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NONCOMMUTATIVE JORDAN RINGS

BY
KEVIN McCRIMMON

Abstract. Heretofore most investigations of noncommutative Jordan algebras
have been restricted to algebras over fields of characteristic # 2 in order to make use
of the passage from a noncommutative Jordan algebra U to the commutative Jordan
algebra A+ with multiplication x-y=4(xy+ yx).

We have recently shown that from an arbitrary noncommutative Jordan algebra
9 one can construct a quadratic Jordan algebra 2+ with a multiplication U,y
=x(xy+yx)—x2y=(xy+yx)x—yx2, and that these quadratic Jordan algebras have
a theory analogous to that of commutative Jordan algebras.

In this paper we make use of this passage from 9 to A+ to derive a general structure
theory for noncommutative Jordan rings. We define a Jacobson radical and show it
coincides with the nil radical for rings with descending chain condition on inner
ideals; semisimple rings with d.c.c. are shown to be direct sums of simple rings, and
the simple rings to be essentially the familiar ones.

In addition we obtain results, which seem to be new even in characteristic #2, con-
cerning algebras without finiteness conditions. We show that an arbitrary simple
noncommutative Jordan ring containing two nonzero idempotents whose sum is not 1
is either commutative or quasiassociative.

1. Axioms and basic results. Throughout this paper % will denote a noncom-
mutative Jordan algebra over a unital, commutative, associative ring of scalars ®;
we obtain Jordan rings by taking ®=Z, the ring of integers, and the usual linear
algebras by taking @ to be a field. Unless otherwise stated, ® will be completely
arbitrary, and we impose no finiteness conditions on 2.

We recall the definition [9, p. 472], [11, p. 141]. A noncommutative Jordan algebra
2 is a space together with a bilinear product xy such that the flexible law

(l) [x> Vs x] =0 ([xa ) Z] = (Xy)Z—X(yZ))
and the Jordan identity
()] [x% y,x] =0

hold strictly, i.e. they remain valid in any scalar extension €o=% ®q Q. This will
automatically be the case if these identities hold in % and @ is a field with at least
three elements (as in most previous investigations), and in general it merely amounts
to assuming in addition the linearized version

(2)' [xz’ s Z]-I-[XOZ, s .X] =0 (x°y = xy+yx).
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These conditions are equivalent to assuming that for any x the left and right
multiplications L,, R,, L,2, R,z all commute (and that this continues to hold in all
extensions). We write this as

(3) [Ex, Fx] = [Ex29 Fx] =0 (E’ F=1L, R)~

These results are well known when 4 € @ [1, p. 574], and carry over in general
using the operator form [L,, R,]=0 and [L,2, R,]=0 of (1) and (2) together with
the linearization

ay [x, y, z]+1[z, y, x] = 0.

From any noncommutative Jordan algebra % we can construct a quadratic
Jordan algebra U* with operations

O] x2=xx, Uy = x(xy+yx)—x% = (xy+yx)x—yx*
[7, p. 276]. Thus the U-operators of A * are formed from the multiplications in 2 by
(5) Ui =L,Vy—Ly = R.,V,—Ry2 (Vx = Lx+Rx)-

A basic property of these operators is that by (3) U, commutes with L., R,, L,3,
R,2. (For a detailed exposition of quadratic Jordan algebras, see [13].)
We can polarize the cubic composition to obtain a trilinear composition

{xyz} = Ux.zy, Ux.z = x+z"Ux"Uz
and from this another operator
Vewz = {xy 2z}

Further useful formulas involving the U-operators are

(6) x(Uyx) = (Uxp)y, yoUsy =x0Uypx,
) [Re, Uyl = LV x— Vi oL, [L., U] = ReVex—Vi,Res
®) Ugry = RU+U,L, Uysx = LyUc+ UR,.
To prove (6),
(Uxy)y = {x(x 0 y)—x°p}y = RyRyyx—(x%)y
= {Ry yRy—[Ra, Ryal}x—(x%p)y (linearizing (3))

= (xp)(x o y) — (xy*)x+x%> - (x%p) y

= —[x% 3, y]1=xy*x+[x, y, x o y1+x{p(x o y)}

= +[xoy,y, x]+[x, 3, x o yl+x{y(x o y)—»*x} (by (2))
= x(U,x) (by (1)).
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The second part follows by interchanging x and y and adding. For (7),
{[Re, Usl+ Ve Le— Ly V2 2}y
= (Uxy)z—Uy2)+{x z xy} —x{z x y}
(x o xy—x2p)z—(x(x o yz) — x*(yz)) + x(xp © 2) +xp(x © 2)
—(x e xp)z—x(y(x ° 2)+2(x o y)—(y © 2)x)
—[x%y, 21+ [x, y, x o 2]+ x{—x o yz+ Xy 0 z—z(x 0 ) +(y © 2)x}
[x oz, y, x]+[x, p, x o zZ]+x{—x(yz) + (xy)z — z(yx) + (2y)x}
x{[x,y, z1+ 1z, y, xI} = 0
and dually, while for (8)

Ux.xyz = {x z xy} = Vx.zny

={L:Vox—[R;, UL}y (by (7))

= x{z x y}—(Uxy)z+ Ux(y2)

= (U, 2)y+ U(y2) (linearizing (6))
= {R,Ux+ UL}z

and dually.
We define the powers x™ recursively from the left by

1

x! =x, Xl = xx™,

Note that the quadratic Jordan powers (x!=x, x2=x2, x"*2= U,x") coincide with
the noncommutative powers; clearly x® has the same meaning in both, for n=1, 2,
while, for n=3, U,x=x(xx+xx)—x2x=2xx2—x2x=xx2=x3 by (1), and if true
for n+2 then, for n+3, Ux***=U,Lx"=L,U.x"=L,x"*2=x"*3. Throughout
the paper we will see examples of this close relation between properties of 2 and
properties of A*.

As a generalization of (3) we have

All L,», R,» belong to the commutative algebra of linear operators

©) generated by L,, R,, U,.

This is clear for n=1,2 by (5), while for n+2 we have Ly»+2y=R,U,x"
={Usy,x— UxLy}x" (by (8)) ={xy x" x}— U R,ny so that Lyn+3=V, nL,— U R.»
is generated by L,, R,, U, by induction (note V, ,=V,+: in any quadratic
Jordan algebra).

Any noncommutative Jordan algebra is strictly power-associative in the sense
that

(10) X"x™ = x"tm

holds in % and any extension of % [9, p. 473]. This follows for n=1 by definition,
and by induction x"*1x™=R.m L, x"=L,Rmx" (using (9)) =L, x"*m=x"+tm+1,
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If £ € @, R. D. Schafer proved [9, p. 473] that a flexible algebra was a noncom-
mutative Jordan algebra if and only if it was “Jordan admissible” in the sense
that A* was a commutative Jordan algebra. Unfortunately, this result does not
extend to arbitrary ®@. Of course, any noncommutative Jordan algebra 2 is flexible
and ‘““Jordan admissible” in the sense that A* (with the U-operators defined as in
(4)) is a quadratic Jordan algebra. However, flexibility and Jordan-admissibility
are not enough to guarantee (2); an example is A =F/K where ¥ is the free non-
associative algebra and ® the ideal generated by all xy+ yx and all monomials of
degree =5 (cf. the axioms of [7, p. 271]). Of course 2x2=xx+xx=0, so if 1 € ®
the Jordan identity would be trivial, but for @ of characteristic 2 the identity (2)
fails even though the algebra is flexible (even commutative) and Jordan-admissible.

2. Units and inverses. A unit element 1 satisfies the usual conditions 1x=x1=x.
If 1 is a unit for U it is also one for A* since U,l =x(x1+ 1x)—x%21=x2 and U,x
=1(Ix+x1)—1x=x [7, p. 273]. Conversely, if 1 is a unit for A+ then V,=2I,
U,=1I and 12=1, plus I=U,=L,V,—L,2=R,V,— R,2, imply I=L, =R, and thus
1 is a unit for A. We may adjoin a unit to any noncommutative Jordan algebra 2
in the usual manner to obtain a unital noncommutative Jordan algebra A’ = ®1+A;
we have a similar process for quadratic Jordan algebras, and {A'}* ={A*}".

An element x of a unital noncommutative Jordan algebra % is invertible with
inverse y if

xy=yx =1, x2y = yx? = x.

Then x and y are also inverses in A* (i.e. Uyx=y, Ux2=1) since U,x?®
=y(yx*+x2p) =y x*=y(x*)— [y, y, X*]=yx+[x, y, xy+yx] (by (2)', (1)) =yx
=1and Ux=U,L,x?=L,U,x?=L,1=y. Conversely, if x and y are inverses in
A* (so that U, is necessarily invertible) they are inverses in % because U,y=x,
U,y*=1 imply U.E.y=E.U,y=E.x=x?*=U,l, U,E2y=E,U,y=E,2x=x3
=U,x for E=L, R by (9), so cancelling U, yields xy=yx=1, x2y=yx2=x. Thus
the notions of invertibility in 2 and 2* coincide.
Writing x~* for the (unique) inverse of x, we claim

(11) L.,-»= Ux-lR.m Ry-1 = Ux_l x

For example, U,L,-1y=U,Rx '={Uy,—L,UJx"* (by (8) ={yxxx~1
—{Ux"1}=2yx—yx=yx=R,y since {zx x~}=2z in any quadratic Jordan
algebra (e.g. see [14]).

From this we also see that if we define negative powers by x ~"=(x"1)" then from
9), (5), (11) we obtain

All L, R,» belong to the commutative algebra of linear operators

12
(12) generated by L,, R,, U,, U;'.

These results improve on those of [6, pp. 943-944]. From this we could extend (10)
to include negative powers.
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3. Idempotents and Peirce decompositions. An idempotent in 2 is an element
e with e?=e. Two idempotents e, f are orthogonal if ef=fe=0. In this case U,f
=e(ef+fe)—e*( =0, e o f=ef+fe=0, Ue=0 so e, f are orthogonal in A*. Con-
versely, if U,f=e o f=U,e=0in A* then ef=e?(={L,V,— U,}f=0, fe=0, and e, f
are orthogonal in %. Thus the notions of idempotence and orthogonality coincide
in 2% and A*.

An idempotent e determines a Peirce decomposition U+ =A; D W;;s D Uy of
A* into a direct sum of subspaces. Here U,=1, V,=2I on %,; U,=0, V,=1 on
Wyj05 Up=V,=00n Uy Weclaim L,=R,=il on ¥, for i=1, 0 (in general we cannot
say anything about the action of L, on %,,,); ex=xe=ix for x € ;. This follows
since il=U,=L,V,—L,=L,(V,—I)=Qi—1)L, on ¥, and similarly for R,.

PEIRCE DECOMPOSITION THEOREM. If e is an idempotent in a noncommutative
Jordan algebra N then U is the direct sum A=U; @ Ny, @ Y, of subspaces

W ={x|ex =xe=1x}, Uys=1{x|ex+xe=x}, Uy ={x]|ex = xe=0}
These coincide with the Peirce spaces U, = U, Wy;5="U, 1_ A, Uo=U;_ A of A*.
PEIRCE RELATIONS THEOREM. The Peirce spaces multiply according to

(PR 1) AF<, (i=0, 1),

(PR 2) AUy 0+ Ay oW = Wyyp (i=0, 1),
(PR 3) xe WUy = x2e U+,

(PR 4) A, Uo=AA, =0.

Proof. (PR 3) follows from the corresponding result in 2+ (or it can be shown
directly). For the others we use the basic commutativity formula

(13) [E.m Fe] =0 (Ea F = L’ R’ X € 9'[1 +Q[0)

which follows from 0=[E,, F,2]+[E,, Fy..] (linearizing (3))=[E,, F.]+2i[E,, F,]
=(1-2i)[E,, F.] (linearizing (3) again) when x € ¥;.

This shows multiplications by %, or %; commute with the Peirce projections
built up from L, and R,, hence leave the spaces %, invariant, which establishes
(PR 1), (PR 2), and shows 2, %A,<=2A; N A,=0. Similarly %A,A; =0, whence (PR 4).

We have the following extremely important formulas [3, p. 189]. They allow us
to recover certain products xy in % from the products x o y in A* together with
multiplication by e. If x; belong to the Peirce spaces %, relative to e,

(14) e(xyj2 © Xo) = €Xyj3 © Xo = X1;2X0, (X1/2 © Xo)e = Xqj9€ © Xo = XoX1/2,
e(xy2 © X1) = €Xyg © X1 = X1X19, (x1/2 0 X1)e = Xyj9€ 0 X1 = Xy;9%1,
@15) Py(x1/2 © €y1/2) = Po(X1j2 © y1j2) = Po(X1/2)12),

Pi(exyyg © y1j2) = Pi(x12 © y1j2€) = Pi(X1/212),
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where the P, are the Peirce projections on %;. In particular, we have the following
corollaries:

(14)" If B,,; is a subspace of Wy, satisfying eB,;5< B, and B, any subspace of
A, for i=1, 0, then

BBz +B12By = By 0 Bya.
(15)" If B, is any subspace of N,,s, then for i=1, 0,
Pi(u1/2581/2+%1/2%1/2) = P((Q'I1/2 ° %112)'

For example, to prove the second part of (14) we write x3x;2=[R.,,,, Uclx:
={L.V;5.e— Ve,x1,aLe}X1=€{X1/3 € X1} —{€ X1 X1} =e(xy)2 © x;) from the Peirce
relation in A* [2, p. 1074] and (7). In (15) we use (8) to see Pj(exys o Y1)
={ex1/2 Y112 €} = Uexy g, V112 ={R; ;Ue + U, Ly, 5} Y1/2=P1(x1/2¥1/2)- The other parts
follow in the same way.

These allow us to improve on (13), namely

(16) [E., F,] =0 (E,F=L,R).

This is trivial on 2+, by (PR 4). On U5, [Ex,s Fyodl =V Ee, Vi,Gel (by (14),
for G the opposite of F) =[V,, Vy JE.G. (by (13)) =0since Vy, and Vy, commute
in any quadratic Jordan algebra.

More esoteric are the formulas

(17) z; 0 Pyjo(x112¥1/2) = Prya{x1/2(zi © Y112)} = Pria{(zi © X1/2) Y12} (i=10);

Pxy/5 0 Pyjo(¥1/221/2)} = P{zy;2 0 P 12(X12Y112)}
= P{y1/2 © Pyjo(21)2%1)2)} (i=10);

(19) Uiyt = P AxX12(X2 © YD} = PA(Y1 © X1/2)%1/2} G=1-i);

X3y = Pfxya(Xya o ¥}, 1ix3j2 = PA(yi © Xy2)X1s2}s

X3 oy = P{xy2 0 (X2 ° Y)};

(18)

(20)

[xi, yi 2112] = Wi(Z12%) = (Xi2y2) Vs

(2112, s Xi] = —(X212) )1 = — ¥i(Z1/2%:)-

@n

To prove (17), let xy/2)1/2=a;+ a2+ o, Y1/2X12=b1+b1j2+bo (50 bys= —ay,; by
(PR 3)). Then

0 = Pypo{[x1/25 Yas2s 2]+ [25 Y1j2s X121}
=P1o{(x112Y112)2 — X112(V1122) + (21 Y 112) X172 — 2 Y1/2%112)}
= Pya{ayjozi— X12(¥11220) + (20 © Y12)X1i2— (P11220)%1/2 + 24012}
= Pys{ays © zi—x1j2 © (¥1/220) + (2 © Y12) %12}
= Q3 © 2+ P1a{(Z1 © Y12)Xue} = @z © 20— Puyafxya(zi 0 y112)}  (by (PR 3))



1971] NONCOMMUTATIVE JORDAN RINGS 7

$0 z; 0 Pyja(X1/2¥1/2) =2; © @y,2="P1a{x1/2(z; © y1/2)}- This gives the first part of (17);
the second follows by a similar argument (or note z;o Py;(Xy0)1/0)=
—z; 0 Pya(y1aX1e) = — Prjo{y1/2(zi © X112)} = Pyj2{(2; © X1/2) y112})- For (18) we have

0 = P[z1/2, X1/25 Y12l + [Yus2s X1s2, Z1s2]}
= P{(z112%112) Y1/2 — Z1j2(X1j2V112) + (P112%1/2)21/2 — V12(X1/271/2)}
= P{(z1/2X1/2) Y112 — Zu2(X112Y112) + (X1j2 © Y112)Z112— (X1/2Y1/2)Z1)2
= y12(Xys2 © Z112) + Y1/2(21/2%1/2)}

= P{(z1/2%1/2) © Y12— 22 © (X1/2Y1/2)}
$0 P{zy/5 © P1ja(X1/2¥1/2)} =P Y1j2 © P1ja(21)2%1/2)}; permuting cyclically gives (18).
(19)-(20) follow from Ux1/2y5=xll2(x1/2 o y)—x32yi=(pi© Xyg)X12—yix32 by
applying P; and P;, noting U,,,,y, € ¥, and yx}j, x35y, € A (21) follows as in

[3, (12) on p. 189].
The most general decomposition is

GENERAL PEIRCE DECOMPOSITION. Ifey, . . ., e, are pairwise orthogonal idempotents
then

A = A
2.8,%
where, for i, j, 0#,

WUp={x|ex =xe, = x}, Wy={x|ex+xe =ex+xe;=x}="Uy,
o = {x | ex = xe; = 0 for all i},
o = {x | ex+xe, = x, e;x = xe; = 0 for all j # i} = W,

This coincides with the Peirce decomposition of U* relative to the e;: Wyy=U, N,
Wyy=U,,,e A, Woo=U,_ A, Wo=U, _. A for e=3 e,. For x € Ay; we have e,x =xe,,
exx=xe,=0 (k+#i,j). (The last statement follows because ex=x—xe;=xe; as
e;+e; is the unit for Ay +A;;+A,;.)

GENERAL PEIRCE RELATIONS. The Peirce subspaces multiply according to

(GPR 1) A=,

(GPR 2) %20, + %, A, <Ay,

(GPR 3) %, <Ay,

(GPR 4) A=Ay + Ay + Ay,

(GPR 5) x €%, = x? € Ay +Ay,,
where W, N,,,=0 if there are no shared indices. Furthermore, the general Peirce
spaces may be expressed as

Wy = As(ey), Ay = Ayjaler) N Asjoley)
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in terms of the Peirce spaces correspending to the individual idempotents. If J is any
subset of the index set I and e;=73 ;c; e, then the Peirce spaces of e; are

Ws(ey) = Z Wy Ay oey) = Z Ay,
1,5'e]

jelii¢J
Ao(ey) = z Wiy
i,i'¢J

The multiplication rules can be proved as in the case of a single idempotent since
the F, (x € ¥y,) commute with all Peirce projections Py, and the F, (x e %y)
commute with the Peirce projections relative to e;+e,. Alternatively, the rules can
be deduced from the case of a single idempotent, noting that 2A;=%UA(e;);
Wy =As(e)=Wole), Wiy=Ayjale) N Aypaley); Wy Aypa(e) N Aoler), Ay =Uoler)
N Aja(er); A< Ay(e;+ey) for (GPR 1-4) respectively.

The formula (20) can be improved to

X5 Vie = Xif(Xi5 © Vi), YieXfy = Vg © Xi9) X5

2 —_
XFy o Yy = Xiz o (Xiz 0 V),

20y

since Pp{xi(Xis © Y1)} = Xi5(X15 © Y5ic) by (GPR 3).

4. Ideal-building lemmas. In this section we use the Peirce relations to construct
ideals. The most important construction is

PROPOSITION 1 [3, p. 189]). If B, is a subspace of N, such that eB,,,< B, and
W; 0 By,s<Byp (1=1,0) then B;=P{A, ;5 0 By o} is an ideal in ;. B=1; + B, 5+ B,
will be an ideal in U if

(i) Ayjp 0 B; =By,

(i1) Py/2{%1/2B1/2}< B2,

in which case B coincides with the ideal in U* generated by B,.

Proof. That B, is an ideal in ¥; follows from linearized (20). The condition that
B be an ideal, AB + BA< B, reduces to (i) and (ii) since A;B;+ B;A; < B; by the
first part, %, B;=B,%;=0 by orthogonality, 2,;B;,5+ B1,,%,< B, ,; by (14)" and our
assumptions about B,,,, While Py(%;,581,5+ B1,2%1,2)=B; by (15)" and the defini-
tion of the B;.

Since the B, are generated from B,,, by Jordan products in %*, B is contained
in the ideal of A+ generated by B,,,, and if B is an ideal in A it is also one in A*.

LEMMA 1. lf %1/2=9[1/2 and 58;=P{(Q[1/2 ° %[1[2) then %=%1+%1/2+%0 is an
ideal in N which coincides with the ideal in U+ generated by U, ,,.

LEMMA 2. lf 581/2=9I0 ° 9[1/2, %i=Pi(QI1/2 o %1/2) then §B=%1+%1/2+%0 iS an
ideal in .
Proof. Clearly e%,,,= %8, since L, commutes with Vg, by (13), %o 0 B, By

is trivial, and ¥, o B;,,=B,;; because Vo, commutes with Vy, by (16). To see
that B,,, satisfies (i) of Proposition 1, note ;o Bo<=By,, is trivial and
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Wyjz 0 Br=Uyz 0 Pr{Uyyp 0 (g o Anp)} =Wyyz 0 {Ayja Ao Wyja} (linearized 19)
= —Wq o {Wyjp Uyjo Wyjat +{Wo Wajo Wnjo} o Waja+{Wo Wyjg WUyjo} o Ay (linearizing
(6)) <UgoUyp (by [2, p. 1074]) =DBj. For (i) note Pyp(Uy2Bys)
=P1/2{911/2(910 ° QI1/2)}=910 ° P1/2(9[1/2911/2) (by (17)) =g o Ayjz=Bya. Thus B,
satisfies the conditions of the proposition.

LemMA 3. For i=1, 0 the space
,81 = {Zi E?I; I ZiaI1/2 = Q[l/zzi = 0} = {Zi S Q’[i ] Zi o 91112 = 0}
is an ideal in A.

Proof. Certainly z,%,,,=2,,,z;=0 implies z; o A;,,=0, and the converse follows
from (14), so the two definitions of 8, agree.

It suffices to show 3; is a left ideal. We have %;,,8;=0 by definition and %,3;=0
by orthogonality. For %, 8,=3; we use (21): (a;zy)¥1/o=ay(z:12) +z/(Wy/2a) =0
and similarly %, ,5(a;z;)=0.

Now we investigate certain constructions of ideals from outer ideals. An outer
ideal in A is a subspace B of A such that UyB < B, and an inner ideal if UgA<B.
(These concepts apply to arbitrary quadratic Jordan algebras.)

SUBLEMMA. If B is an outer ideal in W with B=3,+B,,,+ B, relative to an
idempotent e then there exists an outer ideal €=€, + €, + €, for €, =B, @1,23 B2
€,=B, such that

(D) Prja(Uq2€115) <€y,
(ii) P:(Qluz ° @1/2)=Ps(9[1/2 ° %1/2) @i=1, 0)-

Pl'oof. Set @i=%i, for l= 1, 0, and @1/2=ZS° 4‘81/2’,; Where %1/2'():%1/2, %1/2’"4.1
=Py;5(N;,2B1/2,,). Clearly €,,,° B, satisfies (i) by construction, and to establish

(ii) it is enough if Py(y;5 © Byjs,,) < Pi(Uy)2 © Bye) for all . This is trivial for n=0,
and if true for n then

Pi(‘uuz ° Q'31/2,n+1) = Ps(Qqu ° Puz@luz%uz,n))
= Pi(Byjz,n © P1j2(W1/2U1/2)) (by (18))
< P(Biz,n ° Uyja) < Pi(AUyy2 0 Byyo)

by the induction hypothesis.

It remains to verify that € is still outer. We have U@ < UyB + Un€,;. < B+ Ua€,
so we need only show UnG@,,,=C,,,. We have Uy Cyjo=Un,€ =0, Us,2,Cy)o
=o 0 (Ay 0 Cypp), U%ll,z,?l;@:lm:{%uz € Uy =P{Uy5 0 (€120 Ay}, and U‘llm@:l/z
=Wy 5 0 Py(Wy5 0 Cq0) — €y g o P(AUZ),) so that all we need are

Ao @1/2 < @1/2, P 1{9[1/2 ° @1/2} =P i{‘uuz%uz} < B,

for i=1, 0. In fact, we need only establish these for 8,5 , in place of €,5. For n=0
these are clear since B is outer, while by induction %; o B35 ,+1=2; © Py;2(U1/2B1/2,4)
=Py o{(U; 0 Uy112)B1j2,n} (bY (17)) S Pyjo(U1/2B1/2,n) = B1j2,n+1 and Py(Ayj2 0 Byjz,n4+1)
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=P¢(9{1/2 ° P1/2(m1/2%1/2,n)) =Pi(§31/2,n ° Plrz@[uzi’ll/z)) (by (18)) CP!(%1/2.n ° QI1/2)
SPy(Ay5 0 Byjo).

In the next lemma we will need to know that an outer ideal B can be enlarged
slightly so that eBB<%®. More generally,

SUBLEMMA. If B is an outer ideal in % so is €=>3 L™ B for any x, and xE<GC,

Proof. Clearly x€<€ by construction. To show € is outer, it suffices to show
U, L2 < > LB
m=0
for all n and all aeA’. This is true for n=0 since B is outer, U,B<VB;
assuming the result for n, U,L3*'B={U,L,}L3B={U,x.— R UL2B (by (8))
={Upra— Vo Uy + L UJILEB<I™ _ LB+ L, >%_o L"B (by induction, noting
Ve=U,,) <>rtl L™®B. This completes the induction.

COROLLARY. If B is an outer ideal in A, B=B,+ B3+ B, relative to an idem-
potent e, then there exists an outer ideal € =€, +C€,;,+ €, with €, =B, €,,,°Bs,
Co =B, such that e€<G,

Proof. €=35 LB =1,+ > LB;,;5+ Bo.
Now we are ready to construct an ideal out of an outer ideal 8; we shrink the
components B; and B, but expand the component B,,.

LeMMA 4. If B is an outer ideal in A, B=B,+ By,;+ B, relative to e, then there
iS an ideal CD=<D1+®1/2+@0 in QI WIth

B, > Dy, B2 © Dy, By > Do

Proof. Given any outer ideal B let E(8)>9% be the outer ideal invariant under
L, constructed in the above corollary, F(8)> % the outer ideal with Py ;5(;,5812)
< &1z constructed in the first sublemma. We set Bo=3, Bon+1=E(Bs,), Bonss
=F(B3,4+1). Then the B, form an increasing sequence of outer ideals, and
€=3& 9B, is an outer ideal containing %B. Since at each stage B, =3, + B,,5.,+ B,
(the constructions E and F only increase the 3-component) we see € =€, +€,,,+ €,
for €, =3B, €,,,° B3, €, =B,. We have E(€)<=C, F(€)=C since E(B;,)=Ban+1,
E(B2n+1)=Ban+1, F(B2n+1)=Bans+2, F(Ban+2) =Bansz. Thuse€=C, Py p(Ay5€,,5)
<@€,,5, and (since € is outer) both U; 0 €;,,=C; 5 and Wy 0 Py(Wyj0 0 €1y0) U5 0 €
<@, hold. By Proposition 1 we see D=D; +D;;3+D, is an ideal for D;=
Py(Ay)3 0 €15) =€, =B, and Dy, =E€3> By)5.

We can draw certain conclusions about simple algebras from these constructions.
The major result guarantees that if 2 is well behaved and contains an idempotent
then %A* is well behaved.

THEOREM 1. A simple noncommutative Jordan algebra N with idempotent e+0, 1
has no proper outer ideals. In particular, A+ is simple.
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Proof. The last remark follows since a proper ideal in % * is a proper outer (and
inner) ideal in 2.

Suppose B#£U is outer, B=1B; + B, ,,+ B, its Peirce decomposition relative to
e. By Lemma 4 there exists an ideal D=D;+D;;3+D, in A with D,=B; and
D122 Byj2. Now B;+Bo<WU; +YU, or else e B, implies Ayjp=e o A;;,<B and
B =9A, contradicting our choice of B. Thus D; + Dy <A; + A, too, so D#A, and
by simplicity ®=0. But then B;,=9,,=0, consequently B;o U;;,=B;,,=0
implies B, < 8, in the notation of Lemma 3. We saw in that lemma that the 3, are
ideals in %, and 8, <A, <A if e£ 1, while 8,=U, <A if e5£0, so again simplicity
forces 8;,=0. Then B;=0 and B=0. Thus B=0 and B=A are the only outer
ideals.

Note that no finiteness restrictions were imposed on %. We next derive a similar
theorem about simplicity of A* in which we make no assumptions about idem-
potents, but instead place a finiteness and nondegeneracy condition on the algebra.
In any quadratic Jordan algebra & we define the derived series by V=g, J*+V
=UsmJ™. & is solvable if F™=0 for some n. If B is an ideal so are all B™
(generally, if 8 and € are ideals so is Ug®).

LeMMA 5. If B, €, D are ideals in a noncommutative Jordan algebra U then UgC
and {B € D} are also ideals. If B is an ideal in A* then AB™ +BPA<B"~Y, s0
that (), B™ is an ideal in U.

Proof. UgC is a left ideal since by (8) L,UsC=—UsR,C+ Ug, €< UgE
because B is a left and € a right ideal, and similarly Us€ is a right ideal. The same
argument works for {BE€D}: L {BEC D}=L, Uy 3C=—UgoR.C+U,3,26+
Us, .a8<{B € D} since B, D are left and € right ideals.

If B is only an ideal in A* we use (8) and induction to obtain

AB+D = Ly UpgmB™ = — Ugm RyB™ + Upspin),pm>B™
c U%(”)%(n— 1) + U%(,, _1)’%,‘)%@)
c Ugn-0B®-D = §m

for n21 (for n=0 we agree B@=9A). Similarly B"+VA<B™, s0 €=(") B™ has
AC+CA< () (AB+ D+ B+ DY) (M) B™=E so that € is an ideal in A.

THEOREM 2. If U is a simple noncommutative Jordan algebra such that U+ has
the descending chain condition on ideals (in particular, if it has d.c.c. on inner ideals)
but contains no solvable ideals, then U+ is simple.

Proof. If B were a proper ideal in %* then the 8™ would form a decreasing
sequence of ideals, hence M =B¥*+V=... from some point on by the d.c.c.
Thus €=(") B™ =B is an ideal in A. It cannot be all of A since it is contained in
B, yet it cannot be zero because B #0 is not solvable. But it cannot be a proper

"ideal in the simple algebra % either, a contradiction.

We shall need one further result concerning Peirce spaces. An algebra is semi-

prime if it contains no (nonzero) trivial elements, an element z being trivial if U,=0.
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LeMMA 6. If U.is semiprime then any x5 € Ny 5 such that Py(xy;q o Ay;0)=0 or
X19 © o =0 is zero. In particular, o=0 implies e is the unit for A, A=9,.

Proof. If Py(xy/5 © 5/5)=0 (or xy/5 © Ao =0), then U, Ao=P:{x15 o (x1/2 o Ao)}
=0 by (19) (or =Py{x1/2(x1)3 © o)} =0). Then any z, € U,, ,%; would have U, A
=U,Uo< Uy, , Un, Uy, ,%0=0, so z, would be trivial; by semiprimeness z,=0
and we have U,, %, =0 too. Thus Py(x3,,)=U,,,e=0, implying x3,=2, € ;. A
similar argument shows U, %A=U,A,=U, U, A =0 so z;=0 and x},=0.
Then U, Wy 0=2x15 0 Pi(x1)5 © Wqj0) —Wyjz © Po(x32) =0 (or =x1,5 0 Po(X1/5 © Uqj2)
— Ay o P1(x3/5)=0). This shows that U, . A=0 and x;,,=0.

1/2

X1/2
112

4. Interconnected idempotents. Two orthogonal idempotents e, e; in a quad-
ratic Jordan algebra J are interconnected if Us ,811=3J22 and Us,,J20=S3;. More
generally, a Peirce decomposition §= <, j=.-1 3i; relative to orthogonal idem-
potents e, ..., e,_, is interconnected if

(1) Uz, B5=3u (i£)),

(IT') xi0 © Foo=0 = x;0=0 (i#0),

(IIT') X0 © Ji0=0 = x00=0 (i#0).

The latter are nondegeneracy conditions: if e, exists (i.e. if & is unital), (IT') is
automatic, and (IIT") holds if & has no extreme radical (so always when % e ®).
In the particular case where 3=+ for a noncommutative Jordan algebra % we
see Uy is spanned by the U, y;;=Pu(xi; © xi;¥5;) (by (19)) <Py(;; o Ayy), and also
Ay Wgs o Ay (since e exists for i#0) =Wy o Vg, WAogo=—Woo ° Vs, e W
+{Wo; Wio oo} © Wy (linearizing (6)) <Woo © Wjo. This leads us to say that a Peirce
decomposition A =>y<; ;<,_; U;; (of length n) of a noncommutative Jordan algebra
A is interconnected if

D Py 0 Ay} = Ay @ #J),

(22) (In X0 Wgo = 0= x50 =0 @ +#0),
(I11) Xoo © Wyo = 0 = Xxg0 = (@ #0),

Iv) Wio o WAoo = Wso @ #0).

We have seen that a Peirce decomposition which is interconnected in 2+ is inter-
connected in . The converse is also true. If a decomposition is interconnected in
o we establish (I') by U, ;= Puf2,(2;, o %)} (by (19)) =Pu(®;, ;) (using (IV)
if j=0) =Py(Ay; o Ayy) (by (15)) =A; (by (I)).

Note once more than (II) and (IV) are superfluous if e, exists, i.e. ¥ is unital.
Moreover, (IV) is also superfluous if n = 3; this will follow from the general result
that (I) implies

(I') Ay 0 Wy =Wy (G, J, k#)
since then ;g 0 Ao =W o AF, (by (1), where j#1i, 0 exists if n2=3) = (W0 o Wjo) © Wjo
(by (20)") =, o Ay, (if (I') holds) =A;, (by (I') again). To establish (I'), we may
assume k#0 (a similar argument applies if i#0) so that ;< o WAy, =y, o AZ,
(by (D) =(is o Ay) o Ay (by (20)) <Ayy 0 Ay,
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It is more work to show that (III) is superfluous in the unital case. We claim

more, namely

X0 Wy =0 = x3 U = Axy; = 0.
We have x,UZ=UZx,;=0 by (20), so by (I), x;U;;=U;x;=0. By (14) we have
Xy =Wisx;=0. For k+#i,j, we have xyoW=x;0U;0oWy) (by (I')
=(x;; o Usi;) o Ay (by (16)) =0, so by (14) again x; Ny =Wyx; =0. By Peirce ortho-
gonality these are enough to show that x;; annihilates . If e; exists, this gives
x;=0. More generally

(IIT) xy50 Wpe=0 = x;;=0 (k#1, j).

We have just seen this for i=j#0, while for i=;j=0 it follows from (III). If i#j
note x;, A3 =AZ.x;;=0 by (20)’, so by (I) x;;A;;=W;;x;;=0; if e, exists this implies
x;;=0 directly, otherwise for j=0 we use (II).

In the presence of interconnectivity we can improve on the Peirce relation
(GPR 4).

(V) A=A, +U, if n=3.

This is a consequence of (III') because Aj; o Pi(AZ) =P {( Uy o As)U;53 (by (17))
< Py (Uyi;) < Piyf(AUy) =0.

It is also useful to know that when e; exists, (I) is equivalent to

(I*) e € Py(A;; 0 Ayy)
because, by Proposition 1, P,(%,;¥,;) it an ideal in 2, and therefore if it
contains e; it contains all of ;.

We remark that an interconnected algebra remains interconnected under any
free scalar extension Q of @ (in particular, if Q is an extension of a field ®). Indeed,
conditions (I) and (IV) are inherited by % for an arbitrary extension Q, and if Q
is free over @ with basis {w,} then o= w,A inherits (II), (III) also: if x;
=3 wexfh (x5 € A) has xy0 0 Uoo=0 then 3 w, (xF o Uoo)=0 implies xfp o Woo=0
for all «, hence by (II) in ¥ all x% =0 and x;,=0. (Similarly for (III).)

Further, if % is a unital interconnected algebra and 9% a unital bimodule (in the
sense of [3, p. 191]) then the split null extension €= @ M is also interconnected.
More generally, if € is any unital algebra containing an interconnected algebra %A
as a unital subalgebra then € inherits interconnectivity from 2. ((1I), (I1I), (IV) are
automatic and (I) equivalent to (I*) in the unital case, and € inherits (I*) since
e, € Py(y; o Ay;) implies e; € Py(C;; 0 €;)).)

As with the Jordan case, interconnectivity is preserved if certain of the idem-
potents are “lumped together”: if ey, ..., e,_; afford an interconnected decom-
position so do ej,...,en_; Wwhere e;=2y;e for any decomposition
I={1,2,...,n—1}=I(1) U---U I(m—1) into disjoint sets. Indeed, (II), (III), (IV)
are clear since g0 =Uo0, A6;= Dicrcsy Loi» While for (I) we observe

P ff(m;k ° 9[;k) = 2 P (U, 0 QIst) = Z P rr(mrt o W)+ 2 P rs(%[rt o Ag)
T

r,s€l(f),tel(k) T#S
=2 Ut 2 Ay (by (D, (V)
= o,
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The importance of interconnectivity derives from the

THEOREM 3. Any Peirce decomposition of an arbitrary simple noncommutative
Jordan algebra is interconnected.

Proof. Let A=72,<; ;2,-1 Uj; be a Peirce decomposition relative to ey, . . ., e, _;.
We may assume n=2 or else A=A, is vacuously interconnected.

We first tackle (I). By Lemma 1 we know 8=, +B;,5+Bo=P1(U%,2) + U5
+Py(U%,2) is an ideal for any idempotent e; if e# 1, 0 then B#0 since otherwise
Wye=0, A=A, @ Yy, and by simplicity A=A, or A=A, consequently e=1 or
e=0. Thus B= for any e#1, 0. Taking e=e; (j#0) we have A, ,3=>,,, A, so
Ay, =Py(B) =Py(Bo) = Pis(U3)5) =Pyy(Ay; o Ay,) by the Peirce relations. Similarly if
J=0 we take e=e;+ - - - +e,_; 50 Wyjp=2 Wy and Ay =Pyy(B) =Py(B,) = Py(A3,2)
=Py(Wyo o Wo). Thus Ay =Py(Ay; o Ayy) in all cases.

Next we attack (IV). By Theorem 1 we know 2 has no proper outer ideals
(always assuming n = 2); this guarantees Rad %+ =0 (Rad %« * is an outer ideal but
contains no idempotents, so it cannot be all of %) and therefore % contains no
trivial elements [4, pp. 676-677]. By Lemma 6, this in turn guarantees %,#0. By
Lemma 2, B=3;+ B,,,+ B, is an ideal for B;,5=U; o Ay ;5. Now By, #0 or else
Ao =B, (in the notation of Lemma 3), whereas e ¢ 8, implies the ideal 3, is not
2 and hence by simplicity must be zero, leading to %,=0 which we just saw was
impossible. Thus B 0; by simplicity B =%, hence Ay o Ay ="B1,5=U;;5. Applying
this to e=e; +--- +e,_; we obtain X Wo=W;,5=Ug 0 Wys=2 Wgo o Wo; sO that
Aso=Woo © Wso.

Next we turn to (II). If x;5 o Ao, =0 then x,, is trivial by Lemma 6, so x;,=0.

Finally, we come to (III). Now x40 o ;o=0 implies X0 © Wjo=>X00 o (Y0 © Wyy)
(by (I')) =(x00° Uso) o A;; (by (16)) =0 for any j#i, 0 so xo0 € o relative to
e=e;+---+e,_, (as in Lemma 3): xq9 o A;,5=0. Since Zo#A is an ideal we
must have 8,=0, therefore x,,=0.

Again note that this result is completely general, no finiteness condition being
imposed.

We now come to some basic structural properties of interconnected algebras.
We say U is n-interconnected if it has some interconnected Peirce decomposition
of length n. We will see that n-interconnected algebras for n=3 are well behaved.

THEOREM 4. If U is n-interconnected for n=3 then there is an element vy in the
centroid I" such that
exye, = y(xy)  (x; €Wy, 1 # ).

Proof. The first step is to define y. If A=73 A, is the n-interconnected Peirce
decomposition, we define a linear map on %, for i#j by

T(x”) = € X6 = €;X;5€4

(recall e,x = xe;). We claim that for i, j, k# (and e, being interpreted as an element
of the unital extension %’)
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() TCxi;yn) =T &) ype=%;T (i) = (ex,)(€x V)

(i) TCxuy)=xaT(ysy)

For (l)’ T(ny lk) =Le‘Re‘(xi1y fk) =Le4Re¢-Ry;x(xU) = RyjkLe,Re‘(xU) (by (l 3))
=T(x;)) Y, similarly T(xyyp)=Le Re (Xis¥5) =X;T(y5), and finally T(xi;y5)
=L L. (Xi;Y51) = Le L,y Lo, (ii:) = edxif(€ Y 1)} = (e:Xi5)(ex Y ). The same trick works
for (i)', T(xyyi) =Le,Re(Xu Y1) =xuT(¥1y)-

Our next step is to extend T to the Peirce spaces ;. Here we use interconnec-
tivity : %;; is spanned by the P,(x%) for i#j, and we set

T(Py(x3)) = Py{(exiy)*}.
We must first show this is well defined: for i, j, k#,

Pu{z x,zj} = Pu{z .V?k} = P“{Z (eix£])2} = Pu{z (eiyik)z}

(in particular Pu{3 x2}=0 = P,{5 (e;x;;)?}=0). Now because of interconnectivity
(II"), ay o zy=>by o z; for all z, €Ay implies a;=by, so we want to show
Py{2 (ex15)%} o zye=Pi{2, (€:Yu)?} © 2y agree for all zy, and since Ay =y, o Ay by
(I') we need only consider z;=w;;ov;. Here ayozy=Py{D (€))%} o zy
=2 (ex;)? o zye =2 (exi)) o {(exip) o zu}  (by  (20)) =2 (exyy) o {(xy€)) © zux}
=2 (exyy) o {(xiy o zues} (by (13)) =2 T{xi; 0 (xi50 zi)} (by () =T(Z xf o zix)
=T(zy o Pu(Z x%)) and by o zy=byo (Wyovy)=(byowy)ovy (by (16))
=T(wys° Py(Z ¥7)) ° vy (by the same argument as before) =T ({wy; o P(3, y5)} © vyx)
(by () =T{wi; © vy} o Pi(Z &) =T (zix © Pu(Z, Yio))-

We have actually shown T(x; o z;,)=T(xy) o z;, for any x,;,=Py(C, x&) in %y;;
from this we obtain

()" T(xuyi)=T(xu)
since T'(xy)yi;=e{T(xy) o yi} =ed{T(xy o yi)} =T (eixy © yiy)) (by (ii)’, or since L,
commutes with T=L, R,) =T(x;yi;) using (14). Since T is linear and preserves
Peirce spaces, the only other formulas necessary in addition to (i)—(ii) to show T
belongs to the centroid T(xy)=T(x)y=xT(y) are

(i) T(xi;319) =T (xi) yi3=x5T(Ysy)s

(iv) T(xuyu)=T(xu) yu=xuT(yss)-

For (i), T(Pi{zi; o wi;})=Pu{eizi; o ewy;} (linearizing the definition of T)
=Py{z;; o ewye} (by (15)) =Pi{zi; o T(wi))} so T(Pulxiyi,}) =T(Pifexi; o yi,}) (by
(15)) =Pi{ex,; o T(y,;)} (by the foregoing) =Pi{x,;T(y;;)} (by (15) again). (Note
that by interconnectivity (V) we do not have to worry about P;(x;;y,).) For
(iv) with, y;=Py(y?) by interconnectivity (I) we have T(xuyy)=T(xyy%)=
T(Pi{(xu © yi) yii) (by (20)) =Pi{T (xy © yip)yis} (by (i) =Pi{(T(xy) o yi;)yis} (by
(i1)) =T (x:)yf; (by (20) again) =T(x;)y: and dually.

Thus T is an element y of the centroid I'(A). We call y the indicator of % (relative
to the given interconnected Peirce decomposition).

Though the indicator always exists, to draw conclusions about the structure of
an algebra from y we need to make some technical assumptions about y being ““ well
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behaved” (compare [3, p. 190]). Note that since L, R, =yl and L, +R, =1 we
have L2 —L, +yI=0 on any ;. If y has the form y=A(1—2A), this implies
{Le,— AI{L,,—(1—2)I}=0. If we were working in a vector space over a field this
would say ;; is the sum of “eigenspaces” A=A} + A} - where

AN = {x;; €Wy | exy; = Axy} = RGN

(at least if A# 1 —A; if A=14, corresponding to y =%, we would only know (L., —%7)?
=0, whereas ‘Hﬁ—‘lﬂ”zl would mean L, —4/=0 on %;;). We say the indicator is
regular if there is a free extension Q of ® such that in A=A Q- Q we have

(R) Ayy= A+ 9~
where A € Q satisfies A(1 —A)=y and, if y#1%, 2A—1 is invertible.

At first glance these seem like severe restrictions on y. Let us see that they are
satisfied in most cases of interest. We first need a

LEmMMA 7 [3, pp. 194-195]. If B=73 B,, where B,=AP+AL-N (i#j) and
By =P(By; o Wyy) (i#)) then B is an ideal in the n-interconnected algebra A (n= 3).

Proof. We first show B is well defined. If i,j, k#, we have Py(By; o U;j)
= Pyy(By;0 (Wjx, o i) (by interconnectivity (I')) =Pu{(Byjo W) © Wi} < Pis(Bix,  Ayes)
80 Py (By; o WAy;)=Py(Byy, o Ayy) all have a common value By;. Here we have used
By o Uy =By since Ey, commute with L, —Al and hence leave Ker (L, —Al)
invariant.

By (14) we have ;®B;;+ B, =By, for k+#j, and by (15) A,;By;+ B, Ay,
<®B,;+B,; (again by interconnectivity (V) we do not have to worry about
P, (U;;B,)). Proposition 1 then guarantees A;B;; + B, A;; = By;. The only remaining
thing to check is that %;;B;+ B;2,;;<B;,;. By (14)’ it will suffice if %y, o B;; < By,.
Since n=3 we have ;0 By =U;; o Py(Wyy © By) (for k#i,j) =Wy o (W © Biy)
=(Wyy 0 Wye) © By +(Ayy © Byye) o Wy, (using linearized (20)") <Ay o By + By 0 Ay
<%By;.

COROLLARY. If U is simple and n-interconnected for n=3 then for any AeT
either al] WP =A1-N=0 or else all AP+ A M=,

This shows us first of all that the indicator of a simple algebra 2 is always
regular. Indeed, % is a vector space over the field I'(2) in this situation, and if we
take any field extension Q in which A(1 —X)=y has a root, necessarily 2A—1 will
be invertible if A#% (y#1). We remarked that (R) holds automatically if A#4,
while if A=% then (L,,—3I)?=0 shows 9{}/?50, so by the corollary (applied to the
central simple algebra %) we know 9, =}/2,

It also shows us that (R) is equivalent to

(R)' e, € Py{3;; 0 By} (Byy=AL+AG M)
for unital algebras, because this condition guarantees 1 =7 e; belongs to the ideal
B and therefore B=9q. If %A is a unital subalgebra of a unital algebra & then €
will inherit (R)’ from . In particular, if 9t is a unital bimodule for % then (R)’ on
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A implies (R)’ on the split null extension E=A @ I. In general there need be no
relation between the centroids I'(%) and I'(€), since MM need only be a ®-module,
but if we assume % is central, I'(%)=®, then € is necessarily a I'-module; if Q is
the free extension of I" required by regularity of % then Z=T'(€) Qr Q is a suitable
free extension of I'(€). Thus if A is central, € inherits not only (R) but regularity
from 2A.

Now we investigate what sort of information the indicator gives us about an
algebra.

LemMA 8 [3, p. 191]. If U is n-interconnected for n=3 with regular indicator
y=1% then U is commutative.

Proof. We must prove [x, y]=0 for x, y in the Peirce spaces. If x € %;; we can
find k+i, j by our hypothesis n2 3, so, relative to e=e,, x belongs to %,.

If y € %, then [x,, y,]=0 by Peirce orthogonality.

If y € Ay, then [xo, y12]=XoY1/2—Y1/2%0 = (X0 © Y1/2)€— (Y12 © Xo) =[Xo © Y12, €]
by (14), so it is enough if [e, A;,,]=0. If we are assuming y=1% is regular we have
L,=R,=%I on Ay, so [e, Ay;5]=0.

Since %A, is spanned by Py(%%,) by interconnectivity, it suffices to consider
Yo=Po(»}2) in proving [xo, yo]=0. But then [xo, Yol =[Xo, ¥32]=[Xo0, ¥1j2] © Y1/
(using (1)) and this vanishes by the previous case.

Thus [x, y]=0 in all cases.

When y=0 we have no need of regularity.

LeMMA 9 [3, p. 191]. If U is n-interconnected for n=3 with indicator y=0 then
U is associative.

Proof. We must prove [x, %, y]=0 for all x, y in the various Peirce spaces. If
x € y; we can find k#i, j so (relative to e=e;) we may again assume x € %,. (As
usual, if k=0 we interpret this suitably—that x € U, relative to e=e,; + - - - +e,_1.)
We consider the three cases y € ;, y € Wyje, ¥ € Yo. Note that e, e=pN;,.=0
by definition of y.

If y e A, then [xo, A, y1]=[Ry,, L., JA=0 by (16).

If y € %y5 then [xo, A, y1j2]=[X0, U, € © y112]= — €, A, X0 © y1j2] = [V112, A, Xo © €]
(by linearized (2)') =—[e, %, xo o y1,2]<[e, A, Ayj2] so we need only prove
[e, %, y1/2]=0. Now [e, o, y1/2]= —e(Aoy1/2)= —e(¥o © y1j2)e (by (14)) =0 and
similarly [e, %y, y1/o] =1 y1/2— €1 y1/2) = (A1 y1j2)e=e(U; ° y15)e=0. Also,

le, Asjz, Y1j2] = (€W1s2) y1i2—e(W1j2y1s2)
= Pi{e(eNy)2) © Y12} +Pof(eNyj2)e o y1j0} — Pi{eNyz © y1ya} (by (15);

note again by (V) we can forget about Py 5(%3/5)) =Po{e/2€ © yy;2} — Pi{eN; 2€ o 1,5}
=0. Thus [e, QI, y”g] =0. ‘
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If y € %, then [x,, Ay, yo]=0 by Peirce orthogonality, and
[x0, Asj2s Yol = (XoW1s2) Yo — Xo(A1j2Y0) = (X0 © W1/2€) Yo — Xo(€Wy)2 © Yo)

= e(xo © Wy z€) © Yo—Xo © (eUyz © Yo)e
= (X0 o eUy2€) © Yo—Xo o (eUyj2€ 0 yo) = 0 by (14).
For [x,, %o, ¥o] We use the interconnectivity; as A, =Po(A2,,) it is enough to take
Yo=Po(¥312). But [xo, o, Po(¥312)]= [0, Ao, ¥312] (by (16)) = —[¥1/2, Wo, Xo © Y12]
(by (2)'), so we need only show [y, o, 21,2] =0. Here
(2> Yo, 2152] = (¥1/2W0)21/2— Y1i2(NoZ1/2)
= Pi{(y112%0) © z126 —€y1j2 © (UoZ1/2)}
+Po{(y112%0)e © Z1j2— Y12 © €(RoZ1/2)}
= Pi{(ey12 © o) © z1 26 —€Yyya © (Ao © 21/2€)}
+Pofe(y12 © o)e © 22— Y12 © e © 2y 5)€}

=0 by (14), (15),
and the I‘elation Pl{(allz o bo) ° 61/2}={a”2 bo C1/2}=P1{a1/2 ° (bo ° 01/2)} Which hOldS
in any quadratic Jordan algebra. Thus [x,, %, yo]=0. This completes the proof of
associativity.

For any pu € ® we can define a new algebra structure on %, the pu-mutation
Q[(u)’ by
x uy = pxy+(1—pyx.

The mutation of a noncommutative Jordan algebra is again such, and mutation is
transitive in the sense that
(23) {AW® = ruon (BOAX = 2ud—p—2A+1)

[3, p. 192]. An algebra of the form A =D for D associative is called a split quasi-
associative algebra, and an algebra is quasiassociative if it is a form of a split quasi-
associative algebra: Ao =DM (A € Q) for some free extension Q of ®. The following
lemma describes how mutation affects the indicator.

LemMMmA 10. If % is an n-interconnected algebra with indicator vy then for any
p€ ® the mutation A® is also n-interconnected with indicator y*®=(4y—u?

—@y—Dp+y=Qp—1y+p(1—p).
Proof. A“ has the same interconnected Peirce decomposition as U does relative
to the idempotents e; since A * =A*. On Yy, for i#jwehave L =pL, +(1—p)R,,
=pL, +(1—p)(I—Le)=(2p— 1)L, +(1 —p)I so
Y@ = LU~ LE} = {(1 -+ Qu— DL Hpul—2u—1) L.}
= p(l =W+ Q2p—1)°L,,— (2u—1)’LE,
= p(1-pI+@2p—1)% = (4y—Dp?—(4y—Du+y.
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From these results we obtain

THEOREM 4. If U is an n-interconnected algebra, n=3, with regular indicator,
then U is either a commutative Jordan algebra of characteristic #2 or else a quasi-
associative algebra.

Proof. If the indicator is y=% then clearly I" has characteristic #2, and if y is
regular by Lemma 8 % must be commutative.

If y#1 then by regularity there is a free extension Q of I' and A€ Q,
p=2X/(2A—1) € Q with A(1 — )=y, so by Lemma 10 the mutation A% has indicator
YO =C2u—1Zy+u(l —p)=y2A—1)"2+XA—1)(2A—1)"2=0. But then AL =D
is associative by Lemma 9, and because u © A=1 we have yp=AYP =ALOY
={AL}P=DD by (23). This means A, is split quasiassociative and A plain
quasiassociative over its centroid.

We noted that the indicator was regular in the case of simple algebras. Thus
Theorems 3 and 4 lead to one of the main results of this paper:

THEOREM 5. A simple noncommutative Jordan algebra with two nonzero ortho-
gonal idempotents whose sum is not 1 is either a commutative Jordan algebra over a
field of characteristic #2 or a quasiassociative algebra.

We stress once more that in this result we do not assume the existence of a unit
element, we impose no finiteness restrictions, and we allow an arbitrary ring of
scalars—the theorem is completely general. Moreover, the result extends to unital
bimodules since we remarked that regularity extends from unital central algebras
to the split null extension.

THEOREM 6. Let M be a unital bimodule for a central n-interconnected unital
noncommutative Jordan algebra N (n = 3) with regular indicator. Then either M is a
commutative Jordan bimodule for the commutative Jordan algebra N or M is a
quasiassociative bimodule for the quasiassociative algebra .

Here M is a split quasiassociative bimodule for A =DD if M=N™ for N an asso-
ciative bimodule for D, and is a quasiassociative bimodule if it becomes split under
some free extension. In particular,

THEOREM 7. Let M be a unital bimodule for a central simple unital noncom-
mutative Jordan algebra % which has three nonzero supplementary orthogonal idem-
potents. Then either I is a commutative Jordan bimodule for the commutative Jordan
algebra W or M is a quasiassociative bimodule for the quasiassociative algebra .

5. Connected idempotents. We consider now a more restrictive kind of connec-
tivity between idempotents, one which does not hold in all simple algebras but
does hold for those with certain finiteness conditions.

Two orthogonal idempotents e, e, are connected if there is an element u;, in the
Peirce space U,, which is invertible in the Peirce subalgebra ;; +%;,+ As,. Since
4 is invertible if and only if w2, =u,, +uy, is (uy € Ayy), We see uy, is invertible if
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and only if the u; are invertible in %,;,. We say e, e, are strongly connected if there
is u 5 € Ay with ui;=e, +e,. These notions coincide with those for the quadratic
Jordan algebra %*. The difference between connectivity and interconnectivity is
that whereas in connectivity we have e;=Py(x,; o y;;) (using (20) with x;,5=u,,,
yi=ui'), in interconnectivity e; € P,(;; o 2y,) is only a sum of such elements
Py(xi; 0 y;;). A family {e} of orthogonal idempotents is connected or strongly
connected if each pair e;, e; is. We say U is n-connected (or strongly n-connected)
if there exists a connected (or strongly connected) family ey,..., e, of supple-
mentary orthogonal idempotents.

From the Jordan theory [2, p. 1077] we know that for any n-connected quadratic
Jordan algebra 3, n=3, we have an epimorphism of & onto a Jordan algebra
DDy, Do, y) of matrices in D, symmetric with respect to the involution X — X*
=y~ X' and having diagonal entries in D,; here D is alternative with involution
(associative if n=4), D, an ample subspace (i.e. subspace of symmetric elements
in the nucleus containing 1 and such that §D,8<®, for all §e€9D), and
y=diag {y;, ..., ys} is a diagonal matrix where the y, € D, are invertible. (For a
strongly connected algebra we can take y=1.) The kernel of this homomorphism
is the extreme radical & =3, &, where & o J;;=0.

If we define matrices in (D,, D, y) by

ofii] = ayey (e € Do)
alij] = ay,ey+aye, = aljil (@ed,i#))

in terms of the matrix units e;; in D, then the Peirce decomposition relative to the
diagonal idempotents e;=y; ![ii]=e; is

Ay = Dolii], Ay, = D[ij] = D[ji] @i # ).

Multiplication obeys the following rules:

(@) ofii] o blij]=yblij], blij] © «Ljj1="by,elij],

(b) alij] - bljk]=ay;blik],

(© alij*=ayaliil+ayaljjl, alij] - blij1=1(ayb)lii1+t(@yb)[jj] for t(a)=a+a.

With connectivity replacing interconnectivity, we can improve on Theorem 4 as
follows:

COORDINATIZATION THEOREM. If % is an n-connected noncommutative Jordan
algebra, n=3, then U is isomorphic to either

(I) a commutative Jordan algebra H(D,, y) of characteristic #2,
(II) an algebra H(D,, y)» where A#% with A+ A=1 belongs to the
center of ® and 2A—1)[D, D, D]=0,

where ® is associative if n=4 and for n=3 is alternative with involution whose
symmetric elements lie in the nucleus.

Proof. [8, p. 3]. The ¢, are still connected in %A *, so we know we have an epi-
morphism of F=A* onto H(D,, Dy, ¥) as above. Since A is connected it is inter-
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connected and unital, so by interconnectivity (II1") the relation & o %;,=0 for the
extreme radical & shows ®;=0, =0, and the epimorphism is actually an iso-
morphism. We identify €A* with $(D,, Do, ).

Since e2;;<U;; we can define linear transformations L;; on D by

L@[ij] = Lefalijl} = R.falij]}.
Since L., commutes with V,_, for y;=vy; 'b[jk] we see by (b) that
Li(a)b = Ly(ab)

and similarly since e, commutes with L, for x;;=ay; ![ij] that

1
Ly(ab) = aL;/(b).

Setting b=e shows L;;=Ly, and a=e shows Ly =Ly, so all L, have a common
value L. Since L(ab)=L(a)b=aL(b), L(a)=Aa=aX for A=L(e) in the center of ®:

™* efalijl} = Aalij].

Since  e[ij]=edelij]} +edelij]}=edelij]} +edeljil} = Ae[ij]+ AeLji]={Ae +eA}[ij]=
(A+M)[ij] we see A+ A=e.

Already this allows us to dispense with ®,: we claim 9, is just the set H(D) of
all symmetric elements of D, since any 8§=35 has §=(A+A)§=A5+8A=2A5+A5
=1(A6), a trace, and D, contains all traces.

By Peirce orthogonality, multiplication in % will be completely determined by
the following multiplication table:

(i) lif1blij]1=Acyblif], blijlelii]= Aeysblif],

(D) alij1bljk]=Aay;blik],

(iii) alif1blij]1=1t(ay,b)lii]1+t(Aayb)Lij],

(iv) alii]Blii]=1t(AeyB)lii],
for i, j, k+# and «, B€ Dy, a, b, € D.

For (i) we apply (a), (14), and (*); similarly (ii) follows from (b), (14), and (*).
By interconnectivity (V) there is no ij-component in a[ij]b[if], so (iii) follows from
(c), (15), and (*). Finally, for (iv) we use connectivity in the form

elii]Blii] = elii KU, 1unBLj 1}
= —BLUIKUy; 2uneliilt +{Uair, susyi *[i1}yi 7]  (linearizing (6)),

and the 2; component of this expression is

Pyl{alii] o (BLj1 o vi [HiD}yi M5} = PuleyiBlilyi i1}
= t(Aay,B)[ii] by (iii).

If y=1% then A=9H(D,, ) is just the usual commutative Jordan algebra as in (I).
If y#% then the formulas (i)-(iv) are those of multiplication in the mutation
(D, VIV, 50 A=H(D,, y)P. For a,b,ceD we have Aa,b, c]=[Aa,b, c]
=—[Ad, b, c]= —A[a, b, c]=Ala, b, c] because all a+a € D, belong to the nucleus.
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Thus (A—Y)[a, b, c]=0, and since A\—A=A—(1 =) =2A—1 we see 2A— 1)[D, D, D]
=0.

This theorem has an analogue for n=2. It is no longer true that an arbitrary
2-connected algebra 2 will have A+ =H(D,, Dy, v), but for those that do we have

THEOREM 8. If U is a noncommutative Jordan algebra such that U+ =H(Dq, D, v)
for ® a unital associative algebra with involution, ®, an ample subspace which gener-
ates D, then necessarily ®y=H(D) and A=H(D,, y)» for some A in the center of
D with A+A=1.

Proof. We assume 2 * has the form $(D,, D, y). Then the Peirce decomposition
of A and A™* relative to the e; is Ay, =Dg[11], A, =D[12], WAoo =D,[22] as before.
Because of Peirce orthogonality we need only establish the formulas (i), (iii), (iv)
as in the previous theorem.

As before we define a linear transformation L on D by

L@)[12] = L. {a[12]}.
Since L., commutes with Vy,, by (13), formula (a) shows
L(xb) = aL(b), L(bx) = L(b)e.

Thus L commutes with right and left multiplications by « € D,. Since we have no
spaces 2,3 around to enable us to show L commutes with all left and right multi-
plications, we have to introduce our assumption that ®, generates ® in order to
conclude L belongs to the centroid, L(a)=Aa=aA for A=L(e) in the center of D.

The spaces Uy, etc. also gave us easily that A+ A=1; to obtain this in our present
situation we observe y,[11]1=P;;(e[12]%)=P,,{ei(e[12]) o e[12]} =t (Ay2)[11] by (c)
and (15), thus y,= Ay, + Ay =(A+A)y, and A+A=1 as desired. From this we get
L.,{a[21]}=Aa[21] and thus attain symmetry. Formulas (i), (iii), (iv) follow exactly
as in the previous theorem except for one point: we do not know offhand that
A2, <A, + Uy, Here again we make use of the fact that D, generates D: D is
spanned by the elements of the form a=oyy 00y;- - -ozy1, b=PB1yy- - -Bny: for
o, Bi € Do. Therefore a[12]= V1113 - - Vouuell 2] and b[12]= Vg 143 - - Vi, 11:e[12]
by (a), so that by (17)

Py {a[12]6[12]} = Vaanr - Vaan1iVen: Vﬁm[mP12{e[12]e[l2]}.

But P,;{e[12]e[12]} =0 by (GPR 5), so all P;,{a[12]b[12]}=0 as desired.

Note also that A+ =1 again implies Dy = H(D).

This result is due to K. C. Smith [12] in characteristic #2, as is the next theorem.
Recall that the radical of a quadratic form Q on B is the set

Rad 9 = {v| Q@) = Q(v, ®B) = 0},

while the bilinear radical is B+ ={v | Q(v, B)=0}. The defect of Q is the dimension
of B*/Rad Q. The defect is always zero in characteristic #2 since Q(v)=%0(v, v).
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THEOREM 9. If U is a noncommutative Jordan algebra such that W+ has the form
Sp (Q)=Q e, + Qe+ B of a split quadratic Jordan algebra determined by a
quadratic form Q on a faithful Q-module B, where the Q; are subspaces of Q con-
taining 1 such that each Q; generates Q and that Q(B)Q,<Q,, then necessarily
Q; =Q,=Q and multiplication in U is given by

(we)(pe) = wpe, (we)v = Sywv),
ow = Q(S10, w)e; +v x w4 Q(Sqv, w)eg,
where S;: B — B are Q-linear transformations on B and v x w a bilinear product on
B satisfying
o(Sw, v) = Q(v), S1+8; =1,
Owxw,v) =0, vxv =0.
Necessarily Q has defect zero.

Proof. % and A* have the same Peirce decomposition ;= Qe;, A,, =B relative
to e;, e;. Define S; to be the restriction of L, to B (as in the past two theorems),
Sw=ep. Clearly S;+S,=L,,+L,,=L,=1. By (14), we have (we,)v=e{(we;) o v}
=efwp}, (we)v=_S(wp). We know (we)(ue)=ve; for some v in Q. Then

VW = ("ei) °v = {(wei)(l"'ei)} °v = {Vvae;}(l‘et) = {" Vo)e;Lv +Lwe‘Vv+LvV(oe¢}P’ei
= —wS{(u)+ S(w(u))+ Si(wp +pw)v) = Swpv)+ S pwv)
= (8;+S)(wpv) = (wp)v

so that {v —wu}v=0. Since B is faithful by assumption, v=wpu:
(we))(pne) = (wp)es.

This implies Q,Q,< Q, is a subalgebra, and since Q, generates Q we get Q, =Q,=Q.
For w e Q;=Q we have e{(we;) o v} =(we;) o (¢;v) by (13), consequently S;(wv)
=wSy(v), and §; is Q-linear.
From (15), Py(vw)=Py{(ew) - w}= Q(ew, w)e,, so if we set v x w=Py,(vw) we get

ow = Q(S1, wle; +v x w+ Q(Sqv, we,.
As Py(vv)= Q(v)e; and P,,(vv)=0 we know
o(Sw,v) = Q(v»), vxv=0.

Moreover, v(v c w)=v o vwimplies Q(v, w)v= Q(S;v, wlv+ Q(v, v X w)1 + Q(Ssv, w)v
and hence

O, vxw) =0.

The product vxw is Q-bilinear since (wv) x w="P;,{[(we)) o v]w}=(we,) o Py,(vw)
(by (17)) =w(@xw),

(W) xw = w(vxw) = vx(ww).
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Finally, the condition Q(v)= Q(S;v, v) shows that the radical and bilinear radical
of Q coincide, so necessarily Q has defect zero.
We denote the algebras constructed in this manner from Q, S;, x by

A = AQ, S, x).

6. Radicals. Since we have a notion of invertibility we have a notion of quasi-
invertibility: an element z in U is quasi-invertible (q.i.) if 1 —z is invertible in A
(or A" if A does not have a unit). This is equivalent to the existence of y € A with
(1-2)(1-y)=1—-p)1-2)=1, 1-2)*(1—y)=(1—-y)(1—2z)2=1-—z, hence to the
intrinsic conditions

z+y=zy=yz Z2+z+y=2% = yz? (or [z, 2 y] = 0).

Since invertibility in % coincides with that in UA*, the same is true of quasi-
invertibility. We use this to derive results for noncommutative Jordan algebras
from those for quadratic Jordan algebras [4]. A subspace is q.i. if all its elements
are q.i. The sum of an arbitrary family of q.i. ideals is again a q.i. ideal, so there
exists a maximal q.i. ideal called the Jacobson radical R() of the algebra A. An
algebra is semisimple if it has no radical, R(%)=0. If B is a q.i. ideal such that
A/B is q.i. then A itself is q.i. In particular, A/R(A) contains no q.i. ideals.

THEOREM 10. For any noncommutative Jordan algebra U there exists a unique
maximal q.i. ideal R(N), the Jacobson radical, which contains all q.i. ideals. The
quotient A/R(N) is semisimple, R(A/R(A))=0.

Since R() is also an ideal in A*, and its elements are still q.i. in A*, we see
R(%) is contained in the radical R(%A*). Since any subspace of R(U*) is q.i. we
have the following:

THEOREM 11. The Jacobson radical R(N) of the noncommutative Jordan algebra
U is the maximal ideal of % which is contained in the Jacobson radical R(U*) of the
quadratic Jordan algebra A+ .

Examples of algebras satisfying R(%) < R(A*) are the nodal algebras. However,
these degree 1 algebras are about the only such examples, for we have

THEOREM 12. If U is n-interconnected for n=2 then R(A)=R(A™*); in particular,
R() contains all trivial elements and U|/R(N) is semiprime.

Proof. The last remark follows from the fact [4, p. 676] that R(*) contains all
trivial elements of 2A*.

If % is n-interconnected for n=2 we may lump idempotents together and assume
A is 2-interconnected, A=A, + A, +A, relative to e#1,0. R(A*) is a q.i. sub-
space containing R(2), so it will be sufficient if R(A*) itslef is an ideal in %. As an
outer ideal, %= R(A*) has Peirce decomposition R=R; +R;;2+ R,.

We claim

(1) eRyo=Rya,

(i) Pyja(Uy2R12) < Ry
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To prove an element z belongs to R it suffices to show U, A <R, since then Z is
trivial in the semisimple algebra A+ =A+/R, implying Z=0. This will be the case
for an element z,,5 € Ay 5 if P{zy)5 0 Uy jo} <R; (i=1, 0) arguing as in Lemma 6. In
particular, since P{eR;s 0 Uy} =P{Rys 0 Uyne} (by (15)) <P(Rypo Ayn)=Ry
we have (i), and since

P 4@[1/2 oP 1/2(9{1/2§R1/2)} =P i{m1/2 oP 1/2(9{1/2%1/2)} <P i{muz ° Q[1/2} <R

(by (18)) we have (ii).

These are enough to make R an ideal. We have 2R+ R, W, <R;;, and
RUy o+ Up ) oR, <Ry 2 by (14)" and (1), Ay oRyjo+ Ry 2%y <R by (15)" and (i), and
AR, =RA;=0 by orthogonality. It is only for the remaining relation
AR, + RA, <R, that we need interconnectivity: U, is spanned by elements Py(x3,,),
and we apply (20) and (15)".

ReMARrk. The same argument shows that the nil radicals (=maximal nil ideals)
of A and A* coincide, N(A)=N(A*), for an n-interconnected algebra (n=2).
Indeed, similar results hold for any radical property P such that a P-semisimple
algebra contains no trivial elements.

ProroSITION 2. If z€ R(N) is von Neumann regular, z=U,w for some w, then
z=0.
Proof. z is regular in R(A™*) [4, Theorem 2, p. 673].

The radical R(¥) always contains the nil radical N() since N(¥) is an ideal
contained in N(A+)< R(A™).

THEOREM 13. If U has descending chain condition on inner ideals then R()
=N%).

Proof. R(A)<= R(A*)=N(A*), where the latter is nil, so R(A)<= N(A) [4, Theorem
13, p. 678].

THEOREM 14. If @ is a field and z € R(Y) is algebraic then z is nilpotent.

Proof. z € R(U*) is algebraic [4, Theorem 3, p. 674).

AMITSUR’S THEOREM. If @ is a field of cardinality |®|>2+dimg, A then R(N) is
nil.

Proof. R(2*) is nil by [4, Theorem 4, p. 674].

7. Structure theory. We now impose a finiteness restriction on the algebras we
consider—the descending chain condition (d.c.c.) or minimal condition on inner
ideals. The Peirce spaces %, and U, relative to an idempotent e are inner ideals,

and it is mainly with such inner ideals that we shall be concerned.
Improving on the methods of [3, pp. 193-194] we may state the

FIRST STRUCTURE THEOREM. Any semisimple noncommutative Jordan algebra
with d.c.c. on inner ideals has a unit and is a direct sum of a finite number of ideals
which are themselves simple unital algebras with d.c.c.
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Proof. Let € be a minimal ideal in % (such exists by the chain condition). Since
€ is not nil (nor is €*) by semisimplicity, €+ =G6*/R(C*) is a nonzero semisimple
quadratic Jordan algebra with d.c.c. and thus [2, p. 1079] contains a unit é#0.
Since R(€*) is nil in the presence of the d.c.c. [4, p. 678], we can lift to a principal
idempotent e#0 for € (if x € € has x=eé then we can find such an e in the com-
mutative associative algebra ®[x] by the usual methods). Now by Lemma 1,
B=DB,+ B3+ B, is an ideal in A for B,,,=A, 5 (relative to the idempotent e),
and B<E since B is generated by ;=€ o A <€ o A<E. Indeed, since Ayjy
=@, R(E*) by the assumption that & is the unit for €*, we actually have
B< R(E€*). But then B is a nil ideal in the semisimple algebra %, so B=0. This
shows U;;o=3,,,=C,,,=0, so that A=A; @ A, is a direct sum of ideals. Since
A; =eA, =€, by minimality of € we must have €=U, and A=E€ @ €'. Thus each
minimal ideal has a unit and is a direct summand. Since ideals or inner ideals in
€ =9, or € =9, are ideals or inner ideals in %, € is again semisimple with d.c.c.
on inner ideals and € is simple, unital, with d.c.c. Repeating the procedure to €',
and noting that the process must eventually terminate since it produces a decreasing
sequence of ideals, we see U is a finite direct sum of simple ideals €; having units
e¢; and d.c.c. In particular, % itself has unit 1=3 e;.

Right away we can say the simple summands are either of degree 1, 2 ornx3
(the degree being the maximal number of orthogonal idempotents in the algebra,
rather than in extensions of the algebra), and by the general Theorem 5 those of
degree n2>3 are commutative or quasiassociative. Furthermore, by Theorem 12
those summands of degree =2 are semiprime. In the presence of the d.c.c. we can
describe these degree =2 algebras in more detail. However, we cannot apply our
Coordinatization Theorems or our knowledge of the structure of A+ immedi-
ately—in the quadratic Jordan case we can only conclude that an isotope A+ of
A+ has a capacity, not A+ itself, and it is not clear that A+ still carries a suitable
noncommutative structure. (This passage to an isotope only comes up in character-
istic 2.) What we shall do is go back through the process leading up to the classifi-
cation of quadratic Jordan algebras and show that for those semiprime algebras
of the special form %+ the passage to an isotope is unnecessary, that we already
have a rich supply of good idempotents in .

An idempotent e is completely primitive if the Peirce space ;(e) is a division
algebra. The result on which everything hinges is the

MINIMAL INNER IDEAL THEOREM. A minimal inner ideal B in a noncommutative
Jordan algebra U is one of the following three types:
I. 8=z for z trivial,
II. B=U, for all b#0 in B but B%=UB=0;
III. B=U,A for some completely primitive idempotent e.
In type 11 there exists an idempotent e+ 1, 0 in U (though not in B).

Proof. From the quadratic Jordan case [2, p. 1078] we know any minimal % in
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J=A"* is one of I-III. For a general & the type II case need not lead to an idem-
potent e# 1, 0, though such e exists in an isotope of ¥; we want to show if F=A*
has the additional noncommutative structure there must exist an e#1,0 in &
itself.
Suppose A does not contain e# 1, 0. Again by the Jordan theory there is a non-
zero b€ B and a d € A with
b2=4d2=0, bod=1, Ud = b, Ub=d

(so % is necessarily unital), and the characteristic is 2.

The prototype for this situation is §=PF, b=e,,, d=e,,. If we are in the quasi-
associative algebra A=0 then x=>b -, d=Aey; +(1 —A)ey; has x2—x=z= —¢l
for p=A(1—2). In this case e=b—2z-, d+x=(} ;1)) is an idempotent #1, 0.

This leads us to define in general

e =b—zd+x, x = bd, z=x%-x,
and hope e turns out to be the desired idempotent. We first need some information
about x. From b=L,1=L,V,d=V,L,d we get b=>b o x, and similarly for d=R,1, so
box =b, dox =d.
Whenever a o x=a we get 0=[L,2, E,]+ [Ly., Ex]=[L,2, E,]+[L,, Ex]=[L.2, E,]
—[L,, E,]]J=I[L., E,] from (3), L, commutes with E, if a c x=a (E=L, R, V). This
applies to a=b, d by the above, and also to a=zd since x o zd=V,Ld=L,V.d
(remember z=x2—x, so use (9)) =L.d=zd. The commutativity of L, with V¥, and
Vy gives b o zd=2z(b o d) and x o zd=z(x o d), while commutativity with R,; and
L, gives
(zd)? = [z, d, zd]+2{d(zd)} = —[L., R,;)d+z{L,L.d} = O0+z{L,L,d} = 0.
Thus
bozd =z, X ozd = zd, (zd)? = 0.
We compute
e? = b?+(zd)?*+x%—bo(zd)—x o (zd)+bo x
=0+0+(x+z)—z—2zd+b
=b—zd+x =e
so e is idempotent. We have
eod=bod—z(dod)+xod  (L,commutes with V)
=1+d
so e#0 because d# —1 and e#1 because d+# 1. Thus we have our desired e#1, 0.

LeEMMA 11. If the semiprime noncommutative Jordan algebra % has the d.c.c. on
inner ideals then any idempotent in % is a sum of primitive idempotents, and any
primitive idempotent is completely primitive.
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Proof. That any idempotent is a sum of primitive idempotents in the presence
of the d.c.c. is true in any quadratic Jordan algebra, hence in A* and in . If e is
primitive then 2;(e) has no idempotents except e=1 and 0, and if % is semiprime
with d.c.c. so is %;(e). Thus there can be no minimal inner ideals of type I or II in
A, (e), and there exists a unique minimal inner ideal of type III, namely U, % =%,(e)
itself with e completely primitive.

We have already seen that any semisimple noncommutative Jordan algebra has
a unit; we now give an alternate proof of this for the less general case of semiprime
algebras. We say an algebra has capacity n if it has a unit which is the sum of n
orthogonal completely primitive idempotents.

THEOREM 15. A semiprime noncommutative Jordan algebra with descending chain
condition on inner ideals has a capacity.

Proof. By Lemma 11 we need only show % has a unit. Choose a maximal e
(i.e. a minimal y(e)); Wo(e) inherits semiprimeness and the d.c.c., so by the
Minimal Inner Ideal Theorem if it is nonzero it contains an idempotent f#0
contradicting the maximality of e: €o(e+1) < Aq(e) since f € Ay(e), ¢ Ao(e+f). We
must therefore have %,=0, and, by Lemma 6, A =%, has unit e.

Now we are ready to state the

SECOND STRUCTURE THEOREM. A simple noncommutative Jordan algebra with

descending chain condition on inner ideals is isomorphic to one of the following:
1. a degree 1 algebra in which every element is either invertible or nilpotent;

I1. a split algebra N(Q, S, x) determined by a nondegenerate quadratic form Q
of defect 0 on a vector space B,S: B — B a linear transformation such that
O(Sv, v)= Q(v), and a bilinear product on B such that vxv=0 and Q(vxw, v)=0;

II1. a commutative Jordan matrix algebra H(D,, y) of characteristic #2 for n=2,
D either (i) a direct sum D=A @ A° of anti-isomorphic associative division algebras
with exchange involution, (ii) an associative division algebra ® = A with involution,
(iii) D =Q, a split quaternion algebra over its center (only for n23), or (iv) ®=C€ a
Cayley algebra (only for n=3);

IV. a quasiassociative algebra H(D,, y)™ where n=22, ®=A @ A® or D=A for
A an associative division algebra, and A\#% a central element of D with A+ A=1.

Proof. First assume % has degree =2. By Theorem 12, % is semiprime, so by
Theorem 15, A+ has a capacity n=2; since A+ is simple by Theorem 1, we know
[2, p. 1079] it must be either

(i) a split algebra Sp (Q, Q;, Q;) of a nondegenerate quadratic form Q on a
vector space B over a field Q, where the subspaces ; contain 1 and Q(8)Q, and
where the Q, generate Q;

(ii) a Jordan matrix algebra H(D,, Dy, y) where D=A @ A® or D=A for A

an associative division algebra, and where ®, generates D;
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(iii) a Jordan matrix algebra H(D,, Dy, y) for n=3 where either (1) D=A @ A°
for A an associative division algebra, (2) ®=A an associative division algebra,
(3) D=1Q, a split quaternion algebra, (4) ® =€ a Cayley algebra (only for n=23).

If A*=Sp (Q, Q;, Q,) has capacity 2 then, by Theorem 9, A=%A(Q, S, x) as
in case II. If A* =H(D,, Dy, ) has capacity 2 as in (ii) then by Theorem 8 we have
either case III or IV with n=2. If A* =H(D,, Do, y) has capacity n=3 as in (iii)
then by the Coordinatization Theorem we have either III or IV (note that in (iii)
the composition algebras (3) and (4) cannot lead to quasiassociative algebras
H(D,, Y)™ since Q, and € do not contain A#4 in their center with A+A=1; the
centers are fixed under the involution).

Now consider the degree 1 case. Here 2 has no idempotents except e=1, 0. That
all elements are invertible or nilpotent as in I then follows by applying the following
general proposition (due to D. Morgan) to F=%"*:

ProrposiTiON 3. If & is a quadratic Jordan algebra with d.c.c. on inner ideals
which contains no idempotents e+ 1, 0 then every element in  is either invertible or
nilpotent.

Proof. Suppose x € § is not nilpotent. By the d.c.c. the chain of inner ideals
US32U, 232 - -2 UnJ=U,n+13=- - - breaks off at some stage. If we set y=x"*1
then y? is regular, y?=U,zq, since y?=x2"*2=Unx% € UnJ= U, +23. Now any
time y?= U,z2a the element e= U, U, y? is idempotent because

e = U,U,U,2U,y? = U,U,U2Uy(Up2a) = U,U(Uyu2y)a
=U,U,Upza = U,U,y% = e.

In our case y*=x*"** is not zero since x is not nilpotent, and whenever y*+#0 the
above e is also nonzero: the formula (Uw)2=U,U,z? [2, p. 1073] shows U,e
=U,2U,y?=(U,2a)?>=(y?)?=y*. Since e#0 the only other idempotent it could be
is e=1. Since 1 =e € U,§J< U,3, we see x is invertible.

Further insight into quadratic Jordan algebras of degree 1 is given by

PROPOSITION 4. J is a semisimple quadratic Jordan algebra with d.c.c. on inner
ideals which contains no idempotents e+#0, 1 if and only if & is either (i) a Jordan
division algebra, or (ii) an isotope Sp (Q)® of a split algebra Qye, + Qoe,+B of a
quadratic form on B of defect =1, Q(v, B)=0.

Proof. By the Structure Theory [2], & is a direct sum of ideals which are unital
simple algebras with d.c.c. Since & has only one nonzero idempotent, it has only
one simple component, and  itself is simple. Since it is semisimple it has no inner
ideals of type I, and none of type III unless it is a division algebra. Otherwise all
its minimal inner ideals must be of type II; in particular, & has characteristic 2
and some isotope J* is simple and strongly connected of capacity 2. By Osborn’s
Theorem [2], such a strongly connected algebra of capacity 2 is isomorphic to one
of the following:
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(i) As for A an associative division algebra;

(i) $(A,, Ay) for A an associative division algebra with nontrivial involution,
A, an ample subspace;

(iii) a split algebra Sp (Q)=Qqe; + Qoe.+ B determined by a quadratic form
Q on 8.

The original algebra §={3™}®*~? is thus an isotope of an algebra of the form
(i)—(iii). Any isotope of AF is isomorphic to AJ, hence has nontrivial idempotents.
9(A,, Ay) is isomorphic to the algebra of all linear transformations x on a 2-
dimensional vector space 8 over A which are selfadjoint relative to a nondegenerate
nonalternate Hermitian bilinear form <{v, w)> on 8B ({(x(v), w)>=<v, x(w)>) which
take quadratic values <x(v), v) in A,. Any isotope of such an algebra has the same
form (relative to a new Hermitian bilinear form {v, w)’ which is nonalternate
unless A is a field of characteristic 2 with identity involution); since a nonalternate
form can be diagonalized we can find nontrivial idempotents. The only remaining
possibility is §=Sp (Q)®. If O(x e, + azes+v) =20+ Q(v) then the operations in
Sp (Q) are given by U,y=0(x, y*)x— 0(x)y* (y*=T(y)1 —y), so the square in
Sp (Q)® is x2® = U,v= 0Q(x, v¥)x — O(x)v*. We will show that if Sp (Q)® has no
proper idempotents then v € B and Q(v, B)=0 so v is in the bilinear radical of Q;
since the radical of Q is zero if Sp (Q) is simple, this will show the defect of Q
is 21. If x#0 but J(x)=0 then x#0, 1 so x cannot be idempotent in & by
hypothesis: x2®= J(x, v¥)x#x. This implies O(x*, v)=0(x, v*)=0 whenever
O(x)=0. Taking x=e,, x=e,, we see v e B=(Qoe; + Que,)*; for any we B we
take x=e, — Q(w)e;+w, so O(x)=0, hence 0= J(x, v)=Q(w, v), and Q(v, B)=0
as claimed.

Conversely, one can easily verify that the 2 possibilities actually do furnish
degree 1 algebras.

8. Degree 1 algebras. We close with a few remarks about central simple
algebras of degree 1, those having no idempotents except e=1 and e=0.

Suppose U has degree 1 and has the d.c.c. By the Minimal Inner Ideal Theorem,
a degree 1 algebra has no inner ideals of type II, and it has inner ideals of type III
if and only if it is a division algebra.

Thus a degree 1 algebra with d.c.c. has a capacity if and only if it is a division
algebra. Conversely, any division algebra has capacity 1 and trivially has the d.c.c.
since there are no proper inner ideals. Thus the d.c.c. does not serve as a finiteness
restriction, and there is little we can say about arbitrary noncommutative (or even
quadratic) Jordan division algebras.

‘Suppose now that % has no capacity. Then all its minimal inner ideals must be
trivial of type I. We claim any scalar extension of such a central simple algebra is
again of the same type. Indeed, if % has trivial elements so does any extension g
(if U, A=0 then also U,%,=0 and z stays trivial in %g). By Theorems 1, 12 this
implies the central simple algebra ¥, has no idempotents e# 1, 0, so ¥, remains of
degree 1 without capacity.
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If in addition we assume U is finite dimensional over its center @ and take Q to
be the algebraic closure of @, we claim g, is a nodal algebra in the sense that every
element has the form a=«l +z for some « € Q and some nilpotent z, but the nil-
potent elements do not form an ideal. Indeed, since 2, contains no idempotents
e#1,0 the minimum polynomial of a €, cannot have distinct roots: py(?)
=(t—a)*. Then z=a—«l is nilpotent, z*=0. Nilpotent elements exist since A
is not a division algebra, yet not all elements are nilpotent, so the nilpotent elements
cannot form an ideal in the simple algebra .

An algebra is almost nil if it has the form A=®1+N for N a nil subspace
(necessarily an ideal in % *). An almost nil algebra is nodal if # does not form an
ideal in . It is known that nodal algebras exist only for characteristic p#0, and
for p#2 they are necessarily almost nil and their structure is more or less known
[11, p. 144].

In characteristic 2 it is known that a nodal quadratic Jordan algebra need not
be almost nil. However, we conjecture that even in characteristic 2 a nodal non-
commutative Jordan algebra (with d.c.c.) is almost nil. (We have already seen a
situation—the Minimal Inner Ideal Theorem—where the extra structure in the
noncommutative case gave us a stronger result than in the quadratic case.)

For almost nil algebras we have

THEOREM 16. If A=D1+ N is a simple noncommutative Jordan algebra over a
field ® of characteristic 2, for R a nil subspace, then % is commutative and has
multiplication

zw = Mz, W)l +zxw (z,weN)
where X is an alternate bilinear form and x an alternate bilinear product on R,
Nz,2)=0 zxz =0.
Conversely, any algebra W = ®1+ N built up in this manner from an alternate algebra
R, x), zxz=0, and an alternate form A, Xz, z)=0, is a noncommutative Jordan
algebra; it will be nodal if and only if A0, and simple if and only if Rad A contains
no ideals of (!, x).

Proof. By Lemma 5 we know {A A W}={N N N} + N o N+2N+ 21 is an ideal
in A=>®1 +N. We have UnR and N2 contained in N, since if U,w or z2 were not in
N it would be invertible, implying z € N is invertible, whereas z is nilpotent. Since
N is a subspace we can linearize to get { N N} and N o N contained in N. Thus
in characteristic 2, {3 A A} =N<A. By simplicity {% A A}=0. In particular,
Ao A=0, and xy+yx=x o y=0 means xy=yx, therefore that A is commutative.

In a commutative algebra of characteristic 2,

[x2’ s Z] = [xz» s z]+[x °2, ) x]=0
(using the commutativity and formula (2)), so that L,a commutes with all L,=R,.
This means x? lies in the center of . Thus x is nilpotent if and only if x2=0, and
N={z | z22=0}. If we let
zw = Mz, w)l+zxw
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for Mz, w) € ® and zx w € R when z, w belong to N then z2=0 shows
Mz,2) =0 zxz =0.

Conversely, if % is constructed from A and X in this way then z2=0 for all z
in N, so a?=(al +2)2=0a?1+2z2=0?1 trivially implies [a? b, a]=0 for all @, b in
the algebra. Also A(z, w)=—A(w, z2)=A(W, z), wxz=—zxw=zXw are both
symmetric, which shows % is commutative and therefore trivially flexible: [a, b, a]
=0. Thus % is a noncommutative Jordan algebra. An ideal B is proper if and only
if none of its elements are invertible, i.e. B<N. A subspace B<N is an ideal if and
only if BN<BY, i.e.

A®B, %) =0 BxNcB,

which means that B is an ideal of i contained in Rad A.
We denote algebras built up from A and x like this by

A, x).

Simple algebras (A, x) are easy to come by (and therefore hard to classify). For
example, a nondegenerate form A automatically leads to a simple algebra no matter
what the product x is. Similarly, a simple algebra % with z x z=0 (for example, a
simple Lie algebra) always leads to a simple algebra % as long as A#0 is not
identically zero.

We might add that if a noncommutative Jordan algebra of characteristic 2 is
restricted [10] in the sense that L,2=L2 then by (1)’ R,2=R2 too, so U is actually
alternative. It is known that there are no nodal alternative algebras.

Finally, these almost nil algebras show that a noncommutative Jordan algebra
which happens to be commutative (a “commutative” Jordan algebra) is a very
different beast in characteristic 2 from a (quadratic) Jordan algebra.
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