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Abstract. Let L: D< X — D< X* be a densely defined linear map of a reflexive
Banach space X to its conjugate X *. Define M and M * to be the respective null spaces
of L and its formal adjoint L*. Let f: X — X* be continuous. Under certain con-
ditions on L* and f there exist weak solutions to Lu=f(u) provided for each w € X,
v(w) € M can be found such that f(v(w)+ w) annihilates M*. Neither M and M* nor
their annihilators need be the ranges of continuous linear projections. The results have
applications to periodic solutions of partial differential equations.

1. Introduction. Sufficient conditions are given for the existence of solutions in
a reflexive Banach space X for the equation

(1.1) Lu = f(u)

where fis a (nonlinear) continuous map of X to its conjugate X*. We assume the
linear operator L has a nontrivial manifold of solutions. Hence one condition is
that a bifurcation equation can be solved. Results of these kinds are not new; what
is of interest here is that none of the frequently assumed hypotheses of comple-
menting subspaces, direct sum decompositions, and continuous projections are
made. Rather, we show that if the solution to the bifurcation equation satisfies a
continuity condition, then the quotient space and the natural map provide the
necessary tools for solving (1.1).

While thus broadening the class of problems that can be considered via bi-
furcation theory, only weak solutions are obtained. Hence our work neither
replaces nor entirely includes the researches of others in this area. Of these, we
mention the work of Hale, Bancroft, and Sweet [1] for general theory, the paper of
Mawhin [2] for an application to ordinary differential equations, and the efforts of
Cesari [3], Hale [4], Vejvoda [5], Rabinowitz [6], and the author [7], [8] for
applications to periodic solutions of partial differential equations.

The paper is divided into four sections. First, the notation is introduced and a
linear equation is solved. The nonlinear equation is then considered, and the next
section is devoted to remarks on the previous. An example from partial differential
equations concludes the paper.
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2. A related linear problem. Let (D, |-||) be a normed linear space and X its
isometric completion. (X*, || - |*) will be its conjugate, and for u € X, v e X*, put
(u, v) to be the value of v at u. X is assumed reflexive, and we suppose D< X*.

L: D— D is a given linear operator which we assume has a formal adjoint L*
defined by (¢, L)=(3, L*¢) for all ¢, in D. Note that L is regarded as having
range in X*, and because X is reflexive, the range of L* is also in X*.

When ¢ € D satisfies Ly=0, then 0= (¢, L) =(y, L*¢) for all ¢ € D. This moti-
vates the definition

M ={ue X; (u, L*¢) = 0, V¢ € D}

as the generalized null space of L. Similarly, the generalized null space of L* is the
set

M* ={ue X;(u, L) = 0,V € D}.

°M and °M* are their respective annihilators in X*, while X/M and X/M* are the
corresponding quotient spaces. II: X — X/M will denote the natural map Ilu
=u+M.

Note that the conjugate of X /M is °M and that the adjoint IT*: °M — X* is the
inclusion. Hence (u+ M, ¢)=(I1u, ¢)=(u, [1*¢)=(u, §) whenever ¢ € °M. Also,
because X is reflexive, the dual of °M is congruent to X/M, and the range of L*,

E* ={$e D;4 = L*$, 4 € D},

is dense in °M. If not, and if v#0 is in °M\cl E* then by the Hahn-Banach
Theorem and reflexivity, there exists ¥+ M such that (u+ M, v)=dist (v, cl E*)>0,
|lu+M| =1, and u vanishes on cl E*. Hence (u+ M, L*¢)=(u, L*$)=0 for all
éeD. Thus ue M and so |u+M|=0+#1.

If ue D satisfies Lu=g, g€ D, then g annihilates M* N D since for such ¢,
(¢, g)=(u, L*¢)=0. Conversely, we have

THEOREM 1. Suppose for all ¢ € D, |¢+ M*| k| L*$|*. Then for each g in °M*
there is a unique coset u+ M= Kg such that any representative is a weak solution of
Lu=g. The operator K: °M* — X [M is linear and bounded with | K| <k.

Proof. Let £*. D/M* — X* be the induced operator defined by £*(¢+ M*)
=L*$, ¢ € D. By hypothesis,

l6+M*| < k|L*$|* = k|L*($+ M)

and hence (£*)~! is a continuous bijection of E* onto D/M* with norm not
exceeding k.

Define the functional / on E* by I()=((£*)" ', g). Then [ is linear, and from
the above

@l = 1 lel* = klgl*|g]*
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Let / also denote the unique extension to °M, the closure of E*. By reflexivity,
there is a unique u+ M such that /(})=(u+ M, ¢) for all € E*, and |u+M|
=l =kl gl*

Let K: °M — X/M be given by u+ M=Kg. Then K is linear and | K| <k.

Now $=L*(p+M*)=L*$, for some ¢e D. Thus, [(P)=u+M, )=
(u+ M, L*¢), and since L*¢ € °M, (u+ M, L*¢)=(u, L*¢) for any representative
ucu+ M. But, I(p)=((L*)" Y, g)=(¢+ M*, g)=(¢, g) since g annihilates M*.
Therefore, (u, L*¢)=(Kg, L*¢)=(¢, g). This last relation holds for all ¢ € D since
(£*)~1is bijective. Hence any u € u+ M is a weak solution of Lu=g. This proves
the theorem.

3. The nonlinear equation. We now consider the problem Lu=f{(u). The follow-
ing properties for f are assumed:
(i) f'is a continuous, bounded map of X to X* such that

G.D) I7@I* = allu]

where ¢, is increasing in |u]|.
(ii) For each u € X, there exists v(u) € M such that f(v(u)+u) is in °M*. The
element v: X — M is continuous and

(3.2 lo@)| = cslflul]

where ¢, is increasing in |u||. This is the assumption that the bifurcation equation
can be solved, and that the solution v(u) is a bounded continuous function of .

THEOREM 2. Let f be as above and suppose |+ M*| k| L*$|* for all ¢ € D.
Assume the operator K of Theorem 1 is completely continuous. If ¢, is “‘sufficiently
small”, then Lu=f(u) has a weak solution.

The statement, ““if ¢, is sufficiently small”’ will be clarified in the proof. We
shall need the following result:

THEOREM (MICHAEL [9, p. 6]). Let Z and W be Banach spaces and T:Z—>WwW
a continuous epimorphism. For each X> 1, there exists a continuous h: W — Z such
that (T o h)(w)=w for all w e W. In addition,

[hW| < Ainf {|z]; Tz = w}.
We shall use Michael’s result with Z= X, W= X/M, and T=1I. In this case
(3.3) [Au+M)| £ Mu+M]|.

Proof of Theorem 2. Let A and 4 be as above. Let B(a)={u € X; |u| <a} and
consider the map

Tu = (h > K)(f(v(u) +u))
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where K is as in Theorem 1, and where v € M is chosen as in (ii) above. Then T is
continuous, and by (3.1) to (3.3),

ITull = A|Kf(@)+u)| = Al fo(w)+u)]*
< Mkey[|lo(w) +ul] £ Akey[cqlal +al.
Hence, if A>1 and a>0 can be chosen so that
(3.4 Akcy[cg[al+al = a

then T maps B(a) to itself. Since K is completely continuous, Schauder’s Theorem
gives a fixed point w. Thus, w=(h K)f(v(w)+w) and IIw=Kf(v(w)+w). Let
u=v(w)+w. Then
(u, L*¢) = (Iu, L*$) = (TIw, L*¢)
= (Kf(v(w) +w), L*$) = (¢, f(o(w) +w)) = (¢, /().
Hence u is the desired solution and the theorem is proved.

The hypothesis that K be a compact mapping can be removed if both fand v are
Lipschitz continuous in u. Even so, the function Tu=(h o K)(f(v(u)+u)) is not
necessarily Lipschitzian since A may not possess this property. Hence a method
other than the application of a nonexpansive mapping theorem is required. This is
provided by the following result.

From the interior mapping principle, if 7: Z — W is an epimorphism, then there
is a t>0 such that for each w e W, 3z € Z with w=Tz and |z|| <t|w|.

THEOREM (GRAVES [10, p. 111]). Let G: Z — W be continuous for |z|| <y with
G(0)=O0. Let T be as above and suppose

16@) -G ~T—2)| < 8|z—2|
whenever ||z|| <y, ||z’'| <. If t8<1 and |w| <y(1 —t3)/t, then there exists z € Z such
that G(z)=w.

We shall apply this theorem with Z= X, W= X/M, and T=II. In this case any
t>1 will suffice.

Assume f satisfies the conditions (i)', (ii)’ below:

(i)’ fis a continuous, bounded map of X to X*, and there are constants d; and
d, such that

(3.5) I/O]* = dy,
(3.6) If@)—f@)|* £ daflu—u],
whenever |u| <a and |4’ £a.

(i)’ For each u € X, there exists v € M such that f(v(u)+u) € °M*. The element
v: X — M satisfies

(€X)) lv©@)] = da,
(3.8) o) —v@)| = dyflu—v],
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whenever ||u| £aand ||#’| £a. Here, v(0) is an element in M such that f(v(0)) € "M *.
(v(0) is the bifurcation point for Lu=f(u).)
THEOREM 3. Suppose for all € D, |L*$|*Z|¢+M*|. If the constants d,,
i=1,2,3,4, are “sufficiently small” then Lu=f(u) has a weak solution.
Proof. Define for u € X, |lu| £a, the function G: X — X/M by
G(u) = Hu— Kf(v(u) +u) + Kf(v(0))
where K is as in Theorem 1. G(0)=0, and if ||u| Za, |u'| £ a, then by (3.5) to (3.8),
1G@w)—G@)—Tu—u)| = k| f0@)+u)—fo@)+u)|*
< kdylo(u) +u— o) —u'|
< kdo{|[u—u'|| + o) — o)}
< kg1 +dg}Ju—v].
Next, |v(0)|| =d;s. Hence

IKf@©))] = k| /O)]*
£ K| /@O)—fO)*+ /) [*} = k{dads+dy}.
Hence if there exists a>0 and 7> 1 such that
3.9 kdy(1+dy) =18 < 1,
(3.10) k{dods +d,} < a(1—1td)/t.

Then by Grave’s theorem, there is an element w € X with |w| <a such that G(w)
=Kf(v(0)). Hence Iw=Kf(v(w)+w), and as before, if u=v(w)+w, (u, L*$)
=(¢, f(w)) for all ¢ € D. Thus, the theorem is proved.

4. Remarks. Special situations, such as when f contains a parameter, M splits
X, X is uniformly convex, etc., deserve comment.

REMARK 1. If f(u)=g(u, &) where |g(u,e)|*=<n(e, |u|), and if n(e, a)—0
uniformly in a with e, then inequality (3.4) holds for small e. Similarly, suppose
whenever |u|| Za, |v'| Za,

"g(o’ 8)"* é Pl(e)’ ||g(u, 8)_g(u” 8)"* é P2(e)"u_u,||9

where p; and p, are O(¢) as e — 0. Then f will satisfy (3.9) and (3.10). However, see
the example, where such a restriction is not required.

REMARK 2. Suppose M splits X so that X=M @ N with N closed in X. Assume
f and v satisfy the Lipschitz conditions (i)’ and (ii)’ of §3. Then the contraction
principle can be applied to the mapping Tu = (h o K)(f(v(4) +u)) where A is the linear
isometry between N and X/M. By (3.8) v is uniquely determined by w. Put u=uv(w)
+w to obtain the locally unique weak solution to Lu=f(u).

In this case w is the limit of a sequence of Picard iterates

W = (h o K)(f(0(Wn-1)+Wn-1))
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where w, is any element in N with |w,| £a. Thus, to compute w,,

(i) find v,=v(w,_,) € M such that f(v,+w,_,) annihilates M*,

(ii) put wo=(h o K)(f(vn+wn-1)).

In the special case where X=X* is a Hilbert space, M=M?*, and w,=0, we
obtain the sequence used by Rabinowitz in [6, p. 159].

ReMARK 3. If X is uniformly convex, then corresponding to each u+M in
X /M, there is a unique w € X such that |u+ M| =|w|. wis orthogonal to M in the
sense that |[w+v||2|w| for all ve M (Nirenberg [11, p. 30]). In addition, w
depends continuously on the coset u+ M. To see this, let u,+M — u+ M with
lu+ M| =1. Let & € (0, 1) and choose n so large that

lun—u+M| <& and ||u+u+M|-=2|u+M]|| < 28.

If w, is the element in X with |w,|=|u,+ M| then |w,| <1+8, and from the
above, |u,+u+M|>2(1-38).

Put x, =w,/(1+8) and x=w/(1 + 8) where |w| =|u+ M |. Then |x,| =1, |x[| =1,
and

NCen+x)2]| = [[wa+wl/2(1+8)
2 Jua+u+M[2(1+8) 2 (1-8)/(1+9).

By uniform convexity, |x,— x| £n{(1 —8)/(1+ 8)} where n(f) — 0 as 6 — 1. Hence
Wy, — W.

Thus, when X is uniformly convex we can define h: X/M — X by h(u+ M)=w,
where ||w| = |u+ M|, and search for a fixed point to Tu=(h o K)(f(v(u)+u)). If,
for example, (3.4) holds (with A=1), then one exists, and the solution to Lu=f{(u)
is of the form u=uwv(w)+w where v(w) € M and w is orthogonal to M.

In general, A is not linear, but if X is a Hilbert space then A is just the linear
isometry relating X/M and M+, the orthogonal complement of M.

REMARK 4. Using some theory from monotone maps, it is possible to give
conditions insuring that when M= M*, the bifurcation equation can be solved.

Let u be fixed in X with ||u| < a. Consider the functional /,(¢) =($, f(v+u)) where
¢ and v are in M. By (3.1),

L@ = If@+w|*|¢] £ {allo] +al ¢l

and so /, is continuous on M for each such v. Hence a mapping v — Bv to the dual
of M is defined by (¢, Bv)=(¢, f(v+u)). Suppose fis such that
(i) Bis monotone, (¢—, B¢ —B)20 for all §, y € M,
(ii) there exists a closed ball C<= M with 0 € C such that (¢, B$)=0 on oC.
By a theorem of Strauss [12, p. 118], B sends an element v(u) of M to zero. But the
dual of M is congruent to X*/°M. Hence f(v(u)+u) annihilates M*= M.
REMARK 5. When X has a Schauder basis of eigenvectors of L*, it may be pos-
sible to find a simple criterion insuring that |¢+ M*|| <k|L*$|* for all ¢ € D.
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Thus, suppose u € X has the unique expansion u= 73 u(s)e(s) where e(s) € D for
each s in a (countable) index set I". Assume (e(s), e(t))= 38, so that the Fourier
coefficients of u are given by u(s)=(u, e(s)). Let L*e(s)=v(s)e(s), and put I'=T",;
U I'; where I'; ={s € T"; v(s)=0} and I', is its complement.

Without loss of generality we can suppose that the members of D are finite linear
combinations of the basis elements {e(s)}. Then ¢=v+w with

4.1 v=>"¢(s)e(s) and w = 1" ¢(s)e(s)

where >’ is the sum over I'; and 3" is over I',. Because v € M*, ||¢+M*| < |é—v|
=|wl.

Now suppose (%, ||-||) is a sequence space forming a Hausdorff-Young pair
with X; that is, there exists a linear map B to u in X from its sequence of Fourier
coefficients u={u(s)} in X such that |ju| < |Bu| < ||u||. If B*: X* — X* is the
induced map then for v € X* and corresponding b= B*v in X*, ||v]|* < [v]*.

For ¢ € D define a map 2* on X by {¢(s); s € I'} — {v(s)d(s); s € I'y}. The image
under 2* is precisely the sequence of Fourier coefficients for L*¢ since

L*¢ = L*v+w) = L*w = 3" v(s)$(s)e(s).

Let w be as in (4.1). Then w={¢(s); s € I';}. Hence if ||w|| <||L*w]|*, then by
the properties of B and its adjoint,

l6+M*| = wl = llwl| = kl|e*wl* < k| L*$|*.

For example, let L be a partial differential operator with constant coefficients.
Let X=L,(T) where r € (2, ) and T is the period cube of side 27 in R, centered at
0. A suitable choice for D is the set of trigonometric polynomials

4.2) $(x) = 3, $(s)e**

where s=(sy, S, . . ., §,) is an n-tuple of integers, x=(x;, x,, . .., X,) is a point in
Ry, s:x=81X1+ -+ - +5,X,, and $(—s5)=(s).
If L=3,, <m a, D7, then the formal adjoint L* is defined via integration by parts,

[ szu= | wres,
and so L*=3),, <, (—1)?a,D? with
L*ets* = y(s)ets* = {,,,Zg,,, (- l)P(is)Pap}els-x.

By the Hausdorff-Young Theorem [13, p. 247], ¥=1I,., 1/r+1/r'=1. Hence if w
is as in (4.1), the Holder inequality gives

liwll = {27 @I} = {27 beEmslr
< k{3 MBI} = k| 2*ro] *
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where k={3" 1/|v(s)|}*¢, g=p/(p—2). Hence if {1/v(s); s € Lg}is in l;,q=p/(p—2),
then |+ M*| k| L*$|* for all 4 € D.

REMARK 6. Let {g,} be a norm 1 sequence converging weakly in °M* to g. We
want to find conditions insuring that Kg, — Kg strongly in X/M and hence that K
is compact.

By the Hahn-Banach Theorem there is an element x, € °M* with | x,[*=1 such
that |K(g,—g)|=(K(g,—g), x»). Since the range of L* is dense in *M* there
exists ¥, =L*¢, such that | x,—,|*<1/n. Let k=| K|, and recall from Theorem 1
that (Kg, L*$)=(¢, g) whenever ¢ € D and g € °M*. Hence

1K(ga—8)l = (K(gn—8) xa)

= (K(gn_g)9 xn"‘/’n)"' (K(gn_g)’ L*¢n)

< 2k[n+(¢n 82— 8)-
Hence the convergence of Kg, to Kg depends on showing that (¢,, g,—g) — 0.

Let X, %, etc. be as in Remark 5. Assume that for u={u(s)} in X and v={v(s)}

in %*, (u, v)=> u(s)v(s). Suppose {e(s)} is also a basis for X* so that if ve X*
then v=> v(s)e(s) where v ={v(s)} is its sequence of Fourier coefficients. It is easy
to check that when u=> u(s)e(s) is in X, Parseval’s Theorem holds, i.e. (u, v)

=2 u(s)v(s)=(u, v).
Suppose ¥(s) is as previously defined and for g, and g € °M*, let g, and g be their
corresponding sequences in X*. Define a map & by

g —>{g(s)/v(s); se 'y} = Rg.

As in (4.1), write ¢, =0, +w,, and observe that since g annihilates M*, (¢,, 8.—g)
=Wy, gn—&). Thus
($ns 8n—8) = (Wns &n—8g) = Z” ¢,,(s){g,,(s)—g(s)}

= D bals)(s){8n(s) —&(s)}/(s)

= [|2* a1 * || (e — o).
Now || 8*w,||* < | L*w,|*= || L*$.|*=|¢.]* is bounded. Hence K is compact if
g. — g weakly implies g, — fg.

For instance, suppose X, D, L, etc. are as in the example of Remark 5. If g, —> g

weakly in X*, then

g(s) = L gne ™ —>L ge™* = g(s)
for each s. Now,
R =l = {Cr+Zm)l(gals) —gle)ps) 3"

where 37 is the sum 3" over {s; |s| <r} and the second is over its complement.
Again suppose {1/v(s);se T} is in I, g=r[(r—2). If r is sufficiently large, the
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Holder inequality shows that > can be made arbitrarily small. This fixes r, and
since g,(s) — g(s) uniformly in s for |s| Sr, 37 also goes to zero as n — co. Hence
in this case, the assumption v~(s) € /, insures both the continuity and complete
continuity of K.

5. An example. Consider the equation

(G.n c*wu(t, )+ A%w(t, y) = blw(t, y)|"~* sgn w(t, y)+g(t, y)

where y=(y1,..., ¥a), A is the n-dimensional Laplacean, r is a real number in
(2, ), p is a positive integer, b and ¢ are constants, sgn is the signum function, and
g is 2m/w, periodic in ¢ and 27/w; periodic in y;,.

The change of variable x, = wyt, x;=w, y; reduces (5.1) to the form Lu=f(u) with
x=(Xg, X1, . . ., Xn), U(xX)=w(t,y), f(u)=blu|"~*sgn u+h, where h(x)=g(t, y) is
2w-periodic in each variable x;, i=0, 1, ..., n. L is the operator

L = c?wi 0%[oxE+{w? &%[Oxi+ - - - + w2 D?[Ox2}%P,

We put X=L/(T), as defined in Remark 5. Then f'is a bounded, continuous map
of X to its conjugate provided h e L.(T), r'=r/(r—1).

For this choice of X, Remark 6 also applies. Hence we must check that 1/v(s),
where

vs) = —clwisd+{wisi+ - - +wlsi}??

is an element of /,, g=r/(r—2).
Write

w(s) = —cPwf{si—(cisi+ - - - +cis?)*}

where ¢;= w,/(cwo)'??. Assume each ¢, is of the form (k,/m,)!/? where k; and m, are
positive integers. Let m be the least common multiple of the m;. Then

Ms) = —(Cudfm)ms3— p77(5))

where p(s)=d,s?+ - - - +d,sZ and the d, are positive integers. Clearly, v(s)=0 iff
m(s)=m?s§— p*(s)=0.
If p(s)#0,

pY(s) = 27 p7P(s){(mPso— pP(s)) "1 — (mPso+ p7(s)) 7 1}.
Hence, if a=r/(r—2), then
(=% = [p()] ~>*{|mPso— p?(s)| =+ |mPso + p?(s)| =}

where we have used the fact that |4+ B|? <27{|4|*+|B|"}. Thus
> )| = Hu)l -«

u(®)+0 {u(s);éO'n(s) 0 u(s)#0; p(s)#O
00
< const{ > 1/t2“+[ |p(s)|"“] > l/t“}-
t=1

81s...98n5 D( )#0
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The sum over p(s)#0 converges if pa=pr/(r—2)>n/2. If n<2p, any r € (2, o) will
do, while if n>2p, then r must be strictly less than 2n/(n—2p). With these restric-
tions, v(s) satisfies the desired property.

Next, we must show that the bifurcation equation can be solved. In this case,
because L is symmetric, this means finding v() in M such that f(v(u) + u) annihilates
M. We also require v to be bounded and continuous in . Use will be made of the
inequality

(52) (x=y)(|x+ul""*sgn(x+u)—|y+ul""tsgn(y+u) = |[x—y[[2'"!

a proof of which can be found in [7].
Assume v(u) exists. Then

(v(u), blo(w)+u|"~* sgn (v(W)+u)+h) =0
and thus from (5.2),
(5.3) oG] = 27=2(|B] [lu|" + [ A]*).

Next, if both v(u) and v(w) are solutions to the bifurcation equation then by (5.2)
and the mean value theorem,

lo@) —oW)|"~* = (r= D] W)+ w+6@u—w)) ~*(u—w)|*

where 0 < 8 < 1. Hence by Hélder’s inequality, ||o(u) —v(w)||"~* < const |u— w| where
the constant depends on the norms of v(w), 4, and w. Hence v, if it exists, is a bounded,
Hélder continuous function of w.

For the existence we apply Remark 4. By (5.2)

(¢, Bp) = (¢, f($+w)) = ($, b|+u|""" sgn (p+u)+h)
2 (g2~ =] Nul" == [RIM)]#]-

Hence if C is the set of v € M satisfying inequality (5.3) then (¢, B$)=0 on oC.
Clearly B is monotone. Thus v exists and satisfies the requirements for Theorem 2.
To conclude, it must be shown that inequality (3.4) can be obtained. Remark 3
is applicable so A may be chosen equal to 1.
Let

alt] = |blt~1+4, coft] = 2(cy[tDHe- D

where d= ||h|*. Clearly, (3.1) is satisfied by this choice of c,, while (3.2) holds by
virtue of (5.3). We must show, therefore, that kc,[ci[a]l +a]<a. As we shall see,
this can be done by restricting d, the amplitude of the external excitation.
Now,
keylcalal+a] = k{|b|(czla] +a) ~* +d}
< k{27 Yb|(cy Y al+a" ") +d} = ma""+nd



1971] THE BIFURCATION OF SOLUTIONS IN BANACH SPACES 217

where m=27"2|b|k(1+2"|b|) and n=(1+4""1|b|)k. So if we can find positive
a, such that w(a,)=ma} ™' +nd—ay, <0 then (2.6) will be met.

In fact, choose ao=(1/m(r—1))/"~2?_ Because r>2, w(a) has a minimum here
and w(ap)=nd—ay(r—2)/(r—1). With a thus fixed, restrict d to be less than
ao(r—2)/n(r—1). Then w(a,) <0, and we have satisfied all of the conditions for (5.1)
to have a periodic solution.

We can now state

THEOREM 4. The partial differential equation
wy+ A%w = blw|""tsgn w+g(f, Y1, - - -5 Va)

where p is a positive integer and g is 2n|w, periodic in t and 2m|w,; periodic in y,,
i=1,2,...,n, has a weak, rth power integrable solution with the same period as g
providing
(i) for each i, wi[(cwo)''® is rational,

(ii) re(2,j) where j= +c0 if n<2p and j=2n/(n—2p) if n>2p,

(iii) either b, or [gm@0 [3M@1... [ | o(t, pi, ..., y)|"" "D dt dyy- - -dy, s
sufficiently small.

Furthermore, the solution is of the form v+w where v is in the generalized null
space of the operator c? 92/0t2+ A?®, and w is orthogonal to v.
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