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Abstract. Recently R. Wheeden studied a class of singular integral operators, the
hypersingular integrals, as operators from LI(H) to L,(H); L% H) is the range of the
ath order Bessel potential operator acting on L,(H) with the inherited norm. The
purposes of the present paper are to extend the known results on hypersingular
integrals to complex indices, to extend these results to operators defined over a real
separable Hilbert space, and to use Komatsu’s theory of fractional powers of operators
to show that the hypersingular integral operator G* is j',, (— Ay)*f du(y) when Im ()
#0 or when Re (o) is not a positive integer where A, g is the derivative of g in the
direction y. The case where Im ()=0 and Re («) is a positive integer is treated in a
sequel to the present paper.

1. Introduction. Let E be N-dimensional Euclidean space and let dx denote
Lebesgue measure on E. The theory of Lebesgue spaces of differentiable functions
LY(E, dx) is well known; [2]. L%(E, dx), 1 <p<oo, 0SRe a< 0, is the range of the
Bessel potential operator, J%, acting on L,(E). When « is a positive integer, n, L%(E)
is also the space of weakly differentiable functions with derivatives of order k,
0<k=n,in L,(E).

R. Wheeden [19], [20] has studied a class of linear operators, the hypersingular
integral operators, which map L%E) into L,(E) continuously. Let Q(y) be posi-
tively homogeneous of degree zero on E and suppose that |Q|; = ; |Q(w)| dw < oo
when X is the unit sphere in F and dw denotes normalized Lebesgue measure on Z.
Set

. Q(y) d;
T =lim [ R(fy) DD
, =0 Jlyli>e "y "
where N is the dimension of E and where
D*?
Rf,) = fw+y)= 5 By
13k P?

and kSa<k+1. T* is a hypersingular integral operator on L(E) to L,(E) and
|Te7%f ||, < N()|| 2], where N(«) depends only on N and «. When « is a positive
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integer, k, the additional assumption must be made that [, p,(w)Q(w) dw=0 where
pir(w) is any homogeneous polynomial in w with degree k. Then at a=k, T* is
similar to a Calderon-Zygmund operator and T* acts boundedly from L%(E) to
L,(FE). If0<eax<],

T = lim | U+ ) =00 i

6= Iyl=

this case is especially important and interesting when Q(y)=1, since then T%/* is
given by a measure.

The purposes of this paper are to study a new approach to the hypersingular
integral operators, to extend the results of [19], [20] to complex indices, and to
generalize these results to hypersingular integrals over a real separable Hilbert
space. Thus we shall replace the finite-dimensional Euclidean space E with a real
separable Hilbert space H which is generally infinite dimensional. We shall rely
heavily upon the work of Komatsu [10], [11], [12], [13] on the theory of fractional
powers of operators. In particular we shall observe that some of Komatsu’s results
can be used to prove Stein’s basic lemma [17, Lemma 4] which asserts that T%J¢ is
given by convolution with a measure when Q(w)=1. In addition, Komatsu’s
results will be useful in streamlining the study of the general hypersingular
integral.

Throughout this paper K(«), M(e), N(a) >0, K(e, p), M(, p), N(«, p)>0 are
constants which depend only on the parameters shown and which may vary in
value with the occasion of their use. If T is a closed densely defined operator on a
Banach space X, D(T) denotes the domain of T and R(T’) denotes the range of T.

2. Preliminaries.

a. The normal distribution on Hilbert space. To minimize the discussion of
measure theory on Hilbert space we refer the reader to the papers [7], [9] of L.
Gross and [15], [16] of 1. E. Segal.

DEFINITION (SEGAL). A weak distribution on a real Hilbert space, H, is an
equivalence class of linear maps, F, from the conjugate space H* of H to real valued
measurable functions (modulo null functions) on a probability space (depending
on F). Two such maps, F and F’, are equivalent if for any finite set of vectors
Vis -+ Vi in H*, F(yy),..., F(yx) and F'(y,),..., F'(y,) have the same joint
distribution in k-space. A weak distribution is continuous if a representative is a
continuous linear map (the range space has the topology of convergence in measure).

In what follows we shall be most interested in the normal distribution with
variance parameter ¢/2. This distribution is uniquely determined by the following
properties: for any y in H*, F(y) is normally distributed with mean zero and
variance (c/2)|y |?; F maps orthogonal vectors to independent random variables;
F, a representative for the normal distribution, is continuous. There is an essentially
unique (up to expectation preserving isomorphism) probability space (S, Z, p)



1971] SINGULAR INTEGRALS, FRACTIONAL POWERS OF OPERATORS 309

and a continuous linear map Ffrom H* to the real valued measurable functions on
(S, Z, ) (modulo null functions) such that F is a representative of the normal
distribution. Z has no proper sub-o-field with respect to which all of the F(y),
y € H*, are measurable. The measurable functions on H are defined to be the
measurable functions on (S, 2, w). L,(H, n.)=L,(S, %, u) by definition. When
c=2, we let n=n, and L,(H)=L,(H, n,). The expectation, E(f), of a measurable
function f'is E(f)= [ f dp.

A function f(x) on the points of H is a tame function if there is a Baire function
g on a finite-dimensional Euclidean space E,, and orthonormal vectors hy, ..., h,
in H* such that f(x)=g((x, hy), ..., (x, h)). The span of the hy,..., h, in H is
called the base of f. If F is a representative of the normal distribution and f(x)
=g((x, hy), . . ., (x, b)) is a tame function, then f(s)=g(F(h,)(s), . . ., F(hy)(s))is a
measurable function on H, and the expectation of fis

E(f) = (mc)~+ f g(e) exp (—c~[¢]?) dt

where k is the dimension of the base space of f. This equality holds in the sense that
if either side exists and is finite, then so does the other side and the two are equal.

Several very useful representatives of the normal distribution are known. Of
these the one in which we shall be most interested is the mapping studied by Gross
[9] from H* to Borel measurable functions (modulo null functions) on an abstract
Wiener space. We adopt the notation and terminology of [9]. Let B be a one-one
Hilbert-Schmidt operator on a real separable Hilbert space H. Then |x|,=| Bx||
is a measurable norm on H. Let Hy denote the completion of H in this norm. Let
& denote the o-field generated by the closed subsets of Hg. The normal distribution
n, induces a Borel probability measure N, on Hp such that the extension of the
identity map on Hp (< H*), regarded as a densely defined map on H* to measur-
able functions on (Hj, &, N,), to H* is a representative of the normal distribution
on H. Continuous functions fon Hy are measurable functions on H and if g denotes
the restriction of f'to H and if # denotes the directed set (ordered by inclusion of
the ranges) of finite-dimensional projections on H, the net {g(Qx) : Q € #} of
measurable tame functions converges in measure to f as Q tends strongly to the
identity through Z.

Let N, be as above, and regard B as an isometry from Hy to H. Then N, B!
is a Borel measure on H; this measure is usually denoted by n, o B~1; [8], [9]. If fis
a bounded continuous function from H to a Banach space X, [, f(x) dn, o B~*(x)
= up J(By) AN(y)=E( fo B). If f, g, and fg are absolutely integrable tame func-
tions on H, fg=1¢, (af+g)~ =af+§ for constants a, and if f<g (a.e.) on H, then
f<& (a.e.); we shall use these properties often. Gross [7], [9] has studied other
functions on the points of H which give rise to measurable functions on H. If C
is a Hilbert-Schmidt operator on H, ||Cx| determines a measurable function
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[CC)|~ on Hby |C(-)|~=lim{||CQx|~ : Q€ F} where Z is as above and Q
tends strongly to the identity through &. If fis a bounded continuous function on
H, then f(Cx) determines a measurable function on H when C'is a Hilbert-Schmidt
operator. Such elementary functions as | x|, exp (—||x]|?) and exp (i|x]) fail to
determine measurable functions on H. We refer to [7] for further discussion of these
points.

b. The Poisson integral. Let H be a real separable Hilbert space. Let L,(H),
1 <p <0, denote the Banach space of p-power integrable functions with respect to
the weak normal distribution (with variance parameter 1, centered at the origin)
on H. Let y — T, denote the regular representation of the additive group of H by
isometries on L,(H); if fis a bounded tame function,

(Tuf)(x) = f(x—y) exp [%y_)_l%l_]

The T, are strongly continuous and play the role of the “translation operators’’
on H; [4]. If p is a finite Borel measure on H, T(f)={, T,fdu(y) is a bounded
operator on L,(H) with norm at most |¢|. If n, denotes the normal distribution on
H with variance parameter ¢/2, and if B is a Hilbert-Schmidt operator on H, then
n, o B~1 is a Borel probability measure on H; [8]. Let

B = [ T dno B)

and

P = [ HOONG) it

where Ny(z)=(mt) "2z exp (—t~1z2). P,(f) is the Poisson integral of f. Hy(f) and
P(f) were studied in [5]. We shall recall some of the properties of these operators;
the proofs appear in [S].

P-1. H, and P, are strongly continuous contraction semigroups on L,(H).

P-2. There is a unique Borel probability measure p, on H such that P.(f)
= [ Tuf dpo(y).

P-3. Ifa=(ay, ..., a,) is a multi-index with |a| =37, a, if 4, is the infinitesimal
generator of the translation semigroup T;p, >0, and if A%=Af!- - - Af», then

AH(P) = [ TufCW) dn(»)

where C¢=Cg---Cs» and where C, is the infinitesimal generator of Ty, s>0,
acting on L,(H,n,). Thus if >0, 4°H, is a bounded operator on L,(H) and
|AH | S N @)yl - - |ha] ot =122,
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P-4. P,(f) is infinitely differentiable with respect to z and with respect to the
space variables;

AP(f) = J " A H(NN(Z) dt t
and

S P = [ H) 2 N e,

We shall use the infinitesimal generators A4, of T}, as the Hilbert space analogues
of the directional derivatives D, on finite-dimensional Euclidean space.

c. Komatsu powers of operators. Early work on the theory of fractional powers
of operators is surveyed in [21]. Komatsu [10], [11], [12], [13] has developed an
extensive theory of fractional powers of operators. In [10], [11] it is assumed that
A is a linear operator (not necessarily densely defined) such that the negative
half-line is in the resolvent set of A and |#(t+4) || = M for all £>0. A*is defined
for all complex « in §4 of [10]. For our purposes it will be sufficient to recall
some of Komatsu’s results for the case when (— A) generates a bounded, strongly
continuous semigroup on a reflexive Banach space X.

K-1. If 0O<Re a<1,

J 1" 4(t+ A)"x dt
o

when x € D(A), the domain of 4; [10, p. 299].
K-2. If 0<Re e<o<n, n a positive integer, then

L'(m) ® e
Oy — N7 a-1 -1\m
A°x = T@T(m—a) Jo t* YA+ A) " Y)™x dt
for x € D(AY) when N>m>n; [11, p. 292].
K-3. If (—A) generates a bounded strongly continuous semigroup 7; on X,
then if x € D(4) and 0<Re e<o<]1,

A«x=r(—a)-1f (Tx—x)t--dt;  [10, p. 325].
o+

More formally, K-1 and K-3 define an operator A% on a subspace D’ of X; D°
is defined in [10]. If 4% denotes the smallest closed extension of A%, whose existence
is proved in [10, Proposition 4.1], then 4= A%. Similarly K-2 defines an operator
on a natural subspace of X and its smallest closed extension is A% = A* as is shown
in [11]). When Re «<0, 4%, is defined by equation 4.10 of [10, p. 304] and 4%,
is shown to have a smallest closed extension A% which is independent of ¢. When
Re a=0, A°%x is defined by equation 4.11 of [10, p. 305] for x € D° N R*. There
is the important
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K-4. For any complex «, A%, has the smallest closed extension A% which is
independent of ¢ and + when —7<Rea<o. If Rea>0, A§=A4% on D(4%)
N Cl R(4) and if Re a <0, A§=A4%.

If 4 has a bounded inverse, R°= X and A% is everywhere defined and analytic if
Re «<0. If x € D?, A% is analytic in Re a<o. If —(n+1)<Re a<0,

A% = (—sin o

n! cuuz+n -n-1
" )(a+l)~-'(a+n)Jot (t+A)™""*dt

and

K-5. When A has a bounded inverse, if Re «>0, then 4% = 4§ is the inverse of
Ag®=AZ%; D(A%) is contained in R(A-%). See §5 of [10].

K-6. (i) If Re « Re >0, then A% A% =A%*? in the sense of the product of
operators. (ii) If « and B8 are any complex numbers, then [4545]c=A%*# where
[T]c denotes the smallest closed extension of T. (iii) If 4 has a bounded inverse and
if Re «>0, then AZA45=A%*%. See §7 of [10].

From the assumption that ||#(t+ 4) ' = M for >0 and the resolvent equation
it follows that (¢+ A) ! exists for 7 in the sector |arg 7| < Arc sin (M ~!) and that
t(t+ A)~! is bounded on each ray of this sector. Let

M(B) = sup {|t(z+4)7?| : |argt]| = O}, 0 > 0;

M (®)is an increasing function of ®. An operator 4 is said to be of type (w, M(®)),
O0=<w<m, if A4 is closed, densely defined; the resolvent set of (—A) contains the
sector |arg | <m—w, and sup {||t(t+ A) | : |arg t| = O} = M(0) < oo holds for all
0= O <7—w. An operator 4 is of type (w, M(®)) for an w < /2 if and only if (— A4)
generates a semigroup 7, which has an analytic extension to the sector |arg ¢|
<m/2—w such that the extension is uniformly bounded on each sector |arg ¢|
Snf2—w—e, e>0.

K-7. If 4 is an operator of type (w, M(0)) and 0 < aw </2, then (—A4%) is the
generator of a strongly continuous semigroup exp (—t4%) which is analytic in the
sector |arg ¢|<m/2—aw and uniformly bounded on each smaller sector |arg ¢?|
Sm/2—aw—e, e>0. See §10 of [10].

K-8. Let A be of type (w, M(®)). Then (4%) =A% if 0<a<m/w and Re B>0.

K-9. If 0<a<1 and if Ty=exp (—tA4), Tfx=exp (—tA*)x=[g TxN(e, t, 5) ds
where N(a, 1, s)=(2mi) [7*}% exp (us—tu®) du; [21].

It is worth noting in connection with the discussion preceding K-8 and in con-
nection with K-8 that the Poisson integral P, extends to an analytic semigroup in
every sector |arg z| <w/4—e, 0 <e<m/4, and the extension is bounded in each sector
of this type; this follows from the fact that N,(z) is analytic in Re z>0 and the fact
that the integral P,(f)=[g H(f)Ny(z) dt/t converges uniformly in |arg z| <m/4—e
for £>0. If H,=exp (—tA), then P,=exp (—zT) where T=A4"2; see K-9 and [21].
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When the Hilbert-Schmidt operator B is one-one, the infinitesimal generator
(=T) of P, is a one-one operator on L,(H) and R(T) is dense in L,(H).

d. Definitions and hypersingular integrals on Ly(H). Let a=B+iy, Re «>0, be
a complex number and let u be a Borel measure (not necessarily bounded) on H
such that

[ prdaum <, p=Rea

For any nonnegative integer k, if k>0 set

Ri(f,y, 1) = [(k—=D)1]* £ (t—w) " (Tupy A5 f— ALS) du,

and if k=0 set Ro(f; y, t)=T,s,f—f when fe D(4%) N L,(H) for all y in H. If
k=Rea<k+]1, set

¢ = [ [ Rhy.0) dutyye=e-ta

whenever this integral converges in L,(H). G*(f) is a hypersingular integral opera-
tor. We shall make further assumptions on « later so that G* is defined when Re o
=n is a positive integer.

In this section we shall sketch the Lo-theory of hypersingular integral operators
in order to motivate the more formal theory needed to prove our main theorems
in §4.

Let p=2 and P(y) be a polynomial on H. Set W(P)(y)=[, P(2'?x+iy) dn(x)
where dn is the normal cylinder set measure with variance parameter 1. Segal
[15] has shown that W(P)(y) extends to a unitary operator on Ly(H); W is the
Hilbert space analogue of the Fourier transform. In particular, W(T,f)=
exp (iF(y)/2)W(f) where F is a representative of the normal distribution;
hence W(A,f)=(F(y)/2)W(f) when f€ D(A,).

Consider the linear operator J* on Ly(H) defined by

W) = A+ |B*C)D-*W()

when Re «>0 and B is the one-one Hilbert-Schmidt operator used to define H,
and P,. J® is a bounded operator on Ly(H). Some other properties of J* are

1. JeJ8=J%*5 if Re «, Re B20.

2. J¢ is strongly analytic in Re o> 0.

3. J® is one-one.

4. If Re«=0 and if B=(By, ..., B,) is a multi-index of complex numbers with
Re 8,20, and |Re B| <Re «, then 45J* is a bounded operator on L,(H).

Each of these properties is easily verified.

THEOREM 1. If Re >0 is not an integer, G*J* is a bounded operator on L,(H)
with |G| SN(@) [ |y 1* dlul(»), Re a=.
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Proof. Let k<Rea<k+1 and a=k+8. Then t~*R.(f, y, )=t *R.(f, ty, 1),

and since A%, =t*Ak,

W(GAIof) = f )

o+t

[ RIS, . 0) dutyyee a,
and ’

WRI, 19, 1) = [Ge= D1 [ (1=~ (exp P (By)/2) 1) dup(y),
where ¢(y) = GF(By)/2)(1 + | B*(-)]))~*. Since

[ texp GeP@y)2) -~ 107472 dt = T(- 8= iF By,

w(GJf) = M(a)W(f)L [—iFBy)F(1+ | B*())~* du(y)-
Since [<¢, By)|(1+1B*¢) 1y,
69 < N@) [ 11 dluly) <0, B = Rew

Note that M(«)=T'(k) " 1['(— 8)B(k, 8+ 1)(— 1)*2-= where B(-, -) is the B-function.
The next theorem extends Theorem 1 to the case when Re o=k, a positive integer.

THEOREM 2. Let Re (¢)=k =1 and suppose that if p, is a homogeneous poly-
nomial of degree k on H then [, p.y)du(y)=0. Then if Im («)#0, |GJ¢|
SN@) [y 1y 1*d|pl(y)- If Im (2)=0, |G| SN(@) [ | ¥ |*(1 + [log | y [ dkl(»)-

Proof. Proceed as in the proof of Theorem 1 to get
WGt = M@ [ [ lexp GeF(By)— 117~ dt FBy)¥ du() W)
H JOo+

where y=1Im «. Assume first that y#0. Since [, F(By)* du(y)=0, Corollary 1 of
[14] implies that the double integral above converges to a bounded function. Thus

I1G=I=| <N (@) [ |7 1* d]rl().
When Re =k and Im «=0, G®%J* is a kind of Calderon-Zygmund operator;
(1], [4]. Set dv(y)=(1+ || B*(-)|)"*F(By)* du(y), so we need only show that

A= J;, J: [exp (ir{§, By))—11dt/t dn(y)

satisfies |A|SN [, | y]*(1+|log |y | |) d|x|(»). The integral A can be evaluated
by the method of contour integration as in the proof of Theorem 5 (Lemma 5.3)
of [4]; in fact A is the integral evaluated there. The value of A is

[ 2580 B2, yy—108 KB*. 31y )

where n=¢£|£|| ~*. Thus G*J* has the desired norm.
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REMARKS. It is interesting to note that G¥J*=T*Z where T* has Wiener trans-
form (or Fourier transform) || B*x|*(1 + | B*x||) ~* and where Z is a kind of Calde-
ron-Zygmund operator. An analogue of the first statement of Theorem 2 holds
when Re («)=0, «#0. When «=0, G*is a Calderon-Zygmund operator if w(H)=0
and if [, (1+log | y || |) d|ul(y) <oo.

3. Bessel potentials.
DeFINITION. If fis in L,(H) and if P,(f) is the Poisson integral of f, then for
Re («) >0, the Bessel potential of f of order « is .

Jo(f) = T(a)~* fpmta-le-t dar.

THEOREM 3. J* enjoys the following properties:

L [J5()]l» ST(Re &)|T(@) ] ]

2. lim{J(f) : |arg | S O <72, & — O} =f.

3. J is strongly analytic in Re «>0.

4. JoJE=J**8 jf Re «, Re >0.

5. J% is one-one on L,(H) if Re «>0.

6. J¥=(J1)?, the ath Komatsu power of J*, if Re «>0.

7. The range of J¢, R(J*®), is dense in L,(H).

8. JY is a strongly continuous group of bounded operators on L,(H) for real y.
9. JY(f)=Ilim {Je**(f): e — 0*} for f in L,(H).

Proof. (1) follows from Minkowski’s integral inequality and the fact that
IPSflo S flp- If Rea>0, Jof—f=T(a)"* |5 [Pf—f1t* e tdt. Given e>0, let
8>0 be sufficiently small that |P,f—f|,<e for 0<z<8. Choose >0 such that
[T(@)| "1 7 tRee-te-tdt<el'(Re a)|T(«)| ~* when O<Rea<s. Then [J%—f],
<el'(Re )| I(e)| ~2[1+2|f],]- This proves (2) when |arg «| < ® <=/2, in which
case I'(Re )| T'(e)] 1< M(®). (3) is a consequence of the analyticity of I'(a)~¢%-?!
in Re «>0 for >0 and the fact that >~ log te ¢ is absolutely integrable for Re «
>0. To prove (4) let @ (t)=T(e) 2% e t if t>0 and @, (¢t)=0 if t<0. Then
J(f)=[2 o P(f)eu(t) dt and JJ5(f)=[ , P((f)pa * p4(t) dt Where g, * ¢, is the
convolution of ¢, and ¢;. An elementary integration and use of some basic identities
for the I'-function show that ¢, * g,=g@, , ; and hence J&J8=J**#_(5) follows from
4), (3), (2) above. For if J*%f=0 for some « in Re «>0, J**f=0 for all real
numbers r > 0. The principle of uniqueness for analytic functions implies that J%f=0
for all «in Re o> 0. Since lim {J'f: r — 0, r is real}=f we have that f=0 and J*is
one-one.

Set J1=J. To prove (6), we need verify the statement only for 0<Re a< 1. For
if e=n+B, we have J*=J"J# from (4) above. If Re a=n, a positive integer, the
conclusion (6) is proved in [6]. It is proved in [10] that J*=(J)". So if we verify (6)
when 0 <Re B< 1, K-6 of §2c implies that J*=(J)*. Note that J=(1+7)~* when
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P,=exp (—1T). So Jf=[g e *P,fdt. Then
J4(f) = T(e)-* L " w=1e=9P(f) du
- P(a)—lr(l—a)-lf(f:r“e-"e-w dt)Pufdu
- 1“(05)-1P(1—a)-1'[:o (f (t— 1)~ dt)Pufdu
- r(a)-lr(l-a)-lf(z—l)-«fe—utpufdudt
- P(a)-lr(l_a)-lf(t-l)-a(HT)-l(f) dt
- I‘(oc)‘lI‘(l—a)‘lJ:ov‘“(v+l+T)'lfdv.

Since (v+1+T) " =J(wJ+1)"%, set v=x"1 to get by K-1 that

sin 7o
T

J(f) = Jo X (e +T) dx = (D).

(7) follows from Theorem 6.4 of [10] since by this theorem D((1+T)*)< R(J%);
D((1+T)%) is dense in L,(H).

Parts (8) and (9) of Theorem 3 require a lengthy development; this is given in [6].

DErFINITION. L3(H) is the range of J* acting on L,(H), Re «>0. If g e L% H),
I8 15.0= 171 when g =Jes.

REMARK. In [6] a more extensive list of the properties of the Bessel potential and
its relationship to fractional powers is given. Because of Properties (8), (9) of
Theorem 3 (proved in [6]), L&(H)=L%*(H) with equivalence of the norms.

Since the translation operators Tg,, t>0, form a bounded semigroup, (—A4,)%,
Re «>0, can be written as in K-1 or K-3 of §2c. In order to be able to succinctly
represent the hypersingular integrals of §4, we need to study the composition
(—4,)%J%. To do this we need

LemMA 1. If fis in L,(H), 1 <p<co, and if ¢(t) is the Fourier transform of a
bounded, even, Borel measure p. on the real line, then

D4(f) = lim Tofo(td™Y) dt]t
e-0Jt|>¢

satisfies |®4(f)|,SN(p)|u| | f|» where the constant N(p) is independent of A and
yin H.

Proof. First set

(T,f)@) = lim f fe—)p(tA=") dt t
-0 Jit|>s
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for fin L,[(— o0, ), dx]. Then for smooth f with compact support

Tuf)) = j Toewtim [ fr—y)e = dyly duyw)

- ™ =0 Jly|>¢
where p4(E)=u(AE) for Borel sets E in the real line. By the M. Reisz theorem on
the Hilbert transform, |T,f|,<N(p)|e| | f]» since |p]=|pa| for all |4]|>0;
N(p) depends only on p.
Let f be a bounded continuous tame function on H which is based in the finite-
dimensional subspace E of H; dimension of E=k. Since the normal distribution on

H is rotationally invariant, let K be the span of E and y and let ey, . . ., e;.; be an
orthonormal basis for K with e;=w=y| y| ~*. Then

g(x—t)p(t] y | 24~ deft dn(x)

Jocwer ot 0] =

J;Illlll sl

where g is the restriction of fto K and where D,(x, tw)=exp [(x, tw)/p—1t2/2p). If
we write the integral over K as an iterated integral and write the first integral as

uf

g(xl_t’ X2y o0y xk+1)

J.ouyu S|t < plivil
— —1)2
cexp [ZE L pte |24 |,

it follows from the discussion of T, over (—o0, o) in the first paragraph of this
proof and from the dominated convergence theorem that | ®,(f)|, < N(p)|el | flls
the desired conclusion.

THEOREM 4. If 0<Re B=ZRe«, (—A4,)?J% is a bounded operator on L,(H) for
1<p<oo with |[(—Ax)’J*| < N(o, B, p) | 1|[**.

Proof. By P-3 of §2b,
AHa(f) = 11 L Tya fO(1)(¥) dny(y),
B

where C, is the infinitesimal generator of T, acting on L,(H, n,). Since A4, is a
closed operator,

A = [ T fCl1)(r) (o) de

where (t)=t"2 {7 z exp (—z%~%)e”* dz, t>0. Since C,(1)(y) is a homogeneous
polynomial of degree 1 in y, this last integral may be written as

-0

Ad ) = 3lm [ [ TnfC00) dn)ote) i



318 M. J. FISHER [November

when ¢(t)=¢(—1) for negative 7. By Minkowski’s integral inequality,

415 S M [ 10D GO0 driy)
< NIl 11,

by Lemma 1, if ¢(¢) is the Fourier transform of a finite even Borel measure p on the
real line. Note that ¢(¢) is even by definition and that on >0

o(t) = f: zexp [— 22—tz dz

so that ¢'(#)<0 and ¢"(¢)>0. Thus Polya’s criterion [3, p. 169] guarantees that
o(?) is the Fourier transform of a finite even Borel measure on the line.

To prove that (— A4,)%J% 0<Re a< 1, is a bounded operator on L,(H), 1 <p <o,
we consider the integral definition of /¢ in terms of H,. Begin by changing variables
to replace ¢ by #2. Then by arguing as above (or as in [5]), we get that

(— Ay Ha(f) = 1= L T5,/CE)() diny(y)

where
CEOO) = T(=0) [ fexp @Ky, by =124~ 11 .

Thus Cf(1)(») is a tame function on H based on the line through 4. If 0<e< R< o0,
each of the functions

R
Eus(,B) = [ Texp @Ky, by =12 |h|%) = 13- dr

has integral zero. By Minkowski’s integral inequality,
|Ea.o(3s s < Nia, B)(p=™=+ R-"¢)
for large p and R, and integration by parts shows that
I Ee,o(y, B2 S N, h)(et ~Foe+ 81~ Fea),
Thus Ci(1)(y) € L,(H, n;) and _f u Cr(1)(p) dny(y)=0. To apply the techniques of
[4] to prove the boundedness of

(=) = M@ [we[” [ T fCR00) dna(yde drle]

set p(t)=e~!*"* and verify that the even part of C§(1)(y)isin L log* L(H, n,). This
definition of ¢(¢) allows us to use Lemma 1 when C§(1)(y) is replaced by its odd
part and to use Lemma 1 when the techniques of the proof of Theorem 8 of [4] are
applied to the even part of C5(1)(»).
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Set CE(1)(y)=K()||h|*G(y) where G(y) is a tame function based on the line
through 4; so it suffices to prove that

G(x) =j [exp (2tx—12)— 1]¢-%-1 d
o+
has even part in L log* L((— 0, o), exp (— x%) dx). Integrate by parts to write
G(x) = K(«) f (x—1) exp 2tx—t3)t==dt.
o+

Expand exp (2¢x) in a Taylor series about 0 and integrate term-by-term. After
some calculations with identities in the I’-function we get that

The ratio test shows that this series converges uniformly on the compact subsets
of the line. Let L(x)=4(G(x)+ G(—x));

L) = K@) 5 T on

By using the fact that (#)}/2I'(2z) =222"1I'(z)I'(z+ 1), we see that
22 T(m—cof/2)T(2m+1)"! = KI'(m—e/2)(m+%) " T'(m+1)"1.

Since Re a<1, |[I'(m—«/2)|T'(m+3)"*<T'(m—(Re «)/2)I'(m+3)"1 <1, and | L(x)|
=< N(o) exp (x?). Thus log* | L(x)| £ N(«)+ x2, and since

[ 1zl exp (-5 dx < o,

it suffices to show that [* x?|L(x)| exp (—x2) dx <co. By integrating the above
series for L term-by-term with respect to x%exp (—x2%) and applying the ratio
test to the resulting series, one sees that L(x) is in L log* L.

In order to make use of Theorem 5 of [1] we also need to verify that
% o log* |x| | L(x)| exp (—x?) dx < oo. But this follows from the fact that log* |x|
<e!x|® for e>0 when |x|20 and a calculation similar to that above for
2 o |x|¥| L(x)| exp (—x?) dx. This last integral is seen to be finite for all sufficiently
small >0 since Re < 1.

Now write Ci(1)(»)=K(e)(L(y)+M(y))|h|* where L(y)=%G(y)+G(-y))
and where M(y)=4(G(y)—G(—y)) so that (— A,)J*(f)=T.(f) + Ty(f) where T,
and Ty are integral operators of the form of (— 4,)%/* with C§(1)(y) replaced by
L(y) and M(y) respectively. Since M(y) is an odd function, T, can be written as
an integral of an operator of the type in Lemma 1, so that T, is a bounded operator
on L,(H) if 1<p<oo. For T, we proceed as in the even kernel case in [4]. Let
Ku(f)=n"P |2, T,s(f) dvfv, the principal value integral. By Lemma 1, X, is a
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bounded operator on L,(H); K(f)= —f. This last fact follows from the observa-
tion that K, is just the Hilbert transform in the direction Bh. Consider K,T;.
Direct computation shows that K, T;(f) is an integral with respect to u of

80 = [ [ TusfGLG) dm(y)ete) di

where K L is the function P [* S, L dufu where y — S, is the regular representa-
tion of the additive group of H acting on L,(H, n,). Since L(y) has integral zero
with respect to n, on Hy, since L(y) is a tame function based on the line through A,
and since L € L log* L(H, n,) with |<{x, h)| | L(x)| € L,(H, n,), by Theorem 5 of [1],
K;(L) is an odd function in L,(H, n;). Thus

1T = | KuKaT(N)], < NP KT(N» = K(p, @) |A]*] f1l,-

The desired conclusion regarding (— A4,)%/* follows when 0 <Re a<1.

If Re «> 1, use K-6. If Re B < Re «, we have (—A4,)°J%=(—A4,)’J8J*~ ¢ by part 4
of Theorem 3 with (—A4,)?J? and J%~# bounded on L,(H), so that (—A4,)?J* is
bounded on L,(H) when Re B < Re «. This completes the proof of Theorem 4.

In the next theorem we look at the most elementary and one of the most
interesting hypersingular integral operators. This operator was <tudied by E. M.
Stein in [17], [18]. Let P(f)=exp (—¢T)f. Then

T = T(=0)* [ B ~fy= ds

for 0<Re a < 1. We shall examine the action of T%/% on L,(H) for Re o> 0.

THEOREM 5. IfO<Rea<1,

() = f-

3 1
SI0 o J' J(F)us(1 —u)~* du
0

m

where J(f)=[g P(f)e~* dt. T*J*(f) is given by convolution with the measure

sin 7o
m

vo(E) = 8(E)—

[ ierea-w-<au

where j(E)=[g p(E)e=* dt and P(f)= [, T,f dp.(y), and where 8,(E) is the proba-
bility measure concentrated at the origin in H. T*J* is given by convolution with the
measure vi(E)=284(E)—j,(E) and T%J* is given by convolution with the measure
Vo =Vg % Vp, Vy=v; x vy %---% v, (n times) if e=n+B with Re B<1. If Re a=n, an
integer, vy=v,_13 * v1;2.

Proof. Notice first that

TI(f) = f:TP,(f)e-tdt - - f:aﬁtp,(f)e-tdt - f—Jf
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by integration by parts. Thus if §, is the Borel probability measure concentrated
at the origin in H,

TI(f) = L T,fdn(y),  n(y) = So(E)—ii(E).

For any positive integer n, T"J*(f)= [, T, f dv,(y) where v, is the n-fold convolution
of V1.
For 0<Re <],
Jo(f) = T(e)-* j P(f)te-tet dt
V]
and
T = =) [ (Puf=)y =~ dy.

If fe D(T), T(f)=-T(1—«)™* [§ Py(f)y~“dy where P,(f)=0P,(f)/dy. Let
L(g(2))(x) be the Laplace transform of g(¢) at x. Then

Teje(f) = — S0 [" zeerspm ax,

m
where T§=I'(—a)T*. Now
® 0
CTHRS) = 1 [ 5 Prd Ny dy
o a 0 , B
= [C g Pty e dy = [ tPiPu(fy < dy.
o+ Ot 0+
But PiP,,(f)=(y+1)"! OPyy+1(f)/0t. Thus
® 0
LETS PO = [ 0+ D7 =55 3) L oD@y~ dy

® 7}
= [7 04D — )Ty dy

o+

where J,(f)=L(P.f)(u). Since
0
(-2 )0 = KO+ D111,
we consider an interchange of integrals in [} L(r*T§(P(f)))(x) dx.
R 0
L r+ 1)—2(—5 x)«’x(yn)“(f) dx = (y+ 1) [Jy+1-1(f) = R+ ()]

Since | RJgq +1)-1 ()] » = (¥ + 1)K| f]|, the dominated convergence theorem implies
that
sin 7o
w™

TJ(f) = -

[ Garumtn=G+ 0ot +)2 .
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Set u=(y+1)~*to get

sin 7«
T

L N R L (S

sin 7o
T

sin 7«
T

- f e =)~ du+ j Cu (=) df.
0 0

= f—

m

4 1
sin ma J T ue(1 =) ~% du.
0

If Re >0 and Re « is not an integer, write « =n+ 8 where n is a positive integer
and O0<Re B<1. Set

sin 7B
m™

vo(E) = 8o(E)—

f LB —u)~* du

for Borel sets E. Then v,=v, *v, is the Borel measure such that T%J%(f)
=[, T,(f) dv(y). If Rea=n, a positive integer, let y=c—% and B=4%. Then
ve=v, % v5, and TJ*(f)={, T,(f) dv(y). K-6 and the continuity of all of the
operators in question justifies these last designations of v,.

REMARKS. 1. It is interesting to note that T%J/* is a bounded operator on L,(H).
It will not be possible to make this claim for the hypersingular integral operators
considered in §4.

2. The calculation in the proof of Theorem 5 holds for any bounded strongly
continuous semigroup S;. Note that the proof of Theorem 5 amounts to calculating
A%(1+ A)~* when S;=exp (—t4). Komatsu [10, §6] has made this general calcula-
tion using methods different from those in Theorem 5; see p. 309 of [10].

3. LY(H)=L3}**(H) with equivalent norms; see [6].

4. For «> 0 other useful forms of /¢ exist and define equivalent norms on L%(H).
For instance J§(f)=T(e/2)"! [§ H(f)t“~?2¢~tdt. In the language of [10], J*
=J¢=(1+T)"%and J,=(14+T2)~%2. We have shown in [6] that J* and J¢ define
equivalent norms on Li(H) and that Li(H) is equivalent to D(T%) when this
domain is equipped with the graph norm. [6] also contains a proof that J§ and J§
have strongly continuous boundary value groups J{” and J¥ consisting of bounded
operators on L,(H), 1 <p <.

4. Hypersingular integrals. In this section we shall study the general class of
hypersingular integral operators on Li(H).

THEOREM 6. Let u be a Borel measure (possibly unbounded) on H such that
{u |y d|u|(y) <. If n<Re e <n+1, n a nonnegative integer, set

Gt = [, [ Ryt dutpy=e de

where R,(f, y, )=((n—1))"* [q (¢— )" (TunyA3f— A3f) du if nZ 1 and Ro(f, y, 1)
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=Tip,f—fif n=0. Then

GI*(f) = M(2) L (= A)T(f) du(y)
and

IG9)ls S NG p) [ 1y dlul(»)

where M () and N(«, p) are constants which depend only on the parameters shown.

Proof. Set «=n+pB, 0<Re f<1, and note that t="R,(f, y, t)=t""R,(f, ty, 1).
Also note that A%, =1"4} and

f °° (Toasod () —~T5)t-# 1 dt = M(@)ub(— A,)PT(S).

Since [ (1—u)"~'uf du| <0, we have that

GU) = M@ [ AS(—AT() dut).

By K-6, G%J“ has the desired form. By Theorem 4, |[(—A4,)J%f||, < N(a, p)| ¥ |?%,
so that by Minkowski’s integral inequality we get the desired estimate for
1G*T4(N)]l,-

REMARK. The constant M(«) in the first conclusion of Theorem 6 is M(«)
=I'(n)"T'(=B)B(n, B+ 1)(— 1)*=(—DI'(e+1)"T'(1 - )[(«).

In the case when Re «=n, a nonnegative integer, the desired theorem is more
complicated. We present a theorem and a remark regarding this situation. We
begin with

LeEMMA 2. Let h be a unit vector in H and y+#0 be a real number. Then

o —iy
T(f) = lim U Toft=7=1 dt =2 /]
&=0+ r3

iy
exists as a bounded operator on L,(H) and |T |, < Kpq(|y|?+1)|y| .
Proof. By Theorem 8 of [14], if

U = f ® fe—t)-ir-1 dt_a“;{(x)’

the U, are uniformly bounded as operators on L,((— 00, ), dx) and as e — 0",
U, converges strongly to a bounded operator on L,, 1 <p <oo. Let f'be a bounded
tame function on H which is based in a finite-dimensional subspace F of H. Let
K be the span of Fand A and let g be the restriction of fto K. By arguing as in the
proof of Theorem 4, we show that the T, converge strongly to a bounded operator
T on L,(H). The T, are uniformly bounded and |T|, < Kpg(|y|?>+1)|y| %, where ¢
is conjugate to p.



324 M. J. FISHER [November

THEOREM 7. If y#0 is a real number, n is a nonnegative integer, and p. is a Borel
measure (not necessarily bounded) on H such that [, p(y) du(y)=0 when p,(y) is a
homogeneous polynomial of degree n on H and p is such that |, | y||" d|u|(y) <o,
then G°J°, a=n+ iy, is a bounded operator on L,(H) with

I6%) < NGy ) [ 1917 dlil(y).

Proof. Since [, pa(y) du(»)=0, [, A3J*fdu(y)=0, and [, R.(f;, 1) du(p)
=[ Ra_s(fs 3, 1) du(y). Write

t
Ro_s(fyy 1) = D(m)~ j (t— )" Ty, ALf dht
Then t~"R,_1(f, ¥, t)=t""R,_1(f; ty, 1), A}y =1"4}, and

GU(f) = [ [ 4 Rua 0 1y, 17 dr duty)
HJo+

1 1 n ra
= K(n)f J lim U [TnAZJof— AZT )t~ 1 dt_Ay.Jf
H JO sullByll

£-0 y
+ f Ty AnJeft-r-1 dt](l — w1 du| By | du(),
1
where h=By|By| ~*. The inner most integral is

[ atgrepos - GBI e

sulByI ty

By Corollary 4.1 of [6], J*=J"J!” and by Theorem 4 of [6], J* is a bounded operator

on L,(H), 1<p<oo. So by Lemma 2 and the dominated convergence theorem,

G°J< is a bounded operator on L,(H) with |G%J%| S N(n, v, p) [y |y d|x|(»).
REMARKS. 1. When a=n, a positive integer,

G (f) = M@ [ [ T3~ A5 d(y) it

If we assume that j' 1 Po(¥) du(y)=0 when p,(y) is a homogeneous polynomial
of degree n in y and if we assume that [, ||y | du(y) <o, then [, A3J"f du(y)=0
and G*J" is a kind of Calderon-Zygmund singular integral operator on L,(H);
see [4). When «=0, G"J" is precisely the singular integral operator studied in [4].
We may write p=po+p, where po(E)=3(w(E)—(—1)"w(—E)) and u(E)
=3((E)+(=1)"u(— E)). Then po( — E)=(—1)""'po(E) and po(— E)=(—1)"n.(E);
furthermore, G*J"(f)=T,(f)+ T.(f) where T, and T, are operators of the same
form as G*J" but have u replaced by p, and p, respectively. Because

j Tisy AL (f) diio(y) = — j T oy ALT*(f) dito(y),
H H
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T, can be shown to be a bounded operator by using the M. Riesz theorem on the
Hilbert transform as in the first paragraph of the proof of Theorem 4 above or as
in the proof of Theorem 7 of [4]. If the measure p, is concentrated on a finite-
dimensional subspace K of H,

- j Toy ALT*(f) dite(y) = j TioxAZIN(f) do()
H K

where v denotes the restriction of . to K. Let ey, .. ., ¢, be an orthonormal basis
for K and let Ry, ..., R, be the Riesz operators used in the proof of Theorem 8 of
[4]). Write AZJ™(f) =2 a1=n X*B,A°J"(f) where A®°=A$1- - - A, a=(ay, . . ., a), B,
are constants and the A4, are infinitesimal generators of the Ty, i=1, ..., k. Then
_f u X% adv(x)=0. If we assume that v is absolutely continuous with respect to the
normal distribution with variance parameter 1 on K, and if dv(x)/dn= Q(x) satis-
fies x*Q(x) € L log* L(K, n) for each multi-index a with |a| =n, then the argument
used in the proof of Theorem 8 of [4] can be used to prove that each of the

f f Tys o AT™()X°Q dn(x) di]t
ot Jk

is bounded on L,(H); so that T, is bounded on L,(H).

2. In [6] we defined J*, y real, and showed that the J* form a strongly continuous
group of bounded operators on L,(H). Furthermore, the J* of [6] are suitable for
boundary values of the analytic semigroup J%, Re «>0. In a paper yet to be pub-
lished, we have shown that if he H, (4,)" is a strongly continuous group of
bounded operators on L,(H). These results suggest that when Re a=n, a positive
integer, Im a=iy#0, and when [, p.(y) du(y)=0, then

GU) = M@ [ 45751 dut)

Since A4j(g) is an analytic function of « for a dense set of g in L,(H), and since
M(x)=M'(a)(«—n)~! where M'(«) is a bounded function of « in a neighborhood
of n in the real line, we might ask whether

() = M@ [ 7 (457)

L ).

These topics require a lengthy development and will be treated in a sequel on
singular integrals and fractional powers of operators; see [22].
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