

p,a

s A7

[7 4+ Ra2605) c0s xy as “ < 421Gl 03
1 p,x

the second inequality arises from the fact that 1+ k,(x) satisfies the hypothesis we
have given for Fourier multipliers. For the second term, ¢,(y)=0(1) and

“ f 23— m)gy(»)y*2x~H2G(x)J, - n(xy) dx

p,&

IIA

c| [T 56 -ury) ds
1
A5Gl

the second inequality comes from Guy’s result, with his “g” equal to x~1G(x)
restricted to [1, c0). The third comes from treating x~! on [1, o) as a Fourier
multiplier.

We have to dispose of the error term E(x, y). Writing

L ® B(x, y)6(x) dx = { f11/y+ fl :}E(x, 26 d,

we will treat j'”” E(x, y)G(x) dx first. Evidently E(x, y) is bounded in x and y so
we can interchange the order of integration and

m
S A
p,a

Jm x~1G(x) cos xy dx
1

P,

IA

1y E(x, y)G(x) = 2 e G(u) w E(x, y) cos ux dx du.
[ B[],
We have

w O(y ~m+512x-m=312) gy < M.
1

IA

1y
| E(x, y) cos ux dx l
1

Also, by parts,

IE(x, »)|

1y
l - |sin ux| dx

E(x, y) cos ux dx I

x=1ly l 1y
e[ Ee )
M

< Mfw O(x~m-512y ~m+512) gy < =2,
= u ), = u

Once again, the remark following Theorem 2 implies that

[ Bx )6 ax | 5 434160
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For the integral over [1/y, ), we note that [y, |E(x, y)| dx=0(1) and so, by

Fubini’s theorem,
o N 2 1/2 © ©
f E(x, y)6(x) dx = (-) f G(u) f E(x, y) cos ux dx du.
1ly 0 1/y

v

First of all, since E(x, y)=0(x~2y2) on the range in question,

E(x, y) cos ux dx
1y

= O{y2 on x7%2dx; = 0(y® = M.
1y

Also, by parts, and since dE(x, y)/ox=0(x~2y?), we get Uf;y E(x, y) cos ux dx|
< M /u and the argument we just used works again.

Combining our results for this region (x= 1, y £ 1) with (3.9) and (3.10), we now
obtain the boundedness of the transformation

G— fw K™(x, y)G(x) dx

of L N LP¢[0, co)<=Lr-*,

COROLLARY 8. Let p, «, m be as in Theorem 6. Then if G € L* N L%, we can
define a function STG by

(SEG)X) = Lim. f K™(x, )G(x) dx;

moreover
IS8G 5.0 = A7.cl|Glls.e-
We omit the proof; it parallels that of Corollary 5.

4. Applications. Typical consequences of transplantation theorems are results
about multipliers. To get these results, however, we need to be able to map from
G2 to G™ and back, and from H''2 to H™ and back. At the least we have to obtain
sharp duals for Corollaries 5 and 8. Preliminary to this, we will obtain two mean
convergence results, stated in one lemma. (The second part might be considered as
a projection theorem.)

LEMMA 9. Let 1<p<oo, —1/p<a<l—1/p,m=} or m=1,2,.... Then if
feL*n Lre,

Lim.»e fo ! K™u, y)G™(f; y) dy = f(u)

N-o

and
Limos f " K™y, WH™(f y) dy = f(0).

Proof. We will only prove the first statement; the proof of the second proceeds
along similar lines. For f'e L* N L>¢, |G™(f; y)| £supx,, |K™(x, Y)|- |1 f I <M | f]1,
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from the asymptotic expansions. Hence, G™(f; y) multiplied by the characteristic

function of [0, N] is in L[0, o), so by Theorem 3,

H f: K™(u, y)G™(f; y) dy LN cos uy G™(f; y) dy

s 4.
p,a

p,a

Take g so that 1/p+1/g=1; the dual of L?* is L=~ Since the last norm equals
SUPk<w [fo COS Uy G™(f; ¥) Ay 5,0 uusny» it is bounded by

.

@© N
f h(u) ] cos uy G™(f; y) dy du
0 0

sup
Ikllg, -a=1; heLl

For h e L, we may use Fubini’s theorem and

- &) | [} i a |

© N
f h(u) f cos uy G™(f; y) dy du
0 0

= &) |[ [ reorn yobry ax ay |

b

- (’5’)”2 f: &) fo " KmGx, )iCy) dy dx

since f'€ L'[0, o) and A € L*[0, N].
We apply Theorem 3 to A multiplied by the characteristic function of [0, N1,
since —1/g< —a<1—1/g, and

Jw cos xy h(y) dy
0o

S A7 ofhle-a £ A o3

[ Knes iy ay

S A7 .
g, —a

g, — &

the second inequality arises from mean convergence results for the cosine trans-
form. Holder’s inequality then implies

= A;'.a(”/z)”z/‘t’z".—a"f"p.a = le.a"f"p.a'

p,@

@) |[ &wnetin

This inequality shows that to get mean convergence for fe€ L' N L?% it is enough
to let f belong to a dense (in (p, @) norm) subspace of this intersection. We will let
fe C2(0, 0)={f": support of fis a compact subset of (0, o) and f has infinitely
many derivatives}. Then by [19]

N
£ = lim [ K™, 7)G7(f; ) dy
for u20. Let (ryf)(w)= [y K™u, y)G™(f; y) dy. We willshow ryf 22, f. To do this

we have to show that ryf is bounded by a fixed function in L?** (and Lebesgue’s
Dominated Convergence Theorem completes the argument).
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First, G™ is bounded (by sup, , |K™(x, y)|- | f])- Hence, G™ e L*[0, 1]. If y2=1,

we integrate by parts twice to get

G(f;y) = f IR, y) d

support
= e [ [ K ) dea i ax
support f 6 Js

where 8 >0 depends on f. Then, from (2.1.6) and (2.2.3),
G™(f;y) = O(y ~® e L'[1, ).
Consequently, |G™||; <co. Hence, on 0=u <1,

[(raN)@)| = sup [K™(x, )| |G™]|1 < co.

On u =1, we integrate by parts and we have

) = G W) [ Koy de— [ G50 [ Km0y ey,

It is easy to see from (2.1.6), (2.2.3) and (2.4.9) that
(&%

N C
f K"'(u,t)alt|§71 and ” K™u, t)dtl
V]

Also G™(f) is bounded so

éc

G™(f: N) f K™(u, 1) dt

(C,, C, and Cj; are independent of N.) We show that (G™)' € L[0, 00); this will give
[(raf)(@)| £ C[u on u=1. We may write

@YGiy) = [ 3f) 555 K y) d.

Clearly (G™)' € L'[0, 1]. So let y= 1. Integrating by parts twice gives

@Y = [ 309175 3)

where

I™(x, y) = f j 110 K"‘(t y) dt dx,

(8=min {x : f(x)#0}). From (2.1.6) and (2.2.3) we see that I"(x, y)=0(1/y?) for
y=1 and x € supp f. Thus (G™)'(f; ¥y)=0(1/y2), y=1, so (G™) € L[0, cv). We are
now able to conclude that
(ra)w) = M|G™,, u=1,
< Clu, ' uzl
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The function on the right is in L?*%; call it s(u). Then
[ra)@) —f@)Pu™ < {|s@)| + |f@)|}Pu*? < 2°{|s@)|”+| f(w)|"}u®

which belongs to L[0, c0). Hence, we conclude from Lebesgue’s Dominated Conver-
gence Theorem that limy_ o, ||[§ K™, )G™(f;y) dy—f (W) ,«=0 for fe C(0, )
and hence for fe L* N L?* by (4.1).

We may now prove a theorem which dualizes Theorems 4 and 7. Actually, we
will only prove the first part.

THEOREM 10. Let 1<p<oo, —1/p<a<l—1/p,m=3torm=1,2,.... Then there
is a constant B2, such that, for f € L*[0, o) and 0<a<b< oo,

b b
J cos ux G"(fiu)du| < BP, J' K™(x, WG™(f; u) du
a p,a a P,
and
b b
f cosux H™(f;u)du| < Br, f K™(u, ) H(f; u) du
a P, a p,x

Proof of the first inequality. Let g(u)=G™(f; u) on [a, b], g(u)=0 off [a, b]. Then
ge L”* N [! and, by the lemma,

() = f K™(p, )H™g; y) dy - g(w)

in L?**[a, b] and hence in L![q, b]. So

b
f cos ux G™(f; u) du

b
= | lim f r(u) cos ux du
| k= Ja

P, p,x

< lim inf
k-

b
J. (1) cos ux du
a

p,a
by Fatou’s lemma. Moreover,

b b k
f ri(4) cos ux du = f {f K™y, wH™(g; y) dy} cos ux du
a a 1]
k b
= f H"‘(g;y)f K™(y, u) cos ux du dy.
0 a
So, with 1/p+1/g=1,

b
J. r(u) cos ux du

a

P,

k »
‘U H"'(g;y)J' K™(y, u) cos ux du dy

p,a

su f h(x) f H™g;y) f K™(y, u) cos ux du dy dx l
linllg, _a51 heLl

1/2
- p . ( )
Ilhllq, «S1 heLl

f H'"(g,y)f K™(y, wh() du dy | -
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By Corollary 5, ||[% K™(y, u)h(u) du|q, -« < Aq, - o|h]lq, - Thus

b
f r(u) cos ux du
a

< BRu|H™@)p.e
P,

by Holder’s inequality so that

’
p,a

fb cos ux G™(f; u) du

b
IM S BLH@ls.c = B | [ Ko, )67 )

as desired.
We include our multiplier results in one theorem; once again, we will only prove
the first result.

THEOREM 11. Let |p(t)| S C, [} |sdp(s)| S Ct, 1<p<oo, —1/p<e<l—1/p,m=}
orm=1,2,.... Then for fe L* N L***[0, c0), the functions

Lim.>e f " K, Y)P()Gf: ) dy = (Toof)X)

N> 0

and
Lim.> f K™y, o) H™(f; yY dy = (Ta,of)(x)

exist, and for some constant A},

” Tl,of"p,a § AZ‘.aC "f”r.a
and

” T2.wf"ﬁ.a = A?.aC "f"r.w

We will need a lemma, the dual of the Fourier multiplier theorem.

LemMA 12. Let |¢(t)| S C, [t |sp(s)| S Ct, 1 <p<oo and —1/p<a<1—1/p. Then
for a constant A, we have for all g € L[0, o),

S AC

p,&

f: cos ty p(»)g(») dy

fo cos ty g(y) dy

P,

Proof of Theorem 11. We write (T /)(x)= [y K™(x, »)e(¥)G™(f; y) dy. We will
show ||Ty,f—Ty,flp.e—>0 as N, N;— oo (which implies T, exists). For
0<N,<N,<o0, ’

TS =TS b = | [} Ko 50063 |

and since the characteristic function of [Ny, N,] times ¢(»)G™(f; y) is in L*[0, )
Theorem 3 yields

f:ﬁ K™(x, y)p(»)G™(f; y) dy

£ A3
P,

f : * cos xy p(»)G™(f; ¥) dy ",,

1
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Letting g(¥)=G™(f; y) on [N;, Ns], g(»)=0 elsewhere, gives, by Lemma 12,

N,
I f: cos xy o(y)G™(f; y) dy

b H f: cos xy (y)g(y) dy

P,

éAC{

fo cos xy g(y) dy

p,x

N,
= AC” f * cos xy G™(f; y) dy
Ny

P,

< AC-Br,

f" K™(x, y)G™(f; y) dy

y

by Theorem 10. By Lemma 9, this last norm approaches zero as Ny, N, — o, for
eachfe L' n L?® Hence,T , fexists in L7%. With N, =0, the preceding inequalities
show that

|7 ko swicn i | < acspa] [ Kot »)6nsi ) ay

< ACBG | fllp.e

also by Lemma 9. Letting N, — co implies that |7y, f|.« £ ACB .| f 5.
Returning briefly to the first mean convergence problem, let us note that its
solution depends on an analysis of the integral transform

D,

© N
(Tof)w) = f 1) f K™(x, )K™(x, y) dy dx.

By [5, p. 169, 3.12(1)] and [5, p. 161, 3.8(9)], it is easy to see that, for m< 1,

-1
x%—u?

LN K"™(x, y)K™(u, y) dy = {K™(x, NY (3 —m)*+u?)Y2K™~*(u, N)

—K™u, N)(3—m)*+x%)12K™=(x, N)},

and that for m>1 the kernel does not exist as a Lebesgue integral. Using the
Hilbert transform in conjunction with expansions (2.1.6) and (2.2.3) and the trans-
form induced by the kernel 1/(u+ x) gives the mean convergence result for m<1.

In the case of the other mean convergence result, we do not now have access to a
closed formula for the integral kernel which occurs. If one compares recursion
formulas for Bessel functions with those for Legendre functions, however, one can
probably make a plausible argument for the failure of the second kind of mean
convergence result in Lemma 9 for Legendre functions with m>4, m#1, 2,....
Such an argument would lean on the expansions for x = 1, y <1, and would use the
failure of (p, ) mean convergence for the Hankel transform with m>%.

Boas [2] has noted the following theorem for the Fourier cosine transform:

THEOREM. If ge L', §(t) { O as t— o0 and 1<p<oo, —1/p<a<l—1/p, then
g € LP¢[0, o0) if and only if § € LP+1——2Ip,
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The roles played by g and g can be switched here keeping g in L'. Moreover,
—1/p<l—a—2/p<1—1/pif and only if —1/p<a<1—1/p. One can also show,
by Lemma 9, that if y »(x)=characteristic function of [0, N], then for
g € L' N L* (usual hypotheses on p and y) we have for N= N(g)

lglls.y < 245,]xw0.mG™(&)]" l5.y-

One can then show the following: For ge L', g(¢) | 0 as t > o0, 1 <p<oo and
—1/p<e<1—1/p, G"g € LP% if and only if g € LP*1~%~2/7, Recalling the definitions
(1.6) and (1.7) of k,, and K™, we can restate this as

THEOREM 13. Let [§ |f(x)] dx/kna(x) <o and suppose f(x)[kn(x) | O as x — oco.
Put r(w)={g f(xX)P™13+1x(W) dx. Then if 1<p<o, —1/p<a<l—1/p,m<} or
m=1,2,...,

1 -]
f |f(x)|px—ap-2 dx+f |f(x)|"x”'9-ap-p/2-2 dx < o©
° 1
if and only if
on Ir(w)|P(w2—1)p/4-1/2 [log (w+ (w2 —1)2)]*? dw < co.
1

We note that by using H™ in place of G™, the same conclusions obtain if the
hypotheses are replaced by

“ | g (cosh y)| (sinh y)*2dy < oo and g (cosh y)(sinh )2 | 0 as y — 00.”
0
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