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DEGENERATE EVOLUTION EQUATIONS IN
HILBERT SPACE
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AVNER FRIEDMAN(*) AND ZEEV SCHUSS

Abstract. We consider the degenerate evolution equation ¢,(¢) du/dt+ co(£)A(t)u
=f(t) in Hilbert space, where ¢; 20, c2=0, ¢;+c¢2>0; A(t) is an unbounded linear
operator satisfying the usual conditions which ensure that there is a unique solution
for the Cauchy problem du/dt + A(t)u=f(t) in (0, T), u(0) = uo. We prove the existence
and uniqueness of a weak solution, and differentiability theorems. Applications to
degenerate parabolic equations are given.

Introduction. Consider an evolution equation
du .
0.1) a(t) E+c2(t)A(t)u =f(t) in(0,T]

in Hilbert space X, where A(¢) is an unbounded linear operator satisfying the
standard assumptions which ensure that the Cauchy problem

0.2) Z—I:+A(t)u =f(t) in(0,T], u) = uy,
has a unique solution. If, for each 7€ [0, T1, ¢;(¢)20, ¢x(¢)20, ¢,(t)+cy(t) >0,
then we call (0.1) a degenerate evolution equation.

The aim of this paper is to prove existence, uniqueness and differentiability
theorems for solutions of the degenerate evolution equation (0.1) (under suitable
initial conditions).

In §§1-5 we consider the special case where c;=1. In §1 we define the concept of
a weak solution and prove that it is a classical solution in every interval where
¢, >0. It is also shown that a weak solution in [0, T] is a weak solution in any
subinterval [a, b] of [0, T]. In §2 we prove that a weak solution exists. In §3 it is
proved that the weak solution is unique. Finally, in §4 we prove differentiability
theorems for the weak solution. In §5 we give another proof of uniqueness, based
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on an a priori inequality for weak solutions. Unlike the first proof, the second proof
extends to degenerate parabolic equations, as well as to equations (0.1) with ¢, 20,
220, ¢;+¢3>0.

Degenerate parabolic equations with ¢;=c;(x, 1)20 and cy=cy(x, 1)=1 are
treated in §6.

In §7 we consider (0.1) with ¢; =1 and ¢, = 0. We prove existence, uniqueness and
differentiability theorems. The analogous parabolic case is also treated.

The general case of (0.1) is considered in §8.

The results of this paper, when A(¢) is specialized to a second order elliptic
operator, overlap with known theorems for second order degenerate elliptic-
parabolic equations. Such equations were first treated by Fichera [1], [2], who
proved the existence of weak solutions and derived L? estimates. Regularity and
uniqueness theorems have since been derived by several authors, in particular,
by Oleinik [7] and, most extensively, by Kohn-Nirenberg [6].

We also mention the paper of Glusko-Krein [S] announcing results concerning
the evolution equation (0.1) with c;=1, ¢,(0)=0, ¢,(¢)>0 if £>0; the operator
A(t), in [5], is a bounded operator.

1. Weak solutions: general properties. Let X be a complex Hilbert space with
inner product ( , ) and norm |-|.

DEerINITION 1.1. An operator valued function A(¢) on [0, T] is said to belong to
the class %, if it satisfies the following conditions: V

(i) The domain D, of A(¢) (0<¢=T) is dense in X and is independent of ¢, and
A(t) is a closed linear operator from D, into X.

(ii) For each te [0, T'] the resolvent R(A, A(t)) of A(t) exists for all A with
Re A<0,and | R(A, A(2))| £C/(1+]A]) (Re A=<0) where Cis some positive constant ;

(iii) For any ¢, s, in [0, T],

I4(1)— A(m)]A47(s)|
|4~ ()[4(0) — A(")]x|

the constants C, « are independent of ¢, s, 7, and 0 <« =1.

DEFINITION 1.2. Let ¢(t) be a real valued function on [0, T'] that satisfies the
conditions

(i) c(t)zO0for all [0, T];

(ii) ¢(z) is continuous and c’(¢) is piecewise continuous in [0, T'].

Such a function is said to belong to the class %,.

DErINITION 1.3. Let A(t) €%, and satisfy the condition Re (A(?)u, u)=y|u|?
for all ue D,, where y>0, y24c'(¢)+1, >0 for all 1€ [0, T]. Then A(2) is said
to satisfy the condition (AC,).

DEerINITION 1.4, Let f(¢) € C([0, T], X). An X-valued function u(¢) is said to
be a classical solution of

(L.1) (' (t)+A@)u(t) = f(t) in(a,b) <= (0,T)

< Clt—1l%,
2 Cli—*|x]  (xe D)
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if u(t) e C*((a, b), X), u(t) € D, for all ¢ € (a, b), A(t)u(t) € C((a, b), X) and u(z)
satisfies (1.1) in (a, b).

DErFINITION 1.5. Let ¢(t) € C¥([a, b], X), ¢(t) € D4, for all t € [a, b], ¢(b)=0,
and A*(t)p(t) € C([a, b], X); here A*(¢) is the adjoint of A(¢) and D, is its
domain. We then say that ¢ is a test function in [a, b].

DEFINITION 1.6. Let u, be any element of X, let 0<a<b<T, and let
f(t) € L¥([a, b], X).

(i) Suppose c(a)>0. A weak solution of (1.1) in [a, b] with initial condition u, at
t=a (or with u(a)=u,) is a function u(t) € L%([a, b], X) such that

1D o @)+ [ w —ry + 4w dt = [ (1) d

for every test function ¢(¢) in [a, b].
(ii) Suppose c(a)=0. A function u(¢) € L%*([a, b], X) is said to be a weak solution
of (1.1) in [a, b] if

(1.2) [ -@r+aroma =[G

for every test function ¢ in [a, b].

For brevity, when we refer to a weak solution in [a, b], we mean a solution given
by either one of the Definitions 1.6(i) or 1.6(ii).

An X-valued function f(¢) defined in an interval [ is said to be uniformly Hélder
continuous on I'if | f(¢)—f(s)| £ C|t—s|#(0<B<1)forall ¢, sin I; C, B are constants.

In the sequel, we shall denote by the same symbol C any one of various different
constants.

THEOREM 1.1. Let c(t) € 6,, A(t) € W, and let (AC,) hold. Then any weak solution
of (1.1) in [0, T] is a classical solution in any subinterval (a, b) of (0, T) where c(t) >0
for all a<t<b and f(t) is uniformly Hélder continuous in [a, b).

For the proof we shall need several lemmas.

LemMMA 1.1. If u(t) is a weak solution in [0, T], then it is also a weak solution in
[0, T') for any O<T'<T.

Proof. Let ¢(¢) be a test function on [0, 7], and let {,(¢) € C [0, T'] be such that
(()=1 if0Zt < T —e
=0 ift>T—¢2,

0={.(¢)=1 otherwise in [0, T, and |{(¢)| = CJe.
Define

:(t) = Li()e(t) fO=t =T,
=0 ift>T.
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Since u(¢) is a weak solution in [0, T'] and since ¢,(¢) is a test function in [0, T'], we
can apply (1.2) (we assume, for definiteness, that ¢(0) >0), and get

(13)  — (o c0)p(0)+ j:'(u, —(cq) + A¥(t)g) di = j(f 9)di+1,

where

T T
T T

L= @-nema|  @umopdt| @a-t)aop

-
+ j (f, (L—1)p) dt
T —¢
=D+ I2+I3+15.

It can easily be seen that |I}|+|I3|+ || - 0 if ¢ > 0.
To estimate 12 we note that, since o(T')=0 and ¢ € C1([0, T’], X), we have
lp(®)| S C|T'—1t| for T'—e<t<T’, where C is independent of . Thus

T’ T
2 < %f |u|2dtf (T'—1)* dt < Ce.
& Jr-¢ T -¢

Taking, in (1.3), e — 0, (1.2) follows with [a, b]=[0, T"].

LemMA 1.2, If u(t) is a weak solution of (1.1) in [0, T] and c(a)=0 for some
0<a<T, then u(t) is a weak solution in [a, b] for any a<b<T.

Proof. Let £,(t) be a C~-function similar to the one constructed above, with
L(t)=0for 0<t=<a+e/2, {(t)=1 for t>a+e Now apply (1.2) to ¢,={,p and use
arguments similar to those used in the proof of Lemma 1.1, together with the
inequality ¢(¢) < C|t—al|. It follows that u(¢) is a weak solution in [a, T']. From the
proof of Lemma 1.1 it then also follows that u(¢) is a weak solution in [a, b].

LemMMA 1.3. If0<a<b =T, c(a)=c(b)=0, c(t)>0 for all a< t < b, then there is at
most one weak solution of (1.1) in [a, b].

Proof. Let u(f) be a weak solution in [a, b] with f=0. We have to show that
u=01in [a, b]. Let a<B<b and let ¢ be the (classical) solution of

(1.4) —(cp) +A*(t)p = h(1) in(a,Bl, 9B =0,

for some uniformly Hélder continuous function A(t). (Its existence follows by
applying [4] to the equation for @, where ¢=¢ exp [j" (c’/c) dt].) Note that ¢(t)
is not necessarily a test function in [a, B], since it need not be continuously differ-
entiable at 7=a. It is, however, in L?([a, 8], X). Indeed, multiplying both sides of
(1.4) scalarly by ¢ and integrating over [a+e, 8] we get

B B
%C(a+e)l<P(a+8)|2+L“ [(A*()p, P)—1c'|9|*] dt = LH (h, @) dt.
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Hence, using (AC,) we get, for any 6>0,

B B
[ o-se-dptrarsams [ hra
ateé a+é
It follows that
B B
j|¢|2dtgcf |hJ2 dt.

We take now a function {(¢) € C*([a, B]) such that {,(¢)=0 if a<t<a+¢/2,
L()=1if a+e<t<B, 0= (1) =1 otherwise, and |{;(t)| = C/e.

Using the fact (which follows from Lemma 1.2) that u(z) is a weak solution in
[a, B] and noting that ¢, ={,p is a test function in [a, B], we get

LB (u, —(coe) +A*(t)pe) dt = 0.
Recalling that ¢(t) solves (1.4), we deduce that

f (u, Lh) dt -+ f: L(u, cq) dt = 0.
Since ¢(t) < C|t—al, |{i(t)c(t)| = C. Hence

j [awea| =| [ twenar|

2

a+é& a+s
gcj |<p|2dtf u2df—>0 if e—0.
a a
Noting also that
B B
f(u, Csh)dtef (u, h)dt ife—0,

we see that u(¢) is orthogonal in L%([a, 8], X) to any uniformly Hélder continuous
function A(t). Consequently u=0 a.e. in [a, 8], for any a<B<b. It follows that
u=0 a.e. in [a, b].

Proof of Theorem 1.1. Assume first that c(a)=c(b)=0 and c(t)>0 for all
a<t<b. For any ¢>0 let u,(t) be the (classical) solution of cu;+ A(t)u,=f in
(a+e, b), u(a+¢)=0. We have, as in the proof of Lemma 1.3,

b
(1.5) J u?dt < C
a+é

where C is a constant independent of e. Define @#,(¢)=u,(t) if t>a+e, #,(¢)=0 if
astsa+e.

Because of (1.5), we can extract a sequence {#, } such that &, — v (weak con-
vergence) in L([a, b], X), and [} [v|?dr<C. Let a<7y<7o+A<b. Denote by
U(t, 7) the fundamental solution of (1.1) in (a, b) (see [4]). We then have, for any
To<T<To+A, To+A<t<b,

welt) = Ut Do)+ UG 0)f(0) do,
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provided m is sufficiently large, so that a+e¢, < 7,. Integrating with respect to
over [7,, 7o+ A], we get

16) () = f N

%0

UG, g (r) dr+ j o f " U, 9)f(0) do dr.

It can easily be seen that the right-hand side of (1.6) converges weakly in X. Since
fi,, — v in L*([a, b], X), a standard argument shows that, a.e.,
To+A

" U(t, m(r) df+j

To

xo(t) = J N f U, 0)f(o) do dr.

70
Dividing by A and taking the limit as A — 0 (assulhing 7o to be a Lebesgue point
of v(¢)), we find that
t
o(t) = U(t, 7o)o(mo) + j U, o)f(0)do ace.
70

It follows (by [4]) that v(¢) is a classical solution of (1.1) in (a, b).
If we show that v(¢) is a weak solution in (a, b) then, by Lemma 1.3, v(¢) =u(?),
so that u(z) is a classical solution of (1.1) in (a, b). We have

b-e¢’ b-¢’ b—8’
j (cr', @) dt+ f (A(t), 9) dt =j (o) dr,
& a+é a+8

a+

for any test function ¢(?) in [a, b]. Hence
c(b—&)v(b—¢), p(b—e))—cla+e)(v(a+e), plate))
+JH ©, —(co) +AX(1)g) dt = f” (f, ) dt.

at+s a+

(1.7

Since o(t) € L*([a, b], X), there is a sequence ¢, N 0 such that |v(a+e,)| <1/e23,
say. For c(?) in [a, a+¢] we have the bound |c(¢)| £ Ce. Consequently,

|e(a+e)(v(a+e,), pla+e,))| < Cer®—0 if n— o0,
Similarly
(1.8) |e(b—en)((b—er), p(b—ep))| = C(er)'® —0 if n— oo,

for some sequence e, . 0. Here we need not even use the fact that ¢(b)=0, since
@(b)=0.

Taking e=¢, \ 0, ¢’=¢;, X 0in (1.7), we find that v(¢) satisfies (1.2"). We have
proved Theorem 1.1 in case c(a)=c(b)=0.

If ¢(a) >0 and if there is a point @’ such that 0= a’ <a, c(a’)=0, ¢(t)>0in (a’, b),
then again we conclude that u(¢) coincides in (a’, b) with the classical solution v(z).
Suppose next that no such a’ exists. Then ¢(z) >0 in [0, b). We define v by

caw'+Av=f in(0,b), v(0) = u,.
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Since v is continuous in [0, b),

c(&)(v(e), ¢(2)) = ¢(0)(v(0), #(0)).

It follows, by slightly modifying the previous arguments, that v(z) satisfies (1.2).
Hence, the weak solution u coincides with v in (0, b); u is thus a classical solution
in (a, b).

Finally, the above proof remains unchanged in case ¢(b)>0 (see the sentence
following (1.8)).

THEOREM 1.2. Suppose c(t) € 6,, A(t) € Wy, and assume that the condition (AC,)
holds. Let [a, b] be any subinterval of [0, T] and let u(t) be a weak solution of (1.1)
in [0, T, with initial condition u(0)=u, in case c(0)>0. Then u(t) is a weak solution
of (1.1) in [a, b, with initial condition u(a) at t=a in case c(a)>0.

Proof. In view of Lemmas 1.1, 1.2 it suffices to show that u(¢) is a weak solution
in [a, T] if a>0 and c(a)>0.

Suppose first that there is a point 0 <« <a such that ¢(¢)=0, and ¢(¢) >0 for all
a<t=a. Since u(t) € L([«, a], X) there is a sequence of points ¢, X « such that

(1.9) |u(tn)| = 1/(ta— ).

Let ¢,=t,—«. We have the following equations for any test function ¢(¢) in [, T]:

f "4y —(cp) +A*(t)p) dt = f "(f,@)dt by Lemma 12,

and

J“ (cu' + A(t)u, ) dt =fﬂ (f. ¢) dt

a+6p

as u(t) is a classical solution in (e, a+¢’) for some &' > 0. Integrating by parts in the
last equation and then subtracting the two equations, we get

[ o raroma=[Goars,
where
I = fﬂ"(u, () =AW dr+ [, ) di-+(claua), 9(@)

—c(a+e)(ua+en), platen)).

It is easy to see that the last two integrals tend to zero as n — oo. Next, since
c(2)=0, c(t) < Ce, if |t—o| Ze,. It follows, using (1.9), that

|e(e+eu(ate)| < C-e® >0 if n—> oo.

We conclude that I, — c(a)(u(a), ¢(a)). Consequently,
~ (c@uia), pla)+ [ G (o) + a0 dt = [ ()

so that u(¢) is a weak solution of (1.1) in [a, T'] with initial condition () at t=a.
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If «, as defined at the outset of the proof, does not exist, then ¢(¢)>0for0<t<a.
In that case, the above proof can, in fact, be somewhat simplified.

2. Existence of weak solutions.

THEOREM 2.1. If c(t)e%,, A(t)eW, and (AC,) holds, then, for any
f() e L¥([0, T'], X), u € X, there exists a weak solution to (1.1), with initial condition
Uy in case c¢(0)>0.

Proof. Put c,(¢)=c(t)+¢ and let u,(¢) be the (classical) solution of

2.1) co(Due(t)+ A(Du(t) = f(1) in (0, T],  u(0) = uo.

An argument similar to the one used in the proof of Lemma 1.3 shows that

22) f0T|u£[2dt < c{f | f|2dt+|u0|2}-

It follows that there exists a weakly convergent sequence {u,,} in L%([0, T'], X') with
some weak limit u.

To show that u is a weak solution, we multiply both sides of (2.1) scalarly by any
test function ¢ in [0, T'] and integrate by parts. Passing to the limit, as ¢, 0, we

get (1.2) (or (1.2)).
3. Uniqueness.

THEOREM 3.1. Under the assumptions of Theorem 2.1, the weak solution is unique.

Proof. We have to show that if u(¢) is a weak solution of (1.1) with f=0, u,=0
then u=0.

In any interval (a, b) where ¢(2)>0 if a<t<b, c(a)=c(b)=0, the weak solution
is unique (by Lemma 1.3), and 0 is clearly a weak solution. Hence =0 in such an
interval.

Consider next an interval (0, «) such that ¢(¢) >0 if 0=<¢<« and ¢(e)=0 (such an
interval may exist only if ¢(0)>0). Then, by the proof of Lemma 1.3, the weak
solution u in [0, «] is unique, and again we conclude that #=0 in [0, «). Similarly,
if there exists an interval (8, T'] such that ¢(¢)>0 if B<¢=<T and ¢(8)=0, then u=0
in this interval.

We have shown that u(¢)=0 in the open subset of (0, T') where ¢>0. Denote by
A the subset of (0, T) where ¢=0. We shall show that #(¢)=0 at all the Lebesgue
points ¢ of u which belong to A and at which ¢’(¢) is continuous. This will complete
the proof of the theorem.

Let ¢, be a Lebesgue point of u(t) in (0, T) for which ¢(¢,)=0 and ¢'(¢) is con-
tinuous at t=+¢,. Then ¢'(¢,)=0. We take now a function {,(t) € C*([0, T']) such
that {(t)=1 if |t—15|<e/2, L(t)=0 if |t—ty|>e, 0SL (1)1 otherwise, and
|82(2)] < Cle. Let @q(t) =L(t) A* ~(2o)u(to) (note that A* ~*(z) is a bounded operator).
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Then,
0= [ wemeya[ e d [ o Lao)
to-¢ fo~
" LA~ AU et
= —12+13 +I4’
Now,

to+e
L] £ C sup |c'(z)%(z)|e-1f° lu| df—>0 if 60,
lt—tol <& to—¢
since |@y(t)| S C, c'(t) — ¢'(t,)=0 as t — t,. Next
to+e
L] £ C sup |c(t)<p;(z)|e-1f° u| df =0 ife—>0
lt=tol<e to—¢

since |@g(1)| = Cle, c(t)=o(|t—1,|).
Next, we easily deduce that (1/2¢)l; — u(t,) if e — 0.
The second inequality in the condition (iii) defining the class %, implies that

(3.1) |[A*(t)— A*(s))A*~Y(7)| < Clt—s]® (0 < « < 1).

Consequent]y, as e —> 0,

1A g—f = tololu] dt < Ce [—f |u|dt]—>0
to—8

We conclude that u(7,)=0 at any Lebesgue point ¢,; hence u=0 a.e.

THEOREM 3.2. Under the assumptions of Theorem 2.1, there exists a unique
solution u of (1.1) and it satisfies the inequality

T T
(.2) f |u|2dt§C{j |f|2dt+luol2},
0 0

where C is a constant independent of u, u, and f; if ¢(0)=0 then the term |u,|* in
(3.2) is to be dropped out.

Proof. The inequality (3.2) is a direct consequence of (2.2) and Theorem 3.1.

REMARK. From Theorems 1.2, 3.1 we deduce the following: If 1, is the first zero
of ¢(t), and if u, & are two weak solutions in [0, 7] with right-hand sides f, f'such
that f(¢)=£(t) on [to, T], then u(t)=d(t) on [to, T).

Added in proof. Degenerate evolution equations have been considered in [8],
[9]. The methods given there easily yield another proof of Theorem 3.1.

4. Regularity.

DErFINITION 4.1. A function u(t) € L%([0, T'], X) is said to belong to the class
H*([0, T], X) if u(t) has weak derivatives in L%([0, T], X) up to order p (see [4]).

DEerINITION 4.2. A weak solution u(t) of (1.1) in [0, T is called a strong solution
of (1.1) in [0, T] if for every >0, ue H'([e, T], X), u(t) € D4 for all 0<<T,
A(t)u(t) € L¥([e, T], X).
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DEFINITION 4.3. An element A(t) € %, belongs to the class ¥, if
(i) for any x € X, the function A(#)4~*(0)x has a continuous derivative

d/d)[A()A~(0)x] = A'(t)A~*(0)x forall te[0, T);
(ii) the operator 4'(z)A~*(0) is uniformly bounded on [0, T}, and
IA'@®)A0)—A'(5)A"O)]| = Clt—s]* (0 <a=1);

(iii) A(t)—c(2)A'(t)A~1(t)+c'I belongs to A,.

Note that the last condition is satisfied whenever |R(}, A(?))| = C/(1+|A|) for
all A with Re A=<y, where p>c(2)|4'(t)A~1(@)| +|c'(2)].

DEFINITION 4.4. An element A(t) € U, is said to satisfy the condition (AC,) if
Re (A(t)u, u)=y,|u|? for all ue D4, where y,> | A'(1)A~2(2)|c(t)+(3/2)|c'(t)| +7
for some 5>0.

THEOREM 4.1. If c(t) €%,, A(t) €U, (AC,) holds, u,€ X, fe HY([0, T], X),
and if u(t) is a weak solution of (1.1) in [0, T, with u(0)=u, in case c(0)>0, then
ue C([0, T, X) and it is a strong solution in [0, T].

Proof. Assume first that ¢(0)>0.

We give the proof first in case ¢(¢) is twice continuously differentiable.

We first assume that f(¢) and f”(¢) are uniformly Hélder continuous in [0, T'].

Since ¢(0)>0, ¢(z)>0 in some interval 0<z=r. By the proof of Theorem 1.1,
u(t) is a classical solution in [0, 7]. If we prove that u(¢) is a strong solution, then
it would follow by Sobolev’s theorem [4] that u(¢) is also continuous in [7, T], and
the proof of the theorem is complete. To show that u is a strong solution, consider
the system

4.1 coly+ A(u; = f,
4.2) uy() = u(1),

where ¢, = c(t) + ¢. Since the solution u,(¢) of the above system is twice continuously
differentiable [4], we can differentiate both sides of (4.1). We find that u; satisfies
the system

4.3) c(u)' +Ay(t, ue = fi in [7, T,
(4'4) u;(T) = U
where

Ay(t, &) = A(t)—c(1)A'(t)A" 1 (t)+ '],
A (A7) = (A'()A7H0))(4(0)47(2)),
L =f-40)4A7O)fQ),
thr,e = (1/co()Lf(r) — A(7)u(7)].

It is easily seen that if ¢ is sufficiently small then A4;(¢, ¢) € %, with constants C
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(in the conditions (ii), (iii) of the definition of %,) independent of . Further,
Re (A4,(t, &)u, u) = Re (A(t)u, u)—Re (4'(t)A~*(t)u, u)c,+c'|ul?
2 [n—[4A'OA7Olcc+cNul* 2 ¥'|ul? 2 [c'/2+7]|ul?

for some ' >0 and 7> 0 sufficiently small (and independent of &), provided e is
sufficiently small. Thus, A4,(s, ¢) satisfies (AC,) with constants y, » independent
of e.

From the proof of inequality (2.2) we find that

T T
[T ae s {11 dr fu ol

Since (by Theorem 3.1) u,, — u in L*([r, T], X) for some sequence &, \ 0, it
follows (see, for instance, [4]) that u has a weak derivative #’ which is the weak limit
of some subsequence of u;, in L*([r, T'], X). But then u(¢) € H([, T}, X). We
have assumed so far that f and f’ are uniformly Hélder continuous. If £ is only
assumed to belong to H([0, T'], X), then we approximate it in the H([0, T}, X)-
norm by smooth functions f, and denote by u,(t) the corresponding weak solutions.
Applying the above result to each u,(¢), and taking the limit as n — o0, we conclude
that u, being the weak limit of u,, is in H([r, T], X).

It remains to prove that u(t) e D, and A(¢t)u(t) € L*([+, T], X). We shall need
the following:

LeMMA 4.1. If c(,)=0, 0<t, =T, then u(to)=A"1(t,)f(to).

Proof. Ifa<t,<band c(t)=0 for allte [a, b], then A ~1(¢)f(¢) is a weak solution
in [a, b] and by Theorems 1.2 and 3.1, u(t) coincides with 4~(¢t)f(¢) in [a, b). If
1, is an isolated zero of c(¢) then, for some 8§>0, ¢(¢)>0 for all t,—8<t<t,,
therefore, by Theorem 1.1, u(t) is a classical solution in [t,— 3, #,).

The transformation

tds
4.5 1) = f a5
4.5 a(t) o
maps the interval [t,— 8, #,) onto [0, c0) and the equation for u(¢) into
4.6) dii(0)/do + A(a)ii(c) = f(o)

where i#(e)=u(?), etc. Since fe H'([0, T], X), it is (by Sobolev’s theorem) Holder
continuous with any exponent 0<a<1.
The function f(o) is uniformly Hélder continuous in [0, ©). For, if Ly>t>1
21,— 6, then
2 ds 1
—or = | =2 > —(t,—
0g— 0y J:l C(S) = M(t2 tl)

where c(s) < M; it follows that

|f(02)_f(“1)| = |f(tz)—f(t)| £ Clta—t1]* £ CM*(03—0y)".
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Since also f(c0)=lim,_, ., f(c)=f(t,) exists, we can apply Theorem 13.1 in [4] and
conclude that #(co)=lim,.,, i#(c) exists and equals A(c0)~f(c0). Since u(t) is
continuous, we conclude that

u(to) = lim u(r) = lim (o) = A=Y(0)f(0) = A~ *(to)f(to)-
tAty G—®

Now, let ¢, be neither an isolated zero of ¢(¢) nor a point of an interval on which
c(t) vanishes. Then, by continuity of c¢(¢), there exists a sequence of intervals
(a,, b,) on which ¢(t)>0 and c(a,)=c(b,)=0, a,—>t,, b, —t,. By the above
result, u(b,)=A4"1(b,)f(b,). Hence, by continuity of u(t) and of A~(¢)f(z),
u(to)=A"(to)f(to)-

From Theorem 1.1 and Lemma 4.1 we conclude that u(¢) € D, for all 0<¢<T.

From the equation (1.2) we then deduce that (1.1) is satisfied a.e. From this and
from the fact that u(¢) € H*([e, T, X) it follows that A(¢)u(t) € L*([e, T], X).

We have assumed so far that ¢(0)>0 and that ¢(z) is twice continuously differ-
entiable. Suppose now that ¢(0) >0 but ¢(¢) is only piecewise continuously differ-
_ entiable. Let 7, be the first point of discontinuity of ¢’(t). We can construct a
sequence {d,(?)} of twice continuously differentiable functions in [0, T'] such that,
as m — o, d,(t) = c,(t) uniformly in [0, T'] and dn(¢) — ¢’(¢) in L*((0, T)). We
may further assume that d,,(¢)=0in [0, T, d,(¢)=c(t) if 0S¢t < 71, and (AC;) holds
with ¢ replaced by d,,, with y; independent of m. Instead of (4.3), (4.4) we write the
analogous equations for the solution v,, . corresponding to d,,. Then the arguments
following (4.3), (4.4) show that

T
f b (D)2 dr < L,
T

where L,=C{[} |f1|? dt+ |vm,.(7)|?}. We can take r<r, so that v,.(r) actually
coincides with u, . (and is thus independent of m).

As easily seen, the weak limit v, of the v, . is a weak solution. Hence, by Theorem
3.1, v,=u,. From the last inequality it then follows that | T |ue(#)|? dt<L,. We can
now proceed as before to complete the proof of the theorem.

It remains to prove the theorem in case ¢(0)=0. We extend the definition of
c(t), A(t), f(¢) into [—1, 0) in such a way that the extended functions satisfy all the
assumptions of Theorem 4.1 with respect to the interval [—1, T}, and ¢(—1)>0.
Take a fixed point w € X, and denote by #(¢) the weak solution in [—1, T] with
#i(—1)=w. If we apply the above proof of Theorem 4.1 in [—1, T'] and then note,
by the remark following Theorem 3.2, that u=4 in [0, T'], then the proof of Theorem
4.1 is complete also in case ¢(0)=0.

REMARK 4.1. If ¢'(¢) € L*([0, T]) (1<p) but is not piecewise continuous, then
we can still define the concept of weak solution. However a weak solution is
not continuous, in general, as the following example shows:

Let

c(t) = (tp—t)f ifO=t=1t,1-1/p<B<l,
=0 ifto <t =T
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Define
a(t) = ATX()f(t) in [t, T,
= any classical solution u(t) in [0, #,).

Using the transformation (4.5) we get (4.6) in the interval (0, s,), where s, =0(f;)
< oo. It is easily seen that lim, ., u(¢) exists. Using this, one finds that i(z) is a weak
solution in [0, T]. However, (t,+0)=A4"(1,)f(,) is not equal, in general, to
i(to—0)=u(t,—0).

DEFINITION 4.6. An element A(¢) € U, is said to belong to the class %, (k integer
=2)if

(i) For any x € X, the function A(¢)4 ~(0)x has continuous derivatives

(d’]dt)[A(2)A~1(0)x] = AD(t)A~*(0)x

forall 15j<k.

(ii) The operators A”(t1)4~*(0) are uniformly bounded for 0<¢<T, and, for
any ¢, 7 in [0, T'],

|4®(@)A~H0)—AP(T)A~O)| = Clt—7* (0 <o = 1)

The proof of Theorem 4.1 can be extended to deduce the higher differentiability
of the weak solution. In fact, for any positive integer k, there exist positive numbers
¥&> i such that if ¢(0)>0 and

(@) A(t) € B, and RO, AN SC/(1+[X]) (Re ASwy),

(b) ¢(t) € C*~10, T] and ¢*®(¢) is piecewise continuous in [0, T,

(©) Re (A()u, u)Zy|ul?,

(@) fe H[0, T], X),
then the weak solution belongs to H*([e, T], X) for any ¢>0.

Using Sobolev’s theorem we can state

THEOREM 4.2. If ¢(0) >0 and the above conditions (a)—(d) hold, then for any ¢>0

the weak solution u(t) satisfies
(i) ue H*([e, T}, X),

(i) A@)u(t) € H* ([, T, X), and

(iii) u e C*~1((0, T}, X), A(t)u(t) € C*2((0, T], X).

If ug € D(A*~1), then ue C*([0, T, X) (by [4)).

Consider now the case where ¢(0)=0, and assume that (a)-(d) hold. We can
extend A(t), f(¢) into [— 1, 0) in such a way that (a), (c), (d) continue to hold with
respect to [—1, T']. As for ¢(z), we shall assume that either ¢?(0)=0for0<j<k—1
or that ¢?(0)=0 for 0= <2h—1, ¢*"(0)s£0, for some positive integer 4. Then we
can extend c(¢) into [—1, 0) in such a way that the extended function ¢(¢) belongs
to C¥~1[—1,T], and ¢®(r) is piecewise continuous in [—1, T] and ¢(—1)>0.
Denote by-ii a weak solution in [—1, T]. By the remark following Theorem 3.2,
u=d in [0, T]. Hence, applying Theorem 4.2 to # in [—1, T], we conclude that u
satisfies the assertions (i)—(iii) of Theorem 4.2 with ¢=0.



414 AVNER FRIEDMAN AND ZEEV SCHUSS [November

5. Another method of proving uniqueness. The proof of the uniqueness theorem
given in §3 does not extend to degenerate parabolic equations of the form

5.1 c(x, t) dujot+P(x, t, Dyu = f(x, t)

(except when c(x, t) is independent of x). Therefore, in this section we shall give
another method for proving uniqueness of the weak solution of (1.1). This method
will apply to the degenerate parabolic equation (5.1). However, it will require
some additional assumptions on A(z). These assumptions are satisfied for the
parabolic case.

We shall assume

(P,) The domain of 4*(t) is equal to D, and, for every p>O0, there exists a
positive number K=K(p) such that the operator B(t)=A(t)—A*(t) satisfies
| B(t)u| < p|A(t)u| + K |u| for all u€ D,.

(P;) The operator valued function A*(z)4 ~*(0) is strongly differentiable, and its
strong derivative, denoted by (4*(¢))'4 ~1(0), is a uniformly bounded operator.

(AC) The condition (AC,) holds and y > c'(¢) + 1.

THEOREM 5.1. Assume that A(t) € %y, c € 6y, and that (Py), (P,), (AC) hold. If
f(t) e L¥([0, T), X), c(0)>0, u, € X and u(t) is a weak solution of (1.1) with u(0) =u,,
then

T T

(52) [ e ar = C{luo|2+ [ dt},
1] (1]

where C is a constant independent of u, u,, and f.

Proof. Let ¢.(¢) be the solution of
(5.3 —(cope) + A*(ee(t) = h(1),  @(T) =0,

for ¢,=c(t)+ ¢ and a given uniformly Hoélder continuous function A(z). Multiplying
both sides of (5.3) scalarly by [A*(¢)p(2)]/c:(t), we get

[ @ arwp - ED g, arwgpg s [ DL 4
(5-4) _ J‘T (h’ A‘(t)tps) dt
0 cs(t) )

For any test function ¢, with A*(¢)e,(¢) continuously differentiable,
T T
—Re [[ 01, 4%0p) dt = —4 Re (4*(0)pu 90|
T
+3Re [ (o A¥(OA-HOAO)p,) d
1]

+iRe [ @ BRI a1

By approximation, this relation holds also for any test function ¢,.



1971] DEGENERATE EVOLUTION EQUATIONS IN HILBERT SPACE 415

We thus get from (5.4)
Re (4*(O)p.(0), pO)+ [ Re (A¥ (A0 4O)ps, 9.) dt
(59 +[ Re@Ow.w)d-2 [ Re( g, a2 [ 0L,

T *
=2Ref wdt'
0 &

We shall now need the following inequalities:

(5.6) leel? = Clla|2,
(5.7 lpe/v/eel® = Cllb/v/e|?,
(5.8) Cel@e|? = (Cleo){|A*@e|®+ |c'pe|* + |A]%}.

Here, |4 ={f7 [$(1)|* dr}*2. ,
The first inequality is proved like (1.5). Next, multiplying (5.3) by ¢,/c, we get

{ %|¢s|2}'__|¢5l2+_ Re (‘Pe; A*(Ps) = Re ((Pi‘, )

€

Proceeding similarly to the proof of (1.5) we get (5.7); the condition (AC) is hereby
being used. Finally, (5.8) is obtained directly from (5.3).
We now return to (5.5). For any « >0,

[(4* ()4~ H0)A0)p:(1), 9s(1))] < oC|A()s|*+(1/4e)|pe|?

5.9
(59) < 2aC|A*(t)ps|2+ C'|pe|?  (C’ constant)

by (Pz). For any 8>0, p>0 we use the inequality (5.8) and the condition (P,) to
obtain

B(1)g0 70| < o BOPDE | g (112

B ()
[A*?’clz |h|2 |C‘Pe‘2 K |‘Ps|
(4B+CB) B R B
Integrating over (0, T) and using (5.7) we get
IA*<P 2 h
(5.10) f |(Bow, o) dt < ( +cp) f : dt+K’“ o] (& constan)

Note that the constant C in (5.10) is independent of B, p.
We now use (5.9), (5.10) and the inequalities

2 * *, |2 2
+C, |‘Psl I(A Pes h)l <B |A ‘Pel +Col’1|_

c8 cc 8

§ B |A*¢8I2

cl
- ', Pe)
[

(where C, is a constant depending on B) in (5.5).



416 AVNER FRIEDMAN AND ZEEV SCHUSS [November

Choosing 8 small and then p sufficiently small, we get, after choosing also «
sufficiently small and using (5.6), (5.7),

T * 2 T 2
.11) J'Mdtgcj 1A 4,
0 Ce o Cg

here we have used the obvious inequality |v]| £ C|lv/+/¢c,| for any v € L*([0, T}, X).
From (5.3) we get, upon using (5.7) and (5.11),

T , T |h|2
(5.12) f Celpe|2 dt £ Cj —dt
0 0

We now use (1.2) with p=¢.. We find that

¢y | [ wha l < [T105 el dr+[(cOpO)| + [ 1w (=] .
We have
(5.14) @ O)]* = UOT (cpe) d‘]z = Cfor%l—z a

JT |4, (c—co)gt)| dt < UT I(We—4/coul? dt]m- [ T2cs|<P§|2 dt] 1/2
G6.15) °°

II/\

[f I(ve— \/cé,)ulz]l/2 U‘T Lh2] 12

by (5.12). Using (5.14), (5.15) and (5.6) in (5.13), we find that

T T 1/2 T 1/2 T|h|2 1/2
f(u,h)dt‘éC(f |f|2dt) (J |h|2dt) +C|u0|(f —dt)
0 0 0 o Cs
T 1/2 Tlh!z 1/2
e[ ()
0 o Cs

the constant C is independent of A, ¢.

In the proof of (5.16) we have assumed that 4 is uniformly Hoélder continuous in
[0, T]. However, by approximation we conclude that (5.16) holds for any 4 in
L?((0, T), X). Taking in particular A(t)=c(¢#)u(t) and then letting ¢ — 0, we get

f:c(t)lulz dt < C{(J;T |f]? dt)ll2+ |"°|}{LT c(t)|u|? dt}m,

from which (5.4) follows.

Theorem 5.1 can be used to prove the uniqueness of a weak solution by a method
different from that given in §3. We shall give the details in §6, in the context of
degenerate parabolic equations.

(5.16)

6. Application to degenerate parabolic equations. Let Q be a bounded domain
in R® with 0Q € C?™, Set QT=Qx (7, T], Q5= Q7. Let
P(x,t,D,) = > a.x,t)DE

lel=2m

be a uniformly strongly elliptic operator in Cl (Q7) (see [4]).
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Consider the degenerate parabolic system

c(x, t) ou(x, t)[ot+P(x, t, D Ju(x, t) = f(x,t) in QF,
(6.1) dufov; = 0on 8Qx(0,T] (0 <j< m—1),
u(x,0) = g(x) forxeQ

(v is the normal to 9Q7), where c¢(x, t) is a nonnegative function.

We assume that D4a,(x, t) are continuous in (x, ¢), uniformly Hélder continuous
in ¢, for all B« (i.e., Bi<« for all i, where B=(B,, ..., B,), a=(ay, ..., @,)). We
also assume that the function c¢(x, t) is continuous and that dc(x, t)/ot is piecewise
continuous. In what follows X=L%(Q).

DEFINITION 6.1. A test function in QT is a function ¢(x,t) such that
Dip(x, 1) € C(CI(Q)) for 0= |o| <2m, dg/0t e C(CL(QT)), o(x, T)=0 for x € Q,
and &’p/dv;=0 on 8Qx (0, T} (0=<j<m-1).

DEFINITION 6.2. A function u(x, t) € L%([0, T], X) is called a weak solution of
the system (6.1) if, for any test function ¢(x, t) in Q7,

~ [ etx, 0g0p(x, 0 dx
62 +f] [ {05 1=ex 0ot O +ut 0PG5 1, D.Joto, 1)} dx

- f: L Fx, Do(x, £) dx dt,

where €, is the subset of Q where c(x, 0)>0, and where P*(x, 1, D,) is the formal
adjoint of P(x, t, D,). If c(x, t) is independent of x, then we can apply all the
results of §§1-4. The conditions

Ref u-P(x,t, DJudx = YJ |u|2dx for all ue CQ(Q),
Q Q

(6.3) y > ¢;+n  (y, n positive constants),
[ R(A, A(2))| = C/a+ [A]) if ReX < p (for a suitable w)

must be assumed; all the other assumptions made in these sections are satisfied
(by [4]).

Consider now the case where c(x, t) may depend on x.

The proof of the existence theorem, Theorem 2.1, easily extends to the present
case. The same is true of the proof of Theorem 5.1 (the conditions (P,), (P,) follow
from standard estimates on elliptic operators [4]). The conditions in (6.3) always
hold for some negative vy, p so that even if (6.3) does not hold we can still apply
the whole theory to P(x, t, D,)+k, for all k sufficiently large.

The uniqueness of the weak solution follows by combining the results of Theorem
5.1 together with some arguments used in the proof of Theorem 3.1. In fact, if
f(x,t)=0, g(x)=0, then from Theorem 5.1 we conclude that the weak solution



418 AVNER FRIEDMAN AND ZEEV SCHUSS [November

u(x, t) satisfies u(x, 1)=0 on the set where c(x, t)>0. Denote by A the set where
¢(x, t)=0. Then at almost each point (x,, #,) of A, dc(xo, t,)/0t exists, so that
oc(x,, to)/0t=0. Hence, from (6.2),

f f u(x, YP*(x, t, D)o(x, 1) dx di = 0
A

for every test function ¢(x, t) in QF. Now, for all A(x, t) € C°(QT) the function
@(x, t), which is the solution of

P*(x, t, D,)p(x, t) = h(x,t) in QF,
dp(x, t)fov; =0 onoQx(0,T] (0=j=m-1),

is a test function. Hence [, [ u(x, 1)h(x, t) dx dt=0. We conclude that u(x, 1)=0
a.e. on A,

Once uniqueness has been established, we can proceed to prove regularity
theorems, analogous to Theorems 4.1, 4.2, assuming that

(6.4 ¢(x,0) > 0 forall xeQ.
We begin by noting that the assertion
u, € L%([eo, T], X) (for any &, > 0)

can be proved in the same way as in the proof of Theorem 4.1. We then deduce
that u € C([0, T'], X). Now apply (6.2) to a test function ¢(x, t)=(x)x(¢) and take
x=x» — 8(t,) where t, is a Lebesgue point of the function ¢ — u(-, t) from (0, T']
into X, and 8(¢,) is the Dirac distribution with unit mass at t=1,. We get

f u(x, te)P*(x, to, DI(x) dx
6.5 °°
= = el e, o) vt [ £, 1ohh) .

Note that u,(-, t) € L%(Q) for almost all € (0, T). (6.5) and the last remark hold
also for the solution u, corresponding to ¢=c,. Since u.(x, t,) € H}(Q) N H?™(Q),
we can deduce (by [4, Theorem 18.2]) that

[C et oimar e s c(1+] {|Fec o[+, wipar) < €

where C is a constant independent of . Since u, — u in L*(0, T); X) we easily
conclude that u, — u in H?"(Q) for a sequence of ¢’s tending to zero. Hence
u(-, t) e H*(Q) for almost all ¢ € (0, T']. Since the map ¢ — u(-, ¢) from [0, T] into
X is continuous, it easily follows that u(-, ¢) € H2™(Q) for all # € (0, T].

Using the facts that u,(-, t) € H(Q) and u, — u in L?((0, T); H™(Q)) one can
also show u(-, t) € H(Q) for almost all ¢ (by [3, p. 325, Problem 1]).

Since the function ¢ — u(-, t) from [0, T] into X is continuous, we easily con-
clude that u(-, ¢t) € H§(2) for all t€ (0, T].
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We can now differentiate the equation for u, once more with respect to ¢ and
show that, for any ¢, >0,

azu/at2 €L2([€o, T]a X), P(x, 1a Dx)au/at GLZ([BO, T]’ X)a
P2(x’ t, Dx)u €L2([80, T]a X)'

Here we assume, of course, that the coefficients a,, ¢, f are sufficiently smooth, and
that (6.3) holds with suitable y, p (larger than before).

Proceeding in this way step by step, and using Sobolev’s theorem, we obtain
the following result:

THEOREM 6.1. Denote by A(t) the operator in L3(Q2) associated with the strongly
elliptic operator P(t, x, D,) and the domain H}(Q) N H2™(Q). Let a,, c, f belong
to C® (C1(Q7)). Then, for any positive integer k there exist positive numbers v,, 8,
such that, if (6.3) holds for y=vy,, u=2=8, and (6.4) holds, then the weak solution
of (6.1) belongs to C*(Qx (0, T}).

REMARK 6.1. Using the Schauder estimates for parabolic equations [3] one
can obtain regularity theorems for the unique weak solution (constructed in the
proof of Theorem 2.1) in every open set where c(x, ¢) >0. Such theorems establish
the smoothness of the solution under weaker assumptions than in Theorem 6.1.

ReMARK 6.2. If ¢(x, 0) vanishes at some points of Q then we can still extend the

regularity theorem under some consistency assumptions. Thus, if wu(x, t) is to
belong to L%(Q) at =0, then we must have
(6.6) f(x,0) ICJ((.:: (())), D.)g(x) e LA(Q).
If we assume (6.4) then we can indeed show (by the same argument as in the proof
of Theorem 3.1) that u,(x, t) € L%(Q) for any ¢, and then obtain the other assertion
of Theorem 6.1. Similarly we can prove higher differentiability theorems in case
¢(x, 0) vanishes at some points of €.

Finally, if c¢(x, 0)=0 in Q, then we extend c, f and the a, into Qx[—1, 0) and
then apply the regularity theorems derived above for a weak solution #(x, ) in
Qx[—1, T] (with any initial conditions). The proof of Lemma 1.2 shows that
ii(x, t) is a weak solution in [0, T]. Hence, by uniqueness, u(x, t)=1d(x, t) in Q7.
We can thus draw regularity results for u(x, ¢) in Cl (Q7).

7. Another type of degenerate evolution equation. Consider the degenerate
system

(7.1) u+c)A@u =f(t) in(0,T], u®) = u,,
where ¢(t) is a nonnegative function.

DerINITION 7.1. A function u(t) € L%([0, T'], X) is a weak solution of (7.1) in
[0, T'] if for any test function ¢(¢) in [0, T']

(12) — (tor $(0)) + j (4, —' +c()AX(t)g) di = f (f; ) db.
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It can easily be seen that a weak solution in [0, T'] is also a weak solution in
[0, T’} for any 0< T’ < T. We shall assume that A(t) € %, and that (AC,) is satisfied
for some y>0. Note that the transformation u — exp [k _ﬁ, c(s) dsu replaces A(t)
by A(t)+kI; hence all the results of this section remain true if only 4+ kI, for any
k=0, is assumed to belong to %, and to satisfy Re ((4 +kI)u, u) = y,|u|? for some
y0>0and for all ue D,.

DEFINITION 7.2. If there is a positive constant y such that Re (A4(¢)u, u) = y|u|?
for all u € D,, then we say that the condition (A,) holds.

THEOREM 7.1. Assume that A(t) € W,, that (A,) holds and that c(t) is a nonnega-
tive Holder continuous function in [0, T). Then for any u,€ X and f(t)e L*([0, T], X)
there exists a weak solution u(t) of (7.1).

Proof. Proceeding as in the proof of Theorem 2.1 we see that

a0l + Re || (@u)AG Y 1) dt = Huol2+Re [[ ()

where u,(t) is the solution of

(7.3) ug+c A, = f, u0) = u,.
Hence

T
(7.4 ol = C{ [ 1717 de+ ol

where C is a constant independent of ¢. It follows that u,, — u in L%([0, T'], X) for
some sequence &, N\ 0, and that u(z) is a weak solution of (7.1).

We shall need, in addition to (P,), (P;) (of §5), the following condition:

(P;) There exist positive constants k and k such that Re (x, 4*(t)x)
<k Re (x, A*(t)x)+k|x|? for any x € D,.

THEOREM 7.2. Assume that A(t) € W,, that (A,), (Py), (Ps), (P3) hold, and that
¢(t) is nonnegative Hélder continuous in [0, T). Then the weak solution of (7.1) is
unique.

Proof. Let ¢.(¢) be a solution of the system
(7.5) — e+ C(t)A*()ps = h(t) in[0,T), @(T) =0

for some uniformly Hélder continuous function A(t).
Introduce ,(¢) =e*p,(2), ho(t)=e*h(t). Then

(7.5 =+ [kI+c(1)4*()lpe = ho(t) in [0, T), 4(T) = 0.
Multiplying both sides of (7.5’) scalarly by A*(¢)y, and using (P,), (Py), (P3), we
find, by the method of proof of (5.11), (5.12), that

T el AR (Y2 " ho|?
(1.6) clA* Wl dt S C | dr
0 0 [
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where C is a constant independent of A, e. Hence,

' T A%\ |2 T |2
(1.6) f cla*@pdlzdr < € [ Pl ar.
1] V] cs
From (7.5), (7.6") we get
T . T Ihl2
a.7) f cloar < c [ Pl
0 o Ce

From the relation @,(0)= — [§ @i(¢) dr and (7.5), (7.6"), we get

T 2
lpeO)] = C f A2 4
0 cc

Now let u(z) be a weak solution of (7.1). Then, since @,(¢) is a test function in
[0, T,

j: (u, h) di = j (s ) dt+ o, O+ :(u, (c—cgl) d

Using the last inequality and (7.7), we easily deduce that

T T 1/2 T |h|2 1/2 T |h|2 1/2
H (u, h) dt c(f |f|2dt) (f —dt) +C|uo|(f dt)
0 0 o Ce o Ce
T 1/2 T|h|2 1/2
+C\/e(f |u|2dz) (f —dt) :
[ o C¢

This inequality is the same as (5.16). We now employ the arguments following
(5.16) to deduce that

(7.8) f:c(z)|u|2dt < C{ f |f|2dt+|uo|2}.

We conclude that if /=0, u,=0 then u=0 on the set where ¢(#)>0. Hence, from
(7.2), [, (), (1)) dt=0, where o(t) is any test function on [0,7] and
A={t; ¢(t)=0}. Since u=0 outside A, we conclude that j: (u(t), ¢'(t)) dt=0. It
easily follows that u(¢)=0 a.e. in [0, T].

Once uniqueness has been established, (7.4) gives the inequality

T T
L lu? dt < C{L | f|2dt+|uo|2}

for the unique weak solution u(?).

REMARK. From the uniqueness of the weak solution and from its construction
(as a weak limit of the u,) we deduce, by the method of proof of Theorem 1.1, that
the weak solution of (7.1) is a classical solution in every interval where ¢>0.

Similar results can be established for the degenerate parabolic case

oulot+c(x, t)P(x, t, DJu = f(x,t) in QF,
(7.9) dulov; = 0 ondQx(0,T] (0=j=sm-1),
u(x,0) =g(x) inQ.

IIA
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In this case it follows from standard theorems (for instance, by applying the
Schauder estimates to u, [3]) that in every region where c(x, )>0, u(x, t) is a
classical solution.

NOTATION.
o it c(t) = 1f(0)| =,
= |f(®)]*[e(t) if c(t) > O,
= 00 if c(t) =0, |f(1)] # 0.

THEOREM 7.3. Assume that the conditions of Theorem 1.2 are satisfied and,
Sfurthermore,

(7.10) JZ (|f|/e) di < oo,
(7.11) ¢(¢)#0 in any interval (0, 1), 7>0.
Then, for any 7>0, u € H'([, T, X).

Proof. We can show, by the same proof as that of (7.6), that for any = € (0, T),

(7.12) ' co(t)|AQt)u |2 dt < C Tl dt+Re (u,(7), A(T)ug(7))
T . Ce .

Suppose, now, that ¢(7)>8>0 in some interval 1o <7< 75+ A, A>0.
From (7.3) we have

[ " Re (1), cat) A1) dt = Hluy(ro+X)|2—Hus(ro) 2+ Re | g .
Hence, by (7.4),

To+ A 1 (ot A
f Re (ue(t), AQ)u(1)) dt < f Re (u,, c,Aug) dt
70

(7.13) ° iy { f: |f|2+|u0|2}.

From inequality (7.12) we get the inequality
T T 2
014 [ a@eu?d s o] Y 414 Re (ui(o), AU}
To+A 0 &

for any 7S 770+ A.
Integrating both sides of (7.14) with respect to 7 over [7o, 7o+ A] and using (7.13)
we get

T T 2 T

M )| Al dt < c{af LA f \f|di+ |uo[2}-
To+A o Cs V]

Since uy=f—c,A(t)u,, the last inequality implies

T T Iu'|2
A 2at<c| Elar
T0+A To+A Cs

(1.15) e g
éC{A f YL gr5 f |f|2dt+|u0|2}-
o Cs 0
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We claim that, for any >0,

T T|f|2 T
(7.16) j |u;|2dz§c{j ———dz+f |f|2dt+[u0|2}’
n o C¢ 0

where C is a constant depending on . Indeed, from (7.11) and the continuity of
c(t) it follows that there exists an interval [y, 7o+ A] on which ¢(¢) =8 for some
8>0and 0= 75 < 7o+ A <. But then, (7.16) follows from (7.15).

From (7.16) we conclude that u € H([», T], X).

REMARK 7.1. Suppose (7.11) is not satisfied and let 74 be such that ¢(¢)=0 if
0=1t= 1y, c(t)#0 in any interval (7o, 7o+7), n>0. Then we can repeat the above
proof with = in some subinterval of (7o, 7o+7%) where ¢(¢) >0, and thus conclude
that u € H'([ro+¢, T], X) for any > 0. Next, u(t)=uo+ [; f(s) ds for all 0= t < 7.
Thus, u € HY([0, 7], X). It follows that u(¢) is continuous in [0, 7o) U (7o, T,
left-continuous at 7,. It remains to consider the right-hand continuity of u(z) at 7.
If

(7.17) |A(u,(7) < C

for some 7 € [0, 7o] and for some constant C independent of ¢, then we can still
deduce from (7.12) that u’ € L%([r, T], X). This gives the continuity of u(z) at t=r,.

Note that (7.17) holds, for instance, when r=0 and u, € D,.

REMARK 7.2. Theorem 7.3 immediately applies to the system (7.9). Note that
if ¢(x, 1)=0 in a C1(Q7T) neighborhood U of a point (x,, ,), x, € #Q, then no
boundary conditions on the weak solution u(x, ¢t) need to be given in the inter-
section V of U with the lateral boundary of Q7. Indeed, along V, u(x, t)=u(x, o)
+[¢ f(x, 5) ds for some o.

REMARK 7.3. Lemma 1.1 clearly extends to the degenerate evolution equation
(7.1). If one a priori knows that the weak solution u(?) is continuous at a point
t=a, then one can also prove that u(¢) is a weak solution in [a, T]. Consequently,
under the assumptions of Theorem 7.3, the assertion of Theorem 1.1, for the
equation (7.1), remains valid.

8. General degenerate evolution equations. We consider now the general case
8.1) (@ +e(t)A@) =g in (0, T], v(0) = v,,

where ¢;(1) 20, ¢co(1)20, ¢;+¢,>0in [0, T]. A weak solution of (8.1) is a function
ve L¥([0, T], X) satisfying

6D (@O O)+[ @~ +esar e = [ (g 9)d

for every test function ¢(¢) in [0, T']. (If ¢;(0)=0 then the first term on the left-hand
side of (8.2) is to be dropped.)
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Without loss of generality we may assume that ¢, +c;=1. We can therefore
rewrite (8.1) in the form

(8.3) cW+A—-ct)A(t)v =g in(0,T], 0=c=1, v0) = v,

We assume that A(t) € %, and that (AC) holds. If we substitute v=e*u into (8.3)
(where k> 1y, v as in (AC)), then we get

8.4 cu' +[kel+(1—c)A()]u = f;, u(0) = uy = vy,

where f=e"*g.
We consider next the system

(85) Ceu; + [kcsl+(1 - c)eA(t)]us = f9 ug(0) = u,,

where ¢,=c+e¢, (1—¢);=1—c+e.
We get, as in the proof of Theorem 2.1,

T T
f[kcy+(1—c)y—c’—8]|us|2dt§4—csf f12 dt+Cluol2,
(1] 0

so that
T T

(8.6) f|us|2dtgc{f |f|2dz+|uo|2}-
1] 0

From (8.6) follows the existence of a weak solution.

To prove uniqueness, we proceed as follows: Assume, first, that ¢(0)<4. We
denote by ¢, the first positive point such that c(#;)=4%; t,, the first point where
c(t;)=% and t,> t,; 13, the first point where ¢(f3)=4% and 73> #,. We proceed in this
way to define ,, t5, etc. After a finite number m of such steps, we arrive at a point
t,, such that either ¢(¢,)=1% and c¢(¢) <4 for all ¢, <t =T, or ¢(¢,)=% and c(¢) 2 % for
all t,,<t<T. We set t,=0, t,,,,="T.

We next construct a function é(¢) such that é(¢) =c(t) if ¢ is in any of the intervals
[£275 t25+1] (Where c(¢) £3), &(t) is as smooth as ¢(¢) in [0, T'], and 1 =é(t) < if ¢ is
in any of the intervals (¢5;-1, t5;).

Now let ¢ belong to an interval (g, f2;+1)- Since 1 —c(t) =4, we can proceed as
in §5 to derive an estimate similar to (5.11). Here ¢, is a solution of

—(cope) +[kes+(1—)ed*(O)lpe = h in [0,T), @(T) =0.
Multiplying the equation for ¢, by A*¢./C, we get

(87) - ((cs?’e)'a A*%/&) + kcs(‘Psa A*‘Pe)/gs +(1- C)alA*‘l’slz/as = (h, A*‘Ps/as) s

here ¢;=C+e.
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Using the second part of the identity

A*e.\’
(Cs?’s, +%)
€
’ A*‘Pc (™) Cs *_/ ¢’ *
= |(cos)', ¥ + CT’ A¥ o ) + C?‘Ps’ A*pe & (cs‘Ps» A*p,)
& € & &
(8.8) oy o
= 2Re (' £22) - (8w, 90)
& &

¢ c , é’
—= (4%, 9’s)+7€ (ps, A* 9’3)"'72 (CePes A*‘Ps)
Ce Ce Cs

to express the first term of the real part on the left-hand side of (8.7). We get, upon
integrating (8.7) over [ts;; t2;+1], and using (P,), (Py), (Ps),

tas+1

t * 2 t. 2
8.9) C'fml (1—c)e@dt < C"F’” [A]
tog &

A*%)
tos 68(1 - c)s

dt+ (ce%, z

€

tay

where C’, C" are positive constants independent of . Note that (1 —c),, occurring
in the integrands in (8.9), satisfies 4 <(1—c). <% if ¢ is sufficiently small.

Next, we consider an interval [¢,;. 4, #5;] and proceed as in the proof of Theorem
7.2. Without loss of generality we may assume that k is such that kc(¢) > é'(¢)/é(t)
in any interval [fy;_,, #5;]. If we multiply both sides of the equation for ¢, scalarly
by A*./¢., then we obtain (8.7).

We now use the first equation of (8.8) to express the first term on the left-hand
side of (8.7). The second and the fourth terms on the right-hand side of the first
equation of (8.8) are easily estimated; in estimating the second term we use (P3).
(The k in (8.7) is taken to be sufficiently large.)

As for the third term, we have

(8.10) (cs®s/Css A*‘P;) = (Ad*p,, ce?’;)/gs'i'(B(t)?’s, Cs?’;)/é’e"

The last term on the right can be estimated as before (in the proof of Theorem 7.2).
As for the first term,

(4*¢ /c,, Cs‘?’;)
= —(4*p,, c:r‘Ps)/Ee + (A*‘Ps, [ke.+ a- C)eA*]‘Ps)/Es - (A*‘Ps’ h)/é,

by the differential equation for ¢,.

We take k such that k¢, > c; and then obtain the lower bound —(A*e,, h)/¢; for
the right-hand side of (8.11). Combining this with (8.10), we get a lower bound on
the left-hand side of (8.10). This yields a lower bound for ((¢,p.)’, A*p./¢;). We can
now easily deduce from (8.7) the inequality (cf. the proof of Theorem 7.2)

(8.11)

— [t2s (1 — C) = ft2s |h|2 A*‘P tag
812) T W pmgparsc|” - dt+(c A )
( ) s Ce l ‘Psl tay o Cs(l— c)s «Ps Z, -
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Adding up the inequalities (8.9), (8.12), we get

dt.

8.13) f“ e | g2 |2dz<cf (l—c)

Since g, is a test function,
T T
[wna = [ @ra-0.-a-oure—c-ow)d
0 0

+ LT( 1, @e) dt+ ¢ (0)(uo, :(0)).

The first integral on the right is bounded by

evelJ; ) (], zarta )

this can be seen by breaking this integral into portions [;** and [{# , and treating
them as in §§5 and 7 respectively.
We can choose, now, A(t)=c(t)(1 —c(¢))u(z) and then obtain the inequality

[ etr-oturar s c{ [ 112 dr+ ful?}

From this inequality we can derive the uniqueness of the weak solution by the
same argument as in §§6, 7.
In the above proof we assumed that ¢(0) <3. If ¢(0)=4, the proof is similar.
We sum up:

THEOREM 8.1. Assume A(t) € Ny, c(t) € €y, and (AC), (P,), (P,), (P3) hold. Then
there exists a unique weak solution v(t) of (8.1) for any f(t) € L*([0, T'], X) (and
Uy € X, if ¢(0)>0). Furthermore,

(8.14) [T1otar s c{ [ 101 dre ol

in case c¢(0)=0, the term |u,|? in (8.14) drops out.

Theorem 8.1 can be applied to degenerate parabolic equations in a cylinder
Q x (0, T'] provided c(x, ) is independent of x. If c¢(x, ¢) depends on x, then we
have to assume that the set of zeros of c¢(x, ¢) has the form |, (Q % {t,}), where
A is a subset of [0, T'].
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