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Abstract. This paper is devoted to the problem of representing all solutions of
certain homogeneous convolution equations through series of exponential poly-
nomials. This representation is sought in the dual space .#’ of a function space .#,
the latter consisting of entire functions satisfying growth conditions in horizontal
directions. The space .# is a Fréchet space, which fact permits a simpler and more
thorough treatment than that given in the paper [1]. The technique used here is
based upon a method developed by L. Ehrenpreis [S] and V. P. Palamodov [3] in the
theory of differential equations with constant coefficients. We map the Fourier
transform space & .# into a space of sequences,

prFMSF— (F(N), F'(L), ..., FP17(Xy), F(Ag), ..., FP271(Ay), .. ),

where {A} is the spectrum with multiplicity of a mean-periodic element of the dual
space .#’. The crucial point is to identify the quotient space & .#/ker p.

In a recent paper [1] we have studied mean-periodic distributions that act in a
certain fundamental space M of holomorphic functions. The principal result of the
first chapter of that paper was the spectral analysis and synthesis of such distribu-
tions; in fact, it was shown that the formal series of exponentials associated with a
mean-periodic element belonging to the dual space M’ of M is uniformly conver-
gent on each set of a reasonable class of bounded sets of the fundamental space M.

The present paper, which is entirely new and independent of [1], deals with a
closely related problem in a simpler way. The simplification arises by taking ad-
vantage of a natural extension of a method used by V. P. Palamodov in the theory
of differential equations with constant coefficients (cf. [3], which contains ample
bibliographical and historical references) and by operating in a fundamental space
A of simpler structure than the space M of [1]. The present space .# is a Fréchet
space (a projective limit of Banach spaces), whereas M was a mixed projective-
inductive limit.

Our goal in the following pages is to give an affirmative and explicit solution of
the spectral analysis and synthesis problem for mean-periodic distributions of .#’.
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The fundamental space .#. Let us fix a positive number a once and for all.
We shall systematically denote the Fourier transform of an integrable function
defined on the real line R by the corresponding capital letter; thus

Fo(x) = bx) = fR o(t)e™ dt.

Let .# denote the vector space of all entire functions m such that the corres-
ponding Fourier transforms M are holomorphic in the horizontal strip

A={z=x+iy:|y| <a},
and satisfy

def
)] Ml = sup | M(x+ip)ett] < oo

lvisa -

for all positive integers k and n. The norm appearing in the right-hand member of
(1) is that of the classical Lebesgue space L2 over the real line R.

We put ||m|;n= | M ||xn> Yk, n, in order to obtain a Fréchet space ..

Let us remark at once that the space . is invariant under real translations.
Indeed, if p € A and .(t)=(t—§), £ real, we have

Flp)(x+iy) = =+ F p(x +iy)
and

sup [ F(p)(x+iy)e™!| < e sup | Folx+iy)et!l| < co.
n

ly|ISa—1/n lvlSa-

It is then clear that the dual space .#' also admits real translations. We can
therefore define an element A € #’ to be mean-periodic in ' if the closed linear
span of the set of translates {A, : £ € R} is strictly contained in .#'. Here, on account
of convexity, it makes no difference whether we take the weakly or strongly closed
linear span.

It is also clear that ./ is an algebra under convolution on R.

We aim to prove the following theorem concerning the space .#, which charac-
terises the mean-periodic distributions in .#’ through their harmonic analysis.

THEOREM. Each mean-periodic element X in the dual space M' is the sum of a
weakly convergent series

Pe—1

(o)) A= > cnxexp (ihx),

k
where {\}.—1.o.... is a sequence of complex numbers (the spectrum of X) contained in
a horizontal strip {|y|<a'}, a’ <a, strictly contained in A and {p,} is a sequence of
positive integers (p, is the multiplicity of A,). The sequence {\.} coincides with the
set of zeros of a function M, € FM which vanishes at A, with multiplicity p,. The
coefficient sequence {c,} satisfies a growth condition

3) > lendWakexp (=g |Re &) < 0, g < oo,

T,k
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where {W,,} is an explicitly determined sequence depending only upon the number q
and upon the sequence {\,;}. The three sequences {\.}, {p.}, {c:x} are uniquely deter-
mined by A.

Conversely, if e M’ is the sum of a weakly convergent series (2) such that the
growth condition (3) is satisfied, and if there is a function M, € F.# which vanishes
at X, with multiplicity p,, then X is mean-periodic in M'.

A series of lemmas. An essential part of the proof is contained in the following
lemmas, of which the most delicate is Lemma 3.

LeMMA 1. The closed linear span & of the translates of an element m e M is an
ideal under convolution; that is, m x n€ % for every ne /.

Proof. With obvious notations, we have (z=x+iy)

}[ g m(t—EWENAE;— S m(t— EPn(ENAL;

kn

sup | M@2)(Z exp (iz&)n(€)AE— > exp (iz€))n(¢))AE;)e ! | -

lvlSa—-1/n

sup | > exp (iz&)n(€)Ag— > exp (iz&)n(€))AE;

lylSa—-1/n

IA

flicns

a quantity which tends to zero for each k, n. Recalling that .# is complete, the
result follows.

We shall require an integral representation of the Fourier transform A=%2)
through what is essentially the Fantappié indicator. Formally, this is just the
““Cauchy integral”

(4) z—> <A, 1/(Z_t)>a

but it should be realised that the Cauchy kernel ¢ — 1/(z—¢) does not belong to
the space # . in which A acts. We shall need (4) later on even for some points z
situated inside the strip 4. Hence some attention has to be given to extending A
properly, so that (4) will make sense.

Since A is continuous in the Fréchet topology given by the family of norms (1),
A is bounded on some neighborhood of 0, | M |, =1, 3k, n. By the Cauchy integral
formula, we can suppose k and n to be such that A is bounded on a ball

) 1Ml =" sup  |M@eHmes| <1,  MeF.
IImz|Sa-1/n
Let B,, denote the Banach space of all functions F continuous for |y|<a—1/n,
holomorphic for | y| <a—1/n, such that || F||x, <. Then A can be extended to a
continuous linear form on B,,. We fix such an extension, denoted again by A.
Let M, be a function of # . and consider the factorisation

(6) Mo = BoM1,
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where B, is the Blaschke product relative to any horizontal strip H,> H, (v>n)
over the zeros of M, lying in H,(?). We can suppose that |[B|=1 on the boundary
0H,. Since M, has no zeros in H,, let

(7) M2 = '\/Ml Onﬁv.
Then
® I" Mo/M; ||in < o0

Define, using the extension of A to the space By,

©) L(z) = i%‘, Q—W ze H\H,
LeEMMA 2. There exists a constant C,, such that the inequality
IM(DLE@)| S Cenl Mof2)]
holds if z e H\H, and dist (z, H,)Z a>0.

Proof. By definition, My(z)L(z)=<A, M,/(z—1))>, where z runs over the two
horizontal strips H,\H, near the boundary of 4, and where M, is related to M,
through (6) and (7). Since M, € B,, so that t — My(t)/(z—t) € By, (z € H\H,) as
well, and since A is a continuous linear form on the Banach space B,,, we obtain
the bound

(10) IMo2)L(D)| = (| Al - Il Ma(®)/(z—1) [lien-
Since dist (z, H,)Z«>0,
(1n Il My(®)/ =) llen = K| M [lin

for a constant K=K,. Therefore (10) and (11) yield C,, such that |My(z)L(z)|
= Cy,<00. Thus, it follows that

|Mo(2)L(2)| = |Bo(2)M(2)- Ma(2) L(2)| < Ciea| M(2)]

for z as stated.

Let the contour I consist of two horizontal lines, one lying in the lower strip of
H,\H, and directed to the right and one in the upper strip of H,\H,, directed to the
left.

Under the above conditions, we have the following:

LeMMA 3. The action of A€ M' on the elements of the principal ideal m, x A,
Fmy=M,, is given by

O mg xmd = 2m(A, MM = f LE)M@M() dz.
r

(®) Hy={z=x+iy: |y|<a—1/n}.
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Proof. The proof consists in justifying the following two equalities:

Mo(Z)M (2) Mz Mo(z)M(z) dz
2171 My(2) > dz <A 2171 Mz(z) >

= <A, M0M>.

The second equality follows at once from the Cauchy integral representation

My)M(t) 1 Mo(z)M (z) dz —
(12) My(t) = 2mi My,(z) z—-1t 1€,
which is certainly valid in view of (8).
As for the first equality, the integral on the left certainly exists, by Lemma 2.
On the other hand, the Riemann sums for the integral (12), multiplied by M,,
converge in the norm of By, (cf. the proof of Lemma 1), and the first equality

follows.

LeMMA 4. If <A, MM,>=0 for all M € F.M, then the product LM, has an
analytic extension throughout the strip H,.

Proof. Let { be a point outside of the strip 4. Then for every M € # .4, the
function z — M (z)/(z—{), z € A, again belongs to F.#. Therefore, according to
the hypothesis and Lemma 3,

By continuity, (13) continues to hold for all points { outside the strip Hr. bounded
by I'. After a conformal mapping of H we can replace (13) by a Cauchy integral
over the unit circle which vanishes identically outside the unit circle. Therefore
the numerator of the integrand must have an analytic extension to the interior of
the unit circle. Mapping back, it follows that the product LM M, has an analytic
extension over the strip Hr; since M can be any function of & .#, this implies that
LM, has an analytic extension over H.> H,, as asserted.

Proof of the theorem. Let A denote any mean-periodic distribution in .#’. Then
there exists a nontrivial element m, € . such that <A, (m,);> =0, V¢ € R. According
to Lemma 1, this implies that (A, m, * m»=0, Vm € . Taking Fourier transforms,
it follows that <A, MoM >=0, VM € # #. Consider now the function L defined by
(9). According to Lemma 4, the product M,L can be regarded as a holomorphic
function in a strip H,. Therefore the singularities of L are isolated poles
{N}k=1.2,...< H,, cancelled by the zeros of M,. Let p, denote the multiplicity of the
pole of L at A,.

Now take the mapping (cf. [3])

149 p:¥ > (F), '), ..., TP17PQy), ¥(QAy), ..., TP27P(Ry), . . ).

This maps the space & into a certain sequence space

=fo={ou}:r=0,..,p—Lk=12..}%
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For each ¥ € # ., we have the representation

1 Y)(z)e+ a2
YOO exp (£0h) = 5 [ "

-_-(;_”li)r . ()dzr (e*q)dz

-G [ rewen(25)

where P,,(1/(z—),)) is a polynomial of degree r+1 in 1/(z—A,) without constant
term. This representation yields the bound

['F"(A)| exp (9 |Re A])

1 . 2,241 %| 1/2
< 5 (J; |¥'(x+iyr)|2e dx) (

(15)

2 1/2
dx) :

1
r Pra (x +iyr— )‘k)

_— 1 2d U2
ark = (Llpm (x+iJ’P“'\k) x) )

It is natural to introduce in the space S a Fréchet topology given by the norms

(16) "0“0 = srukP |0rkl quk eXp (q IRC Akl)’ q= 1’ 2, IR

Let

The inequality (15) clearly implies
"P(q")”q = (1/2")!|T"2q.n’

where 7 is the index associated with A (cf. (5) and the definition of the contour T,
which depends on n). Therefore we have established

LeEMMA 5. The mapping p: .M — S is continuous.
In view of (16), the dual space S’ of S consists of all numerical sequences
t={ty}, r=0,....,p—1, k=12,...,
such that there exists some g <oo for which
; |1l Warik €xp (—q |Re ) < 0.
We have
(17) oty = zk Oric ek

LEMMA 6. The quotient space ¥ .# [Kker p is isomorphic as a Fréchet space to the
sequence space S under the mapping induced by p.

Proof. The mapping p automatically induces an injective mapping of the
quotient space & /ker p into S. We shall show that this is actually surjective.
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Once this is done, the open mapping theorem (cf. [4, p. 75]) implies the stated
isomorphism.

Proving surjectivity amounts to solving a universal interpolation problem, which
we now proceed to do. Thus let 7={t,,} be any given sequence of the space S.
Consider first the interpolation problem of finding a function ¥V, € & such that
V, vanishes up to order p, at A, for all indices v distinct from k£ and such that
ViO(A)=ty, r=0,..., p,—1 for the index k.

Let b, denote the Blaschke product relative to the strip 4 with zeros at A, of
order p, for all v#k, precisely. Since the A, are zeros of M, e F .4, b, certainly
exists. There exist numbers sy, 53, . . ., §, (p=p,— 1) such that the function

S = biA)(so+5:1(A—Ae) + - - - +(55/ A= A)P)
satisfies the interpolation conditions

(18) flf:r)()‘k) = trk’ r= 0’ Ry &

1.€.

Z (r) bgcr—V)(Ak)sv = lyx-
v=0 V.
Since b,(A,) #0, this triangular system has a unique solution sy, . . ., Sp.
Define
ViQ) = fi(X) exp (— Ni(A— A)?%%).

Then V), has the same interpolating properties (18) as f; and belongs to #.# for
each N, > 0. It only remains to check that by choosing N, large enough we can have

19) V=2V, cFH,
k

i.e. |V |4 <0, Vg, n. First, take one sequence of positive constants ¢, such that

(20) D aWak <o, Vg0

k

(Actually, W, does not depend upon ¢q!) By going over to an obvious upper
bound, everything comes down to showing that the sum

3 1/2
@) 3 sup (7 IAGH+DI? exp (~2Ny Re (x-+iy = h)msjesa! x)
k Wisa - 0

is finite for each g<oo. To this end, divide the range of integration into
A.={|Re (z—))| = 6,} and B,={|Re (z—A,)| 2 6,} and choose ;>0 so that

f | < Const. |#,|% exp (2 |Re Ay|)eZ
A

(®) Woor denotes Wy with r=0.
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for a constant independent of k and for all N,. We use here the interpolatory

property of f, for r=0. This upper bound is
Const. (|tok| Woor €xp (g |Re A]))*-ef/ Wio < Const. [[2]|3- &2/ Wiy

Fixing such 6,, we have

J.

< sup |fi(2)|? exp (— Ny Re (z—A,)%%x)
(23) Re 2eBy

: f exp (g]x| — N, Re (z— A)?%) dx,
By

a bound which is less than
1 f exp (q|x| — N Re (z— A)%) dx
k* )s,
for all sufficiently large N,. We now fix N, large enough so that in addition
f exp (k|x| — N, Re (z—A\)?Px) dx = 1.
By

Now consider any index of g whatsoever. For indices k>g, the upper bound
appearing in (23) is less than 1/k%. Therefore the sum in (21) over indices >gq is at
most
2 1 1/2 1
2, fk_ o 1) < B
S (Const. 1187+ kQ) < Const. 3 (I]t"q et k2) < o,

k>q k>aq
which proves that Ve # .4, since (19) defines a function holomorphic in |y|<a.
The interpolating properties of the ¥V, combine to give
VOX) = ty, vr, k.

The proof of Lemma 6 is complete.

Lemma 6 allows us to regard A as an element of the dual space S’. Thus, in
view of (17),
(24) A =D AYO0),  VWeFA,

k,r

where the numerical sequence {A,,} satisfies

Z | Axr| exp (—m |Re A )Wk < oo, dm < oo.
k,r

(24) means that A is a sum of derivatives of Dirac measures at the points A,.
Therefore, after a Fourier inversion, we obtain at once the weakly convergent
series in JA":

A=F A = A(ix) exp ().
k,r

This completes the proof of the first part of the theorem.
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The converse part is trivial. For suppose that sequences {\.}, {p.}, {¢:«} appearing
in a weakly convergent expansion (2) of an element Ae.#’ are given, where
{c.x} € S’ and {A.}, {p,} are the zeros with multiplicities of some function M, € # /.
Put

<As 0'> = Z CrikOrkes ceS.
k,r

The proof of Lemma 6 remains valid, so we can pull back A to a continuous linear
form on F . acting according to the formula

MY =D PO\,
k,r

In particular, for the function Mye F# which vanishes as stated, we have
(A, My>=0, as well as

(25) (A, Myee*y = 0, VYo € R.

Going over to A=4% ~!A, this means that A is orthogonal to all translates of m,
=% ~1M,; i.e. A is mean-periodic in .#’.
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