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TWO THEOREMS IN THE COMMUTATOR CALCULUS(*)

BY
HERMANN V. WALDINGER

Abstract. Let F=<a, b). Let F, be the nth subgroup of the lower central series.
Let p be a prime. Let ¢z <cs < - - - <c, be the basic commutators of dimension > 1 but
<p+2. Let Py=(a, b), Pn=(Pn-1, b) for m>1. Then (a, b*)=[]f-5 ¢/» mod F,.,..
It is shown in Theorem 1 that the exponents #; are divisible by p, except for the expo-
nent of P, which =1.

Let the group ¢ be a free product of finitely many groups each of which is a direct
product of finitely many groups of order p, a prime. Let ¢’ be its commutator sub-
group. Itis proven in Theorem 2 that the *“%-simple basic commutators” of dimension
> 1 defined below are free generators of .

I. Introduction. This paper is the result of research on the factor groups of the
lower central series of groups, ¢, defined below before the statement of Theorem
2. It was shown in [8] that these factor groups have bases which are images of
special words in ‘“fundamental commutators.” The author has now succeeded
in showing that there are such bases which consist of images of specific powers of
“fundamental commutators.” The present proof of this result is very complicated,
but it requires Theorems 1 and 2 below which are of interest in themselves.

In a classical paper [4], P. Hall first established the following identity (1.1): Let
F=F, be the free group with q, b as free generators. Let F, be the nth subgroup of
the lower central series of F. Let p be a prime. Let c;=b<cy=a<--- <¢, be the
basic commutators of dimension <p— 1. (For definitions of the basic commutators
see [3].) Then

(L1) @y = ([Te)o
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where ¢, =¢, =1, the numbers ¢, ¢, - -¢, are integers and Q € F,. In this paper we
shall give a proof of the related identity (1.2).

THEOREM 1. Let cq,1<Cqs2<---<c, be the basic commutators of dimensions
pandp+1. Let P,=(a, b) and P,,=(P,, 1, b) for m>1, let c;=P,. Then

(1.2) (@, b") = (1‘[ c,m)P

i=3
where all the exponents n; occurring in (1.2) are divisible by p except for n,, but ;=1
and Pe F, 5.

Identity (1.2) was proven by Struik [7] using a modification of the proof of (1.1)
given in [4]. We shall, however, prove it here by the methods of [6].

In [2], K. W. Gruenberg found a set of free generators for the commutator
subgroup, G’, of the group, G, which is the free product of finitely many cyclic
groups of finite order. We shall prove here a related result on ¢’, the commutator
subgroup of the group
(1.3) G = 9G(1) * G9Q2) *- - -x 9(s),
where each free factor #(i) is the direct product of (n;—n; _,) cyclic groups of order
p having generators c,,_,+1, Cn,_ 42, - - - Cn- (Here O=no<n;<np<--- <ng=r.)
The role of the “%-simple basic commutators” of dimension > 1 as generators of
@’ is discussed in [8]). We shall show here

THEOREM 2. &' is freely generated by the ‘“%-simple basic commutators” of
dimension > 1. (These commutators are defined in the proof below.)

To obtain this theorem we shall first demonstrate that the images of our free
generators in the abelianized group ¥'/%" are free generators. We shall do so by
adapting the methods employed by S. Bachmuth [1] in his study of the com-
mutator subgroup of a free metabelian group with finitely many free generators.
These methods are based on the faithful matrix representations given by W. Magnus
[5]. Finally by making use of standard theorems on abelian groups, free groups and
free products of groups, we shall show that our result for ¢'/%” implies Theorem 2.

I1. Proof of Theorem 1. Evidently (a, b*) € F,; hence (a, b*) can be written
uniquely in the form (1.2) by a well-known theorem of P. Hall ([3], [4], [6]). It
remains to determine the coefficients 5. We shall do so by making the standard
substitutions [6]

2.1) a=1+x, b=1+y,

where x and y are free generators of an associative algebra. We find then easily that
(22) (a,b?) = [(a, b)b~1Pb" = 1-Z)°(14+y)* = 1+pY+)y*+(—2Z)*+ 03,
where Y and O, are formal infinite sums of terms in x and y, O, contains only
terms of degree at least s and

2.3) ' Z=y—y*+yx—xy+0s.
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To proceed we note that

(2.4) PH(=Z) = Z+[1+(=DPIyP+p(=y)"* 1+ 0y
where

rp-1
(2.5) (=DPHE = Zoy"'(xy—yX)y”‘l'"‘.

To obtain our result from formulas (2.2)-(2.5) we must now'recall two well-
known facts [6]:
(i) If the basic commutator c¢; has dimension d, then

(2:6) ¢; = 1+p(c)+ 0441
where u(c;) is a homogeneous polynomial of degree d.

(i) If ¢y, cys1s - - ., ¢y are the basic commutators of dimension d, then u(c,),
pCys1)s - - ., p(cy) are linearly independent.

From (i) and (ii) we easily find (iii) as a consequence:

(iii) If 7 is the smallest positive integer so that 7; is not divisible by p and ¢; has
dimension d, then the substitution (2.1) yields

@.7) (a,b?) = 14pY+R+0q4,,

where R#0 and is a homogeneous polynomial of degree d so that at least one
among its coefficients is not divisible by p. We conclude then by (2.2), (2.4) and
(2.5) that d=p+1, also that to establish the truth of the theorem we only need to
show that u(P,)—Z is divisible by p. Now

ey wey-x =3 {[(7])+ -] [yow-yr-]}

i=0

by a simple computation. Let I and J be integers. We note from the definition of
the binomial coefficients that

-1
(77 r -y
J
=0 forj=0andp > 2,
=2 forj=0andp = 2,

29) =((p—D(p-2)---(p—P—JJ! = pI]}!
for 0 < j < p—1 and jeven,
__(=1)p=2)(p=[p—j-1D+(p—j=D! _ _ pJ
(p—j—D! (p—j-D!

for0 <j=<p-1,jodd and p > 2,
=0 forp=2andj=1

It is evident from (2.9) that u(P,) —Z=0 mod p. Our theorem has been established.
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II1. Proof of Theorem 2. In this proof we shall require the two definitions
below which were first given in [8].
DEerINITION 1. The commutator

3.1 (... ej5 €5)5 €395 - - -5 €5
is said to be an “#-simple basic commutator” of dimension 7> 1if ¢, , ¢;,, ..., ¢;,
are all elements of the set of generators {c,, ¢, ..., ¢;} so that j; >, £js<--- £J..

DEFINITION 2. The “Z-simple basic commutator” (3.1) is said to be a “%-
simple basic commutator ™ if it satisfies the following three conditions:

@) (¢, ¢;)#1in 9.

(ii) If ¢; occurs o times in the set {c;,, ¢;,, ..., ¢;,}, then I So<p.

(iii) If (¢;,, ¢;)=11in & for 2< A<, then j, <jh.

Having given our definitions we are now ready to proceed with our proof.
Let us consider an arbitrary element w € ¢; evidently it can be written as
(3.2) W= cjc, -0
where the subscripts ji, jo, . . ., j, take the values 1,2, ..., r. For w#1, let o(k, w)
be the number of times the subscript k (1 <k <r) occurs among ji, ja, . . ., j;; for
w=1 we take every a(k, w)=0. It is well known ([3], [6]) that a word, w#1, in the
free group on r generators ¢;, Cs, . - -, ¢, is in the commutator subgroup if and only
if every generator occurs in w with “exponentsum” 0. It is then evident that the
element (3.2) is in ¢’ if and only if all r “exponentsums” o(k, w) are divisible by p.
Applying the collection process ([3], [4]) to such a w and making use of Definition
1, we conclude easily that w is a word in “%-simple basic commutators” of
dimension >1. But Lemmas 4.2 and 4.4 of [8] assert that every such “#-simple
basic commutator” is a word in “%-simple basic commutators”’ of dimension > 1.

We have now shown

LemMa 1. The “%-simple basic commutators” of dimension >1 generate %'

It remains to show that they do so freely. To arrive at this result we shall first
demonstrate that their images do so in the abelianized commutator subgroup. For
this purpose we shall make use of the matrix representation given by W. Magnus
[s1. )

In particular we shall find a representation of ¥ =%/%" where 4" =[¥9’, 9], the
second commutator subgroup of ¢. In this connection we first note that ¥ is a
homomorphic image of % according to the presentations of the form
(3.3) F = €1, Cay vy Crpy G = {Cy, Cop.vvy €3 Sty 8oy ooy St
Suppose S is the normal closure in &# of the subgroup generated by all commuta-
tors and all relators S;, S, ..., S;. Let #’ be the commutator subgroup of #;
it is obviously normal in Z Let g,, § and g be the images in ¥, &/#" and g
respectively of the element g € % under the respective homomorphisms & — &,
F — F|# and F — G — . Then F/#" has the faithful matrix representations
[5] given by the correspondence
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;0
(3.4) m»x=(x )
t, 1

such that
(i) the x;, t; are 2r commuting indeterminates,
(i) xP=1fori=1,2,...,r.

Furthermore, the correspondence

(3.9) a~x=(’%
t, 1

becomes a faithful matrix representation of % once we impose the additional ¢
conditions that

(3.6) 5, o ((1) (1))

for u=1,2,...,t But the relators S, fall into two categories according to the
definition of the group ¢ given by (1.3):

@ Sy=cffori=1,2,...,r.

D) S,=(c;, ¢;) for m,_1<c;<c;EnmSrand k=1,2,...,s.

Now S, has the image of the form

(37 (. )

by conditions (i) and (ii) above ; thus we must take L, =0. By a simple computation
we find then that

P-1
(3.8) (iii) L= ti(z xﬁ‘) ~0
k=0
for every relator of category (I) and that
3.9) (@v) L,=t(x;—1D+t(1-x;)=0

for every relator of category (II).
At this point we are ready to represent the elements of the subgroup ¢'/9"< %
by matrices (3.5). For this purpose we introduce the notation

1
aCGlaaab) = [T ab)=
i=1

where a and the b; are group elements and the «; are integers. We also note the
following:

IfC=(---(cip, ¢i,), - - -, ¢3,) is a “F-simple basic commutator” of dimension >2,
then Cis a word in elements (c;,, ¢;,)* where P is either =1 or a product ¢;.c;,- - -¢c;,
with j; £j, < - - - £j, a subsequence of i =i, < - - - £i,. As a consequence of Lemma

1 and of Definition 2 we obtain then
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LemMA 2. &' is generated by all elements (c,,, c;,)* so that
@) (¢, ¢,)#1in 9,

(b) P=1o0r P=cyc;, - -cy,,

©) Lh>isHE - S

(d) if i occurs o times among iy, iz, j1, jo, - - -5 j,s then 1 So<p,
() if (ciy, c;,)=1for 1<p=p, then ¢, 2c;,.

Since (c;,, ¢;,)" =(ci,, €:,)((c1,, €1,), P) we have at once the corollary:

LeEMMA 3. The abelian group 9'|%" consists of the images of all elements

J(i1,i2)

h = H {(cil’ C‘Z)Qu‘z} Where Qil‘2 = lzl {a11‘21P11‘21}’

11 >12:(ciysCi) #1
the «; ;,; are integers and the Py ;,; are elements P as described for (c,,, c,,) in Lemma 2.

To find the matrices in our representation of ¥'/%” corresponding to the
elements of Lemma 3, let us first compute the ones for the generators of Lemma 2.
We obtain easily

(3.10) (6 c)F = (i (1))

where

L = [tﬁ(xiz_ 1) + tig(l _xil)]A’

G.11) A=1 forP =1

o
=]]x, forP#1.
k=1

Now a generator (c;,, ¢;,)” of Lemma 2 evidently has the following two properties:
(A) If Ps#£1, then [ 8-, ¢;, =] Tj=1 ¢# so that 0<B; , B;,<p—2.

(B) (¢, ¢i,)#1in .

Thus L as given by (3.11) has the form

(3.12) L= ‘Zl LQK(X1, Xoy - - -5 Xy)

so that (a) the polynomial Q;= Qi(xy, X, . .., X,) does not contain a power of x;
higher than the (p—2)nd, (b) if (¢;, ¢;)=1 and Q,;#0 then 1 —x;, does not divide Q.
Moreover conditions (A) and (B) imply that the class of polynomials (3.12) which
have properties (a) and (b) above and which can be obtained from L by the use of
the relations (3.8) and (3.9) consist of L only.

Let L, ;,; be the polynomial given by (3.11) for (c;,, ¢;;)7+'2. Let h be as in Lemma
3. Then

(3.13) he (; (l))
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so that L, is the sum

J(i1,ig)
(.14) L= > [ S ailiszW].
i1 >142;(Cqy0Cix) #1 1

j=
We are now ready to make use of results of Bachmuth [1], here stated as

LEMMA 4. Let F'=[F,F), F'=[F', F'). If de F', let (d)s be its image in
Z under the homomorphism F — F|F' =% Then F'|F" is generated by the
images, (f)s, of all elements f=(c;,, ¢;,)* which constitute the set & Here i,> i,
and P=TTj-q ¢}’ where co=1 and the vy; are integers. For & we have a faithful
matrix representation

10
G.13) (d),H(Ld 1)
and in particular
(3.10) (@ s )
 Cia L1
so that
G.11) L= [t,l(x,.z- D)+t —xil)] [H x;:]

where x,=1. The only nontrivial relators in F'|F" are products of transforms of
Jacobi relators; i.e. they all are consequences of the relations

(3.19) ((car )™ N#((c5, €)7o 2 (€1 €)1+ 0)5 = 1

where c,, ¢;, ¢, are generators of F such that o« > B. (We note that a Jacobi relator is
a relator corresponding to the Jacobi identity in the associated Lie algebra.)

To apply Lemma 4 we now require more notation. Let ® be the multiplicative
group of matrices which occur on the right-hand side of (3.13’). Let the homomor-
phicimage ¥ be obtained from ® by imposing the relations (3.8) and (3.9), finally let
Q be the subgroup of ¥ which consists of the matrices on the right-hand side of
(3.13).

We note that the polynomial (3.14) is a sum of polynomials (3.12). This means
that the coefficient of 1, (i=1,2,...,r) in L, does not contain any power of x;
higher than the (p —2)nd. We conclude then that a relator of the form (3.8) cannot
be a product of elements (3.13) having L, of the form (3.14). We have thus proven
that any nontrivial relator in the subgroup Q must be a consequence of imposing
the relations (3.9) together with the relations (3.15) of Lemma 4 on the group
generated by the elements of ®. Moreover it is evident from the manner in which
the relations (3.9) were obtained from the presentation of ¢ that they are equivalent
to imposing the following relations on the group & :

(3.16) N# = (e, c)N# =1
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if and only if (¢, ¢;;)=1 in 4. But such elements (¢, ¢,,)* are not among the
generators of ¢’ given in Lemma 2. Since our matrix representations are faithful
we then easily obtain

LEMMA 5. Any nontricvial relator in 9'|9" can be found from some nontrivial rela-
tor R in F'|F" by imposing the relations (3.16), where R is a word in the gen-

erators (f)s (fe &).

But the generators (¢;, ¢;,)" of ¥’ given in Lemma 2 are evidently images, under
the homomorphism # — %, of the elements of a proper subset J <. To apply
Lemma 5 we must now observe the truth of

LEMMA 6. Consider the Jacobi relator on the left-hand side of (3.15). Then one of
the three conditions holds: (i) All three commutators (c,, ¢g), (¢, ¢,) and (c,, ¢,)
are =1 in 9. (ii) Not more than one among the commutators (c,, ¢g), (s, ¢,) and
(¢yy ci)=1in 9, also cs#c, and c,#c,. Then there is at least one element (c,, c,)°+
among (¢, ¢5)° and (¢, ¢;)% and (cg, c,)°= so that (c,, ¢,)# 1 in 9, but (c,, c,)°+ does
not occur in the subset J. (iii) (¢4, ¢5)# 1 in 9 and either c;=c, or c,=c,.

Lemma 6 is easily verified by examining six cases under two sets of mutually
exclusive conditions: (A) B<y or B>y. (B) Either all of ¢,, ¢4, ¢, do not commute
with each other in &, or only the two with the largest subscripts or finally only the
two with the smallest subscripts commute. (When the one with the largest subscript
commutes with the one with the smallest subscript, then all three commute in the
group ¥ given by (1.3).)

We now note the following:

If ¢y=c,, then

((c)n cu)’ Cv) = (C)u Cu)_l e mOd '97”, ((Cua C,-), CA) = (C)\, cu)l_c" mOd ‘/OT”’

We also recall the manner in which the generators (a, b)* of Lemma 2 were built
up from the “%-simple basic commutators” of dimension >1. We then find easily
that Lemmas 4, 5 and 6 imply

LEMMA 7. The images in 9 of the “%-simple basic commutators™ of dimension
> 1 generate G'|9" freely.

To proceed from ¥’/%9" to ¥’ we next prove
LemMMA 8. 9’ is a free group.

Proof. ¢ is the free product of abelian groups %(1), 9(2),..., 9(s). By the
“Kurosh subgroup theorem™ ([3], [6])

(3.17) G = V][ * %7 U,
j

where V is a free group and each x;'U,x; is the conjugate of a subgroup U; of one
of the free factors %(i). But such a factor or any conjugate of it is abelian and
therefore intersects ¢’ in the identity only. Hence ¥'=V.
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Thus ¢’ has the set & ={w;} of free generators. Let o be the cardinality of &/
Let vy, vy, . . ., vy be the “@-simple basic commutator” of dimension >1 in some
order. First suppose « < N. Then the images w,, Wy, . .., W, of the set &7 in @ are
free generators of the abelian group ¢’/¢" in contradiction to Lemma 7 and the
well-known fact ([3], [6]) that any two bases of a finitely generated free abelian
group contain the same number of elements. Hence «= N. If «> N, consider the
set 4 consisting of vy, vy, . . ., vy together with a— N words in the v;. Then # has
cardinality o and is a set of generators of ¢’; here « is finite by Lemma 1. But it is
well-known ([3], [6]) that if =/ generates the group V freely and & is a set of
generators of cardinality «, then & is also a set of free generators. Hence o= N and
the vy, v,, . . ., vy are free generators. Theorem 2 has been established.
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