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Abstract. A Titus transformation T=<e, v> is a linear operator on the vector
space of C® mappings from the circle into the plane given by (Tf)(t)=(<e, vD)(t)
=f(t)+«(t) det [v, f'(¢)]v, where « is a nonnegative, C® function on the circle S*.
Let = denote the semigroup generated by finite compositions of Titus transformations.
A Titus mapping is the image by an element of = of a degenerate curve, a.v,, where
og is a C* function on S* and v, is fixed in the plane R2.

A C*® mapping f: S* — R? is called properly extendable if there is a C® mapping
F: D~ — R2, D the open unit disk and D~ its closure, such that Jr=0 on D, Jr>0
near the boundary S* of D~ and F|s1=f. A C* mapping f: S — R? is called normal
if it is an immersion with no triple points and all its double points are transversal.

The main result of this paper can be stated: a normal mapping is extendable if and
only if it is a Titus mapping.

An application is made to a class of integral operators of the convolution type,
y(#)=— " k(s)x(t—s) ds. It is proved that, under certain technical conditions, such
an operator is topologically equivalent to Hilbert’s transform of potential theory,
y(t)=_|'§" cot (s/2)x(¢t—s) ds, which gives the relation between the real and imaginary
parts of the restriction to the boundary of a function holomorphic inside the unit disk.

0. Introduction. A map f: S* — R?is extendable if there is a map on the closed
disk with Jacobian nonnegative throughout and positive near S* and which agrees
with f on S!. We show that any such map can be obtained by means of a finite
number of growth operations (see text for precise definitions). We also make an
application to a class of convolution operators introduced by C. Loewner to show
they are topologically equivalent to the Hilbert transform of potential theory.

The proof is accomplished by approximating f from the inside by a map g which
extends to a holomorphic G whose derivative has no multiple zeros, and then
giving a geometric proof for such g.
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1. Preliminaries. If f: A — Bis a function, [f] denotes the image of fas a subset
of B. If A is a subset of a topological space, then 4~ denotes its closure.

The set of real numbers is designated by R.

The plane R? is considered both as the plane of the complex variable z=x+iy
and as parameterized by polar coordinates (r, 6).

We always use D to denote the open unit disk in R* and S* is the naturally
oriented boundary of D. S will also be considered as parameterized by 8 taking
values in [0, 2#]; in this case, real-valued functions will be identified with functions
on R with period 2.

All manifolds and maps will be smooth (=C®) unless otherwise stated. The
differentiable structure of R? and all its submanifolds considered are the usual ones.

If F: A— B is a map between oriented manifolds, then the expression “F is
O.P.” means that F preserves orientation or, equivalently, that its Jacobian is
nonnegative everywhere.

In the set C*(S*, R?) we consider the C"-topology, for every n, induced by the
norm

Ifl» = max max |f9(6)],
i=0,...,n esl

where f@=fand f? is the ith-derivative of f. The C*-topology is the direct limit
of all the C™-topologies.

If A<R? and F: A — R? is differentiable then J(z) represents the Jacobian
determinant of F computed at z € 4.

The plane R? will also be considered as a vector space, with the usual structure.
If V, W e R? then det [V, W] is the usual determinant form; thus, if V=(V;, V),
W=(W,, W,) then det [V, W]=V,W,— W, V..

2. The topology of immersions.

DErFINITION 2.1. A map f: S'— R? is called extendable if there is a map
F: D~ — R? such that J; 20 and F|s:=f; in this case F is called an extension of f.
If, further, Jr >0 on S, then f'is properly extendable and F is a proper extension of
f. If Fis a proper extension of f which is holomorphic on D, then fis a holomorphic
boundary and F is a properly holomorphic map.

ProposITION 2.1 [10, THEOREM 1'). Let f be properly extendable. Then, there
is a homeomorphism ¢: S* — S* and a holomorphic boundary g such that f-p=g.

LeMMA 2.1. Let f: S*— R? be an immersion which represents a positively
oriented Jordan curve. Then, f is properly extendable to an O.P.-diffeomorphism
F: D~ — R%.
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Proof. Choose 8> 0 such that g: S* — R? given by g(6)=£(0)— 8n,(6), where n,
is the outer normal to f; is also an injective immersion [2, Lemma 6, p. 278]. By
Francis [2, Lemma 7, p. 278], there is an orientation-preserving C* diffeomorphism
G: D~ — R?® such that G|s:=g and (0G/or)|s1=28n,. Define F,: D~ — R® by
Fi(r, )=G(Q2r, 0) if r=4 and Fi(r, 0)=f(0)—2(1 —r)én,(0) otherwise. Then, F; is
C!and J;,>00n D, Fy|sx=fand F; is smooth on the annulus 4 <r<1. Hence,
there is a smooth F with J»>0 and which agrees with F; on the annulus $<r<1.
(This can easily be obtained, for instance, from [6, Theorem 4.2 and Exercise (a)].)
If z is an interior point of [F] we have

Cardinality F~1(z) = yEFZI(Z) sgn Je(y) = degree (F|st, 2)
= degree {0 — (f(0)—z)/| f(6)—z|}
= tangent winding number of g = 1. Q.E.D.

LemMA 2.2. Every normal map is infinitesimally stable. (See [5], [12] for termin-
ology.)

Proof. Let f be normal and let u be a vector field along f. We must construct
vector fields ¥ on S* and W on R? such that

u = W°f+f*°V.

Clearly, it suffices to construct W on a neighborhood of [f].

If £~ 1(f(8))={0}, there is no problem, since we can take V(6) as the unit tangent
vector at 6 and W(f(0))=u(6)—f; o V(6) and make W constant along a small
enough segment of the normal to [f] through f(6).

If 1(6,) =1(6,), 6, # 0,5, we need only change V and W in small enough neighbor-
hoods of 6,, 0, so that

W(f(01)) = u(8:))—fxV(01) = u(b2) £,V (82)

which can be done since f'(6,) and f'(0,) are linearly independent, so u(6,)—u(6,)
=C,f'(6,)— Cof '(05) =14(Ci(d][db)s,) — f(Co(d[db)s,). A smooth pasting completes
the proof. Q.E.D.

The following theorem is basically a very special case of a result of Mather
[5, Theorem 1, p. 267]. Mather’s result, however, guarantees the existence of a
neighborhood U with property (1) below in the C* topology, so our theorem is a
slight strengthening of Mather’s result in the special case considered.

This result will be used to show that a constructed map, g, is C ®-isomorphic
to a given map, f. Our constructions, however, only guarantee that finitely many
derivatives of g approximate those of f; thus, we cannot be sure that f and g are
close in the C® topology and so Mather’s theorem does not apply. On the other
hand, f and g, being close in the C* topology, are isomorphic by our theorem.

THEOREM 1 (UNIFORMIZATION THEOREM). Every normal map f has a neighbor-
hood U=Uy, in the space C*(S*, R?) provided with the C* topology, such that:
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(1) Foreveryg, h € U there are orientation-preserving diffeomorphisms ¢: S* —S1,
$: R2— R? such that g o =1 o h.
(2) Every g € U is extendable iff there is h € U which is extendable.

Proof. Applying Lemma 2.2 to the normal field along f yields a vector field, W,
on R? such that Wo fand f” are linearly independent.

Letting @(JX, z, t) denote the flow of the vector field X, we can find >0 such
that ®(W, f(0), t) is defined for every 6 € S* and |t| <% and f(0) is the only point
in [f] 0 {O(W, f(6), r) : |r| <n}. The set

V=A{z:z=0W,[f(0),r), 0SS, |r| <}
is open and every one of its points is uniquely representable as ®(W, f(0), r). Let
Va(8) = {z : d(z, [f]) < nd}

and choose 0 < 8 <7/2 such that V,(8)< V.

Let U be the set of all maps g: S* — R? such that | f—g|, <8. This U will be
seen to satisfy the theorem.

In fact, if g€ U, a map C;: S* — R can be defined by the conditions

(D(W,f(o)’ Cl(o)) €lgl, IC1(0)| <

and this will induce a map C,: V, — R such that Co(P(W, f(0), r))=C,(0). Extend
C, to a function C on R? and define Wy =CW, §(z)=®(Wy, z, 1). Then, ¢ o fand
g are two immersions with the same image (as point sets) and orientation, hence
Y o f=g o g, as required.

Part (2) follows from part (1) and Lemma 2.1. Q.E.D.

ProposITION 2.2 (TITUS, ORAL COMMUNICATION). Every normal, extendable map
is properly extendable.

Proof. Let f'be normal and extendable. Construct g from f by moving along the
inward normal, say g=f—98n,. By the Uniformization Theorem, if & is small
enough then g is extendable, say to G. Use a bump function to construct a map F
on the disk of radius 2 which agrees with g for 0<r=1 and grows from g=f—on,
to f for 1=<r=<2; further, F has positive Jacobian for r>1, provided 8 is small
enough. Q.E.D.

REMARK. Normality is necessary in the previous proposition, for f(6)=cos 0
+i cos? 0 sin 6 is an extendable immersion which is not properly extendable.

ProprosiTION 2.3 (TITUS, ORAL COMMUNICATION). The set of properly extendable
maps is open in the C'-topology of C*(S*, R?).

Proof. If F is a proper extension of f, there is an annulus containing S! on
which Fis a local diffeomorphism, and whose image is an open set V. The neighbor-
hood U of f can be taken so that each g € U is an immersion mapping inside V.
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The map ¢=F 1o g is a diffeomorphism S! — R? which extends toa ®: D~ — R?
(Lemma 2.1); G=F o ® is the desired proper extension of g. Q.E.D.

LEMMA 2.3. Let f be normal, extendable and real analytic. Then, f has a proper
extension which is holomorphic on a neighborhood of S*.

Proof. Since f is real analytic, for each 6, the function g(8)=f(e'’) admits a
power series expansion about 6,; if we restrict the values of 8, this will give a
power series about exp (if,) which will converge in a disk about exp (i6,). In the
intersection of any two such disks both power series coincide with f on an arc and
thus they coincide in the entire intersection. In this fashion, we obtain a function
F; holomorphic on a neighborhood of S* and which extends f.

For ro<1 sufficiently close to 1, the restriction of F; to the circle r=r, extends
to a function, G, with nonnegative Jacobian. Paste G and F; together to get an F
with F=G for r<r, and F=F; for r=r,, where ro<r,<1. Q.E.D.

3. Titus transformations.
DerINITION 3.1. A Titus transformation, T, is a linear operator on the vector
space C*(S?*, R?) given by

3.1 (TF)(6) = f(6)+C(6) det [V, f"(O)]V,

C: S* — R nonnegative, V fixed. We use the notation T=<C, V). The set of all
finite compositions of Titus transformations is a semigroup, 2.

The effect of a Titus transformation can be represented by an elementary opera-
tion of growth along a fixed direction, growth understood in the sense of moving
to the outside of an oriented curve.

The following properties are easily verified:

(T1) Every Titus transformation is an invertible operator,

(T2) <0, V>=<{C, 0)=identity,

(T3) KCy, V) oKCo, V) =LC1+Cy, V>,

(T4) <C, tV>=<{t2C, V) for every real number ¢,

(TS) for A € GL(R?), define 4* € GL(C*(S*,R?)) by A*f=A o f; then,

A* o {C, V) o (A*)™! = {(det A)1C, AV).

In (3.1), C is called the coefficient of T. Norton [7, Theorem 2.1, §2.1] proved
that, for the case of constant coefficients, the only relations are those expressed by
T2, T3 and T4; it is clear, though, that his arguments hold for the general case as
well. Thus, every SeXZ can be expressed uniquely as A* o T, o---o T}, where
A eGL*(R? and each T;=(C,, V;> is such that max C;=1 and V,, V;,, are
linearly independent. Hence it makes sense to talk about S €3 having constant
coefficients.

A ““degenerate” map S* — R? is one whose image lies in a one-dimensional
subspace. Denote by A the set of all such maps.
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DEerFINITION 3.2. A Titus map (or T-map) is a map S* — R? in Z (A). The set of
all T-maps is denoted by Z.

Thus, a T-map has an elementary geometric meaning: it represents a curve
obtained from a ““degenerate’ curve by applying growth operations finitely many
times.

ProposITION 3.1 (TITUS, ORAL COMMUNICATION). Every T-map is extendable.

Proof. Let f: S — R2 be a T-map; then, it can be expressed as

f=(A*Tyo---oT)fo,

where f, € A, T;={C,, V;> and 4 € GL*(R?). By induction, it suffices to prove

(a) Every f, € A is extendable.

(b) If f'is extendable and T=<C, V') is a T-transformation, then Tf is extendable.

(a) is clear, an extension of f; being F(r, 0) =(r)fo(0), where ¢ is a bump func-
tion going from O to 1 as r goes from 0 to 1.

To prove (b), let F be an extension of f; by using the bump function ¢, we can
assume that F is defined on the whole plane and F(r, 8)=f(6) for r= 1. Define G
on D~ by

G(r, 6) = F(p(2r), 6) ifr <4,
= (e@r=DC, V>f)0) ifrz4

An easy check shows that G(1, 0)=(Tf)(0), Je(r, 0)=2¢'(2r)Jp(r, )20 for r<3
and Jg(r, 0)=2¢'Q2r—1)C(8){det [V, f'(6)1}2/r 20 for r= . Thus, G is an extension
of Tf. Q.E.D.

4. The classification theorem. Throughout this section, f (with or without
subscript) denotes a map S* — R2.

LeMMA 4.1. If f€ E and ¢ is an O.P.-diffeomorphism of S?, then fo € &.

Proof. Direct computation.

DEFINITION 4.1. f; is said to be inside f, iff there is a §>0 and a vector field,
V(0), along f; such that

(1) {f1(0)+1tV(6) : |t| < 8} has exactly one point in common with either [f;] or
Lf2),

(2) det [V, fi]1>0,i=1, 2.

Using the direction V() to grow locally from f; to f; in a neighborhood of f,(6),
and the compactness of S, we get the following.

Lemma 4.2. If f; is inside f,, there is T € Z such that f,=Tf,.

If F: U— R?, U open in R?, is a map with J;>0 on some circle r=r,, a local
argument and compactness will show the existence of an ¢>0 such that whenever
ro—e<ry<ry<ro+e then F|,_, is inside F|,_,,. Again by compactness, Lemma
4.2 yields
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PROPOSITION 4.1. Let V be an open set containing the annulus 0<a=<r=<b, and let
Fe C=(V, R?) withJz>0 on V. Then, there is T € Z such that F|,_,=T(F|,.,).

LeEMMA 4.3. Let F be a conformal diffeomorphism of the disk of radius 2 into R?
such that F(D~) is a convex set whose boundary has positive curvature everywhere.
Then, the restriction of F to S* is a T-mapping.

Proof. The lemma is proved by a direct geometric construction; we project the
image of S* onto a diameter of the convex set F(D~) along a direction perpendicu-
lar to that diameter. Q.E.D.

The Implicit Function Theorem together with Proposition 4.1 and Lemma 4.3
yield a proof of

LEMMA 4.4. Let F be holomorphic on D~ with F'(z)#0 there. Then F|q € E.

PRrOPOSITION 4.2. Let F be holomorphic on D~ and assume F' has only simple
zeros there. Then, F|s € E.

Proof. Let us assume first that F' has exactly ane zero, say, at z, € D.

Since F"(z)#0, F behaves locally as G(z) =z Thus, we can choose a< |z,| <b
such that the images of the circles |z|=a, |z| =z, and |z|=b are (locally) as in
Figure 1. Let f7, f5, f3 be the restrictions of F to these circles, respectively. It is clear
how to go from f; to f;: first, move f; so that the new map, say g,, goes through
F(z,); then create g, inside f (in the geometric sense) with a cusp (simple zero of f;)
at z,; a third growth step will create an immersion g; inside f; (in the sense of

312 1

FIGURE 1. Image by F of circles near a zero of F’
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Definition 4.1), and use Lemma 4.2 to see that f;=Tf, for some T € 2. The result
in this case follows now from Lemma 4.4 and Proposition 4.1. Since F’ has only
finitely many zeros, an iteration of the argument above yields the result in the
general case. Q.E.D.

LeMMA 4.5. Every holomorphic boundary is a T-map.

Proof. Let Fbe a proper holomorphic extension of f. Approximate F by a proper
holomorphic map G satisfying: (i) G’ has only simple zeros; and (ii) the restriction
of G to S! is inside f (G can be a polynomial approximation to F, for instance).
Use Proposition 4.2 and Lemma 4.2. Q.E.D.

LEMMA 4.6. FEvery normal, real analytic, extendable immersion is a T-map.

Proof. Let f be a normal, real analytic, extendable immersion. By Lemma 2.3,
there is a disk U> D~, an annulus U> V> S and a map F: U — R? holomorphic
in ¥ and with J.>0 on V. By [10, Theorem 1’ and proof of Lemma 4], there is an
interior map I: U — R? such that I|, =F|,.

By [13, p. 103] there is a homeomorphism H;: U — U and a holomorphic map
F,: U— R? such that I=F, o H,.

By [9, Theorem 2] there is a homeomorphism H,: D~ — D~ and a properly
holomorphic map F,: D~ — R? such that I|,- =F, o H,. From Stoilow’s proof,
we can take Fy|p,=F,, H,|p=H.,.

Since Fy|y =10 H{ |, =Fo H{ |y, F1|yisalocal homeomorphism, thus a local dif-
feomorphism [13, Chapter VII, Corollary 1.21]. Since H, = F7 ! o Flocally, H,|yisa
diffeomorphism. Since by continuity f=(F|s) o (H;|st), f€ E, by Lemmas 4.5
and 4.1. Q.E.D.

THEOREM 2. Every properly extendable map is a T-map.

Proof. Let f be properly extendable.

Since the normal, real analytic immersions are open and dense ([12], [2], [8]),
it is easy to see that f is the limit of a sequence of such maps, each of which is
inside f. The theorem then follows from Lemmas 4.6 and 4.2. Q.E.D.

THEOREM 3 (CLASSIFICATION THEOREM). A normal immersion is extendable iff
it is a T-map.
Proof. Theorem 2, Proposition 3.1 and Proposition 2.2. Q.E.D.

5. Anapplication to integral operators. It is a simple fact (which can be obtained,

for instance, from [4, Lemma 2]) that an extendable map represents a curve of
nonnegative circulation (i.e., nonnegative winding number about any point of the

plane not on its graph). The converse, however, is not true; the map in Figure 2
(under a suitable parametrization) is normal and has nonnegative circulation, but
it is not extendable(®).

(®) Its tangent winding number is 0, while for any normal extendable map the tangent
winding number is at least 1 (see [9]). The example is due to Titus.
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Thus, it is natural to ask when a map of nonnegative circulation is extendable.
Our methods can give a positive answer under fairly general assumptions. Clearly,
it is desirable that these assumptions be reasonably simple and include at least the
holomorphic boundaries, the nicest maps which are both extendable and of non-
negative circulation.

FiGure 2. Example of a curve with nonnegative circulation which is not extendable

Consider the operator on the set of continuous functions with period 2= given by

(5.1) »(t) = — f:nk(s)x(t—s) s,

where k is integrable in [0, 27]. Loewner [4] proved that a necessary and sufficient
condition for the plane curve x=x(z), y=y(¢) given by (5.1) to have nonnegative
circulation for every such x is that (after a possible change on a set of measure zero)
k be real analytic on (0, 27) with derivative given by

©

e~ du(r), 0<s< 27,

.2) k'(s) = f

the integral taken in the sense of Stieltjes-Lebesgue relative to a nondecreasing

function p.
If F(e*®)=x(6)+iy(6) is a holomorphic boundary, then by the Hilbert transform

(.3) 5(6) = P.V. j * oot (s/2)x(t—s) ds,

provided y(0)=0. Here, the letters P.V. mean the integral must be taken in the
sense of Cauchy’s principal value (see [3]).
We note that (5.3) is closely related to (5.1), since
© ~st
%(—cots) =csc?s = f_m l—t—_e—e:-,ﬁdt,
[14, p. 260] and
p(t) =t/(1—e ™) 2 0.

The only difference is that k(s)=cot (s/2) is not integrable, so (5.1) becomes a
singular integral.
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From what has been said, it is natural to consider maps f: S — R? given by
f(O)=x(0)V,+y(8)V, where V,, V, is a positively oriented base and

9(6) = —P.V. LG k(r)x(0— 1) dr,

where k satisfies the following conditions:
(1) k' is given by (5.2);

(ii) k(s)=h(s)/s*(2m—s)* for some 0<a=<1 and some function h Lebesgue
integrable in [0, 27];

(iii) P.V. [2% k(s) ds exists and is finite;

(iv) If @>0, [2" k(s) ds is not defined.

By [1], [4] all such maps have nonnegative circulation; they will be called BL-
maps. From the paragraph above, every holomorphic boundary is a BL-map; we
will show that, up to homeomorphisms, the converse is true.

From the work of Benson, Loewner and Norton ([1], [4], [7]) we can conclude:

PROPOSITION 5.1. The set of T-maps with constant coefficients is dense in the set
of BL-maps under the C*-topology.

PROPOSITION 5.2. Every normal BL-map is properly extendable.

Proof. Proposition 5.1 and the Uniformization Theorem.
From this and Proposition 2.1 we get:

THEOREM 4. Every normal, BL-map is, after a topological change of parameter,
a holomorphic boundary.

This means that, given a normal BL-map f there is an O.P.-homeomorphism
@: S — S* and a properly holomorphic map F: D~ — R? such that F|g=fo ¢.
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