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THE EMBEDDABILITY OF A SEMIGROUP—
CONDITIONS COMMON TO MAL'CEV AND LAMBEK

BY
GEORGE C. BUSH

Abstract. Two systems of conditions—due to Mal’cev and to Lambek—are
known to be necessary and sufficient for a semigroup to be embeddable in a group.
This paper shows by means of an example that the conditions common to the two
systems are not sufficient to guarantee embeddability.

1. Introduction. Both Mal'cev [5], [6] and Lambek [4] have developed necessary
and sufficient systems of conditions for the embeddability of a cancellation semi-
group in a group. All the conditions consist of a given system of formal equations
and a “locked” equation involving some of the same elements. A semigroup
satisfies the condition if, whenever elements of the semigroup satisfy all the given
equations, the corresponding elements also satisfy the locked equation. The Mal'cev
system and the Lambek system each involve an infinite number of conditions. The
two systems are developed from different points of view.

The Lambek conditions are described by assigning letters to the sides and
angles of an Eulerian polyhedron. Clifford and Preston [2, pp. 319-323] have
shown that the conditions that are common to the systems of Mal’cev and Lambek
are just those Lambek conditions that are associated with a two-vertex polyhedron.
Jackson [3] had previously begun a study of these conditions which his thesis
supervisor, I. Halperin, had called the lunar conditions, from the appearance of the
polyhedron. Jackson had considered the interdependence of the lunar conditions
and had developed a line of approach which the author [1] used in his thesis to
show that satisfying the set of all the lunar conditions was not sufficient to ensure
the embeddability of a semigroup. That part of the thesis was never published.
The purpose of this paper is to make available a slightly modified form of these
results which take on new interest in the light of Clifford and Preston’s work.

2. The Lambek conditions. We assign letters to all the sides and all the angles
of an Eulerian polyhedron. We shall use capital letters here and hence in the formal
statement of Lambek conditions. A typical edge and its corresponding angles is
shown in Figure 1. From this edge we form two half-edge equations

XA = YB, XC = YD.
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FIGURE 1

To get a Lambek condition corresponding to a given polyhedron we designate one
of the half-edge equations as the locked equation and take the remaining ones for
the given equations.

In particular, consider the polyhedron represented in Figure 2. From it we
obtain a Lambek condition whose given equations are

X1A1 = Yle X1A2 = Yle
XzAz = Yzcz, XzAs = Yzca,
XaAs = YaBs: XsAl = Yach

1

( ) X.B; = Y,C,, XA, = Y4C4,
XsB1 = Yscla X5A4 = Y5B4a
X¢B, = Y¢C4,

and whose locked equation is

(2) XeBa = Y3C3.

X,
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FIGURE 3

To obtain the lunar conditions we consider a polyhedron with 2 vertices and
n+122 edges. Because of the symmetry it makes no difference which of the half-
edge equations we choose for the locked equation.

The simplest lunar condition can be read from Figure 3. Its given equations are

XoUo = YOUI’ XoVo = Yth

3
( ) X1U1 = Yon,

and its locked equation is
(4) X1 V1 = Yl Vo.

We call this condition C;. The general lunar condition C, is suggested by Figure 4.
Its given equations are

XUy = YUy, XVi=Y Vi, i= 0,1,..., n—1,

5
( ) XnUn = YnUO,

and its locked equation is
© XV, = Y, V.

Our goal is to construct a cancellation semigroup that satisfies all the lunar
conditions but does not satisfy the Lambek condition (1), (2).

3. A nonembeddable semigroup. In this section we adapt a construction of
Jackson [3] to obtain a cancellation semigroup that does not satisfy the Lambek
condition (1), (2).

Consider the letters

Xis Vis i=l,2,...,6,
%) Y

a,b,c; j=1,23,4,
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FIGURE 4

and words constructed from these letters. The following pairs of two-letter words
are called corresponding:

x,a; and by, x,a; and y;b,,
Xqa; and  yqc,, x.a; and yscg,
" Xsaz and ysbs, xsa; and  yscy,
® xsby and  yuc,, xa, and y.cq,

xsby and yscq, xsa, and ysbg,

xgby and ygc,.

The relationship between these pairs and the Lambek condition (1), (2) is obvious.
We shall usually employ Greek letters to represent words formed from the
letters (7). If a=- - -mn- - - is a word in which mn is one member of a corresponding
pair in (8), the word formed by replacing mn by the other member of the corres-
ponding pair is said to be obtained from « by an elementary transformation. We
can use elementary transformations to define an equivalence relation on the set of
all finite words from (7). We say that « and B are equivalent («~f) if B can be
obtained from « by a finite number (possibly 0) of elementary transformations.
We denote by «’ the equivalence class containing the word «. We shall define a
binary operation under which the quotient set forms a cancellation semigroup. The
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product e of words « and 8 is formed by juxtaposition—the letters of « are written
followed by the letters of 8. If a~f and y~ 8 then ey~ 8. This allows us to define
a binary operation

® o’B' = («B)’

which is clearly associative.

Before proving the cancellation laws we examine some important properties of
the corresponding pairs (8). If we call the letters x; and y; L-letters and the letters
a,, b, c; R-letters, we see that in the corresponding pairs no L-letter appears as a
right-hand factor and no R-letter appears as a left-hand factor. We also observe
that an elementary transformation cannot change the number of letters in a word .
We call the number of letters in a word « the length of the word and denote it by
||| Similarly ||«'| denotes the length of the class «’, that is the common length of
all the words in o'

We see from the above remarks that the kth letter in all the words of a class are
either all L-letters or all R-letters. This means that if «~B we can partition o into
pairs of letters forming words in (8) and single letters that remain unchanged in
the passage from « to 8. We can then operate on the pairs independently to reach
B from «.

These considerations enable us to prove the cancellation law.

LeEMMA 1. If ay~By or ya~yB then a~p.

Proof. Suppose
(10) ay ~ By.

We have just seen that ||ey| = |By| and hence || =||8]|. Thus (10) can be written
as

(11) 010 yY1¥Va Yo ~ BiBar - BmY1Yart *Yn

where «;, B, v; represent the ith letter in «, B, y respectively.

If oy, is not a member of a corresponding pair in (8), then each elementary
transformation acts only on « and its successors or only on y and its successors.
If we consider only the elementary transformations that act on « and its successors
we get a~p.

If oy, is a member of a corresponding pair, then e,y, ~B,y, and an inspection
of (8) shows that this means o, =8,,. Then o, _,,, is not a member of a correspond-
ing pair and as before we have ayay- - -y _y~B1Bs- - -Bm-1 and hence a~p.

This proves the right cancellation law. The left cancellation law is proved
similarly.

COROLLARY 2. If «'y'=B'y’ or y'o' =y'B’ then o' =f'.

We have now shown that the quotient set forms a cancellation semigroup which
we denote by &. If we include the empty word in our consideration, the class of
the empty word is an identity for &.
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PROPOSITION 3. The semigroup & cannot be embedded in a group.

Proof. If we write x; for the equivalence class containing the word with one
letter x;, we see that the classes xi, yi,i=1,2,...,6;aj, b}, c},j=1,2,3,4, are
elements of & that satisfy equations (1). But an examination of (8) shows that
equation (2) is not satisfied. Thus the Lambek condition is not satisfied and & is
not embeddable.

4. Satisfying the lunar conditions. Suppose that «;, B, y;, 8, are words formed
from the letters (7) such that '

7 ! rQr Qs .
oYy = ﬁi)’i+13 aiai = Bist+1, 1= 0’ la ceey n_ls

(12)

7 —_— T
%Yn = PnYo-

Our goal is to prove that in this case we must have
(13) @8, = Budo.

We begin by considering the possibility of cancelling on the left in equations (12).
If ayy; begins with an LL-pair, an RR-pair or an RL-pair, then Byy;,, begins with
the same letter and it can be cancelled. If «;y; begins with an LR-pair, then By,
begins with the same pair or a corresponding pair and the pair can be cancelled.
Similar considerations apply to the equations involving the §,, We shall assume
that the equations in (12) have been simplified by carrying out all cancellation that
is possible on the left without violating the following conditions:

(a) If i=0, 1,...,n—1, the same cancellation is carried out on the equations
involving y; and 8.

(b) No cancellation is permitted to remove a letter from any v; or ..

If we can obtain the simplified form of (13) from the simplified form of (12), we
can multiply on the left by the cancelled factors to obtain the original (13). Thus
there is no loss of generality in assuming that in system (12) all the above cancella-
tion has been performed. Under this assumption we see that for each i=0, 1, ..., n,
either «; or B; is either empty or consists of a single L-letter.

Our proof involves the consideration of three cases.

L. ||i]|=0 or ||8{| =0 for some i.

2. |z =|Bill=1 for all i.

3. For all i, || >0, ||Bi]| >0; and for some j, |ej|| 5 ||B5]-

The proof in Cases 1 and 2 is by induction. We show that C, is satisfied and that
C, is implied by C,_;. For Case 3 we show that further cancellation is possible to
put it into a form where the results of Case 1 apply.

For Case 2 it is convenient to carry out cancellation on the right as well as on
the left. But for Case 3 it is more advantageous to multiply on the right to ensure
that no y; or §; is empty. We shall describe these techniques when we require them.

Case 1. |oi]| =0 or ||8;|| =0 for some i.
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We observe that equations (12) can be rewritten in the form

B:;-l)’;n—t = a;»—t‘)’;z—t, Br'z-tS;xu-t = op_8; s i=12..,n
Bryo = enyn.
From these the required conclusion is 8,8 =«,8; which is the same as (13). From

this we see that we do not have to treat «; and B; separately in the proof.
If ||| =0 for i#0, n then we have among the equations in (12)

’ ’
“i—l}’fq = B;-l'}'h “;-18;—1 = ﬁf-13u
’
Yi = BiYi+1s 8 = Bidi+1,
and these reduce to

o‘;—1‘)’;.1 = 13;-1}3;‘)’;4-1, o181 = 52-1.3; {410

But this reduces (12) to the “given” equations for lunar condition C,_;. Thus if
C, -1 is satisfied we have o, 8, =p8,8; and so C, is satisfied.

Minor modifications are needed if i=0 or i=n.

If | o) =0, (12) includes

’
Yo = B('))’i, 8(') = Bi) ,1,
QA
CnYn = PaYos
and so reduces to

’ 7 '/ ’ ’ rQr
«“GYy1 = Bl‘)’z, a181 = 3182,

anyn = BuBoyi.
Then C,_, implies that «,8;, =pB,B,87. But 8,81 = 8;, and so we have «,8;, =8,8, the

required conclusion for C,.
If ||z ]| =0, (12) includes

U -1Yn-1 = Bu-17n ap-18,-1 = Ba-185,
Ya = Bavo-
If we replace the first of these by «;,_ 1y, _1=P;_1Bnvo and ignore the other two,
then C,_, implies that « _,8;, _, =P _18»8,. But we have «, 8, _,=pB;_18; and so
by cancellation we have 8, =p;8;, the required conclusion for C,.

Thus in Case 1, the lunar condition C,_, implies the lunar condition C,.

It remains to verify that C, is satisfied. The two cases |5 =0 and [} =0 are
similar to the cases |«| =0 and || =0 above. We omit the details.

Case 2. || =|Bi| =1 for all i.

In this case it is convenient to cancel on the right as well as on the left. Similar
considerations apply. For all the discussion of Case 2 we shall assume that all
possible cancellation on the right has been performed, subject to the restriction
that the same cancellation is applied to 8, each time it appears and similarly for y;,
and furthermore no cancellation on the right is allowed to modify any «; or ;.
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For each i we must have «; #8; or else we would have cancelled again on the left
to get Case 1. This means that for any choice of representative words for the
classes appearing in any equation in (12) the first two letters from each side form a
corresponding pair of words. Furthermore this means that all the rest of the word
in each case can be removed by cancellation on the right—cancellation that satisfies
the restrictions above. We are now dealing with the case where || = |Bi[ = |7l
=& =1 for all i.

If for some i we have y;=3§; then equations (12) include

0‘:-1)’;_1 = Bi-18, o18i-1 = Bi-18},
from which we conclude y;_,=3;_;. They also include
odi= Bivier,  @d = Bidiy,
from which we conclude that y;,;=38,,,. In this way we get y;=§, for all / and
hence any, =By, in (12) is the same as the required conclusion «;8;, =p8,8;. Thus
C, is satisfied if some y,=3,.
In the case in which vy, # §; for all i we consider the equations

agyo = Bovi, @08 = Bodl,

dyr = Piys, 18] = 18,
from (12). Representative words from the two sides of any of these equations form
a corresponding pair. The structure of the set of corresponding pairs shows that if
B, is determined, then y; and 8, are determined except for their order. Also an
inspection of the corresponding pairs shows that «; =8,. Then (12) includes the
equations

aoyo = Bovi, @8 = Body,

Bovi = Biyas,  Bod1 = Bida,
which reduce to

aoyo = Biya, oo = B18;.
The equations (12) are now in a form to which C,_, may be applied to draw the
required conclusion e, 8;, = 8;8;. Thus we see that in Case 2, condition C, _,; implies

condition C,,.
For the case C; the equations (12) can be reduced as above to

7 L rQr ’ ’
%Yo = 1307’1, %80 = 130 1

’ ’ — ’ 7
Y1 = 31')’0-

An inspection of (8) shows that a pair of R-elements vy,, ¥, can be matched with
only one pair of L-elements so that «; =8, and B; =a,. Thus from o8, =p8,6; we
obtain «}8;=p}8;, the required conclusion for C,;. This completes the proof of
Case 2.
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Case 3. For all i, |o;]| >0, ||Bi] >0 and for some j, |oj]| # || Bjl-

In this case it is convenient to have ||y;|| 22, ||§;]|=2 for all i=0, I, ..., n. If this
is not true we multiply each equation in (12) on the right by ¢’ where |o’|| 2 2.
If it follows from the resulting equations that «;8,0"=p8,8¢’, then by cancellation
we have o8, =P8, as required. This means that we can without loss of generality
assume that ||y;| =2 and ||8;] =2 for each i.

It simplifies the notation in our proof for this case if we adopt the convention that
subscripts are read modulo n+1, i.e. o, .1 =g, B, +3=Ps, €tc.

LEMMA 4. There are integers j and k such that ||l > |B;| =1, |l il = 1Bi+: =1,
0<l<k, 1=|loyii <lBssll-

Proof. We know that for all i, |oyy;| =||By:+1]; that is,

"“z” +llvll = 1Bl + lvisal-

If Jlou| 2|8 for all i, then |y < |lyissll. If also || >[|8;]| for some j, then
Iyl <lysesl. Then ol <--- Iyl <lysssl S~ < lvavsl =lpol. This is a
contradiction, and hence if |«]| 5 ||8;]| for some i, then we have |«;| > ||,|| for some
Jand || <||Bn| for some m.

Let j* be the smallest nonnegative integer such that ||o;.| > ||B;||. Let k&’ be the
smallest positive integer such that |, i || # [|Bs +ill- If [y 4 i | < By 41|l We take
Jj=j" and k=k'. Otherwise we begin again, calling «; , - a new «;. We have shown
that we cannot always have |« = ||8;| and so we eventually get all our required
results except for ||8;]=1 and |e;,,||=1. But this follows immediately from the
result of cancellation in equations (12).

Consider the following portion of equations (12) with j and k chosen as in
Lemma 4:

7 /7 Qr rQr
oy = B¥i+1 ad; = B8 +1,
’ ’ ’ ’ ’ ’ ’ ’
Cj+1YVi+1 = .Bj+17!+2, 0‘1+131+1 = Bj+18.i+29
(14)
’ ’ ’ ! ’ ! ’ ’
Cjrp—-1Yi+k-1 = lgj+k-1’}’j+k, O‘!+k—18j+k—1 = Bi+k—181+ka
’ / ’ ’ ’ ’ ’ ’
%Ytk = BiekYitr+1s °‘1+k81‘+k = 131+k8j+k+1-

The two sides of each equation in (14) must be represented by words beginning
with a corresponding pair from (8), for otherwise a further cancellation would
have been carried out. We now cancel these corresponding pairs even though this
violates our earlier restriction on the extent of cancellation on the left. This new
cancellation completely removes «;.1, ..., ;4 and By, Biy1, .- ., Bire-1. It also
removes the first letter from y;., ..., y;+, and from 8, ,,,..., 8.

We now introduce new notation to facilitate consideration of letters within
words. We shall write y; ; and 6, ; for the jth letter in v, and §; respectively.

We next prove an important property of the y; ; and §; ;.
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LeEMMA 5. Withjandk asin Lemma 4 we have y, ; =86, ; fori=j+1,j+2,...,j+k.
Proof. If j<n we consider the equations

vy = BYs+1s ;8 = B;8)+1.

Since || > ||Bs]| =1 we see that «; y¢; 5 and B,y; ., are distinct but form a corres-

ponding pair. The same is true for «; ;«;  and B;8;,; ;. Then an examination of the

corresponding pairs (8) shows that y;,; 1=28;,;1.
If k=1 we are through. If k> 1 and j+ 1 <n we consider

oGr1¥ie1 = Bi+1Yis2 418741 = Be18) 40
Since ||, 1]|=Bs+1] =1 we have the corresponding pairs

%;41Y7+1,1 and Bj+17]+2,13 “j+131+1,1 and B;.18;40,1.

But y;41,1=08;41,1 and 50 ¥;42,1=8;42,1.

If j+k<n we can continue this process up to y;.,1=20;,,,, and the proof is
complete.

If j+k > n, we continue the above process up to y, ; =8, ;. We then begin again
with the equations

’ !’ ’ ’ ’ ’ ’ ’
GakYiek = BierYitr+1s %07k = Biardisics1-

Here ||B;+x]|>|e;+x|=1 and arguments similar to the above show that y;,,.,
=8/ 4k,15 Vi+k—-1,1=0j4k—1,1 - - -»Y0,1=00,1. This completes the proof of the lemma.

When we have carried out this latest cancellation we have put (12) into a form
where «;, ; has been completely removed but the general structure of (12) has been
preserved. This means that we have put (12) into a form in which the results of our
Case 1 (some |o;|| =0) apply. But the conclusions we draw may not be immediately
in the required form if «, or «, have been involved in the latest cancellation.

The various possibilities are summarized in Table 1 where we have included
some information about corresponding pairs involved in the latest cancellation
and some results from Lemma 5. These columns are by no means complete; we
~ have included only those facts that are needed in our later calculations. We write
¥ to denote the result of deleting y; ; from y;, and ¥{*’ to denote the class contain-
ing ¥{¥. Similarly ¥{? is the word obtained from y; by deleting y; 1y; , and ¥{®' is
its class.

We observe that in cases (i) and (ii) of Table 1 the required conclusion for C,
follows immediately. In cases (iii) and (iv) we have

rQr o g W o 1y _ Q[ 28 __ QIS
08, = ansn,lssz) = an')'n,last) = Bn,lﬁn,zﬁgt) 8 = Bnao

as required for C,. Cases (v) and (vi) lead to

rer 1St A S
8y = oy n.18n = c‘n‘)’n.lsn

’ (1) _ R’ (1) _ 'S’
n)’o,130) = Bn30,180) = B.0
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and cases (vii) and (viii) to

rQr ’ ’ 2)/ 7 ’ 1 (1)’
ondy, = %.1%,20‘5;) o = lgn)'o,lao)

— QA 1) _ R’/
- Ignso,lsf)) - ﬂuSOa

the required conclusion for C,.

®

(i)

(iii)

(iv)

()

(vi)

(vii)

(viii)
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TABLE 1
Results

Conditions Cancelled Form Conclusion Corresponding from
onjandk  ofEquations(12) from Case 1 Pairs Cancelled Lemma 5
0<j<n ayo=PFors
jtk <n oS = ¥,

@nyn = Buvo e ,

=0 (2)7,,7 — Q) } a,.S,. - B;lso

J= a5 Yo = Yi
jtk<n a8y = 6

an¥n = Bavo

<

0<j<n ayo=Bovi
jtk=n a8 = Bod;

7 = B
. oo (AR =B =
j= ayo = ¥{?
jt+k=n o8, = 8

Y = BPve

<

O<j<n ¥ =pPv
Jtk=n+1 8" = gers;

Y =

8’ - 8/ r. 7’ . v’ , 7 = 8
O<j<n o = o ; On 0 @n¥n1 = Brvo. Vn,1 87-.1
Yo,1 = 0Op,1

J+k>nt1 & = s

Py = g
j=n v = B
jtk=n+1 8 = pP’s;

oDy = y§’
. ay oy PR = 8 on100,2 = B0, Yo = 80,1
J=n Yo =7
jtk>n+1 8 = s

(1)7

2)n, —
aPyp = ¥§
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Thus in each of the subcases of Case 3, the lunar condition C, is satisfied.

The lunar condition C,; does not require any special consideration. It is obtained
from C; for Case 1 as in cases (iv) and (vii) of Table 1.

We have now proved that C; holds in each of Cases 1, 2 and 3. We have also
proved that if C, holds then C, . also holds in each of these cases. Thus we have
completed the proof of the following proposition.

PROPOSITION 6. The semigroup & satisfies all of the lunar conditions.
If we compare Propositions 3 and 6 we see that we have reached our goal.

THEOREM 7. The lunar conditions are not sufficient to ensure the embeddability
of a semigroup in a group.
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