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HYPERBOLIC LIMIT SETS(*)
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Abstract. Many known results for diffeomorphisms satisfying Axiom A are
shown to be true with weaker assumptions. It is proved that if the negative limit set
L~ (f) of a diffeomorphism f is hyperbolic, then the periodic points of f are dense in
L~(f). A spectral decomposition theorem and a filtration theorem for such diffeo-
morphisms are obtained and used to prove that if L~(f) is hyperbolic and has no
cycles, then f satisfies Axiom A, and hence is Q-stable. Examples are given where
L-(f) is hyperbolic, there are cycles, and f fails to satisfy Axiom A.

1. In [10] and [11], Smale obtained results for a diffeomorphism f of a compact
manifold M satisfying Axiom A. Axiom A requires (a) the nonwandering set
Q=Q(f) has a hyperbolic structure, and (b) the periodic points of f are dense in
Q(f). The purpose of this paper is to point out that many of Smale’s results may
be obtained under weaker hypotheses. One consequence of our observations is
that most of the known results for difffomorphisms satisfying Axiom A are true
for those satisfying Axiom A(a) alone.

Our main result is the following. Let L~(f) be the closure of the set of a-limit
points of f. Then,

THEOREM 4.5. If L~(f) is hyperbolic and f has no cycles, then f satisfies Axiom A
(and has no cycles).

This gives strengthening of Smale’s Q-stability theorem in two directions. On the
one hand, it is not necessary to assume Axiom A(b), and on the other hand, it is
not necessary to assume the whole nonwandering set is hyperbolic.

For the theorem to hold, a natural change in the usual definition of cycle is
needed (see the definitions preceding (3.9) and Examples 1 and 4 at the end of §3).
Our definition reduces to the usual one when f satisfies Axiom A(a).

The basic idea of the proof of Theorem (4.5) is as follows. First we prove that
L~(f) hyperbolic implies that the periodic points of f are dense in L~(f) and that
there is a spectral decomposition theorem. Then, using methods similar to the
proof of Smale’s Q-stability theorem, we obtain a filtration theorem for f. In the
case of no cycles, this filtration separates the pieces in the spectral decomposition
of L=(f) from which it follows that L~(f) is the whole nonwandering set.
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Another sufficient condition for Q-stability is contained in Theorem (4.7).

Although we deal here only with diffeomorphisms, the corresponding results for
flows may be obtained by combining slight modifications of the methods used here
with the techniques of [7].

At the beginning of §2 we collect several notations and definitions which will be
used throughout the paper. Then we prove a spectral decomposition theorem for
diffeomorphisms such that the closure of the periodic points is hyperbolic.

In §3 we obtain results when L~(f) is hyperbolic. In particulz., we prove that
L~(f) hyperbolic implies the periodic points of fare dense in L~(f). We also obtain
a filtration theorem and present some examples which show that our results are
true generalizations of Smale’s results.

The main results of §4 are Theorems (4.5) and (4.7).

I wish to thank J. Palis and R. C. Robinson for some helpful comments and
suggestions.

2. Here we obtain some results about periodic points. But we first establish
some notation which will be used throughout the paper.

Throughout it is assumed that fis a C” diffeomorphism, 0 <r < oo, of a compact
C* manifold without boundary. Let P=P(f) be the set of hyperbolic periodic
points of f and assume P#@. Let Q=Q(f) denote the nonwandering set of f.
For a subset D= M, D or Cl (D) will denote its closure in M, and int D will denote
its interior in M.

For xe M, define a(x)=ca(x,f)={ye M : there is a sequence of integers
n;—oo such that f~™(x) >y as i—oo}. Let w(x)=w(x,f)=a(x,f?), o(x)
={f"(x): —oo<n<w}, L,=L,(f)={xe M :3ye M such that xeca(y)}, and
Lo=Lo(f)=Ly(f%). Also,set L~ =L, L*=L,,and L=L- UL*. L, L-, L,,L*,
and L are called, respectively, the «-limit set of f, negative limit set of f, w-limit set
of f, positive limit set of f, and limit set of f. o(x) is called the orbit of x.

A compact finvariant set A is hyperbolic if there are a continuous splitting of the
tangent bundle T\M =E*@ E* preserved by the derivative Tf of f, a riemannian
metric |-| on M, and a constant 0<A<1 such t ‘¢ |Tf(v)| £ A|v| for ve E® and
|Tf(v)| = A~*|v| for ve E*. A metric |-| such as that referred to in the preceding
sentence is said to be adapted to A.

Let A be a hyperbolic set, and |- | be an adapted metric. Let d be the topological
metric on M induced by |-|. For x € A, >0, let

Wix) ={yeM:d(f ™x),f"™y)) < eforn z 0},
Wix) ={ye M :d(f™(x),f ™(y)) —0as n— oo},
Wix) ={yeM:d(f"(x),f"(y)) £ eforn 2 0},
Wix) = {ye M : d(f*(x), fr(y)) = 0 as n — o0}.

We denote that, for x € A, o=u, s, Wi(x)< Wx) and W?x) is a smooth injec-
tively immersed copy of a Euclidean space. Further, W?(x) is tangent to E at x
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(see [2]). For a subset D<= A, let W2(D)=.ep W¥(x), and make similar definitions
for Wu(d), Wi(D), and W*(D).

We now proceed to establish some facts about the set P of hyperbolic periodic
points of the diffeomorphism f. Recall we have assumed P#&.

Let p,, p, € P. We will say that p, is homoclinically related to p, or h-related to p,,
denoted p; ~ p,, if W*(o(p,)) has a point of transversal intersection with Ws(o(p,))
and W*(o(p,)) has a point of transversal intersection with W3(o(p,)).

(2.1) PROPOSITION. The relation ~ on P is an equivalence relation.

Proof. Reflexivity and symmetry are obvious. For transitivity, suppose p,~p,
and p,~ ps. Let x; be a point of transversal intersection of W*(o(p,)) and W*(o(p3)),
pi€P, i=1,2,3. Since W*(o(p,)) is a finite union of injectively immersed cells,
there are a point p; € o(p,) and a closed disk D<= W*(o(p,)) such that p; and x,
are in D%. Since W*(o(p,)) has a point of transversal intersection with W3(o(p,)),
by the Palis A-lemma [4], W*(o(p,)) contains disks D} arbitrarily C* close to Dg.
Thus we can choose such a D} which will have a point of transversal intersection
with W$(o(p3)) near x,. So W*(o(p,)) has a point of transversal intersection with
Ws(o(pg)). Similarly, W*(o(ps)) has a point of transversal intersection with
W*(o(p,)) and so p;~ps.

We will call the equivalence classes of P, h-classes. For p € P, the h-class of p will
be denoted by P,.

The following lemma is essentially due to Birkhoff [1, p. 205].

(2.2) LeMMA. (1) Let X be a second countable, complete metric space. Let
h: X — X be a continuous map. If for every nonempty open set V in X, Uz, B*(V)
is dense in X, then there is an x, € X such that w(x,)=w(x,, )= X.

(2) If h is a homeomorphism, and for every nonempty open set V, \ J,zo h™(V) and
Uhnso (V) are dense, then there is an x, € X such that o(x,)=w(xy)= X.

Proof. Since for every open V, | ,=, A*(V') is dense, we have that for every open
V, Uns<o A*(V) is a dense open set in X. If {V;},, is a countable basis for the topology
of X, then (M;e; (Un=o A"(V3)) is dense in X by the Baire Category Theorem.

If x € Mier (Uaso 8*(V3)), then {h*(x) : n= 0} is dense in X, so w(x)=X. (2.2.2) is
proved similarly by choosing

xen (Y #m) a0 (U won).
iel \nz0 iel \n20
If pe P, then a point g of transversal intersection of W*(o(p)) and W*(o(p))
such that g ¢ o(p) is called a transversal homoclinic point of p. Let H, be the set of
all such points and suppose H,# 3.

(2.3) LeMMA. H, is a closed, f-invariant set such that there is an x € H, such that
a(x)=w(x)=H,.
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Proof. That H, is closed and f-invariant is obvious. For the last statement we
wish to apply Lemma (2.2.2).

To this end, let V;, V, be any nonempty open sets in H,. Thus there are ¢, € H,
and open sets U, in M such that ;€ V;=U, N H,, i=1,2. Let D% be a disk in
W*(o(p)) of the same dimension as W*(o(p)) which contains a point p; € o(p) and
¢, in its interior in W*(o(p)).

Let D% be a small disk in W*(g,) N U, of the same dimension as W¥(q,) which
contains ¢, in its interior in W¥(q,).

Since D% meets W(g,)= Ws(o(p)) transversely, the A-lemma says that
Unzo f™(DY) contains disks arbitrarily C* close to DY. Thus U,z f"(D%) contains
points in H, arbitrarily close to ¢,. Thus, ¢, € Unzo Cl(f"(D}) N H))
SUnzo CL(f™(Uy) N Hp)=Uazo Cl (f"(Uy N Hy))<Usnzo Cl (ff(U, N Hy))=
=Unzo CL(f*(V2)). So

Vo (U ) # 0.
Similarly, V; N (U0 f™(V2))# 3. Since V; and V, were arbitrary we may apply
(2.2.2) to give (2.3).

(2.4) THEOREM. Let p be a hyperbolic periodic point whose h-class P, contains
more than one orbit, i.e. there is a point p, € P, such that p, ¢ o(p). Then H,=P,,.
In particular, H,# & .

(2.5) COROLLARY. If P, is the h-class of p, then P, is a closed, f-invariant set such
that there is an x € P, such that o(x)=w(x)=P,.

Proof of (2.4). The proof that P,< H, is very similar to the proofs of (2.1) and
(2.3). Let p, € P,, p; ¢ o(p). Let x be a point of transversal intersection of W*(o(p))
and W*(o(p,)) and let x, be a point of transversal intersection of W*(o(p,)) and
Ws(o(p)). Let D,, be a disk in W*(o(p,)) containing x, in its interior in W*(o(p,)).
By the A-lemma, there are disks in W*(o(p)) which are arbitrarily C* close to D,,.
Thus x, € H,. Hence p, € H,, so P,<H,,.

The fact that H,=P, is a consequence of the following version of Smale’s
theorem on transversal homoclinic points.

(2.6) THEOREM (SMALE [9]). Let p be a hyperbolic periodic point of the diffeo-
morphism f, and let q be a transversal homoclinic point of p. Then in every neighbor-
hood of q there are infinitely many periodic points which are h-related to p.

In [9], Smale made use of Sternberg’s linearization theorem, and this required
eigenvalue assumptions other than hyperbolicity and additional smoothness
assumptions. However, he expressed the feeling that Sternberg’s theorem was
probably not needed for his result. We wish to point out that a proof very close to
Smale’s original one and avoiding Sternberg’s theorem can be given using the
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tubular family theorems of [6](%). Taking tubular families for W*(o(p)) and
W3(o(p)), one can get continuous coordinates on a neighborhood of o(p) on which
there is a continuous splitting of the tangent bundle TyM = E* @ E* such that, for
xeUn f~Y(U),

Tfe (Ax 0)

0 D,

with respect to the splitting E*@ E*. Also this can be done so that |4,] <1 and
| Dzl <1 on f~%U) N U. Now one can proceed as Smale did in [9]. However,
for the reader’s convenience we will give a different and more elementary proof of
(2.6) in the appendix at the end of the paper.

We will need the following corollary to the proof of (2.4).

(2.7) CoroOLLARY. Let P, be an h-class. Suppose p,, p, € P, and y is a point of
transversal intersection of W*(p,) and W*(p,). Then y € P,.

Proof. By the first part of the proof of Theorem (2.4), y € H,,. By the second
part, H, =P;, so (2.7) is proved.

(2.8) PROPOSITION. Suppose P is a hyperbolic set. Then there are only a finite
number of h-classes of P and their closures are pairwise disjoint.

Proof. If there were infinitely many A-classes, {P;}, let p;, ps, . . . be a sequence of
points such that p; € P, and P;#P; for i#j, i, j=1.

We may assume, by taking a subsequence if necessary that dim W(p,)
=dim W*(p;) for all i, j. Let x be a limit point of {p,}. Then by continuous depen-
dence of the stable and unstable manifolds on P (see [2]), if p; and p; are close to x,
then p;~p;. Similarly, if p; p;, then P, N P, =& where P,, is the h-class of p, and
P, is the h-class of p,.

The next theorem is the analog of Smale’s spectral decomposition theorem [10].

(2.9) THEOREM. If P is hyperbolic, then P=A, U---U A, where the A, are the
closures of the distinct h-classes. Thus each A; is a closed, invariant, topologically
transitive set with periodic points dense. Further, each A, has a local product structure,
i.e. for >0 small, W*(A)) N WA)< A, (see [3).

Proof. All we need prove is the local product structure statement. Thus we need
to show if x, y € A; and e is small then
We(x) 0 Wiy) < A,

Choose ¢ such that Wi, (x) is transverse to W5.(y) and Wi, (x) N Wi(y) is at
most one point. Then if ze W*(x) N Wi(y) and V is a neighborhood of z, there
are periodic points x;, y; € A; such that Wg,(x,) has a point z, of transversal
intersection with W§.(»,) in V. Then z, € P, = A, by Corollary (2.7).

(®) It seems that another proof of (2.6) without Sternberg’s theorem appears in [14].
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We now proceed to state and prove a technical lemma which will be needed for
the proof of Theorem (3.1).

We need some notation. By a disk D’ we mean a closed ball in some Euclidean
space with the usual metric. If D’ is a disk, we let »(D") denote its radius and, for a
real number ¢ >0, we let ¢cD’ denote the disk whose center is the same as that of D’
and whose radius is cr(D’). Let 0<s, u be integers and let D= D*x D*< Rs*%
where D° is a disk in the Euclidean space R’ for o=s, u. Assume r(D*)=r(D"). Let
D,= Dandletg: D, — R*** beasmooth injection. For z € D,, suppose T,g: R*x R*
— R¥x R* is given by

(Az Bz)
T,g=

C. D,
where 4,: R — R%, B,: R* — R*, C,: R* — R*, and D,: R* — R*. Let
a = sup ||4,|,
zeD;
¢ = sup |C.,|
2eD;

sup {|B.v|/| D.v| : z € Dy, v is a unit vector in R*},
d = inf{|D,v| : z € D,, v is a unit vector in R*}.

e

Here the norms |- || are the usual matrix norms, and e is assumed to be finite.

(2.10) LeMMA. Using the above notation, suppose there is a subdisk D}< D*
centered at y, € ¥ D* such that if D= D*x D% then g: D, — R°** is a smooth injec-
tion such that

(1) g(D.)<=D,

(2) g(D*x{yo})=D*x D",

(3) a<1 and d(1 —ce(1 —a)~Yyr(D¥) > 1r(D*) +r(DY).

Then g has a unique fixed point in D,.

Proof. For ze D, let z=(x,y) with xe D%, ye D% and let =*:(x, y)+> X,
n*: (x, y) —> y denote the natural projections on D.

For each y € DY, the map ¢,: x — #°g(x, y) takes D into D* by (1). Further,
|Typ: || £a<1 for all x e D*. Thus ¢, is a contraction and, hence for each y € D},
there is a unique x(y) such that ¢,(x(y))=7g(x(y), ¥y)=x(y).

If ¢ is the mapping (x, y) > 7°g(x, y) —x, then since a < 1, the partial derivative
0y/0x has rank s on D,, so the implicit function theorem gives that the mapping
y > x(y) is smooth.

Consider the mapping @,: y > 7%g(x(y), y) on D¥. We claim @yo(D¥)> DY and
@, is a uniform expansion on D%. Once this is shown, it follows that ¢, has a
unique fixed point y, and hence (x(y,), y,) is the unique fixed point of g in D,.

So we first show ¢, is an expansion on D¥. Let v be a unit vector in R¥. Then

|Typ2(v)| = |Cx'(y)v+ Dv|
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where T ), g=(¢ B) and x'(y) is the derivative of y — x(y) at y. Further, x'(y)
= —(A—1I)"'B where [ is the s x s identity matrix. Thus,

|T,92(0)| Z | Dv|—(c(1—a)~")|By|
2 | Do|(1-ce(1—a)™?) = d(1—ce(1—a)~?) > 1

where the last inequality follows from (3). So,
@ IT,2:(0)] 2 d(1—ce(l—a)~?) > 1

which shows ¢, is an expansion.

It remains to show @,(DY)> D¥. From (3) and (4) it follows that ¢,(D*) contains
a disk of radius 4r(D¥)+ r(DY}) centered at @,(y,). But y, € 1 D* and (2) implies that
®2(¥o) € $D*. Thus |@a(yo) —yo| <3r(D*), so @o(DY)> Di.

Several conversations with R. C. Robinson were helpful in working out the
proof of Lemma (2.10).

(2.11) Remark. If D;?! exists for ze D,, then e=sup,cp, {|B.D;*|}. In the
application of Lemma (2.10) to the proof of Theorem (3.1), one cannot use the
version of the lemma in which e is replaced by e’ =sup,p, {||B.| | D; |} For, in
the proof of (3.1), it is essential to keep the appropriate counterpart of e or e’
bounded as one takes larger integers N. In general, the counterpart of ¢’ will not
remain bounded, whereas that of e will.

3. In this section we establish some properties of diffeomorphisms with hyper-
bolic negative limit sets.

A slight change in the proof of our first result will also yield a proof of the so-
called Anosov closing lemma which says that if f satisfies Axiom A(a), then
P=Q(f|Q)().

(3.1) THEOREM. If L~ is hyperbolic, then P=L".

Proof. First note that L~ =L, U---U L, where L, is closed invariant, the
hyperbolic splitting on L; has constant dimension, and L,#L; for 1 <i<j<n,.
Secondly, an argument used by Smale [11, p. 782] applied to f~* shows that, for
each y € M, there is an i such that «(y)<L,.

We show if x, € L; and V is any neighborhood of x,, then there is a periodic
point in V. Let x € ¥ N L,. We show there is a periodic point in ¥ near x.

Choose a compact neighborhood U of L; such that there are semi-invariant disk
families W3, Wy, through U (see [3]). If ES (E¥) is the tangent space to W3(z)
(W¥(2)) at z, then E* @ E* is a continuous splitting of Ty M which is preserved by
T fforxef-*(U)n U.

Assume U and V are small enough so that

(1) Es and E* are defined on f~1(U) N U N f(U).

@ ITflel <1 on U f~%(U) and |Tf |z <1 on U N f(U).

(3) V< U and for uy, u, € V, Wi(u,) N Wiu,) is a single point.

(®) Another proof of the Anosov closing lemma is in [12].
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Let
i= U W2, Ve= U Wi@.
2eW3(x) 2eW§(x)

Then it is proved in [3] that V; and V, are neighborhoods of x in M. Let yoe M
be such that x € «(y,)<L,. Then there is an integer n, >0 such that if n=n,,
f~™yo) € U. If §>0 is small enough, f~*(W¥(y,))< U for n=n, since f~1is a
contraction on each W¥(z).

Let exp, denote the exponential map associated to the riemannian metric on M.
We claim

(4) there are a disk D=Dx D*< E$ @ E%, a subdisk D;< D, integers N; > N,
> n,, and a diffeomorphism g, : exp, (D) — D such that the map

g = gfMrVegrt Dy

satisfies the hypotheses of (2.10) and exp (D)< V.

Once (4) is shown, we can apply (2.10) to get a fixed point z; of g in D,. Then
g1 Y(zy) is a fixed point of f¥1=¥z2in V.

We now prove (4).

For a linear map H from one Euclidean space to another | H || denotes its norm,
and m(H) denotes its minimum norm which is defined by m(H)=inf ., |Hv|.

Let >0 be small enough such that if E§ and E} are subspaces of T,M =E @ E
which are e-close to ES and E%, respectively, in the induced metric on the Grass-
mann bundles of M, then the following is true. There is a linear automorphism
H: E:@® E*— E: @ EY such that H(E$)=E3, H(EY)=EY, and if

H = (1+01 Gy ) and H_l _ (I+(75 Og )
g3 I+O’4 Gq I+03

with the I’s denoting identity operators, then |o;| <% for i=1, ..., 8 and m(I+ ;)
>3 fori=1,4,5,8.

Choose D=D$x D*< ES @ E* and 8> 0 small enough such that

5) exp. (D)csUNViNnV,N V=V,

(6) the manifolds {exp, (z x D*) : z € D%} are e-C* close to each other, and the
manifolds {exp, (D*x z) : z € D*} are «-C? close to each other.

(7) T,,W¥(z,) is e-close to T,,W¥(z,) for y;, z, € exp, (D), y; € Wiz, i=1, 2.

(8) For z € exp, (D), there is a tubular neighborhood retraction r,: F, — W,(z)
such that

(@) F,< Uyeﬁ"{,‘(z) Wg(z) N Vs;

(b) the tangent spaces T,r~*(y;) and T,,r~'(y,) are eclose to those of the
Wi(z) for z € exp, (D), y; € Wi(z) N exp, (D), i=1,2;

(c) there is a neighborhood V, of x such that V,<int exp, (D) N V3 and such
that if z € V, then int #* exp; ! (F,)> D* and =° exp; ! (F,)<int D;

(d) there is a 8, >0 such that for y € W,(z) and z € exp, (D), W3,(y)<F..

The #* and #° in (c) are the natural projections on E; @ E%.
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Let N>0. If z, f~¥(z) e V,, let Zy be the connected component of f~¥(F,)
N exp, (D) containing f~¥(z). If N>0 is large enough, z, f~M(z)e V,, and
y € Wiy(2), then f~¥(y) € exp, (D). In this case, let y , be the connected com-
ponent of f~¥(r;(y)) N exp, (D) containing f~¥(y).

If g is a diffeomorphism of a subset of exp, (D) into D, we define its s-sub-
manifolds to be {§-1(D*xz) : z € D% and its u-submanifolds to be

{g"Y(zx D" : ze D}

To define a diffeomorphism from exp, (D) to D it suffices to say what its s-
submanifolds and u-submanifolds are. This is what we will do to prove (4).

Since f~1 stretches each W§ and contracts each W, there is an integer Ny > ny>0
such that if N> N,, then

) if f-™(z)e U for 0Sn<N, z, f~Mz) € V,, and y € Wiy(z), then #* o expz?!
o f~"g,,, is a difftcomorphism of Xy , onto D*.

Assume N2 N, so that (9) holds. Define a diffeomorphism g} : Xy — D so that
its s-submanifolds are the Xy, and these submanifolds are e-C! close to each
other and to exp, (D*x0). Extend g to exp. (D) such that its s-submanifolds are
&-C1 close to each other and to exp, (D*x0).

Now define a diffeomorphism g¥: exp, (D) — D such that its s-submanifolds
are those of g and its u-submanifolds are {exp, (z x D*) : z € D%}. By (6) and the
construction of g¥, the s-submanifolds of g¥ are e-C*! close to each other and the
u-submanifolds of g} are e-C? close to each other.

Now we assert that it is possible to choose N; > N,;> N, such that = i(y,),
S~V2(yo) € Vy and if z=f""2(y,), Dy =g}1"V2(Zy, _y,), and g;=g{1 V2, then g, is
the diffeomorphism required in (4). That is, g, fN:1~V2g ! satisfies the hypotheses of
(2.10).

For N= N,, set

T(eTT(g)* = (Ao Bo)

Co Dy

on g¥(Zy) with respect to the splitting ES @ E¥ on D. To prove the last assertion it
suffices to show that, as N — oo,

(10) | 4o] 0
and
(1n m(Do)(l ~1Col supu. ="1A|:'|3|ov|/|Dov|) e

This will complete the proof of Theorem (3.1).
Let

v = (AN 0)

0 Dy
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with respect to the splitting E* @ E* on Zy. Then,

N R G LR e
Co Do O3 1+ 04 0 DN Oq I+08
where |o|| <%, i=1,..., 8, and m(I+0)>%,i=1, 4,5, 8. Then if (0, v) € {0} x E¥

and IUI = 1,
Do v Co Do v

Bl . delAul ool o
[Doo] = Fm(Do)— el An] * T+ o, )los] = 55T A

SO

where v;=Dy(I+0g)v. As N—>o00, [Ay]| =0 and m(Dy) — o, so |v;| — co.
Since |o,| <3 and m(I+0,) >4, for N large, |Bov|/|Dov| <. Thus for N large,
Sup,y =1 | Bov|/| Dov| £4. Further, using the expression in (12), it is easy to see that
m(Dy) — o0 as N — co0. A similar but easier calculation using the construction of
the s-submanifolds on Zy shows that ||4o]| <e,|Ay| where e, is a constant inde-
pendent of N. It also follows from the construction of the s-submanifolds on Xy
that || Co| Sey||4o| where e, is a constant independent of N. Thus, as N — o,
[Coll — 0 and | 4,| — 0. From these facts (10) and (11) follow.
Combining Theorems (3.1) and (2.9), we obtain

(3.2) THEOREM. If L~ is hyperbolic, then L~ =A; U---U A, where the A, are
pairwise disjoint closed invariant topologically transitive sets with periodic points
dense. Further, each A, has a local product structure.

(3.3) PROPOSITION. For L= =A; U---U A, as in (3.2), and x € M, o(x) meets at
most one A,.

Proof. Use the argument at the bottom of p. 782 of [10] for f~1.
(3.4) COROLLARY. M=W¥A)) U---U W*A,).

Proof. If x € M, there is an i such that «(x)< A;. Since A, has a local product
structure, there is a y € A; such that x € W*(y) by Theorem (1.1) of [3] applied
tof L

Following Smale’s convention, if P is hyperbolic we will call the sets A; of
Theorem (2.9) basic sets.

A sequence M=M,>M,_,>---DM;>My,=02 of compact submanifolds with
boundary such that f(M;)<int M, is called a filtration for f. In [11] Smale constructs
a filtration which “separates” basic sets if f satisfies Axiom A and has no cycles.
In this case, if A, is a basic set, then W3(A;) N W¥(A,;)= A, is, of course, the smallest
closed invariant set containing A;. We show below that if the negative limit set
L~(f) is hyperbolic, even in the presence of cycles, one can obtain a filtration for
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f which “separates’” certain closed invariant sets. In case the limit set L(f) is
hyperbolic, these sets turn out to be the intersections of the stable and unstable
manifolds of c-loop classes of basic sets (see definition below). Our filtration will
be constructed by modifying the methods in [11].

We will also examine some consequences of the filtration theorem.

For the remainder of this section we assume L~ =L~(f) is hyperbolic. Thus
L-=P=A,U---U A, as in Theorem (3.2) and M= W*A)) U---U W¥(A,).

We define two relations on {A}}.

1. A; 2, A, if there is a sequence A;=A;, ..., A; =A, such that Cl (W*(A,))
N WA, ,)#2 for 1Zk<r.

2. A, 2, A, if there is a sequence A;=A;, ..., A, =A; such that CI (W*(A,))
NClL(Ws(A;,, ) #2 for 1sk<r.

We will show that these relations are the same, i.e. A; =; A, if and only if
A; 2, A,. To each of these relations there is a corresponding equivalence relation
~ defined by A; ~, A;if A; 2, A; and A; 2, Ay, k=1, 2. It will follow that the
equivalence classes of these two relations are the same.

Let 91, ..., yn be the distinct equivalence classes of {A;} under ~,. Note that
{y:} is partially ordered by y; 2, y; if there are A, € ¥, A; € yj such that A, 2, A,

Let = be a simple ordering on {yi} such that if y; > y;, then y; %, y; (i.e., y; does
not strictly precede y; in the =, ordering). We will call such a simple ordering a
filtration ordering for {y}}.

For i=1,...,m, o=u,s, define Wo(y))=U {W(A): Aey}. Write Ui
—U{A: Aey.

We will need a lemma due to Smale.

(3.5) LeMMA (SEE [11]). Suppose F is a compact f-invariant subset of M and Q
is a compact neighborhood of F such that (\nzo f™(Q)=F. Then there is a compact
neighborhood V of F such that V< Q and f(V)<int V.

Proof (due to Smale). Let 4,=Q0 Nf(Q)N---Nf(Q), rz0.

Then Ay>A4,>--- and (\izo A4;=F. Since f(F)<F, there is an integer r>0
such that 4,<int Q and f(4,)<int Q. But then f(4,)=4,,,< 4, and f/(4,)=A4,,,,
j20. Thus there is an integer r, >0 such that f1(4,)<int A4,. If r, =1, we are done,
so suppose r;>1. Let Wy<int Q be a compact neighborhood of 4, such that
Sf(Wy)<int 4,. Let Wy =(W, N fi-Y(Wy)) U 4,<int Q. Since r,— 121, f117Y(4,)
=A, 1, CA, Nint Y (Wo)<int Wy Nint [~ (Wo)<int (W, N 1~ Y(W,)) and
[ Wy N fra-Y (W) <2~ W,)<int A,. Thus f1~(W,)<int W,. Continue by
downward induction to prove the lemma.

(3.6) THEOREM. Let = be any filtration ordering for {y;} and label {y;} such that
Ym > Ym-1> - - - > where y;>vj is taken to mean v;> y; but y;#v;. Then there is a
filtration for f, M=M,>M,_,>---DM,>M,=g, such that for | <i<m

(1) U yicint (M;— M, _),
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@) Nazof" CL((M;— M;_1))= W),

(3) Ussi CL(WH())<int M,,

@) Nazof"(M)= U]§t W"(Y}) = U;‘éi Cl (Wu(‘}’;')),
(5) if vi>vi, then CL(W*(y))) " Mi=2.

Proof. Say that f satisfies (*), if there is a sequence M,>M,_,>---Dg of
compact manifolds with boundary such that f(M;)<int M; and (1)-(5) hold for
1=izk.

To begin, take V to be a compact neighborhood of W%(y;) such that
Vo U;j»i(Uy)=2. Then if x € Myzof™(V), then a(x)<V, so x € W¥(y;). Thus
Nrzof™ (V)= W(yy)=Cl (W*(y})). By Lemma (3.5), there is a compact neighbor-
hood ¥ of Cl (W*(y})) such that < ¥ and f(¥)<int V. Further, we may suppose
¥ is a compact manifold with boundary. Taking M, =V, we see that fsatisfies (*¥),.

Now suppose f satisfies (*),. Then Cl (W*(y;. 1)) U M, is a closed set which
does not meet ), .1 (U ¥j). Let ¥V be a compact neighborhood of Cl (W*"(yy 1))
U M, such that VN U1 (Uy)=9a. Then if x € (Mpzof™(V), a(x)<V, so
x€Uisjzn WH) OV =Ujsisr WH). Thus  Mazof™ (V) = Ujsis1 W)
=,z +1 CL{(W*(y})) is closed and in the interior of V. Again applying (3.5) there
is a compact submanifold with boundary M, ., such that (N,z, f"(V)<f(M,,,)
<int M, ,,<V. Now clearly properties (1), (3), and (4) hold for 1 i<k+1. If
X € (Nazof" CL((Mye11—M,)), then o(x)=(Myyy—M) NL™ =1, 50 (2)
holds. Finally, since f(M, ,,)<int M, ,,, if ClL(W*(y;)) N M, ,,# @, then W3(y})
N M, ..#3,s0 U (y;)) N V#3. Hence, by the construction of V, y; ., =y; which
shows that (5) holds. Thus f satisfies (*),,, and we are done.

ReMARK. For basic sets A; and A, call a sequence from A, to A; as in the defini-
tion of 2, a c-path from A;to A;. Let Z(A)={A, : there is a c-path from A, to A}}.
The techniques in the proof of (3.6) can be used to show that for any A, there is a
compact neighborhood ¥V of Cl(W*Z(A;))) such that f(V)<int ¥V and

DY) = AWHZ(AY) = WHP(A)).

(Of course, WP (Ay))= UA,e.f?(A,) WH(A)).)
(3.7) THEOREM. If A; 2, Ay, then A; 2, A,.

(3.8) CoRrOLLARY. The equivalence relations ~, and ~, give the same equivalence
classes.

Proof of (3.7). We prove that if A; 3, A, then A; 2, A, If A; 2, Aj, there is a
filtration ordering = such that [A;]* > [A;]' where [A]* is the equivalence class of
A under ~;, A=A; or A;.

Let {M;} be a filtration corresponding to = as in Theorem (3.6). Then if
A; 2, A, an easy induction on the length of a sequence from A; to A, as in the
definition of >, shows that A < M,. But since A; N M;=2, we get A; 2, A,
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We will use the notation A;~ A, to mean A; ~; A; or A; ~; A; which is justified
by Corollary (3.8).

By analogy with the usual definition of cycles in the case of Axiom A (see [5] and
[11]), we define an r-cycle to be a sequence A, ..., A; such that A, =A; and
WH(A;) O WA, ,)# 2 for 0Sk<r where Wo(A)=W(A)— A, o=u, s. A cycle
will mean an r-cycle for some r. The reason we need to use W(A) instead of W°(A)
as in the case of Axiom A is that 1-cycles (our definition) can occur for L~ hyper-
bolic (see Examples 1 and 4 at the end of this section), whereas they cannot occur
for diffeomorphisms satisfying even Axiom A(a).

Define a c-cycle (for closure cycle) to be a sequence A, ..., A; such that A,
=A,, and (Cl (W¥(A,))— Ay) N W3(A,,, ) #2 for 0sk<r.

A sequence A, ..., Ay such that A; =A; and Cl(W¥(A,)) N WA, ,))# D
for 0 <k <r will be called a c-loop. Also we will call the equivalence classes of {A;}
under ~, c-loop classes.

The proof of the following lemma was worked out with the aid of J. Palis.

(3.9) LEMMA. Suppose A,# A, are basic sets such that (ClL(W*(A))—A)N
WH(Ag)#@. Then (CL(W*(A))—Ay) N WAy #2.

Proof. Since A, has a local product structure, there is a proper fundamental
neighborhood V for W*5(A,) (see [3]). Moreover, we may choose V to be arbitrarily
close to a proper fundamental domain D<= W*5(A,;)— A,. By Theorem (1.1) of [3],
V'=Unzo fM(V) U W¥A,) is a neighborhood of A, in M. But then for e small
enough, V' is a neighborhood of W¥(A,). Since (Cl (W¥(A,))—A,) N W¥(Ay)# 3,
(Cl (WH(A))—Ay) N (WE(Ay)— Ag)# . But then (WH¥(A)—Ay) N Unzo fM(V)
#@ so (WYA)—A,)) N V#3. Since V was arbitrarily close to D,

(CLWHAD)—A) NI (Ay) # 2.

(3.10) PrROPOSITION. A c-loop class contains a cycle if and only if it contains a
c-cycle.

Proof. Suppose y is a c-loop class which contains a c-cycle. We prove that y
contains a cycle. The converse is obvious.

For A,, Ay €y, call a sequence A, ,..., A; a proper sequence from A, to A,
if Aj,=Ay, A=A, and W¥A,) N WA, )#o for 0Sk<s. Let (A, ..., Ay)
be a c-cycle in y.

If for each 0<j<r there is a proper sequence from Ay to A, taking j=0, we
get a cycle in y. If there is a 0<j<r such that there is no proper sequence from
Ay, to A, let ji, be the largest such integer. Then there is no proper sequence from
Ay to Ay . i

Let xe(Cl (W“(Ailo))—A%) N WA, ,,). Let A; be the basic set such that

g +1

x € W*(A;)). Then since x € Ws(A;, ), x€ W“(A,l), so we may apply Lemma

o+l

(3.9) to conclude that A, 01 A;,. Now assume A; # A, " is defined for k <v such
that Ay, >, A, and W¥(A,) N WA, _)#2.
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If any two of the A, ’s are equal we have a cycle so we may assume they are all
distinct. Let x € (CL(W*(A;,))— Ay, ) N W3(A,,). Since there is no proper sequence
from Ay to A, if A, is the basic set such that x € W¥(A,,, ), then A; | # A, ,
and A, >; A; . So we get a sequence of distinct basic sets (A, ,, Ay, ..., Ay)
such that W“(A,e) N WS(A,-e_l);é@’ for 2<e<v+1. Continuing as above, since
there are only finitely many basic sets, we eventually get a cycle.

A basic set A is called a source if WS(A)=A.

If A is a source, there is a compact neighborhood V of A such that f~1(V)

Cint V.

(3.11) ProposITION. If v is a c-loop class which is maximal with respect to the
partial ordering >, (hence >,), then y has only one element, and that element is a
source.

Proof. Suppose y is maximal with respect to >;. Choose a filtration ordering
with y as its largest element. Let M=M,>M, _,>---DM,>3 be the corre-
sponding filtration for f'so that | J y<int (M,,— M,,_,). By Theorem (3.6) if Ais a
basic set such that W*(A) N (M,,— M, _,)# 2, then [A]*=v. Thus A €y since y
is maximal. Thus M,,— M,,_,< W¥(y). So W*(y)— M,,_, is an open neighborhood
of W*(y). Thus there is a A € y such that W*(A) contains an open subset of M.
Let e>0. Then U,z0 fM(WX(A))= W¥*(A) so W¥(A) contains an open subset of M,
say V. Since the periodic points of A are dense in A, there is a periodic pointp e A
such that W¥(p) N V#o. By an application of the A-lemma, W?(o(p))
<Cl (Unzo f™V)). Further, as observed by Smale, if A is a basic set, then
W (A)=CL(W*(o(p))). Thus, W(A)=Cl W(o(p))=Cl(Uszo f™ (V)= Wi(A).
Here the last inclusion follows since W2(A) is closed and f~!-invariant. Thus
Ws(A)y= WE(A) for all e>0. But (..o W¥(A)=A, so W$(A)< A and we are done.

(3.12) ReMARK. 1. The preceding results are true with L* replacing L~ where
the obvious changes are made; e.g., if L* is hyperbolic, then P=L*=A, U. .-
U A, M=W3(A) U---U WS(A,), there is a filtration for £~ as in Theorem (3.6),
etc.

2. If L=L- U L* is hyperbolic and M,>M,_,>--->M;> g is the filtration
for f as in Theorem (3.6), then M _w<n<o fY(Cl(M;—M;_1))=W5(y;) N W¥(y).
For, if x € Na=of™(Cl (M;— M;_,)) then w(x) € M;— M;_,, so x € W(y,).

3. Clearly, if f'satisfies Axiom A(a), then L is hyperbolic. In [5], Palis shows that
if f satisfies Axiom A and has a cycle, then f may be perturbed to given an Q-
explosion. Notice that Remark (3.12.2) can be used to give some kind of control on
the size of the Q-explosion. That is, if g is close to f, then Q(g) is close to
Ussism (W () 0 We(y).

Before proceeding, we consider some examples. All of these examples will be
diffeomorphisms on the two-sphere S2.

1. This example is such that L~ is hyperbolic, but L* is not hyperbolic. It also
shows that minimal elements of a filtration ordering do not have to consist of
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single basic sets (see Proposition (3.10)). We take f to be the time-one map ¢; of
the flow ¢, pictured below.

©

Here, for ¢,, there is an expanding spiral source at infinity. There are two hyperbolic
saddle points and three expanding spiral fixed points as in the picture. The saddle
points taken together form a minimal element in the filtration ordering and all
orbits except the saddle connections and the fixed points spiral in to the saddle
connections.

In this case L~(f) is the set of fixed points of f'so it is hyperbolic. L*(f) is the set
of fixed points together with the saddle connections (which are the stable and
unstable manifolds of the saddle points).

2. Here P(f) is hyperbolic and finite, but L~(f) and L*(f) are neither. Again
fis the map ¢, for a flow ¢,. This flow is described as follows. On a two disk D,,
let ¢, be a flow transversal to the boundary whose w-limit set is two spiral sources
and a figure eight as in Figure 2a.

FIGURE 1

@@ @@

FIGURE 2a FIGURE 2b
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Here 4, has only three critical points, so P(f)=P(f) is the set of those three points.
Let 5, be the inverse of the flow i, on another copy D, of Dy, i.e. n(x)=y_(x)
(see Figure 2b). Then 7, has three critical points and its «-limit set is not hyperbolic.
Now glue the two disks D, and D, together along their boundaries and fit ¢, and »,
together to give a flow as required.

3. This example was shown to me by J. Palis. In it the limit set L(f)=L~(f)
U L*(f) is finite and hyperbolic, but Q(f) is neither.

Start with a flow ¢, having two sources, two sinks and two saddle points x;, x,
connected by trajectories as in Figure 3a.

FIGURE 3a

The circles represent the sources and sinks and all the critical elements are
assumed hyperbolic. Thus ¢, =f satisfies Axiom A and has a 2-cycle. Now by a
slight change of ¢, =f in the space of diffecomorphisms we make one component
of W¥(x;)—{x,} have nonempty transversal intersection with one component of
W$(x3) —{x,} as in Figure 3b.

VS = Vu
FIGURE 3b
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This can be done so as not to change the other components V* (V*) of W*(x,)
—{x1} (W¥(xz)—{xz}). Of course, V*=V* For the new diffeomorphism g, Q(g)
will consist of P(g) U VS,

We can also make Q countable and keep L finite by making ¥* and V* intersect
nontransversely in an appropriate way. An example is depicted in Figure 3c.

V u
FIGURE 3c

4. Here we have L hyperbolic, Axiom A(a) is not satisfied and there is a 1-cycle.

Start with the familiar horseshoe example of Smale on S2. Thus Q(f) consists of
a source py, a sink p,, and a Cantor set A on which fis topologically conjugate to a
shift automorphism on two symbols. This is pictured in Figure 4a.

Py A

AN

v,

Py
FIGURE 4a
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There is a single fixed point x, € A such that one component V; of W¥(x,)—{xo}
is contained in W*(p,) and one component V, of W$(x,)—{xo} is contained in

W*(po)-

There are open intervals V¢ and V* in the other components of W*(xy)—{xo}
and W*¥(x,)—{xo} such that Cl (¥V*) and Cl (V*) are closed intervals bounded on
one side by x,. We suppose V*and V* are as depicted in Figure 4b, so that V* N V*
consists of four points.

—

Vu

Po

FIGURE 4b

Now one can modify the diffeomorphism away from A so as to produce a unique
tangency y off A of V¢ and V*. This is depicted in Figure 4c.

The modification can be done so that one gets a diffeomorphism g such that

(@) Qg)=Q(f) v o(y).

(b) For each x € M and each small neighborhood U of y, o(x) N U has at most
two points.

It follows from (a), (b) and the construction of such a g, that L(g)=Q(f) and g
has a 1-cycle (Ag, A;) with Ag=A;=A.

4. In this section we complete the proof that if L~(f) is hyperbolic and there are
no cycles, then f satisfies Axiom A. We also give another sufficient condition for
Q-stability. The latter result is that if P is hyperbolic, LY < P (see definition before
(4.7)), and there are no c-cycles, then f satisfies Axiom A (and has no cycles).

(4.1) THEOREM. Suppose L~(f) is hyperbolic, and f has no c-cycles. Then L~ =P
=Q, so f satisfies Axiom A. Further, f has no cycles, so f is Q-stable.
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N

G\.\éy -/

U

O

A 4

FIGURE 4c

Proof. Let L~(f)=A,; U---U A, as in Theorem (3.2). Since f has no c-cycles,
each c-loop class has only one element. Let {A,;} 2 {A,_;}= - ={A,} be a filtration
ordering for f with filtration M,>M,_,>.--2M;> 7 as in Theorem (3.6). We
claim
4.2) foreachl1 <is<n (O SfYCI(M;—M,_,)) = A,

—®o<n<®

This will prove that L~ =Q, so L~ =P=Q. Thus we will have that f satisfies
Axiom A. Clearly, the hypotheses imply that f has no cycles. Further, once (4.2)
is proved we will, in fact, have a filtration for f exactly the same as the filtration
Smale obtains in [11]. Then Q-stability will follow as in his proof by proving
Q-stability on each M;— M, _;. This last step follows from Theorem (7.3) of [2].

So we need only prove (4.2). Fix i. By (3.6.2), (Nazo f/M(Cl (M;— M, _,))< W*(A).
We claim
4.3) Qof CL(M;—M;_1)) = W¥(A).

Once this is shown (4.2) follows since we will have

Are N MCHM—M;_y) = WHA) N WA = A

where the last equality holds since there are no 1-cycles.

For the proof of (4.3) suppose xe€(N.gof™Cl(M;—M,_,)). Then w(x)
cCl(M;—M;_,), so o(X)=Nnzof™Cl(M;—M;_,))= W*(A,) where the first
inclusion follows from the f-invariance of w(x) and the second one follows from
(3.6.2). !
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Since there are no l-c-cycles, W*(A;) is a neighborhood of A; in W*(A;) for
e>0. But w(x) is a compact subset of W*(A;) and U,z fM(WE(A))=W*(Ay). So
there is an integer n, >0 such that w(x)<=f™(W¥(A))). Since w(x) is £~ !-invariant,
w(X)SMuzof "(fM(WE(A)))=A;. But A; has a local product structure, so
x € WS(A)) and (4.3) is proved.

(4.4) REMARK. Example 4 in §3 gives a diffeomorphism such that L=L~ U L*
is hyperbolic, each c-loop class has only one element, and there is a single 1-cycle.
Also, L#Q and Axiom A(a) does not hold.

We now come to our main result.

(4.5) THEOREM. Suppose L~(f) is hyperbolic and f has no cycles. Then f satisfies
Axiom A.

Proof. Since f has no cycles, it has no c-cycles by Proposition (3.10). Now (4.5)
follows from (4.1).

(4.6) REMARK. 1. Using Theorem (4.5) one can obtain, of course, that Axiom
A(a) and no cycles imply Axiom A(b). Also using Theorem (3.6) and a result
similar to the theorem in §1 of [13], one can prove that if f satisfies Axiom A(a)
and every c-loop (A, ..., A;) is 2-related in the sense that for 0=j, /=<r,
Cl(W*(Ay)) N W3(A;)#2, then f satisfies Axiom A(b). However, it is still
unknown if Axiom A(a) implies Axiom A(b) in general.

2. J. Robbin has recently proved that if fis C2 and satisfies Axiom A and the
strong transversality condition, then f is structurally stable [8], thus confirming
part of a conjecture of Smale. Using Theorem (4.5) and some other well-known
results, Robbin’s theorem may be restated in the following way. If fis C2%, L=(f)
is hyperbolic, and for x, y e L~(f), W*(x) is transverse to W*(y), then fis struc-
turally stable.

For V a closed subset of M, let LY(V)=V and LY(V)={yeV :Ixe LY ~Y(V)
such that y € a(x) and a(x)< ¥V}, for N>0. Note that, for N>0, LY(V)={ye V :
there is a sequence xg, X;, ..., Xy in ¥ such that xy=y and x; € a(x;_;)< V for
1Zi<N}. Let LY(M)=LY so that L}=L, as defined earlier. Notice also that
Pcllic...cL,<Q for all N>O0.

Our final result is the following.

(4.7) TaeOREM. If P is hyperbolic, LY < P for some N >0, and there are no c-cycles
for the basic sets in the spectral decomposition of P, then f satisfies Axiom A.

Proof. Let N>0 be such that LY<P. We prove that L,<P and then (4.7)
follows from (4.1).

Let P=A,U---U A, as in Theorem (2.9). Since there are no c-cycles, each
c-loop class has only one element, so there is a simple ordering A,2A,;_;=---
= A, such that if A;= Ay, then ClL (W*(Aj) N Ws(A)=o, ie. A; %, Ay, as defined
before.
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Say that f satisfies (*), if there is a sequence of compact submanifolds with
boundary M, > M, _,>---> M, such that for | i<k

(@) Ai<int (M;— M, _,),

(b) f(M;)<int M,

©)e Nazo /" M) =U;si WHA)=U;s: CLIWHAY),

(D Le(Mi)< U sssk A

Then one proves by induction on k that f satisfies (*), for 1 <k <n. It follows
from (d), that L,<P.

We will prove (*);. The induction step for (*),,, from (*), is similar, so we omit
its proof.

Let V be a compact neighborhood of Cl (W*(A;)) such that VN A;= fori>1.
Now LY¥<P, so LY(V)< A,. We claim that LY(V)< A, implies that LY “Y(V)< A,.
For, if xeLY~'(V), then a(x)<L¥(V)<A,, so xe W*A,;). But there is a y
€ LY~2(V) such that x € a(y) and «(y)<V. Also a«(y)<LY - (V)< W*(A,). Now,
as in the proof of (4.3), a(y)<= A, since there are no 1-c-cycles. But x € a(y), so
x € A,. Thus LY~ Y(V)< A,

Proceeding by downward induction we get that L,(¥)< A,. But then (2, /™(V)
=W*A;)=Cl(W*A,)). Now, as in the proof of Theorem (3.6), by Smale’s
lemma, there is a compact submanifold with boundary M, such that f(M,)
cint M; and (Nazof"(M;)=W*(A,). Again as in the proof of (4.3), M,
=Nnsof (M) W5(A)). So W*A))= W5(A;) and hence W*(A,)=A;. This
proves (*),.

QUESTIONS AND REMARKS. 1. Does (4.7) remain true if one replaces the no
c-cycles assumption by the assumption that there are no cycles?

2. Let F,=P, F,=L", F;=L, and F,=Q. Say that f is Fi-stable, i=1, ..., 4,
if there is a neighborhood A" of f'in Diff (M) such that if g € A, there is a homeo-
morphism h: F(f) — F(g) such that hf=gh. Is F-stability equivalent to Fj-
stability for 7, j=1,...,4? Is it true that f'is L~ stable if and only if L~ is hyper-
bolic and there are no cycles ? Palis has shown (unpublished) that if f is Fi-stable
and F; is hyperbolic, then there are no cycles. Therefore, the main part of the last
question is: does L~ -stability imply L~ is hyperbolic? By the closing lemma this
can be reduced to: does P-stability imply that P is hyperbolic?

3. There are easily constructed examples where P is hyperbolic, there are no
cycles, and Pg L. Hence, by the closing lemma, it follows that P hyperbolic and
no cycles is not sufficient for P-stability.

APPENDIX: THE HOMOCLINIC POINT THEOREM. Here we give a fairly elementary
proof of Theorem (2.6) based on the stable manifold theory for a hyperbolic
fixed point and Lemma (2.10).

We first need a lemma due to Hirsch and Pugh [2].

Let E, F be Banach spaces and give E x F the norm |(x, y)| =max {|x|, | |}-

LemMa 1. Let T=(¢ B) be a linear map from E x F to itself such that D! exists.
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Letyn<1. If
) |A]-|D= |+ |BD | +[C[-|D~*| <7 and
@ [4]-1D- | +2|C)- D7 <1,
then there is a unique linear map P: F — E such that |P | <n and
(3) T(graph P)=graph P.
Further,if m(D)— |C| > 1, then T | g apn p is expanding (recall m( D) =inf|,, -, | Dv|).

Proof. Condition (3) can be written T(Py, y)=(Pu, u) where u=CPy+ Dy or
APy+ By=PCPy+PDy for y € F. Thus as linear maps, AP+B=PCP+PD, or P
is a fixed point of the map H: P+> APD~*+ BD-'—PCPD™.

Let 5%, be the complete metric space of bounded linear maps from F to E with
norm less than or equal to v where v=| /4| - |D~*|+|BD~*|+|C|-[|D~!|.

For Pe s, |H(P)| = |A]-| D~ +[BD~*|+|C|-|D~*|=v<n by (1). Thus,
H maps 57, into itself.

Similarly, by (2), H is a contraction and so has a unique fixed point P.

Also, if (Py,y)egraph P, then, since ||P|<1, |T(Py,y)|=|CPy+ Dy|
2(m(D)~ |CDIy|>1y]=1(Py, »)I-

This proves T |grapn » is €xpanding and completes the proof of Lemma 1.

Now returning to the notation of Lemma (2.10), suppose

A, B,

c. Dz) for ze D,, and

T.g = (
A, B
T,g™! = (Ci Dll) for we g(D,)

where T,,g~* is assumed to exist.
By analogy with the definitions of a, ¢, e, d before Lemma (2.10), define

a, = inf {|4,,0| : we g(D,), v is a unit vector in R¥},

by = sup |[By|, d= sup |[Dul,
weg(Dy) weg(Dy)
e, = sup {|Cy,0|/|A10| : we g(D,), vis a unit vector in R%}.

Notice if 4, is invertible for all w, then e; =supyeup,) | Ciwdi |, and if D, is
invertible for all z, then e=sup,p, ||B.D;|.

LEMMA 2. Suppose the hypotheses of Lemma (2.10) are satisfied and g(D,)
c(3D%) x D*. Let n<1, and let z; =(x,, y,) be the fixed point of g in D,. Suppose,

(1) a/d+e+cld<n,

(2) a/d+2cld<]1,

(3) d—c>1,
and

(1) di/ay+e+byfa; <,

(2) difay+2by[a; > 1,

@B) a;—b,>1.
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Then,

(4) z, is a hyperbolic fixed point of g,

(5) W¥z, g, D,)={ze D, : g~™z) € D, for all n=0 and g~"(z) — z, as n — o0},
and W3(z, g, D,)={z € D, : g"(z) € D, for all n=0 and g"(z) - z, as n — o} are
smooth manifolds,

(6) if (d—c) dist (z,, boundary D,)>dist (z;, D*x0), then gW*(zy, g, D,) has a
unique point of transversal intersection with D*x 0,

(7) W*(z4, g, D,) has a point of transversal intersection with 0 x D,

Proof. Applying Lemma 1 to T, g and T, g~', we see that there are unique
T.,g invariant subspaces E*, E® in R°** such that

(a) E* is the graph of a linear function P*: R* — R® such that |P*|| <% and E*
is the graph of a linear function P*: R® — R* such that ||P*| <, and

() |7 |E*| <1, | T, glE¥] <.

Now (4) follows easily from (a) and (b). Also (5) follows from the stable and
unstable manifold theorem for the hyperbolic fixed point z,.

Let #°: D — D°, o=s, u, denote the natural projections on D.

To prove (6), we will show that

(c) gW¥(zy, g, D,) is the graph of a smooth function ¢*: n*gW*¥(z,, g, D,) — D*
such that if £(¢*) is the Lipschitz constant of ¢*, then £ (¢*)<n<1, and

(d) the center O of D¢ is in n*gW¥(z,, g, D,).

We first prove (c). Let z; =(x;, y,). From the unstable manifold theorem for the
point z,, if D§ and D% are small disks in R® and R* centered at x; and y,, then
W¥(zy, g, D x D)=(Nnzo g"(Dy x DY)={z € Dy x D¥: g "(z) -z} is a smooth
manifold tangent to E* at z;. Thus, if Dj and Dj are small enough,
gW(z,, g, D§ x DY) is the graph of a smooth function ¢,: 7'gW¥(z,, g, D§ x DY)
— D* such that Z(p,) <.

Let Wi=W?(z,, g, D5 x D}%) and let W*=W?*(z,, g, D,).

For i>0, define W*=g(W~,) N D,. We claim, for each i>0, gW® is the graph
of a smooth function ¢;: mgW* — D* such that #(¢;) <7, and there is an integer
no>0 such that W} =Wz = W* for j=n,. Once the claim is proved, (c) follows by
taking the function ¢,

Suppose ¢;: mtgW¥ — D* has been defined such that graph (¢)=gW} and
L(p)<n<l.

By (3), the mapping ;: y — n*g(p,(»), ¥) is a uniform expansion and hence a
diffecomorphism on #*gW¥ N D} (recall Di==*D,). Further, ¢(a*gW# N DY)
=m"gWi ..

On #"gW}, ,, define @,.1(y) =g(@i(¥ *(»)), ¥ *(¥)) and observe that

graph (p;.1) = gWi ..

To prove Z(¢,,1) <7, it suffices to prove the following fact.
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Let v=(2*, v*) be a tangent vector to gW¥ N D, at z=(¢i(y), y) (so v*=T,p,(v*)
and |v®|/|v*| <9< 1). Then, letting T,g(v) = (v}, v}), we have |v3|/|v¥| <.
Indeed, T,g(v)=(v5, v¥) =(A.T,p:(v")+ Bv*, C.T,p(v*)+ Dv*), so if v*=D;'w,
then
I23l o (4:]- 1D |+ |B.D:2DIwl| _ ald+e
¥l = A=lC[- 1D DIwl = 1—c/d

since || Tyl <1.
But, since n <1, (1) implies that (a/d+e)/(1—c/d) <n. Thus L(@;4+1) <.
Now each map i, is a uniform expansion (in fact

inf {|T,$,(t*)| : yengW¥ N\ Dy, 0¥ = 1} > d—c > 1),

mD,<iD¥ =’gD,<3D¢ and Z(p;)<1. Thus there is an integer n,>0 such that
7 W = D%. Further, if n, is the least such integer, then W}*= Wy for j2n,. Notice
also that Wic Wic.... Since W*<|J;zo W{¥, we have that W*=Wp. This
completes the proof of (c).

For the proof of (d), since i, expands everywhere more than d—c and
(d—c) dist (z,, boundary D¥)>dist (z;, D*x0), it follows that the center 0 of D*
is in the image of y,, which equals #*gW*. This completes the proof of (6). The
proof of (7) is similar.

We now apply Lemma 2 to prove Theorem (2.6).

Let p be the hyperbolic periodic point of the diffeomorphism f. Let g be a trans-
versal homoclinic point of p. Let D= D*x D* be a disk in T, M such that there is a
diffeomorphism g,: D — M such that

(1) £:(0)=g,

(2) g(D*x0)=W(q), £(0x D¥)=W*(q),

(3) the manifolds g,(D*xy), y € D%, are C* close to each other, and the mani-
folds g,(x x D¥), x € D%, are C! close to each other.

We claim if D is small enough, there is a subdisk D¥< D*, an integer N>0, and
a diffeomorphism g,: D — M such that

(4) go(D* x0)= W(q), g2(0 x D*)= W*(qg),

(5) if Dy=D°x D¥ and g=g5'f"g,|p,, then g satisfies the hypotheses of
Lemma 2.

After this has been shown, Theorem (2.6) will be proved, for gy(z,) will be a
hyperbolic point of f which is A-related to p.

Once D is chosen small enough, the disk D%, diffeomorphism g,, and integer N
are constructed in a way similar to the analogous constructions in Theorem (3.1).
One defines the u-submanifolds of g, ({go(xx D*) : x € D?}) and then the s-
submanifolds ({go(D*xy) : y € D*}) of g,. We will indicate how to define the u-
submanifolds of g.

Using the A-lemma one can show that, given &> 0, there is a small real number p
and an integer N >0 such that there is a connected component Zy of f¥(g,(D*x pD¥))
N g,(D) satisfying
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(6) the manifolds Zy ,=fM(g,(xxuD*) NZy for xe D* are e-C! close to
£1(0x DY),

(7) the manifolds f~"(g,(D*xy) N Zy) for y € D* are e-C* close to g,(D* x0),

(8) f¥ expands a large amount on the manifolds g;(xxuD*) Nf~N(Zy)
=f-N(ZN,x)a x € D5,

(9) £~V expands a large amount on the manifolds g,(D*x y) N Xy, y € D%

Now define a diffeomorphism g;: D — g,(D) whose wu-submanifolds are
{g.(xxuD¥)} and such that there is a subdisk D{< D* such that gs(D*x DY)
=f~NZp).

Then define g,: D — g,(D) as follows. Take the u-submanifolds of g, to be those
of g5. In f~¥(Zy), take the s-submanifolds of g, to be

{/M(g(D*xy) NZy) : y e D*},

and off f~¥(Z,) take them so that all of the s-submanifolds of g, are e-C* close to
g.(D°x0).

The computations needed to prove that ¢, D,, N, and g, can be taken so that the
hypotheses of Lemma 2 are satisfied for g=g5 'f"g,|p, are similar to those in the
proof of Theorem (3.1) and will be left to the reader.

ReMARK. Here again, as in the proof of (3.1), one cannot use the weaker version
of Lemma (2.10) in which e is replaced by sup.cp, {||B.|- | D; |} (see Remark

(2.11)).
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