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ON SUBGROUPS OF M,,. I: STABILIZERS OF SUBSETS

BY
CHANG CHOI

Abstract. In this paper we study the orbits of the Mathieu group Mz4 on sets of
n points, 1 =n=<12. For n=6, M,, is not transitive on these sets, so we may classify
the sets into types corresponding to the orbits of M», and then show how to construct
a set of each type from smaller sets. We determine the stabilizer of a set of each type
and describe its representation on the 24 points. From the conclusions, the class of
subgroups which are maximal among the intransitives of M., can be read off. This
work forms the first part of a study which yields, in particular, a complete list of the
primitive representations of Ma,.

In this paper we study the orbits of the Mathieu group My, on sets of n points,
1=n=<12. We say that two sets are of the same type if they belong to the same
orbit. We then classify the sets of given size and show how to construct a set of
each type from smaller sets. We determine the stabilizer of a set of each type and
describe its representation on the 24 points.

This work forms the first part of a study which yields, in particular, a complete
list of the primitive representations of M,,. The complete list includes one more in
addition to those listed by J. A. Todd [8]. The two studies were done independently,
employing completely different methods.

From the conclusions of this paper, the classes of subgroups which are maximal
among the intransitive subgroups of M, can be read off immediately (Theorem I).
This paper also yields the essential information for the study of transitive subgroups
of M,, to follow in a second paper, On subgroups of M. II, in which all the
maximal subgroups of My, are completely enumerated.

1. Notation and preliminaries. Let Q be the 24 points of M,,. An unordered
set of n distinct points in Q will be denoted by n, 1 =n=12. M,, induces a permuta-
tion group on these (2}) unordered sets of » distinct points. If, in this representation
of M,,, two sets of n distinct points n, and n, are of the same type (i.e., in the same
orbit), we write n, X n,. Since M,, is not n*-transitive, if n=6, we know that for
nZ 6 there will be more than one type of n’s. If there are j different types of sets of
n distinct points, they are denoted by n',n",...,w. Gy, denotes the setwise
stabilizer of n' in My, and G}, denotes the pointwise stabilizer of n' in M,,. We will
adopt one more notation, A(r'). This denotes an orbit of length s of G, on Q —n'.
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Except for the conventions introduced above, the notation and terminology
follow in general Wielandt [9], with occasional slight deviations which are self-
evident from the context.

An element which has « 1-cycles, B 2-cycles, y 3-cycles, . . . in its cycle decomposi-
tion is denoted by 19283”. . .| while decomposition of a number is denoted, e.g., as
1¢.28.37... with a dot between numbers.

The complete lists of transitive permutation groups of degrees 1 through 12 are
available in papers by F. N. Cole and G. A. Miller, [2], [3], and [7] respectively.
Frequent use is made of these, and each reference to them is noted individually.

The list of conjugacy classes of elements of M,, is given for reference at the end
of this section. The twenty-six conjugacy classes are listed by Frobenius [4]. A
detailed derivation of the conjugacy classes of all the Mathieu groups is available
in the author’s thesis [1, p. 14, et seq.].

The character table of M, is used and is available in the paper by Frobenius [4].
A detailed derivation and description of all the characters of all the Mathieu groups
is also available in the author’s thesis [1, p. 76, et seq.].

The following is a list of theorems and lemmas quoted often throughout.

LemMA 1.1 (JorDAN, 1871) [9, p. 34]. If G is primitive on Q and Gy, is primitive
on Q—A=T, and, in addition, 1 <|T'|=m<n=|Q|, then G is (n—m+1)-fold
primitive.

LemMA 1.2 (WirT, 1937) [10, p. 259). Let G be k-fold transitive on Q, and let
I'cQ, |T|=k. Let the subgroup U < G 1, be conjugate in G, to every group V which
lies in Gy and which is conjugate to U in G. Then Ng(U) is k-fold transitive on the set
of points left fixed by U.

Lemma 1.3 (M. HALL) [5, p. 80). The only nontrivial quadruply transitive groups
on less than 35 points are M,,, M5, M,3 and M,,.

LemMA 1.4 (D. LIVINGSTONE, A. D. WAGNER) [6, p. 394]. Let G be a per-
mutation group on Q, and let A and T form a partition of Q: AUT=Q, ANT =g,
and let the number of points in A be n. Then the permutation group derived from G
by its action on the unordered sets of n points is permutation isomorphic to the restric-
tion to G of the permutation representation of Sg on the cosets of (Sq)wm). Sq is the
symmetric group on Q.

LEmMA 1.5. We have

for 1=n<5, one type, n,

for n=6, 7, two types, n’ and n”’,

for n=38,9, 10, 11, three types, ', n"" and n’"",
for n=12, five types, ', n”", n’", n'¥, and n".

Proof. By Lemma 1.4, ((1(s, x 5,4 _m)2¢)M, is the permutation character of the
representation of M,, on the (2*) unordered sets of n distinct points. Thus to find
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the number of orbits of M, in this representation, we must find the multiplicity of
the principal character of M,, in the above character.

Denote (1s, x s,, - »)°2¢ by $™ and a class of elements of type 192837 - - in Sy, by p.
Then ¢% is given by

¢2n) — z a! B! y!

aylag! Bi!Ba! yilys!

where the summation runs through the solutions of the following equations:

*: n=0t1+231+3‘)’1+"', 24—n=a2+2,32+3)/2+-",

** o« = o;+ay, B = Bi+Pa Y=Y1+Ye. ...

Now 44" is computed only for those p which are in My, and the inner product
(™, 1y,,) gives the assertion.

TABLE OF CONJUGACY CLASSES OF M,,

Element in  No. Elements Element in No. Elements
Cycle Type in a Class Cycle Type in a Class

12¢ 1 14721_ 29.3%.5.11-23
2818 32.5-11-23 231, 210.33.5.7.11
3618 27.7-11-23 231_ 210.38.5.7.11
541¢ 28.32.7.11-23 122 28.32.5.7-11-23
44221 23.33.5.7-11-23 | 6* 27.32.5.7-11-23
72138, 2°-32.5-11-23 45 25.32.5.7-11-23
7213_ 2°.32.5.11-23 38 27.3.5-11-23
824212 26.33.5.7.11-23 | 212 2-32.7-11-23
62322212 27.32.5.7-11-23 | 10222 28.33.7.11-23
11212 210.38.5.7.23 213, 210.32.5.11-23
15531, 210.32.7.11.23 213. 210.32.5.11-23
15531._ 210.32.7.11-23 4424 23.32.5.7-11-23
14721, 29.3%.5-11-23 12642 28.32.5.7-11-23

+ denotes that the classes are inverse to one another. | M,,|=21°-3%.5-7-11-23.

2. Gy, 12055, Gyy=M,; has order 27-32.5.7-11-23 and is obviously a
maximal subgroup of M,,. Since M,, is 5-fold transitive on Q, for 2Sn<5, we
have one type of n. G, is Ny, (Ma4_,) Where My, _, =My, , so by Lemmas 1.2
and 1.3, we have |Gy|=|Sn|'|Mas-s|, 25n<5. Thus |Gg)|=|Sa| |Maql
=28.32.5.7-11, |G| =|Ss| | M21|=27-3%-5-7, |G| =|S4|-|M30| =2°-3%-5 and
|Gy =|Ss| - | M16] =27-32-5. Obviously G, is (5—n)-fold transitive on Q—n,
1=n=4.

Next we will see that G, and G g, are maximal subgroups of M,,.

PROPOSITION 2.1. Gy, is a maximal subgroup of M,,.



4 CHANG CHOI [May

Proof. Let L be a possible overgroup of G, in My,. Then L is transitive on Q.
Consider L;;;. Then Lj;> Gig or Ly;=Gay. If Ly;> Gy, then L is 2-transitive.
Since Gz is 3-transitive on 22 points, L is 5-transitive on Q. By Lemma 1.3,
L=M,,. If Ly;=Gy, then |L|=2%-3-|My,| and [M,,:L]=23. No nonlinear
character of M,, has degree less than 23. Therefore there cannot be a subgroup of
index 23 in M,,.

PROPOSITION 2.2. G, is a maximal subgroup of M.

Proof. Let L be a possible overgroup of G, in My,. Then L is transitive on Q.

Gis; has orbits 1, 1, 1, 21. Let A be the orbit of length 21. G is primitive on A,
and 24 <2-|A|, so L is primitive on Q by a lemma [9, p. 16]. By Lemma 1.1, L is
24—21+ 1 =4-transitive. By Lemma 1.3, L= M,,.

For G5, we have the following for future use. The subgroup of My, which leaves
5 points unchanged, M,,, has order 2%-3, and is intransitive on the remaining 19
points. By a definition of My, [10, pp. 260-261], this M4 is a subgroup of PSL; (4)
leaving 2 points unchanged. Thus M, and syl, (M;,) can be represented as

ATt 1
x A and x 1
y 11 y 11

respectively, with A, x, y € GF [22]. Apparently syl, (M,,) is normal in M4 and is
elementary abelian of type (2, 2, 2, 2). It is regular on 16 points and fixes the re-
maining 3 points. Also, we note that M,4 has two orbits of lengths 16 and 3. Let
Ay 6 denote syl, (M) and $ denote Ny, (Use).

We have the following characterization of $ and syl; (My,).

PROPOSITION 2.3. § is Ag on the 8 points left fixed by U, ¢ and is the holomorph of
A,¢ on the 16 remaining points. Let 8 denote the 8 points left fixed by ¢, then
Gey=9. Also, syly (Mz,)=syl; (GLs (2)).

Proof. %, satisfies the conditions of Lemma 1.2, so $ is 5-fold on the 8 points
left fixed by U,¢. Therefore 9 is Sg or Ag by Lemma 1.3. Thus, $/U;6x~ 4.

Now  is represented faithfully on the remaining 16 points, thus $ is contained
in the affine group A,(F,), but |H|=2%-|4| =2°-32-5.7, so H=A,(F;). Thus we
have A,(F,)/U,6~GL, (2)~ A4 and syl, (M) =syl; (GLs (2)). Since A6 < My,
Ge, <9 and Gg,=9.

For G4, and G, we have the following for future use.

PROPOSITION 2.4. G, is an imprimitive group on the remaining 20 points with
systems of imprimitivity of length 4.

Proof. Let x be one of the 21 points in the 2-dimensional projective geometry
of PSL; (2%). Then G4;=(PSL; (2%).;. Let [ U x, i=1,...,5, be the 4+1=5
lines through x of the geometry, then Gy, is an imprimitive group with systems of
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imprimitivity, I';, i=1,..., 5. We claim these systems are unique for G,: Let y
be one of 20 points of Gy, and B be a block containing y. Since (Giy),; =M, has
2 orbits, Az and A, of lengths 3 and 16 respectively, B=y U A;. Therefore any
block must have length 4. Let By,..., Bs be conjugates of B,=B. Then B; N T}
must be a block unless the intersection is null, so B;=T}; or B; N I';=g. Therefore,
in a suitable ordering, I';= B, for i=1, 2, 3, 4, 5. Now, if g € G4, then I'{ is a block
of g71G4,2 = Gyqy. So by the uniqueness of the blocks of G4y, I'f =T, i,j=1,2,...,
5. Thus, G, is an imprimitive group with systems of imprimitivity of length 4 on
the 20 points.

PROPOSITION 2.5. G5, has two orbits Ay(5) and A.¢(5) of lengths 3 and 16.
Furthermore, G5,= G, and G, is S; on A;(5).

Proof. We have seen that G;s; has two orbits of lengths 3 and 16. These two orbits
are G,-orbits as well. Call them Ay(5) and A, 4(5), respectively. Since 5 U Ay(5)
=8., G(s)CG(8~) and G(5)A3(5)=S3.

3. G,y and G, =06 and 7. An appendix is placed at the end of this paper.
In discussions of the constructions of »’ from (n—1)’, the figures in the appendix
will be of great assistance.

Now in Figure 1 in the appendix, the three sets of six points, 5 U X, X € Ag(5),
are all the same type, and the sixteen sets of six points, 5U Y, Y e Aj4(5), are all
the same type. By Lemma 1.5, {SU X}{Su Y}. Cal5U X 6 and 5U Y 6.
Then, we have

PROPOSIT]ON 3.1. G[G']—:Sylz (M19) and G[6~~]=Sy13 (MIQ)' G(G')/G[G‘]: Ss and
Ge/Gie1X Se. |Gen| =2 | S| and |Gs-| =3-|S|.

Proof. |Gi5.x)| =|Gie1| =2* and |Gsoy)| =|Gie-9| =3. Thus, Gg1=syly (M) and
G =8yls (My,). Next, let |G| =g1, and |G| =g Then |Myy|-(1/g:+1/852)
=(%). Now let |G6/Gigy| =tis, |Gee/Grg| =tiz. Then 48-(6!/16u, +6!/3uz)=19.
Now, 3(6!/u;)+16(6!/u,)=19 and ©;<6!,i=1, 2. So u; =6! and u,=6!. Thus

Ge/Gie1 = Se and  Gg/Giey = S
Next, we consider the action of G-, on the remaining 18 points of Q and find
PROPOSITION 3.2. G, has 2 orbits Ay(6°) and A1g(67)=A6(5), and G, < G g

Proof. G fixes Az(5)— X pointwise and is regular on A ¢(5). Gs, is Sz on Ag(5).
So G has an orbit of length 2, Ay(6')=A4(5)— X, and A4(6)=A,4(5). Clearly
G =G

Next we consider the action of G-, on Q—6"". G-y =syls (Mys). Let =1 and
{r>=syl; (M,,). Then = has cycle type 13 and 6" is the six points left fixed by 7.
We find the following

PROPOSITION 3.3. Gg- is Sg on the six 3-cycles of = and thus transitive on Q—6"".
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Proof. Obviously Ny, ({7))=G-), but by Lemma 1.2, Ny, (syl; (Gis))) is Sg
on the 67, s0 G.-y= Ny,,(syls (Gis))). Thus, it can be represented as a subgroup of
Sg on the six 3-cycles. If the kernel K of this representation is greater than
syl3 (Gis1), K/syls (Gisy) is normal in Sg and | K| =283-33.5. This is impossible because
elements of order 5 cannot fix all the six 3-cycles setwise. So K=syl; (Gys;) and
G- is Sg on these six 3-cycles of syls (Gis)).

The following further characterization of G-, is necessary for the future dis-
cussion of the maximality of G.-).

PROPOSITION 3.4. Let the representation of G-, on the six 3-cycles of T be denoted
by Ss. Then Gg.,® =Ss and S are in permutation isomorphism.

Proof. As has been seen, every 5 determines a unique Az(5) and A¢(5). If
YeA, 5 then5uU Yisa6".

Now 5 U Ag(5) is the set of points left fixed by a syl, (M), of which the normal-
izer in M,, is the group $. In particular $ is faithfully represented on A, 4(5) as
the holomorph of the elementary abelian group syl, (M;,). The subgroup K of 9
fixing the point Y is thus faithfully represented as the transitive group GL, (2)~ A4g
on the remaining 15 points. A homomorphic image of K acts nontrivially on
5 U A4(5). By the simplicity of A, this image is precisely Ag on the 8 points.

Consider now the subgroup L of K which stabilizes 5. L~ S, whence L is the
subgroup of G-, fixing Y. L normalizes = and the corresponding group L on the
six 3-cycles is isomorphic to Ss, since elements of order 5 cannot be in the kernel.
L fixes Ay(5), the correspondence S <> Sg of Gg-, associates permutation isomor-
phic Sy’s, and the theorem follows.

We refer to Figure 2 in the appendix during the discussion of 7. Construct two
7’s by 6" U «; and 6" U Y. Then Gig- ., is the elementary abelian group of order 2*
and Gigoyy=syly (M1g) N sylg (M,g)=E. Therefore {6’ U «;}2{6" U Y}. Call
{6° U «,}7 and {6 U Y} 7. The study of G and G, leads to

PROPOSITION 3.5. G(7-/Gi71=A7 and G< H. And Gg-y= S fixing Y and G-,
Gy Also, T'=6"U z, z€ A1(67).

Proof. G7)<9Dpe,) and 9,)<Ggry. S0 Gi7y=Diay and G7+/Gzy=A4; on 7.
Then |G| =6!. Now (G-)y; is in Gz and has order 6!, so G(7--y=(Ge-)y), and
Gay< G

We have 77=6"U Y, Y e Aj4(6')=A,4(5). But 6=5U X, X € Ay(5). Therefore
7°=5U XU Yand 7'=6" U X. Therefore 7'>6 and 7'=6"U Z, Z € A15(6").
Since G- fixes a point from A;4(6°), 7" contains one 6" and six 6 ’s, and 7" contains
only 67’s.

Next we will consider the actions of G-, and G-, on the remaining 17 points
and find

PROPOSITION 3.6. (A) G-, has two orbits of lengths 1 and 16, and A(T)=Ay(67)
—ay and Ag(T)=A14(6°) on the remaining 17 points.
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(B) G-, has two orbits of lengths 2 and 15, and Ay(77)=A,(6") and As(77)
=A14(6)— Y.

Proof. (A) is obvious since G-y has orbits of lengths 1 and 16.
(B) We have seen G- is (Gg)iv)- Since (Gg)iyy 18 Ss on the six points, there are
elements in (G-)y;, , B and y, such that

«=51 1 5 12

p=31° 1 3 12

y = 6! 1 63221 2
oné6 Y AW6)—Y Ay 6)

The elements assert (B).
4. Ggy, Gg- and Gg--. We have

PROPOSITION 4.1.

8'=T7 U ay a,e A(T).

8 =T UX, XelAi(7); 8 =703, 8eAyT).

8°=T"UZ ZeAT).

G g is the holomorph of the ¢, as described in §2.

G is Ay fixing X, Gig-\=E and |Gg-+| =|A4]|.

Gs-- is the imprimitive group of degree 8 of order 384 with systems of imprimitivity
of length 2, the kernel of imprimitivity Cyx Cyx Cyx Cy, and the image of the
imprimitivity, S,. Gg.-y=E.

Proof. The assertion for 8" and G-, is now trivial.

Let8=7 U X, X € A4(7'). Then Gg=E, so 8% 8. Call this 8 an 8. By Lemma
1.5, there is one more type of 8. The 8 must come from 7. Therefore either
7 U d=8" with §e Ay(7T") or 7"V Z=8" with Z € A;5(77). In any case G54
=E.

Now,
™ 8!/|Gg | +8Y/|Gg| = 121.

Since Gig-y=Gg--y= E, the above equation shows the sum of the indices of the two
groups in Sg is 121.

(Gay)ix) has order 7!/2 and is contained in G.... Therefore |4,| divides |G|,
so that the index of G-, in Sg is 2°, 2!, 22, 23 or 2% Since 2*+3-5-7=121 and
2°0428.3.5=121, G-, can only have index either 2° or 2* in S,. If it has index 2°
then G..,=Sg, then (Gg-)x; must be S; on 7° which is impossible because G,
= Aq. Therefore G .-, must be A, on 8" fixing X, and (G x1=Gs-

By (*), [Ss : Gg-+]=105 and |G| =27-3.

Now take 7" U Z, Ze€ A,5(77). Since Giu-y=Ss and (G zi1S G0z 2%-3
divides |G@g--uz|. Therefore {77 U Z}%8", and {7" U Z}x8"". Since (Gg)z
=(G@ay)z; and |G| =273, G- is transitive on 8. The transitive group of
degree 8, order 384, is not a primitive group. There is only one imprimitive group
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of degree 8, order 384. It has four blocks of length 2. The kernel of imprimitivity
of the group is C; x Cy x Cy x C, and the image is S,.

Now consider 77U 8, 8 € Ay(7"). Since G is transitive on 8, {7 U 8} 8.
Since |(Gz-)s| =22-32-5 and 5 does not divide |G|, {77 U 8} 28,50 {7T" U 8}
~ 8. The above can also be seen in the following way. 8 =7 U X, X e A7)
=A5(6). But 7=6"Ucy,a €A7y6). So 8'=6Uo, UX=T Ue,. Since
o € Ay(6)=A,(77), 8 =T"U 8, 8 Ay(T7).

PROPOSITION 4.2. G g has two orbits A,(8°)=A,(7") and A,5(8") on the remaining
16 points. And Gg.,<G 7.

Proof. By Proposition 4.1, Gg,=(G-)ix1, S0 Gg-<Gry and A (7°) remains as
an orbit of Gg--), i.6. A(7T)=A,(8").

Since G- is A7 on 7', there is an element of order 7, «, in G-, such that

B=0))..... Ye)(X)(. . ... ) ... .. ). ).
P

Therefore Gg--, has an orbit of length 15, A;5(8").

As for the action of G-, on Q—8", we have

PROPOSITION 4.3. G g--- has two orbits of lengths 8 and 8. One of them isan8 " and
the other is an 8 . We will denote them by Ag..(8°") and Ag.(8'"") to distinguish them.
Also, Gg- = Gg

Proof. We have seen that G, the holomorph of ¢, can be represented as a
group of matrices of the form [* ¢] where 4 € GL, (2) and « € V,(F3). Identify
Q—8 with the vectors [¢], @ € V4(F,). Then the action of $=Gg, on Q—8 is
matrix multiplication.

Let T be a set of vectors of the form

Xy

— N = X

and A be a set of vectors of the form
xy+1
x

e
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Then [I'|=|A|=8 and Q-8 =T U A.
Let K be the subgroup of $ consisting of all

1 (a+e)c+fa (b+e)d+fb 0 ef
0 a b 0 e
0 ¢ d 0

g h k 1 1
0 0 0 01

where [¢ %] € GL; (2). Then |K|=2%-|GL, (2)| =384=|G |-

It is easy to verify that I' is invariant under K and that X is faithful on I'. Since
G g induces 4g on 8 and G-, induces A, on 8", and 384 does not divide |4g| or
|44|, T must be an 8", and K=G, is transitive on I'. Similarly A is an 8" and
K=Gp).

Finally let L be the subgroup of K consisting of the matrices

RN ©O O -
> O = O
—
o
-0 O O O

o

000

Then L is elementary abelian of order 8 and its involutions are of type 182% on
Q -8, and so of type 2¢ on 8'. Hence L is regular on 8'. Thus the orbits of K=Gg--
are I', A and the original 8.

5- G(S‘)’ G(g") and G(g"')o We have

PROPOSITION 5.1. (A) 9°=8" U a, a € Ai4(8).

(B) Goy=(Gg))ia1 is Ag on 8 and S, on c.

(C) Also, 9 =8" U ay, ay € A(8), and 9" contains one 8 and eight 8 ’s.

(D) 97=8"UB, BeAs(87).

(E) Goy=(G(g))ix.p1 % C2, where x is the point of 8 left fixed by Gg-, has two
orbits of lengths 7 and 2 on 9™ and |G-, =2%-3-7-2=336.

(F) A15(77)=4,5(8").

(G)9"=8"USs, deAs(8).

(H)9" =8 Uy, ye Ag(8), and 9" contains two 8 s and seven 8 ’s.

(I) G-y is transitive on 9° and has order 3%-2*-3=432, and G-, is the holo-
morph of an elementary abelian group of order 32.

Proof. Let

(A) =8 U «, a € Aj4(8"). (Gg)iay=4s, 50 G is not transitive on 9, other-
wise, |G| =3%-|A4g| =32-28-32-5-7. Therefore,

(B) Goy=(Gg )

Since G-, is 3-transitive on A;4(8°), G is 2-transitive on A;5(9)=A4(8") —«.
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Now 9°=8 U, aeA(8). But 8=7 U a,, a;€ A[(7)=A,(8"), a€ Ax(7).
Therefore 9'=7 U o U a,=8"" U «,. Therefore

(C) 9=8"U ay, ag € A(87).

If we take out o which is the point left fixed by G-, from 9° we obtain an §'.
If we take out a point #o from 9° we obtain an 8. Therefore, 9° contains one 8
and eight 8’s.

Next, let 9=8"U B, Be A;5(87). (G )n=(Go)m and |(Gg)im| =|47|/15
=23.3.7. If G, is transitive on 9, |G| =32-2%-3-7=1512. By Cole [2, p. 258],
a transitive group of order 1512, degree 9, is unique and contains an element of
order 9. M,, does not contain such an element, so G, is intransitive. Now,
(Gig)is=(Gg)x,; Where x is the point left fixed by Gg-). (Gig-)ix,: < Go) and,
since 7 divides [(Gg)ix.51l> (Ge)ix. 51 has three orbits 7, {x}, and {B}. Since A;¢
fixes all the 8 points of 8 =7 U «;, where a«;=A;(7") and is regular on the
remaining 16 points, there is an element g such that g fixes 8 pointwise and inter-
changes x and B. Therefore g € Go,. Thus G, must have two orbits 7" and {x, 8}.
Therefore 9% 9°. Call this 9 a 9. Now we have

(D) 9"=8"UB, e A;5(87) and Giy" =(Ggy)ix,m and Gg-y**#=C,. There-
fore

(E) Gioy=(Gg)ix.p1 X Cz and has order 2-2%-3-7=336.

Now we show that A;5(87)=A5(77). Ay(77)=A,(6") by Proposition 3.6(B) and
A(7)={A4(6") minus a point} by Proposition 3.6(A), so A;(7)={Ax(7"") minus a
point}, but A;(8")=A,(7") by Proposition 4.2, so A;(8")={Ay(7") minus a point}.
Let Ay(77)={&, 1}, and let 8" =7" U ¢, then by the above {n}=A,(8"). Therefore
we have

(F) As(77)=24,5(8").

Now 9°=8"UPB, BeA5(87). But 8" =7"Ua;, a €Ay7"). Therefore 9"
=7"UBUa;, BeA(T) by the above. So 9"=8"U«;, o, €Ag(8) or
o € Ag(87).

Next, let another 9=8" U §, 8§ € Ag(8""). G- has two orbits Ag.(8") and
Ag(8°") and there is an element « in G-, such that

=38 8 GG,
8 8 pe
Therefore (Gg-)s) is transitive on 8; . Therefore this 929™, and

(G) 9"=8"U 3, 5eAs(8) and

(H) 9°=8" Uy, yeAg-(87).

Now if we take a point £ from the orbit of length 2 of G-, we get 8 and
£ e Aj5(87) and if we take away a point n from the orbit of length 7 of G-, we get
8" and 5 € Ag(8°7).

Now we have 9!/|G | =840 and (G- )| =2*-3. If G- is intransitive, then
(Ge)i1=Ge~ and |Geg-|=2%3. Then 9!/|Ge | =2°-3%-5.-7=7560>840.
Therefore
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(I) G- is transitive on 9" and has order 32-2%-3=432, so is the holomorph of
A2, an elementary abelian group of order 32, since there is only one transitive
group of degree 9 with this order.

The fact that G-, is 2-transitive on A,;5(9°) is already mentioned. For the actions
of G-, on the remaining 15 points, we have

PROPOSITION 5.2. G g has two orbits of lengths 1 and 14, A(97) and A,,(97).

Proof. G-, is a direct product of (Gg-)x.s On 7" and C, on {x, B} where
9" =8"UBRB, BeAs(8). (Gg)ixp has order 168. The group of degree 7 and
order 168 is unique, by Miller [7, p. 395], and has, in particular, an element of type
7. Then G-, has an element of type 7'21. Action of this element on Q—9""is 1412,
Since 15 does not divide |G|, G-, has two orbits of lengths 1 and 14.

PROPOSITION 5.3. (A) G- has two orbits, Ay(9") and A,5(97") of lengths 3
and 12.
(B) Go-23® P~ S,/V, V is a Klein group.

Proof. (A) G- is represented as

a« B|x
8 « B
Y Y1t o B,v, 8 x,yeGF [3] and 5 € GL; (3),
| y
1

and is doubly transitive. The conjugacy of G- is determined as follows.

Class Points
On 9™ Length On Q-9 Fixed on 15
1° 1 118 15
1328 36 1528 180
1332 24 133 72
18 54 1248 54
18 54 1248 54
142 54 132242 162
126 72 12326 72
124 9 1724 63
36 72 122236 144

In addition to the above, there are two classes of elements of type 32 of class
lengths 8 and 48 respectively. These elements can each act either as 1832 or 3° on 15.
If the elements in the class of length 8 act as 1532 on 15 then 48 points are fixed,
and if they act as 3%, then no point is fixed. Again, if the elements in the class of
length 48 act as 1633, then 288 points are fixed, and if they act as 35, then no point
is fixed.

Thus the minimum possible number of points in Q—9"" left fixed is 816 and the
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maximum possible number of points in Q—9"" left fixed is 1152. Therefore,
G- has 2 orbits and 2-432=2864 points must be left fixed. And 8 elements of
type 3% must act as 1°3° fixing 864 —816=48 points and 48 elements of type 32
must act as 3° fixing no points.

The existence of cycle type 1248 on 15 points shows orbits are either of lengths 9,
6 or 12, 3. We will show that 9, 6 is impossible.

Suppose G-, has two orbits Ag and Ag of lengths 9, 6 respectively. Since G(o-
and G- are intransitive, Agisa 9. If Agis a 6, |syls (G-)%| =32, but |syl; (Ss)|
=32, 50 Agis a 6. Therefore we have Ag=9""" and Ag=6"". The intransitive group
of order 432, degree 18 on 9°" U 9™ must be constructed by an automorphism of
G We have seen there is only one class of length 9 of elements of order 2 of
type 12¢. Therefore, under any automorphism elements of type 12* must be com-
bined with elements of type 12¢ to produce elements of 12%+12*+ 1. The elements
of type 1% must be on 6, which is impossible. Therefore G-, has two orbits of
lengths 12, 3 on the remaining 15 points.

(B) First we note G- is S3 on Ag(9'"). This is seen by the existence of the
following types of elements:

9 A(9™) ALO™)
18 84 12
38 3¢ 3
Next denote by T the subgroup of the translations in G--.
1 - |x

7= 11]»

1

Now we consider the representation of G-, on Ag(9°""). Let K be the kernel of the
representation. Obviously TN K#E. Now TN K< G- and since Gg--, is
primitive, T N K is transitive on 9" and 32 divides |T N K|. Thus T< K. Therefore
we have the representation of Gg-/T (= GL; (3)) on Az(97). Since Z(GL, (3))
maps to Z(S;)=E, we have the representation of GL, (3)/Z(GL,(3))~S, on
A4(9°"). Now S, has unique normal subgroup of order 4, V, the Klein group, and
S/ V= S;. Therefore Gg.-,2® '~ S,/V.

6. Guoy Gao-y and Go-. First we have

PROPOSITION 6.1. Let 100=9" U e, e€ A5(9). Then Guoy=G134a X Cy where
G344 is the holomorph of an elementary abelian group of order 2° and has order 1344,
and G, is transitive on the remaining 14 points.

Proof. Recall G, is Ag on 8, and S; on «. Let 10°'=9" U . Then
(Gaoer = (Go)er and  [|(Go)eg| = 2°-3-7 = 1344,
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Denote this group by G,g44. Since |syl; (G1s44)| =|8yl; (4g)| and G544 contains an
element of order 7, G,g4, is transitive on 8. If G, is transitive on 10°, |G,
=27.3.5.7, so that 7 divides |G| and G o, must be primitive. But (Go-)ie;
=(Go)ie1=(Gw")ia.e» SO Guo- cannot be primitive. Therefore G-, must be in-
transitive on 10°, with suborbits 8, {«}, {¢}. Now we recall, €,+ has an element
which is identity on 8" and («e) on {«, ¢}. So

Gaoy = Gia4axCy and  |Ggo| = 2-1344.

G344 is Of order 1344 and degree 8, and so is the holomorph of an elementary
abelian group of order 2%, G,;4, has an element of order 7, type 71, therefore
G0y contains an element of type 71 2, and action of this element on the remaining
14 points is uniquely determined as 71 2 14. Therefore, G0 is transitive on the
remaining 14 points.

As for 10" and G0, we have

ProPOSITION 6.2. 10"=9""U p, pe A(9) and Gy is 3-transitive and is
PI'L, (32) of order 1440.

Proof. Consider 10=9"" U p, p € A3(9). (Gu0)us=(Go ) and [(Geo)il
=2%.32=144. We show that (Gg-)y;=(G10)) 18 2-transitive on 9°".

The character table of the holomorph of the elementary abelian group of order
3%, G-, shows clearly there is only one subgroup of G-, of index 3, order 144.
Call this subgroup of G-, as G,44. The compound character of G,44 in G-, is
easily computed and from it the following conjugacy of G,,, is obtained. There
are 12 elements of type 1322, 36 elements of type 18, 54 elements of type 142,
9 elements of type 12%, 8 elements of type 32, 24 elements of type 36 and lastly
1 element of type 1°.

The existence of elements of type 18 and 3° assures that the group G4, is doubly
transitive.

Now we show that G, is transitive on 10, thus 3-transitive on 10. Recall
9" =8"U 34, 8 Ag(8). Gg- has an element o of type

8 wWX)(yz)(....) 8
g pe g
9" can be regarded as 8" U w, and A3(97")={x, y, z}. Thus 10 can be regarded
as 87 UwuUx. Now [syly (Gg¥)| =25, so syly (Gg-¥)=syl, (4g). Therefore,
there exists an element 8 in G-, which interchanges w and x. Thus 8 € G,,, and
G0, 1s transitive on 10.
Since |(Gaoyui| =144, |Gao) =1440. Since 5 does not divide |G|, 10°%10.
Let 10=10"".
The 3-transitive group of order 1440, degree 10 is unique and is PI'L, (32).

PROPOSITION 6.3. (A) 107°=9""U p, pe A,15(9"") and G-, has order 144 and
is intransitive on 10" with 2 orbits Ag and A, of lengths 6 and 4. G- is an im-
primitive group of order 36, and Go-4=S,.
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(B) G0y has two orbits on the remaining 14 points, Ay(10"") and A,5(10°) of
lengths 2 and 12.

Proof. (A) First we know that |G| =144.

Now construct a set of 10 points by 10=9""U p, p€ A;5(9""). We determine
(Ge-)ip- Gy has been seen to be GA, (3) of order 3-2%-32. Let T denote the
translations of GA, (3). Now, if 7#FE and 7 € T, then + fixes, by Proposition 5.3,
A4(9°") pointwise, and fixes no point of 9°"". Therefore, every element of T must fix
exactly 3 points of A;,(9""). We may assume at least one element of T fixes
p€A5(97), but T does not fix p since any subgroup of order 32 of M,, cannot
fix 4 points. Therefore, |(G-+)) N T|=3. We may also assume (G g--);,) cOntains

I -1

Then we see (Gg-+),; is in the normalizer of {a). Now the normalizer can be
represented as

a b|x
cly
1
It has order 12-9=108. Since |(G-) N T| =3, we have
a b|x
(Gom =131 €| |p oforder12-3 = 36.
11)

Denote (G-); bY Gse. The computation shows G is intransitive on 97 with
two systems of intransitivity Ag and A, of lengths 6 and 3. The transitive constituent
of Gas on Ag is faithful and GsgB2 is Ss. The Gggde is an imprimitive group with 2
blocks B, and B, of lengths 3, 3. The kernel is even part of Sp, x Sp, and the image
is C,. Consequently, there is a normal subgroup of order 6; denote it by G in G
such that

G36B/Gg = S5 = G36B3
and the above isomorphism describes the intransitive group, (G--)i, on 9™,
Recall that we started with a set of 10 points 10=9"" U p, p € A;3(9""). Now we
construct Gy |(Gaoy)ioi| =36, therefore |Gy =36-1 where [is the length of the
orbit of G, which contains p. Consider
36'1 = |G(10)| = 2688,
= IG(10>| = 1440,
= |Gao| = 144.
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36 does not divide 2688. 36-40= 1440 but cannot have /=40. Therefore we have
I=4 and 10=9"Up=10", p€ALO).

Since (G-)p) has orbits Ag, A; and p, G0 has two orbits of lengths 6 and 4.
Call them Ag and A,, respectively. Then Ag=Aq and A; U p=A,. Apparently
Gao24=3Sy, and Gio-26=(Go)p28 = Gse. Therefore, G, can be described
by the following isomorphism of quotient groups of transitive constituents

G36/Ge = S3 = S4/V,

where V is the Klein group.

(B) The existence of elements of type 6 4 12 2 and the fact that 14 does not
divide 144 shows that G, has two orbits A,,(10"") and A,(107).

Now we will discuss the action of G, on Q—10".

PROPOSITION 6.4. G o, has 2 orbits of lengths 2 and 12 on the remaining 14
points, Ay(107) and A15(107). Go-42121°7 is an imprimitive group with image C,.

Proof. We have seen that G-, with order 1440 and 3-transitive on 10" is
PI'L, (3%2)=Aut (Ss). The compound character corresponding to PI'L,(3%) in
S10, if computed and split into irreducible characters of S;,, is found to have the
following decomposition (using Littlewood notation).

Leri,e®Sio = [10]+[64] + [622]+[5221]+[472]
+[331]+[423] + [4313] 4+ [25] + [421¢]

and from the above characters the number of elements of each cycle type in
PI'L, (32) is computed as follows:

type: 110 1423 128 1242 122* 13%® 136 10
number: 1 30 180 270 45 80 240 144
type: 82 25 422 5°

number: 180 36 90 144

Now for the elements of each type, the actions on the remaining 14 points are
uniquely determined, and it is seen that PI'L, (32) fixes 2880=1440-2 points on
the remaining 14 points, so G0, has 2 orbits on the 14 points. Therefore, G0,
has either two orbits of lengths 10, 4 or two of lengths 12, 2.

Now suppose G, has two orbits of lengths 10 and 4. Denote them by A, and
A,, respectively.

Since 5 does not divide either |G| or |Gyo-+|, Ao must be a 10”°. We note in
PT'L, (32) that all elements of order 3 and 6 have cycle types 331 and 631 respectively.
Therefore

3%1 331 1* and
631 631 22 so 3 does not divide |G o-+"4|.
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We further note that an element of order 8 must act as a cycle of length 4 on A,
as seen by

10 A, A
812 82 4

Furthermore, |G 1,24 #8. For if this is not true then (G;o-)1a,; has order 22-32.5
=180 and, since G ;¢ is primitive and (G o), is @ normal subgroup of G-,
(Gaoy)ia,y must be transitive on 10”, but there is no transitive group of degree 10
and order 180. Therefore, |Gyo+*¢|=4 and G2+ Cs. Hence (Goy)ing= 4s
and PI'L, (3%)/4¢~C,. It is known, however, that Go=PI'L, (3%2)=Aut (4e)
contains 3 distinct primitive groups of order 720, degree 10, say PGL, (32),
PT'LS (32), and PT'L; (32%), and one primitive group of order 360, A¢, and one of
PTL# (3?) is Sg. Therefore, PI'L, (32)/4¢~ V4. This is a contradiction. Therefore
G0+ must have two orbits of lengths 12 and 2. Denote them by A;,(10™) and
A,(107).

For future reference, we look into the representation of G4, =PI'L; (32) on
A;5(107).

All the primitive groups of degree 12 are known by Miller [7, p. 20] and it is
seen that PT'L, (32) is represented as an imprimitive group of degree 12 on A,,(10™)
with two blocks of lengths 6, 6, denoted by B; and B,. The kernel of imprimitivity
is obtained by connecting two Sg’s on B;, i=1, 2, by the outer automorphism of S.

We add the following geometry of 10’s.

PROPOSITION 6.5. (A) 10" is also obtainable by 9" U ¢, £e€ A (97), and 10°
contains two 9”’s and eight 9°7’s.

(B) 10" is also obtainable by 9" U n, n€ A14(97), and 10" contains four 9""’s
and six 9°"s.

Proof. (A) 100=9"U ¢, e Aj5(9),but 9 =8" U ay, ey € A)(87),and e € A;5(87).
Therefore, 100=8" U U a;=9"Ua,, and 10'59". Now consider Gg-,s,
£e Ay(97). Its order is 2¢-3-7. Since 7 does not divide |G 10| and G o-is transitive,
we have 100=9" U ¢, £ € A,(97), and, by construction, 10" minus ¢ is 2 9°, and the
assertion follows.

B)10"=9"Up,peA(97). But 99"'=8"U3s, deAg(8). So 107 =8"
Udup.

Now 8 € Ag(8'"") and we have seen that Ag(97") is in Ag(8°) in the proof of
Proposition 6.2. Therefore p could be taken as in Ag.(8"). Then 8 U p=9"" and
we have 10°°=9" U 8. Therefore 10729 and 107°=9" Uy, n€ A;4(97). By
construction, 10" minus the point p from A,;,(9) is 9 and p is in the orbit of
length 4, so there are four 9"""’s and six 9™s.

7. Ga1yy Gay and G- We first study 11" and Gy, and obtain

PROPOSITION 7.1. (A) Let 11'=10" U 7, 7 € Ay(107), then Gy,y= M;;.
(B) Gai- has two orbits of lengths 12, 1, denoted by A,,(11°) and A,(11°) respec-
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tively. Furthermore, A,5(117)=A,5(107)=A4,5(9"). A, (117)=A,(107)—7=2A4(9"")
_{I"" T}'

Proof. (A) Let11'=10" U 7, 7 € Ay(107). Recall Gy-- of order 1440 is PT'L, (32).
(Gaoy)m has order 720 and is one of the three normal, primitive subgroups of
PT'L, (3%). Two of these primitive groups of degree 10 are triply transitive and one
is doubly transitive. Therefore, (G o)y is at least doubly transitive.

By Proposition 5.3(B), G-, acts as S on Az(9°""), so there is an element, o, in
G(o-- such that

0%®) = (ur)(y), where Ay(97) = {, 7, y}.

Therefore, G, is 3-transitive on 11'=10" U 7=9"U p U 7. Now |(Ga1-)u]
=720, so

|Gaisy| = 720x 11 = 7920 and Gy = My,

(B) Now we will consider the action of M;, =G, on the remaining 13 points.
By Proposition 6.4, G-, is represented on A,,(10™) as an imprimitive group with
its kernel of imprimitivity constructed by two Se’s on two blocks connected by the
outer automorphism of Ss. Also, in the proof of Proposition 6.4, actions of the
elements of G(;o-, on Q—10" is completely determined as far as the cycle types on
Q—10" of the elements are concerned.

Now, we note PT'L, (3%) has the following elements:

107 A(107) A(107)
82 84 12
52 5212 12

Therefore (Go-y)m=(Ga1)m is still transitive on A;,(10™), 5o (Gqy+)m must be
represented on A;,(107) as an imprimitive group with its kernel of imprimitivity
constructed by two A¢’s on the two blocks connected by the outer automorphism
of Ae¢. Anyway, (Gq1); has two orbits of lengths 1 and 12. Therefore, since
134|G15|, Gy must have two orbits of lengths 1 and 12. Call them A,(11°) and
A,5(11°), respectively.

Now we have A;,(117)=A,,(10") and A;(117)=A,(10"")— 7, where 11'=10"" U r,
7€ A(107).

Next we claim A 5(107)=A,,(9") and A,(107)=Ag(9""")— p, where 9" U n=10"".
(Gao)u1=(Ge-+)uy has order 144 and its conjugacy is given in the proof of
Proposition 6.2, and is called G,44. The action of G,4, on the remaining 14 points
is uniquely determined. It is seen that (G o), fixes 288 points out of the 14 points,
80 (G- has two orbits on the 14 points. Therefore (G-, has two orbits
Ag(9"")—p and A;5(9°). Since Go-, has two orbits of lengths 2, 12, and (G
SGaoy Bz(107)=A5(9"")—p and A;5(107)=A;5(9™).

Since Gq;y=M,; has an orbit of length 12, A;,(11°), M, is seen represented
transitively on 12 points. This is the representation of M, on the cosets of PSL; (11)
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in M. ((My; : PSL,(11)]=12.) Then, since the representation is faithful,
M, Y~ M, 512019, Now we note, in M,,, we have elements of type 821 and 4213,
Action of these elements on the remaining 13 points can be uniquely determined
as follows:

I A1) A1)
821 84 1
4218 4222 1

Therefore the isomorphism connecting two constituents M;,** and M;,212'1” must
be an outer automorphism of M, such that 821 <> 84 and 4213 «+» 4222,

The existence of such an outer automorphism is noted in Theorem 9 in E. Witt’s
paper [10, p. 262].

Now we proceed to construct the second set of 11 points and obtain

PROPOSITION 7.2. (A) 11"=10" U v, ve A;5(107). G-+ is S5 on the 10 cosets of
subgroup S, x Sy, thus has order 120. This group will be denoted by Ss|s,x s, from
here on. G-, is intransitive on 11" having two orbits 10" and {v}.

(B) Gy has 3 orbits on Q—11" of lengths 2, 5, 6, denoted as Ay(11°7), As(117)
and Ag(117) respectively, and 8,(107)=Ay(117).

Proof. (A) Construct an 11 by 10" U v, ve A,,(107). Then |(Gyo-y)m| = 120.
Call this group of order 120, G, 4. First we will show G4 is transitive on 10™.

Let « be an element of order 3 in G,5,. Since o must fix v and two more points in
A,(10™) and « can fix only 6 points out of 24 points, «!° is of type 3%1. Let 8 be an
element of order 5. 8 can fix only 4 points out of 24 points, so B is of type 52 «
and B assure the transitivity of G5, over 107",

Next we will see G,4o is primitive on 10", Suppose G4, is imprimitive with 2
blocks of length 5. Then the kernel of imprimitivity has order 22-3-5=60. Then the
kernel must contain an element of order 3 of type « above, which is impossible.

Suppose G4 is imprimitive with 5 blocks of length 2, denoted by A,, i=1, 2, 3,
4, 5. Then an element of order 3 cannot be in the kernel of imprimitivity, so ele-
ments of order 3 must act as (A)(A4,)(AAA,,) fixing 4 points, but this is impossible
since any element of order 3 in G,;, must fix 3 points outside 10" and can fix only
6 points out of the total 24 points.

Since a primitive group of degree 10, order 120 is known to be isomorphic to S,
G, 40 must be the representation of S5 on the cosets of S; x S, of order 12, so G5
= Ss|syxs,- Next consider Gy (Gan)m=(Gao)m and we have seen (G 18
transitive of order 120 on 11—v. If G, is transitive, then |G ;)| =120 x 11=1320.
But there is no group of degree 11, order 1320 (Cole, [2, p. 49]), s0 G11,=(G11))m
=(Gao)w Since transitive extension is impossible, 112 11°. Call 11=10" U v,
ve A ,(107), an 117,

(B) Next we will consider action of G;-,, on the remaining 13 points. We have
seen G;-=Ss|syxs, 1-€. the representation of Ss on the 10 cosets of S;x S, of
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order 12. A computation shows G, -, contains an element of type 631. Therefore
on the rest, it must act as

10" {0} AL(107)—v Ay107)
631 1 632 2

Therefore Gy, must retain Ay(10™) as an orbit of length 2.
Now 5 divides 120, and an element of order 5 has only one way of action as
follows:

107 ) A(107)—v Ay(107)
52 1 521 12

Since 11 does not divide 120, G,5, must have two orbits of lengths 5 and 6 on
A;5(10)—v. Thus Gy;-- has 3 orbits on the remaining 13 points, of lengths 6, 5 and
2. Call them Ag(117), Ag(1177) and Ay(117).

Next we turn to the construction of the third type of set of 11 points, 11" and
obtain

PropOSITION 7.3. (A) G- has order 576, and is intransitive on 11°"", having two
orbits Q3 and Qg of lengths 3 and 8, respectively, and 11" =10"" U ¢, p € Ay(10°),
and also

(B) 11" =10" U 0, 0 € A, ,(10°), thus 11" contains three 10”s and eight 10""’s.

(C) Gy has two orbits Ay(11"") and A,,(11"7) and A;(11")=Ay(10"")— ¢ and
Am(l lm)=A12(lom)-

Proof. (A) The stabilizer of the third type of set of 11 points must have order
576.

Consider a set of 11 points, 11=10"" U ¢, p € A,(10""). Since G-+ has order
144, |(Gao-y)ei]=72. Call this group of order 72 as Gqq. Since (Ga1)io)
=(Guo)o» |Gan] =721, lis the length of the orbit to which ¢ belongs. Therefore

|Gay| = 72:1 = 7920 = |Gy,
=120 = |Gay)s
= 576 = |G-

If |Gayy| =7920, /=110, which is impossible. |G,/ =120 is also impossible since
724120. So |G1y| =576 and /=8, and 11={10"" U ¢}x11"".

We shall determine the orbits of G-, on 11'". By Proposition 6.3, G- has
two orbits Ag and A, on 10", and G -+2¢ is Sy. Therefore G52« is S, or A, and
G, is still transitive on A,. The orbit of length 8, denoted by Qg, which G, -, is
supposed to have must contain this A, along with ¢. So Qs> A, U ¢. We need 3
more points to complete Qg of length 8. Now consider the action of G, on Ag of
G0 By Proposition 6.3, G- is an imprimitive group with 2 blocks B;, B,
of lengths 3, 3 and its kernel of primitivity consists of even permutations of
Sg, X Sp,. Therefore G, contains elements of type 32 on B, U B;. Now G,
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has an orbit of length 8, so G,,%s cannot be transitive on B, U By, so Gq% must
have orbits B, and B, of lengths 3, 3. Therefore G;--, must have two orbits of
lengths 8, 3; B; U A, U ¢, and B, on 11'7, {i, j} ={1, 2}. Call them Qg and Q,.

(B) Let us consider another set of 11 points 11=10" U o, o € A;,(10°). Let two
orbits of length 8 and length 2 of G;o-, on 10" be Ag and A,. By Proposition 6.1,
G0y*s~the holomorph of A, of order 1344 and G222 C, of order 2 and
G10y=G1344 X Ca. NoW (G11))101=(G 10101 has order 28-3. Therefore 26-3 divides
|Gayl. Since 28-3 does not divide either |Gu,| or |Gais|, Gan®Gar- and
11211 Now G, has two orbits of lengths 8 and 3 on 11""". Since |Gy ;)| =28-3-3
the orbit of length 3 must contain the new point ¢. Thus 11" contains three 10”s
and eight 10"""’s.

(C) We note G0-= G344 X C, contains an element of type

Ay Ay B14(10)
42 12 122242
Then (G ;)0 contains an element of type
4212 on10'.
Therefore Qg of Gy, coincides with Ag of Gyo-) and Q3 of Gy is {Ay of Girov}
U o.

Now by construction, Ag of G, is an 8', therefore G, -, is in the holomorph of
A,e which is 3-fold transitive on the 16 points, {A, of G, U A14(10)}. Further-
more the holomorph $ has order 16-15-14-96, so 9o, has order 96 and 9,
has order 96 x 6=576. Therefore G,-,=9q,. Now the subgroup of  fixing a
certain 3 points may be represented as follows:

1

of order 96; «, B, . . ., 8 € GF [2].

—
o R ™ R
S v O

1

The computation shows that the above subgroup fixes not only the 3 points but
also fixes one more point and is transitive on the remaining 12 points of V,(Fy).
Therefore 9q,=Ga1- has 2 orbits of lengths 1 and 12; call them A;(11°") and
A, (1177 respectively.

Now for future reference we characterize A;(11°"). In Figure 6, Appendix,
11""=10"" U ¢, ¢ € Ay(10""). We have just seen G- has two orbits A;(11"") and
App(11°77).

Go=G144 contains an element of type

3214 12 34
107 A(107)  A(10°)
Thus A;(117)=A,(10"")—¢ and A;5(1177)=A,,(107").
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To complete the scheme of 11, we add the following
PROPOSITION 7.4. 117 can also be constructed by 107" U o, p € A ,(10°7).

Proof. We haveseen 11"=10" U v, ve A ,(107). But 107" =9"" U pu, p € Ag(9™).
Therefore 11"=9"" U u U v where v € A,,(107)=A,,(9""") by Proposition 7.1(B).
So 11"=10" Uy and p cannot be in A,(10""). Therefore 11"=10"" U ¢,
$ e D(107).

8. Guzy, Gagy Gaay, Gaavy and Gav,e By Lemma 1.5, there are 5 types of
sets of 12 distinct points. The construction of these sets will be discussed in two
propositions.

ProPOSITION 8.1. (A) Let 12°=11"U 6, 6 € A, (11°), then G 5 is M15 0n 12°,

B) 12°=11"Um, me A (1177). Gyq- is transitive on 12 and has order 28-3°
=6912.

©O)127=11"Vk=11"U i, ke A,(117) and i€ Aj,(11°). Gyay is PSL, (11)
on 11" and S; on i, or G5-y=(Ga1y)p)

Proof. (A) Let 12'=11"U 6, 0e A,(11°). Then since by Proposition 7.1,
A(11)=A2,(10")—7=A5(9"") —{u, 7}, 12°=9""U A45(9""). Now by Proposition
5.3(B), G- is S5 on Ag(9™"), therefore Gy, is transitive on 12" and (G2
=Ga19=M,;. Therefore G, is 5-fold on 12" and is My,. And |Gqy|=|My,| 12
=26.33.5.11.

(B) Consider a 12=11"U m, m€ A (1177). In Gy, since 12=10"" U A,(10""),
the orbit containing = has at least length 9. If the orbit containing = has indeed
length 9, then |Ggo)|=|Gq, | -32=28-32-32=26.3% This is impossible since
|syls (M24)| =3°. Therefore G5, must be transitive on 12 and |G| =2°8-32%.22.3
=28.33 and 12%12". Call this 12 a 12",

(C) Let12=11" U k, k € A;(117)=A,(107). Then 12=10" U v U k,v € A;,(107)
=A;,(11') and this decomposition gives 12=11" U ».

Since G5 and Gy, are transitive, 122 12" and 12 12", Call 12 a 12'". Then
12=11"V k=11"V i, k e A,(117), i€ A;5(11°). Now, we find G;5--,. We know
Gai1y=M,, is represented on A;,(11°) as a transitive group of degree 12. This
representation is M |psi,a1y and is triply transitive on the A;5(11°). Therefore
(Gai-)up i€ Ayo(117),is PSL, (11) of order 660. PSL,, (11) on 11'is doubly transitive
as PSL; (11)|,,. Since G2 is intransitive, G- is PSLy (11) (in S;;) on 11" and
fixes i.

Now we have two more distinct sets of 12 distinct points to be built. The addi-
tional points for these two new sets 12!V and 12¥ must come from Ag(117), Ag(117)
and A;,(11°). The construction for these new sets follows:

PropPoOSITION 8.2. (A) 12"=11"" U w, w € A 5(11°7), also.

(B) 12"=11" U A, A e A(117).

(C) 12°=11" Uy, pe Ag(117).

(D) Gy is transitive on 12V,

(E) Gy has order 240 and is an imprimitive group with six blocks of length 2.
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The kernel has order 2 and its image is S5 (Ss in Sg).
(F) G2, has order 192 and is intransitive on 12" with two orbits of lengths 8 and
4,

Proof. Before proceeding we note two results.
(a) We have

|M24|/|G(121V)l + |M24|/|G(12V)| = 2295216.

Next we need
(®) A, (107 N Ay (117)=02.
Suppose Ay(107°) N Ay(117) 3 . Look at the diagram.

-k

1

Then by Proposition 7.4 we have 117"=10"" U ¢, € A;,(10""). By assumption
pe Ay (117), so 117" U p=12"". On the other hand, 10" U ¢ U o=11" U 4,
Y e Ap(11°7). Thus 12" contains not only 11" and 11 by Proposition 8.1 but also
contains 11", This is impossible because, as an intransitive group with two orbits,
12" can contain at most two 11’s.

Now in the above diagram let 12=11"" U ¢, $ € A;,(117) since A,(1177)={I}.
But 11"™"=10""U ¢, p € A;(10"7), so 12=10""U ¢ U 4. But 10" U $=11", so
12=11" U ¢. By (b) above, ¢ ¢ Ay(117), so p € Ag(117) or @ € Ag(117). Therefore
12 contains 11" and 11°". Obviously 12%12’, 12" or 12'". Call this 12 a 12%.
Therefore,

(A) 12V=11"UVU w, weA;,(11"7), and also 12¥=11"U ¢, pe A4(117) or
@ € Ag(117), and Gy, is intransitive on 12V,

We will decide where ¢ belongs. Look at Figure 7. If p=p, i.e., ¢ € Ag(117), then
11" U w=11" U p. In G,v, the stabilizer of w has order 48=576/12. (G1-)u)
has order 20 and contains an element of type

1" {u}
521 1
Furthermore, 5 does not divide the order of stabilizer of w, s0 |G 41| = 548 =240.
Then the orbit containing x must have length at least 12, which is impossible.
Therefore p=, i.e.
(B) 12=11" U A, A e A4(117).
The last type of set of 12 points is seen then
(©) 12=11" U p, p e Ag(117).
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Next we will show

(D) G2 is transitive on 127,

First we investigate (G 2v))1,; and show that (G127 =(G11) 1S transitive on
12" —{v, u} where v is the point left fixed by G,, and 12Y=11" U u. We have
seen in Proposition 7.2(A) that G,;-, of order 120 is Ss|s, x s, and transitive on 10”
and fixes v, where 11"=10" U v, v A ,(10"). First we determine cycle types of
elements of Ss|s, «s,- The generators of Ss|s, «s, are known [3, p. 44] as follows:

Ss|s,xs5 = <(abc)(def)(ghi), (ad)(bf )(ce)(gh), (iafbd)(jehge), (ad)(be)(cf ).
Since Ss|s, x5, S5, Gi11- has two classes of elements of order 2, and by the above
generators it is easy to see that they have types 122¢ and 1428, Gy, -, has one class of
elements of order 5 and they have type 52. Now, (ad)(be)(cf)(g)(R)(E)(j)
-(iafbd)(jehgc) = (ai)(bhgc)(dfje). Therefore G-~ S5 has one class of elements of
order 4 and of type 242. Now (G ;2v),; has order 20in Gy, Therefore, (G2, 18
isomorphic to a subgroup of index 6 in S;. Let us call this subgroup of index 6 in
S5 a Gy Since 3 does not divide |G|, the compound character corresponding to
Gy, is uniquely determined as follows:

(Lgy)%s = thy + 2.

Indeed there are two irreducible characters of degree 5, 51 =[32] and ¢52=[227]
but 51 =[32] would bring in elements of order 6 in G, which is impossible. From
this compound character, we can find the number of elements in each class of G,
(2(Gqa1-)w)- They have 1 element of 119, 10 elements of 242, 4 elements of 52 and
5 elements of type either 1224 or 1%23. Now element 1'° fixes 10 points, elements of
type 242 fix no point, elements of type 52 fix no point. Therefore elements of type
122% are in (G;+)y; and fix 10 more points. Therefore (G ;) is transitive on
10" and fixes v and u.

Therefore, the orbit of G;4v, which contains the new point p, call it /,, has length
either |/,| =2 or 11 or 12. If |/,| =2, then |G4v,| =40 and [My,:Gov,]=12241152
>2295216, which is impossible by (a). If |/,| =11, then |G4v,| =220. In this case
17 must divide |G 2|, which is impossible. Therefore, |/,|]=12 and G, is
transitive on 12¥, and |G ,4v,| =20-12=240.

Now we show

(E) Gagv,is an imprimitive group with kernel of order 2, image S5 (S5 in Sg).

All the primitive groups of degree 12 are known and none of them has order
240, so Gz is an imprimitive group of degree 12. There are two imprimitive
groups of degree 12, order 240 [7, p. 118]. Let us call the first of them Gagql.
G240t is described as an imprimitive group with kernel system S| Ss, image C,, and
G401 is described as an imprimitive group with kernel of order 2, image S, and
furthermore, G,40ir cannot be represented as an imprimitive group with two blocks
of lengths 6, 6. By (D), we have seen (G;,v),,; is transitive on 10" and fixes v and p.
Consider a subgroup of G4t Which fixes a point. Then the subgroup must be in
the kernel and cannot have an orbit of length 10. Therefore G;5v, is G401,
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(F) |Gaatv| =192, by (a), and /, (the orbit of G,,tv, which contains X) must have
length 8 and /, has length 4. Thus 12"V contains eight 11'’s and four 11""s.
As for the action of G4, on (12¢)°, the complement of 12! in Q, we have

ProposITION 8.3. (A) 12'~(12Y)° and
(B) Guah*'x Gah™™.

Proof. Since no nonidentity element can fix 9 points, |Ga2t| =|Gzts|. Further-
more, no two orders of G, are equal, therefore, 12!~ (12)°, and Gy 41~ Gy o1

It is interesting to noté that, for 12°, we have M,,'*~ M;,** These two M;,’s
are seen to be connected by the outer automorphism of M, such that

127 12y
421 < 4222
8212¢» 84

and the effect of this outer automorphism on M,; is observed in Proposition
7.1(B). For 12", (12"")* =0 U {A,(11') —i}. Gyocis PSLy (11) on{A;5(117)—i} and
fixes .

Further, we note that since 12!~ (12)° and G ;24 ~ G,2,**”, there exists an ele-
ment p in My, such that (12¢)?=(12")°. Thus we have an imprimitive group with
kernel G24'%|Gy2y**” and C, as its image except for 12" and 12". These
imprimitive groups are Ny,,(Gq24), i=1, 2, 5, and will be studied in the following
paper, On subgroups of M,,. 11

9. The maximal subgroups among the intransitives of M,,. Any intransitive
subgroup of M., is clearly contained in a G, we have studied. Any maximal sub-
group among the intransitives is to be found among the 26 G,’s and, if not con-
tained in a transitive subgroup of M4, is a maximal intransitive subgroup of M.
We will now show that there are nine such maximals among the intransitives,
four of which will be shown, in Part I1, to remain as maximal intransitive subgroups
of M,,.

We have the following inclusion relations.

PROPOSITION 9.1. (a) G, contains: G, G-y, Gigy, Gaatvy, Gy Which contains
Gy G+ which contains Gg-,, and G-, which contains Gg-.,.

(b) Gy contains: G-y, Gao-y which contains G-, and G- which contains
Gag-y.

(©) Gus contains: Gyo-y and Gy--vy.

Proof. (a) G, G-y, G- and G otv, are contained in G-, by Propositions 2.5,
4.3, 5.1, and 8.2, respectively. By Proposition 3.2, G is in G, and contains
G by 3.5. By 3.5, G, is in G, and contains G-, by 4.2. By 6.1, G0, is in Gg-
and contains G- by 6.5.

(b) By 5.3, G- has A;5(9°"), which is equal to A;4(11°) by 7.1; by construction
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of 12°, G129> Go-. By 6.4, Gi10- has A;,(10) which is equal to A;,(11°) by 7.1;
by 8.1, again, G2y Gao; bY 7.2, Gao>Gary By 7.1, Gu2y> Gy and Gy
DG(lz"') by 8-10

(c) By 6.3, G0 has A;5(1077) which is equal to Aj,(117") by 7.3; by 8.1,
Gaz2y>Gaoy By 8.1, Gaay> Gars.

Thus 17 out of 26 G,4’s are contained in some G. The remaining nine G,’s
will be shown in the following to be the maximal subgroups among the intransitives
of M24.

THEOREM 1. Let G be an intransitive subgroup of M,,, then G is contained in one
of the following nine maximal subgroups among the intransitives of Myy: Gy, Gg),
Gy, Gy Gy Gay Gazyy Gaay and Gy,

Proof. By Proposition 9.1, the maximals among the intransitives are to be
found among the nine remaining G,’s, namely, Gq,, G2), Gy Gy, Gy Gays
Gazy Gag+ and Gagvy. Ga), G and G, are intransitive maximal subgroups by
Propositions 2.0, 2.1, and 2.2, respectively. The rest is proved by simple comparison
of orders. Thus we have, by Propositions 2.0, 3.1, 2.3, 8.1 and 8.2, |G| =2°-32.5,
|Gen|=2%-3%-5, |Gy =2'0-32-5.7, |Gyqgy|=25-3%-5-11, |Gqa|=28-3° and
|Gaavy| =2%-3-5, respectively. Ggy, Gz and Gg,-, are seen to be maximals
among the intransitives by simple comparison of orders among them.

G, can be in G., by comparison of the orders, but G4, has an orbit of length
20 by Proposition 2.4, therefore G4, is a maximal among the intransitives.

G- can be in G 5. But G- has an orbit of length 18 by Proposition 3.3, and
G- is a maximal among the intransitives.

G2v cannot be contained in G, or G- or Gg.,. 12V 212°, 50 G157, ¢ G5 and
G2v) is also a maximal among the intransitives.
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