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OSCILLATION PROPERTIES OF TWO TERM
LINEAR DIFFERENTIAL EQUATIONS

BY
G. A. BOGAR()

Abstract. The two term differential equations L.[y]+py=0, where Lo[y]=y,
Lyl=(pi(t)Li[y(8)])’, were recently studied by Z. Nehari. In this paper we give
integral conditions which assure the integrability of piy(¢)p(t) on [a, ) when
L,[y]is disconjugate. By changing the integral conditions slightly we then prove that
the equation has n linearly independent oscillatory solutions.

1. Introduction. The differential equations, which will be considered here, are of
the form

(1.1) L,[yl+py =0,

where Lo[y]=y, L[y]l=(p;:L;_:[y])’, i=1,...,n, and p(x) are positive and
continuous in (0, o). Also p(x) is continuous in (0, c0).

A function y will be considered as a solution of (1.1) if L,[y], j=0, .. ., n, exists
and is continuous and y satisfies (1.1).

DerNITION 1.1. (a) Equation (1.1) is said to be disconjugate on [a, ) if no
nontrivial solution of (1.1) has more than n—1 zeros, counting multiplicities, on
[a, ©).

(b) If y is a solution of (1.1), y is said to be oscillatory on [a, o) provided it has
infinitely many zeros on [a, c0).

DErFINITION 1.2. For ¢ € [a, 0) define 7,(¢) to be the greatest lower bound of the
set of all 5>t such that (1.1) has a nontrivial solution with at least n zeros on
[¢, b]; n1(2) is called the first conjugate point of ¢.

DEerINITION 1.3. A fundamental set of solutions {ug(x, #)} of (1.1) is defined by

La[uﬁ(t’ t)] = aa,Ba (a9 B = 0, R l)

In §2 we prove a theorem which gives Theorem I of Z. Nehari [5] with less
conditions and Theorem 11.2 of W. Leighton and Z. Nehari [2] for equation (1.1).
§3 is devoted to conditions under which there exist n oscillatory solutions to (1.1).
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2. First let us develop some notation which will be used in the remainder of the
paper.

* dt todt te-2 dt
2.1 . =j_1 _2'( k-1 |
21 #(x, @) o Pa(ty) Jo pa(ts) o Piltc—1)

* dt todt thok  dt

22)  dhix, =f 1 2 f B Y
@D xa = | T e hen@® e Paltaorsn e
and

* dt, (* diy f" dt,_,
2.3 S(x, a) = .
23) (x, @) fa pa(t) Jiy pr-1(t2) tn -1 P2(tn-1)

THEOREM 2.1. Let p(x) and pi(x) (i=1,...,n) be continuous and positive on
[a, ). Suppose that ¢, (x,a) - © as x —> oo (k=2,...,n—1). If the differential
equation (1.1) is disconjugate on [a, ©), then Li[u,_i(x,a)]=0 on [a, ) where
i={0,...,n—1}.

Proof. Let y=u,_.(x, a). If, for some i € {1, ..., n—1}, L;[y] has more than one
simple zero on (g, o), then by repeated application of Rolle’s Theorem, we see
that L,[y] must have a zero on (a, c0), but this is a contradiction.

Assume L,[y] has a zero on (a, ), say at x=c; ; then by Rolle’s Theorem L;[y],
ie(1,2,...,n—1), has a zero on (a, ¢,). Since u, _,(x, a)=y(x), we know that all
the functions L,[y], for 1<i<n—1, are negative on [¢;, ). Also L,[y]= —py so
that L,[y]<0 on [c;, o) and

f L.[y] = —f py <0;
¢y ¢y
therefore

—PnLn—l[y](x)> -PnLn—I[y(x)]|x=c1 =¢>0

or
=L, -1[y1(x) = &lpa(x) > 0.
Thus after integrating n times, we have

—p1y(¥)+p1y(c1) Z Ea(x, c1) > 0.
Now

lim ((=p1y)() +p1y(cr)) 2 0,

but this is a contradiction.

By using a similar argument and the hypothesis that $;(x, @) — o, we can show
that L,[y]=0 on [a, ) and L;,[y]>0 on (a, ), i=1,...,n—1.

Using Theorem 2.1, we can now prove Theorem I of Z. Nehari [5] with the
hypothesis that @,(x, @) - o0 as x - ©, k €{2, ..., n—1}, deleted.
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THEOREM 2.2. Let p(x) and p(x) (i=1,...,n) be continuous and positive on
[a, ©0). Suppose ,, — c© as x — o for k=2,...,n—1. If the differential equation
(1.1) is disconjugate in [a, ), then [p,(x)]~p(x) is integrable over this interval and

(DS (x, a) j pilpdx < 1.

The hypothesis that ¢, — c0 as x — 00, k=2, ..., n—1, leads also to a generaliza-
tion of a theorem of Leighton and Nehari [2] for y™ +py=0 and Leslie [3] for
¥ +py=0.

LEMMA 2.1. If y satisfies equation (1.1) and y(x)>0 for x € (b, ), b=a, and
Pi(x, @) > o0 as x > o, k={2,...,n}, then L,_, y(x)>0 for x € (b, 0).

Proof. Assume L,_,y has a zero on (b, ), say at x=c, then L,_,y(x)<0 on
(¢1, ©), ¢; >c¢, since L, _, y(x) can have at most one zero on (b, o).

L Lo[] = puLn-17() = paLa-13(cs) < 0

or
—Ln—l[y](x) = _PnLn—ly(cl)/Pn(x) > 0.
Now
—pusL. +po_iL,_ =ridt
Pn-1 2y ()] +pn-1 2(c2) o IX0)
and

’}Lnl [—Pn-an—2y[x]+PnLn—zy(c2)] =

which implies L, _;[y(x)] - —o0 as x — oo0. Thus, there exists a ¢, such that

Ln-2[y(x)] < 0 on [02’ w)

Now
—pn-1Lp_a[y(X)]+pa-1Ln-2¥(c =fx—6-dt
Pr-1 2[Y ()] +pn-1 2¥(¢c2) e P 0]
and

~

—pn1Lp_asy(x) > fx-Ldt.
Pn-1 2y( ) ca Pn(t)
Using this process and #,(x, @) > o for x -0, k=(2,...,n—1), we arrive
finally at

—pny(X)+p1y(cn-1) > &o(x, cp_y) > 0.
Hence

}cl_fl}o (= p1y)X)+ p1Y(cn-1)) 2 o,

but this is a contradiction.
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Lemma 2.2. If (1.1) is nonoscillatory and y is a solution of (1.1), y is a solution
of (1.1) which is positive on (a, ©©). Also suppose J(x, a) — o0 as x — o0, then

—o0 < lim (%)

x—* n(x$ (1)
when T(x, a)=(1/p)e(x, a), k=2, ..., n, and T\(x, a)=1/p;.

= lim p,L,_;y(x) < ©

Proof. After n—1 integrations by parts of (1.1), we can write (1.1) as
@4 Rr,@) =y + [ T 0p0y() dr
where R(x, @)=2%25 pic+1[Liy lx=aTi+1(, @). Since y(x)>0, then

R(x,a) = y(x)+Ty(x, a) fx py dt.

Thus,
2.5) 752’; 3 < Tny(sf)a)+ann_ly(a)‘an,._l(x).
Now

Tk(x9 a) < Tk(xa a) l — (Pk(xa a) 1

Tn(x’ a) Tk(x’ a) ‘/’k+ 1(“, a) (Pk(x, 0‘) ‘l’k+ 1(0‘9 a)
If i(x, a) — o0 as x — oo, then lim, ., », (X, @)/p(x, «)=1; hence Ty(x, a)/T,(x, a)
-0, k=2,...,n—1. On the other hand, if ¢, (x,a) >k as x— oo, then
T(x, a)/T(x,a) >0, k=2,...,n—1. Hence

Ii((—xx”‘;—)) = PnLn—l[J"]lx=a'

(2.6) lim

X —

Because of Lemma 2.1 and L,[y]<0, the lim,., L,_;y(x) exists. Combining
(2.5) and (2.6)

yx)
ﬂ(x’ a)

lim p,(x)L,_,y(x) < lim inf
X — ®© X — 0

From (2.4) if a<e<x, we can obtain
Rx0) o y() ol o)
Tu(x,a) ~ T(x,a) @ux,a)

Since 0 <lim,_, o @.(x, £)/pa(x, @) <1, we have by (2.6) for a fixed ¢

pn n— ly(e) 2 llm Sup T:E( )a)

[pnLn-1Y(@) = paLa_1y(e)].

Since L, _,y is decreasing and the ¢ above was arbitrary, we have

y(x)
T(x,a)

llm paLly-1y(x) 2 11m 1 sup
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THEOREM 2.3. Suppose P (x,a) > as x— oo, then (1.1) has a principal
solution y(x, a) such that

lim T;Y(x,a)|y(x)) =¢c (0 <c < o)

if and only if |7 T,(x, a)p(x) dx <o (0 <a< o).

Proof. In order to prove the sufficiency, we first choose a large enough so that
[ 1 apey ax < .
a

Now let y(x, @)=u,_,(x, a) and assume that »,(a) <oco. Using equation (2.4) the
assumption that »,(a) <o leads to the contradiction

1 (@)
1< f ", ayp(t) dt < 3.

Thus 7,(@)=00 and therefore, by Lemma 2.2, lim, , , y(x)/T.(x, a) exists.
Using equation (2.4), we see that T,(x, a)= y(x) and that

T,(x, a) < y(x)+Ty(x, @) f " Tt @)p(e) dt.

Hence T, (x, a) <y(x)+ Tu(x, a)/2 or $ <y(x)/T.(x, a) < 1.

Since the lim,_, o y(x)/T,(x, a) exists and 4 <y(x)/T.(x, a) £ 1, the sufficiency is
proven.

The necessary part is a direct generalization of the proof given by Leighton and
Nehari [2] for y™ +py=0.

For the equation

2.7 Liyl]=y"+py=0 withp 20andn = 2,
we obtain the following corollary:
COROLLARY 2.1. Eguation (2.7) has a principal solution y(x)=y(x, a) such that

limx **y(x)l =c (0<c <o)
X = 00

if and only if [ x™~1p(x) dx <0 (0<a < ).

3. Conditions for oscillation of equation (1.1). Before proving the main results
of this section we prove a lemma and develop some notation.

LeEMMA 3.1. If the differential equation (1.1) is nonoscillatory on [a, ), then the
zeros in (a, ©) of Liju,_,(x, a)] are at most simple for 0<i<n—1. Moreover,
between the zeros of u,_i(x, a) in (a, ©), there exists one and only one zero of
Liu,_,],08isn-1.
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Proof. Since L[y]=0 is nonoscillatory on [a, o), then there exists a ¢=a such
that u,_,(x, a)#0 on (c, ). From Theorem 2 of Mikusinki [4] we know that
u, _1(x, @) has at most only simple zeros on (a, ). If u,_,(x, a)>0 for x € (a, ),
then using Rolle’s Theorem we see that the theorem follows. When ¢>a, let m
be the number of zeros on (a, c]. Now by Rolle’s Theorem we can show that the
zeros of L;Ju, _,] are simple. Let ¢, be the first zero of u, _; to the right of a. Again
by Rolle’s Theorem we can show that L{u, _,(x, a)] has one and only one zero in
(a, c,] and the zero does not occur at ¢,. After m such applications the theorem
follows.

Now let us develop some notation in order to simplify the statement of the next
theorem.

tl ny -2 dtnl 1
a X, C) = forl £i<n—1.
@ xi(x: ©) f P1+if f Pnl(tnl 1) ! !

(b) For n an integer, let S be the set of all j between 1 and n, — 1 when n=2n, and
the set of all j between 1 and n; when n=2n, +1.

(©) oix,¢) = f Pnitl +;' . -J:M—z :{%‘:l) forjesS.
THEOREM 3.1. For n> 3, where n=2n,+1 or n=2n,, suppose the following hold:
3.1 xi(x,a) >0 asx—>o forl £i=<n-—1;
3.2 ofx,a) > asx—>o forjeS;
© ty n-1 dty, [t p(t,
I el I Al i e L
(3.4) f ® Ty (%, )pdx = w

Then there exists a set of n linearly independent oscillatory solutions of (1.1) and the
zeros of one oscillatory solution separate the zeros of the other oscillatory solutions.

Proof. Assume that the theorem is false and consider the solution y(x)
= cu, _1(x, a), which has a zero of order n—1 at a. Let b be the last zero of y on
[a, ©) and let m be the number of zeros of y on (g, ). Since the zeros of y are
simple, let us assume without loss of generality that y(x) >0 on (b, ). If m is even
then y(x) >0 between a and the first zero of y(x) on (a, b]; if m is odd then y(x) <0
between a and the first zero. Furthermore L,[y],..., L,_,[y] are all positive at
x=>b (unless b=a in which case the functions are all positive in a right-hand
neighborhood of x=a), since the zeros of L,[y] are simple and occur between the
zeros of y.

We now want to show that the functions L,[y],..., L, _5[y] do not have a
zero on (b, c0) and hence are positive there. Assume that L;[y] has a zero at x=c¢



1971] TWO TERM LINEAR DIFFERENTIAL EQUATIONS 31

on (b, ). By repeated use of Rolle’s Theorem, each L,[y],...,L,_;[y] has one
and only one zero on (b, ¢) and no zeros on [c, o). Thus, on (c, o©) they are all
negative.

Since L, [y]1=(pn,Ln,-1(¥))' <0 or —L, [y]>0, integrating from x, € (c, x)
to x yields

- Pnanl - l[y(x)] + Pnanl —l[y(xl)] >0
or

_Pnanl ~1[y(x)] _ G

Py (%) T 0.

"'Lnl - 1[)’(")] >

By successive integration we arrive at

* dt thy -2 dt _
—p1y(X)+p1y(x1) > ¢; = j t n-1

x; P2 x1 Pnl(tnl - 1)

Hence lim,._, o, (—p;y(x)+ p; y(x;)) =00, which implies that p; y(x) - —co, but
this is a contradiction. Continuing the above process and using the hypothesis
that y; — 0o as x — oo, we see that L[ y(x)]>0 (i=1,..., n;—1). Since p, y>0 and
(p1y)' >0 on [b, ), p, y is increasing.

Now assume there is a point ¢ such that L, [y] is negative on [c, ). From the
discussion above we know that p; y(c) < p, y(x) for x>¢. Thus,

Py (©)pi(x) < y(x) or —p(x)¢lpy(x) > —p(x)y(x)
where é=p, y(c)>0. But y is a solution of (1.1), hence

L,[y] < —p(x)é]pi(x)
and

*p@)
PnLn—l[y(x)]—'PnLn—l[y(c)] < - . Pl_(t)Cdt.

We have assumed that L, [y] is negative on [c, ) and, by Rolle’s Theorem, we
know L, ,.[y},..., L,-1[y] are negative on [c, ). Then

¢ (" p)
AL

Ln—l[y(x)] = -

After n+1—n, integrations, we find

n x dt tn-ny dl, - tht1-n dt _
Prs Loy [V (01— pu, Lo, 1[(0)] S —¢ f s f PP Cnraom
c Pni+1 Pn P1

so that
li_l:ll [Pnan1—1[y(x)] - Pﬁanl-l[y(c)]] —> —00

which is a contradiction.



32 G. A. BOGAR [November

In order to show that L, ,,y through L,_,y are positive on [b, 0), we use a
similar argument as that for L, through L, _, where the assumption that y; — oo
as x — oo is replaced by the assumption that ¢; — 00 as x — o0, j€ S.

Now L, _; y(x)>0 on [b, o) implies that

Pn-an-2[y(x)]—Pn—an—2[y(c)] > 0’ cE (b’ (D),
or

Ly _2ly()] > ¢lpn-1(x) > 0

where é=p,_,L,_3[y(c)]. Hence, y(x) > ¢T, _1(x, c). Now

Ln[y] = —py < _ETn-l(xs C)
or

Losy®0)—Ly-13(0) < —¢ f " Ty, Op(e) dt;

hence
lim L,_,[y(x)] < —oo,
X — 0
which is a contradiction. Thus y(x) is oscillatory on [a, o). The thecrem now fol-

lows by Theorem 3 of Mikusinki [4].
For the 2n selfadjoint

(3.5) (ry™)®+py =0,
we obtain the following theorem of R. Hunt [1] as a corollary.

COROLLARY 3.1. Suppose that

f ’ ("I" tn—z)p(x) dx = o

r

and

f” ("I"p)r—(lx—jdx =

(where *I" denotes the nth iterated integral), then there exists a set of 2n linearly
independent solutions of (3.5), with p>0 on [a, ), as in Theorem 3.1.

COROLLARY 3.2. Suppose that

[7 w2ty ax = o,

then there exists a set of n linearly independent solutions of y™ +py=0 with p>0
on [a, ), as in Theorem 3.1.
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