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OF INTEGRAL DOMAINS
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Abstract. Let D <R be integral domains having the same quotient field K and
suppose that there exists a family {V}ie; of 1-dim quasi-local domains having
quotient field K such that D=R N {V;|ieI}. The goal of this paper is to find
conditions on R and the ¥, in order for D to be noetherian and, conversely, con-
ditions on D in order for R and the V; to be noetherian. An important motivating
case is when the set {¥}} consists of a single element ¥ and ¥V is a valuation ring.
It is shown, for example, in this case that (i) if ¥ is centered on a finitely generated
ideal of D, then ¥V is noetherian and (ii) if ¥ is centered on a maximal ideal of D,
then D is noetherian if and only if R and ¥ are noetherian.

Our terminology is that of Zariski-Samuel [15] and Bourbaki [2]. All rings con-
sidered are commutative rings with identity, and except for several propositions
concerning flat ring extensions, we deal only with integral domains. If S and T are
sets, we use S\T to denote {s€ S | s ¢ T}; and if V is a valuation ring, we use V(-)
to denote the value of — with respect to an associated valuation. If D is a subring of
aring R and P is a prime ideal of D, then we write R; for the quotient ring of R
with respect to the multiplicative system D\P. We use R to denote the integral
closure of an integral domain R; and finally, = denotes containment and < strict
containment.

1. R-Krull domains. In proving the main theorems of this paper, we found that
we were frequently using techniques that resembled those encountered in dealing
with Krull rings, and toward the end of our work it became clear to us that a
natural setting for our study is one that generalizes the language and ideas of
classical Krull ring theory. Thus, the concept of an R-Krull domain will play a
central role in our development, and we shall carry over to these rings a surprisingly
large number of results, suitably generalized, from the theory of Krull rings.

We begin by fixing some notation and terminology which will remain in effect
throughout the paper. R and D will always denote integral domains with the same

Presented to the Society, January 24, 1969 under the title Noetherian and non-Noetherian
commutative rings;received by the editors October 12, 1968 and, in revised form, February 2,1971.

AMS 1970 subject classifications. Primary 13E05, 13F05, 13B20.

Key words and phrases. 1-dim quasi-local integral domain, flat ring extension, Krull
domain, essential valuation ring.

(*) The authors received partial support from the National Science Foundation during the
writing of this paper. During completion of the paper the first named author was supported as
an NRC-ONR Research Associate.

Copyright © 1972, American Mathematical Society

291



292 WILLIAM HEINZER AND JACK OHM [May

quotient field K. A set of domains {D;};c; with the same quotient field K will be
said to have FC (finiteness condition) if 0+ ¢ € K implies ¢ is a unit of D, for all but
finitely many i, which is equivalent to the assertion that 0#de D implies d is a
unit of D; for all but finitely many i. A nonempty set {V;},; of 1-dim quasi-local
domains with quotient field K will be called a set of R-representatives for D if
{Vihier has FC, R&(Nie; Vi, and D=R N (i Vi). Note that when such a set
exists, we must have D < R. If {V}},; is a set of R-representatives for D, we use P;
to denote the center of V; on D, i.e. P; is the intersection of the maximal ideal of V;
with D. V; is said to be irredundant (in the intersection D=R N (N V3)) if
RO(Ns: V)&V

A valuation ring is called rational if its associated value group is order isomorphic
to an additive subgroup of the rational numbers. A set {V;},.; of R-representatives
for D will be called a set of rational R-representatives for D if every V;, i€ I, is a
rational valuation ring; and D will be called an R-Krull domain if there exists a set
of rational R-representatives for D. Thus, an R-Krull domain is a domain D
having the same quotient field K as R and such that there exists a set {V;};c; of
rational valuation rings with quotient field K such that {V};c, has FC, R&Nie; Vi
and D=R N (N1 V)

The concept of an R-Krull domain is a continuation of the line of thought begun
in [12, §5]. When R=K and each V; is noetherian, then the notion of R-Krull
domain coincides with that of Krull ring. Our goal in this section is to find con-
ditions on R and the V; in order for D to be noetherian and conversely conditions
on D in order for R and the V; to be noetherian. We begin by generalizing some
well-known results on Krull rings.

1.1. LEMMA. Let {D,} be a set of overrings contained in K of the integral domain
D, and let S be a multiplicative system of D. If {D,} has FC and D=\, D,, then
Ds=\o (Dy)s. In particular, if {Vi} is a set of R-representatives for D, then Dy
=Rs N (Njes V;), where {V};c; is the set of V; such that P, N\ S=g.

Proof. Let ¢ () (D,)s. By the FC, £ ¢ D, for at most finitely many «, say
&¢ Dy, ..., D,. There exists s; € S such that s;¢e€ D;, i=1,...,n;s0if s=5,---5,,
then sé € D and ¢ € Ds. For the second assertion, observe that (V))s=Kif P,N S
#D.

1.2. COROLLARY. Let {V};c; be a set of R-representatives for D. If P is a prime
ideal of D such that R¢ Dp, then P,< P for some i€ I.

Proof. Take S=D\Pin 1.1.

The next lemma plays an important role in what follows. Its proof is basically
that of [12, Theorem 5.1, p. 330].

1.3. LeMMA. If D, R are domains with quotient field K and V is a rational valuation
ring with quotient field K such that R& V and D=R N V, then V= Dp, where P is the
center of V on D.
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Proof. D,<V is immediate, so we shall concern ourselves with the reverse
inclusion. If £ € V, we must show that there exists d € D\P such that d¢ € R. For
this it is sufficient to exhibit an element d € R such that ¥ (d)=0 and d¢ € R. Since
¥V and D have the same quotient field, £=a/b, a, be D; and since R4V, there
exists 7 € R such that V(r)<O0. If b ¢ P, then b is the required element. On the other
hand, if V(b)>0, then since V is a rational valuation ring, there exist integers
m, n=1 such that V(r"b™)=0; thus, d=r"b™ is the required element. Q.E.D.

The example of [12, Example 5.3, p. 330] shows that 1.3 is no longer valid if one
merely assumes that V' is a rank 1 valuation ring rather than a rational valuation
ring.

1.4. PrROPOSITION. Let D be an R-Krull domain and let {V},.; be a set of rational
R-representatives for D. Then & ={Dp | Rd¢ Dp and Dp=V; for some i} is also a set
of rational R-representatives for D.

Proof. Since any D; € & equals some V;, certainly & has FC and each Dpe &
is a rational valuation ring. It therefore remains to see that D=R N {Dp | Dp€ &}.
C is clear, so suppose x is in the right-hand side of the equality but is not in D.
Then there exists at least one V; such that x ¢ V, and by the FC there exist at most
finitely many such Vj; call these Vy,..., V,. Then D=R' N V; Nn---N V,, where
R=Rn (N V), iel\{l,...,n}. D#R since xe R'\D, so we may assume that V;
is irredundant in this intersection. It follows by 1.3 that V; is a quotient ring of D.
Therefore ¥, € &, and hence x € V3, a contradiction.

1.5. THEOREM. Let D be an R-Krull domain, let {V},c; be a set of rational R-
representatives for D, and let P; denote the center of V; on D. If P is a prime ideal of
D such that R4 Dy, then the following are equivalent:

(i) P;<P implies P,;=P, for allie I.

(ii) There exists j€ I such that V;= Dp.

(iii) There exists j€ I such that P;=P and V, is irredundant.

(iv) P=P, for some je I, P is minimal, and no prime ideal of R lies over P.

(v) P is minimal.

Proof. (i) = (ii). By 1.1, Dp=Rp N\ (Njes V;), Where {V,};.; are those V; having
center P,<P. Dy+# Rp, since otherwise R< Dp; so J#@. J is then finite by the FC,
since P;< P implies P;=P by (i). Therefore we can delete finitely many elements
from {V},c,; to get an irredundant intersection Dp=Rp N V; N---N V. By 1.3,
Vy=Dp.

(ii) = (iii). ¥;=Dp implies P is minimal and V; is the only V; centered on P.
If ¥; is redundant, then D=R N (();4; V:). But then (i) = (ii) applied to the set of
R-representatives {V}};,, implies that there exists V;, i#£], such that V; is centered
on P, a contradiction.

(i) = (iv). V; is irredundant implies ¥;= Dp, by 1.3; and since V; is 1-dim, it
follows that P, is minimal. If now Q is a prime ideal of R such that Q N D=P, then
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V;=Dp<R,. But V;is a rank 1 valuation ring, so then ¥;=Rg; and hence R< R,
=V;= Dp, a contradiction to our hypothesis.

(iv) = (v) = (i). Trivial.

1.6. Application. Let D be an R-Krull domain and let {V};; be a set of rational
R-representatives for D. (ii) <= (iii) <> (v) of 1.5 shows that {irredundant V;’s}
={V;| R¢V;,and V,=Dp}={D; | Pis minimal and R¢ D}. We shall denote this
set by &. Note that the characterization & ={Dp | P is minimal and Rd¢: D} shows
that & is independent of the choice of the set of rational R-representatives {V;}.
Also, we have already seen in 1.4 that & is itself a set of rational R-representatives
for D. We shall call & the set of essential R-representatives for D, and we shall call
the centers on D of the elements of & the essential primes of D. Thus, & is a set of
irredundant rational R-representatives for D; and given any set of rational R-
representatives for D, the subset of irredundant elements is exactly &. (If one merely
assumes that the V; are rank 1 valuation rings rather than rational valuation rings,
the example of [12, Example 5.3, p. 330] shows that not every irredundant ¥, need
be in 6.)

We shall frequently use in what follows a couple of facts involving flatness, one
of which is the following criterion [14, Theorem 2, p. 795]. Let D< R be domains
with the same quotient field. Then R is flat over D if and only if for any prime
ideal P of D, either R< Dp or PR=R. The second fact is that if R is flat over D
and contained in the quotient field of D, then D is noetherian implies that R is
noetherian [14, Corollary, p. 796].

We are now ready to examine the noetherian properties of R-Krull domains.
Theorem 1.10 constitutes part of the main result of this section. Its proof requires
the corollary to the next proposition.

1.7. PROPOSITION. Let Z# be a ring and let {Z,} be a set of flat R-algebras (or
R-modules). Let A be an ideal of # such that for each maximal ideal M> A of #
there exists an &, such that MR, #R,. If A’ is an ideal of & such that A'R,< AR,
for each o, then A'< A. Moreover, if for each o, AZ, is finitely generated as an ideal
of &, (or finitely generated as an #-module) and if there exists a finitely generated
ideal B< A such that BR,# AZ, for at most a finite number of o, then A is finitely
generated.

Proof. If be 4', then (4:b)%,=AZR,:b (Where AR,:b={ye X, | bye AR,}),
[2a, Exercise 22, p. 65] or [11, 18.10, p. 58]. Since b#,<A'R,<AZ, we have
(A:b)R, =2, for each . Thus A4:b is contained in no maximal ideal of %, so 4:b
=4, i.e. be A and A'< A. Assume now that A%, is finitely generated for each o
and that B< A4, B finitely generated, is such that BZ,= A%, for all but a finite
number of o, say =1, 2, ..., n. We can choose 4;< A4, A4; finitely generated, such
that A, %#,=A%.. Then B'=B+ A, + - - - + A, is such that A%,<B'Z, for each «.
Thus 4=B' and A is finitely generated. Q.E.D.

The following corollary includes the well-known statement that a quasi-semilocal
domain which is locally noetherian is noetherian [15, II, Lemma 2, p. 327].
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1.8. COROLLARY. Let # be a ring and let {Z,} be a set of flat #-algebras (or
R-modules) such that for each proper ideal A of R, AR, + X, for at least one and at
most a finite number of X,. If each &, is a noetherian ring (or a noetherian -
module), then Z# is noetherian.

For an incidental application of 1.8, let us consider the following question: Let
Z be a noetherian ring and £, ..., %, be a set of flat overrings of # which are
contained in the total quotient ring of #. Is #' ==, %, necessarily noetherian ?
The answer is “no”” in general. In fact [7, Example 2.10] gives an example of a
noetherian domain D having quotient rings D;, D, such that D, N D, is not
noetherian. However, the following is true.

1.9. PROPOSITION. If Z is a noetherian ring and #,, . . ., ®, are quasi-semilocal
flat overrings of & which are contained in the total quotient ring of %, then #' = (" %,
is noetherian.

Proof. The %, are flat over #Z and hence also are noetherian (see, for example,
[1a, Corollary 1, p. 804]). Since every nonunit of £’ is also a nonunit in some %,
it follows that the set of nonunits of %’ is exactly the union of the finite set of
contracted maximal ideals of the Z%,. Therefore every maximal ideal of #’ is the
contraction of a maximal ideal of some Z,. Finally, since the £, are contained in
the total quotient ring of # and are flat over %, they are also flat over %’ [1b,
Corollary 1, p. 803). Thus, by 1.8, #’ is noetherian. Q.E.D.

The next theorem is central to this paper.

1.10. THEOREM. Let D be an R-Krull domain, let {V},; be a set of rational R-
representatives for D, and suppose that the center on D of every irredundant V, is
maximal. Then R is flat over D, and D is noetherian if and only if R and the irredun-
dant V;'s are noetherian.

Proof. By 1.6 the irredundant V; are precisely the elements of &, i.e. the essential
R-representatives for D. Let P be any prime ideal of D such that R4 D;. Since the
center on D of any element of & is assumed maximal, 1.5(i) is satisfied by P; and
hence by 1.5(iv), P is itself the center of an element of & and therefore maximal,
and no prime ideal of R lies over P. This implies that PR= R. Thus, R4 D, implies
PR=R, which proves that R is flat over D. It follows that D is noetherian implies
R is noetherian.

We use 1.8 for the converse. As we have seen, for any prime ideal P of D, either
R< Dy, in which case PR# R, or R4 Dp, in which case P is the center of an element
V of & and PV# V. Thus, since & has FC and each element of & is a quotient ring
of D, 1.8 applies. Q.E.D.

Note that another way of stating 1.10 is the following: Let D be an R-Krull
domain whose essential primes are maximal. Then R is flat over D, and D is
noetherian if and only if R is noetherian and the essential primes of D are finitely
generated. Moreover, when the essential primes of D are maximal, R is completely
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determined by these primes, for it follows from the flatness of R [14, p. 795] that
then R=" {Dy | Q a nonessential prime of D}.

We shall next examine a few examples to determine the bounds for possible
generalizations of 1.10. A simple example in [3, p. 282] shows that there exist 1-dim
local domains R, V with D=R N V being 1-dim quasi-local but not noetherian;
so the hypothesis that the V; are rational valuation rings in 1.10 cannot be replaced
by the hypothesis that the ¥; are 1-dim local. (The D in this example is also integrally
closed.)

The following modification of [12, Example 5.3, p. 330] shows that the assump-
tion that the V; are rational valuation rings is also crucial for the flatness assertion
of 1.10.

1.11. Example of D=R N V such that V is a rank 1 valuation ring centered on a
maximal ideal of D and yet R is not flat over D. Let k be the rational numbers, let
x be an indeterminate, and let V' be the extension of the p-adic valuation v of k to
k(x) obtained by defining V(ap+ax+-- - +ax")=inf {v(a;)+in}, i=0,...,n.
Let D=k[x] N V, let M denote the center of ¥ on D, and let P denote the center of
the x-adic valuation ring of k(x) on D. Then P < M, so there exists a rank 2 valu-
ation ring W of k(x) such that W> D and W has prime ideals lying over M and P.
If now we let R=k[x] N W, then D=RN V.

It is shown in [12, p. 331] that M is the only nonminimal prime ideal of D and
that any other prime ideal of D is the contraction of a prime ideal of k[x]. Since M
is the center of W on D, it follows that every prime ideal of D is the contraction of
a prime ideal of R. Thus, it will follow that R is not flat over D if we show that
D+# R. For sufficiently large n, x/p™ ¢ V and hence ¢ D; but W(x) is infinitely larger
than W(p), so x/p"€ W and hence € R=k[x] N W. Q.E.D.

The following can happen if one omits the condition that the center of each
irredundant ¥; be maximal in Theorem 1.10:

(i) D may be noetherian, but R may not be noetherian,

(ii) R, V;, i€ I, may all be noetherian but D may not be noetherian. (We show
in 1.17 that when D is noetherian the irredundant V; are always noetherian.) An
example which shows (i) is constructed in [4, §2], where R is an A-transform of a
3-dim normal affine ring D and {V} is a finite set of discrete rank 1 valuation rings.
To see (ii), it suffices to have a 2-dim, quasi-local, nonnoetherian Krull domain D
having a minimal prime P such that P=4/(x) for some x€ D. For then take
R=D[1/x] and V=Dp. R is 1-dim Krull and hence noetherian, and D=RN V
since V is the only essential valuation ring of D which does not contain 1/x. The
existence of such a D is proved in [9, p. 28].

The following corollary, whose proof is immediate, includes [6, Proposition 1]
as a special case.

1.12. COROLLARY. Let D be a Krull domain with the set of essential valuation
rings &, and let M be any subset of {V € & | the center of V on D is maximal}. If
R=N\{V | Ve &\ M}, then R is noetherian if and only if D is noetherian.
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We next prove a generalization of 1.12. The generalization requires the following
lemma which is taken from [13].

1.13. LEMMA. Let R be an integral domain and let P be a set of minimal primes
of R.If{Rp | Pe P} has FC and R=("\{Rp | P € P}, then 2 is the set of all minimal
primes of R.

Proof. Let Q be a minimal prime of R and suppose that Q ¢ 2. Choose y#0¢€ Q,
and let P,,..., P, be the primes in & such that ye P; (=1 since otherwise
1/ye (N Rp=R). Choose xe (P, N---N P)\Q.

Claim. x"[ye (" Rp=R, for some n. For any n, x"/y€ Rp, P#P,, ..., P, since
1/y€ Rp, P#Py, ..., P. Moreover, Rp, is 1-dim quasi-local implies x™ € yRp, for
some n;, i=1, ..., t. Choose n=max {n;}, and then x" € yR< Q, a contradiction to
the choice of x.

1.14. THEOREM. Let D be a domain, and let M ={minimal prime ideals of D}.
Assume D=\ {Dp | Pe M}, and that{Dp | P M} has FC. Let ¥ be a subset of M
such that every Pe A" is maximal. Then R=(\{Dq | Q € #M\N"} is flat over D.

Proof. By 1.13, the minimal prime ideals of R are exactly {QDy N R | Q € M4\ N}
Therefore PR=R for any Pe A, for otherwise some minimal prime of R would
necessarily contract to P by the maximality of P. If now Q is any prime of D such
that Rd- Dy, then P< Q for some P € A4, by 1.2. Therefore P= Q and hence QR=R,
which proves that R is flat over D.

1.15. COROLLARY. With the notation and hypotheses of 1.14, R and {Dp | P€ A"}
are noetherian if and only if D is noetherian.

Proof. R is flat over D, so D is noetherian implies R is noetherian. For the
converse, observe that for any prime ideal M of D, if MR=R, then M € # by 1.2;
and then apply 1.8. Q.E.D.

Our next theorem considerably sharpens 1.10 in the direction “D is noetherian
implies the irredundant V; are noetherian”. It and 1.10 should be considered the
principal results of this section.

1.16. LEMMA. Let A be a nonzero finitely generated ideal of an integral domain D
with quotient field K. Then A:A={é€ K | EA< A} is a ring integral over D.

Proof. It is immediate that 4:4 is a ring. To see the integralness, we use a
standard argument (see [15a, p. 216]). Let A=(a, ..., a,) and let de A:A. Then
da;=3}-, yia;, with y;;€ D. Therefore det (dZ— Y)=0, where Z is the identity
matrix and Y=(};;); and this is the desired integral equation for d.

1.17. THEOREM. Let D, R, V be domains with quotient field K, and suppose that
D=RN V=RnN D, that D+ R, and that V is 1-dim quasi-local with center P on D.
If P is finitely generated, then V is a noetherian valuation ring. (Note that if V is
integrally closed, then D<V,so D=RN V=RnN D.)
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Proof. By replacing D, R by their quotient rings with respect to the multiplicative
system D\P, we are reduced (by 1.1) to considering the case where D is quasi-local
with maximal ideal P. Then either PP ~'=D or PP~ 1=P.

If PP-1= D, then P is invertible. Since D is quasi-local, this implies that P is
principal [2a, Theorem 4, p. 148]. Also, since P is contained in the height 1 maximal
ideal of ¥, N~ P*=0[12, Corollary 1.4, p. 323]. These two properties imply that
D is a noetherian valuation ring ([2c, Proposition 9, p. 109]); so D=V, and we are
done.

If, on the other hand, PP ~1=P, then P ~1=P:P. But P:P is integral over D by
1.16, and hence P ~*< D. If now Q# P is any other prime ideal of D, then R< D,
by 1.2. Therefore if r € R and if &(r)={d € D | dr € D}, then &(r)¢ Q. Thus, 4/(r)
=P; so P is finitely generated implies that P"< o(r) for some n= 1. Hence rP"< D
and r € P~ (where by definition P ~*=(P™)~'). Choose r € R\D. Then there exists
n=1suchthatre P~", ¢ P~"*1, Then rP* ' Rand rP*~'cP-"P"-lcP-lc D;
so rP*"'cRnN D=D, and hence re P~"*1, a contradiction to the choice of n.
Q.E.D.

1.18. COROLLARY. Suppose D=R N {V,| i€ I}, where {Vi}ic, is a set of l-dim
quasi-local integrally closed domains having FC. If each V; is centered on a finitely
generated maximal ideal of D, then D is noetherian if and only if R is noetherian.

Proof. Apply 1.17 and 1.10.

The condition R N D= D of 1.17 cannot be weakened to R N ¥ is integral over
D, as the following example shows.

1.19. Example of domains R, V, D such that D=R NV, R&V, V is 1-dim quasi-
local and the center of V on D is maximal, yet R, D are noetherian and V is not. The
R and D will, in fact, be 2-dim local domains with R integral over D. Let ko<k
be fields with k a finite algebraic extension of k,, and let x, y be indeterminates
over k; let R=k[x, ¥ (=k+ M, where M is the maximal ideal of R);let V be
the rank 1 valuation ring of k(x, y), trivial on k, defined (using the procedure of
[2¢c, p. 160]) by setting V(x)=1, V(y)=m=; and let V=ko+ N, where N is the
maximal ideal of V. Note that V=k+ N and that RN N=M. Let D=RN V.
Then D=k,+ M, so R is a finite integral extension of D, and hence D is noetherian
by Eakin’s theorem [3] (see [10] for a simplified proof of this theorem). On the
other hand V is not noetherian since ¥ is not.

It is possible to construct a more complicated example than the above which
has the additional property that R¢ D.

As another application of 1.17 and 1.10, we mention the following corollary,
which includes a situation treated in [15, II, p. 328].

1.20. COROLLARY. Let V be a rank 1 valuation ring and R be a quasi-semilocal
ring, let D=R NV, and suppose D, R, V all have the same quotient field. If there
exists an element x which is a unit of R and a nonunit of V, then D is noetherian if
and only if V, R are noetherian.
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Proof. The existence of x implies that V' is irredundant. Since every nonunit of
D is either a nonunit of R or a nonunit of V, the set of nonunits of D is precisely
the union of the finite number of contracted maximal ideals from R and V. Thus,
D is quasi-semilocal, and the condition on x then implies that the center of ¥ on
D is maximal; so 1.17 and 1.10 apply. Q.E.D.

The converse to 1.17 is false; for it can be seen that the example of [12, Example
5.3, p. 330] gives a domain D which is an irredundant intersection of rank 1 valua-
tion rings, all but one of which are noetherian and such that an infinite number of
them have nonfinitely generated center. The existence of Krull rings having minimal
primes which are not finitely generated (see for example, [4]) gives another source
of counterexamples to the converse of 1.17. However, if one imposes the further
condition that the center of V' be maximal, then the converse is easily proved. Thus,

1.21. PrROPOSITION. Let R, V, D, P be as in 1.17. If P is maximal and V is a
noetherian valuation ring, then P is finitely generated.

Proof. If M+#P is a maximal ideal of D, then D,,> R by 1.2. Also, PR=R and
V= Dp by 1.5. Therefore there exists a finitely generated ideal P, of D such that
PoR=R=PR and P,V=PV. Then P,Dy=PD, for every maximal ideal of D, so
P,=P. Q.E.D.

It is perhaps worth noting that this proposition yields immediately (and hence
provides a simple proof of) the main result, Theorem 3, p. 338, of [5], which
asserts that if a domain D has the property that every Dp, P maximal, is a rank 1
discrete valuation ring and D= D; is an irredundant intersection, then D is
noetherian.

Let D be an integral domain with quotient field K. We remind the reader that
an element ¢ € K is called almost integral (or quasi-integral) over D if there exists a
nonzero de D such that dé'e D for all i=1, 2,.... An element which is integral
over D is almost integral over D, and the concepts coincide when D is noetherian.
(See for example, [2c, p. 20].)

1.22. CoROLLARY (TO 1.17). Let D# R be domains with quotient field K. If W
is a valuation ring of K such that D= R N W and such that W is maximal with respect
to this property (i.e. there does not exist a valuation ring U of K such that U> W and
R N U= D), then D is noetherian implies W is noetherian.

Proof. By 1.17, it suffices to see that W has rank 1. If not, there exists a nontrivial
valuation ring W’'>W. If M’ is the maximal ideal of W’, then M'< W; also
M' 0 D#0since D and W’ have the same quotient field. Therefore, if xe W’ N R
and d#0e M’ N D, then dx*e M'n R=D, n=1,2,.... Thus, x is almost
integral over D; and since D is noetherian, this implies x is integral over D. There-
fore xe W, so W’ N R=D, a contradiction to the choice of W. Q.E.D.

The 1-dim assumption in 1.17 is essential, as is seen by the following example.
Take R=k[x, y, z, 1/x], where x, y, z are indeterminates over the field k. Let V;
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be the x-adic valuation ring of k(x, y, z), and let V be the composite of V; with
some nondiscrete valuation ring containing k[y, z] of the residue field (xk(y, z))
of V,. Then R N V=k|[x, y, z]= D since R N V,=k|[x, y, z], but the maximal ideal
of V¥ is not finitely generated since ¥ has a nondiscrete homomorphic image.

We conclude this section with the following intrinsic characterization of R-
Krull domains. It is modeled after the corresponding statement for Krull rings in
[11, p. 115]).

1.23. THEOREM. Let D < R be integral domains having the same quotient field K.
Then D is an R-Krull domain if and only if

(i) if P is a minimal prime of D such that R¢ Dy, then D, is a rational valuation
ring, and

(i) if xe D, x+#0, then xD=(xR N D) N{Q,|je J}, where {Q;};c; is a finite
(possibly empty) family of primary ideals for minimal primes P; of D.

Proof. (=) From 1.6, {D; | P is minimal and Rd¢ D;} is precisely the set &
of essential R-representatives for D. Thus each such Dj is a rational valuation ring
and D=RN{Dp | Dpe &}. Hence if x€ D, x#0, then xD=xR N {xDp | Dpe &}.
Since & has FC, xDp# Dp for only a finite number of the Dy € &, say {Dp, | je J}.
If Q;=xDp, N D, then Q; is P;-primary and xD=(xR N D) N {Q; | je J}.

(<) Let {P; | ie I} be the set of minimal primes of D such that Rd¢ Dp,. By
assumption each Dy, is a rational valuation ring. Also we have Dp < Rp,. Hence
Rp,=K, i.e. each nonzero ideal of R meets D\P, If xe D, x#0, and xD=
(xRN D) Nn{Q,| jeJ}<=P;, then we claim that P;e {P,|jeJ}. For xRN D¢ P;
implies that some Q;< P;. Thus the set {Dp, | i € I} has FC. It only remains to show
that D=R N {Dp, | i€ I}. We note first that if a minimal prime P, of D is such
that R< Dp, then xR N D=xDp N D. Hence we may assume that the minimal
primes P; in (ii) are such that Rd¢ Dp,. Thus for nonzero xe D, we have from
(ii) that xD=(xRN D)N{xDp, |icI}. If £€ RN{Dp, |ic I} write é=y/x, y,
xe D. Then ye xRN D, and y € xDp, for each i. Hence ye (xR N D) N {xDp, |
iel}=xDand (e D. Q.E.D.

2. Generalizations. We shall now generalize some of the results of §1 to the case
that the V; are no longer assumed to be rational valuation rings but instead are
merely assumed to be 1-dim quasi-local. Again we begin by sufficiently generalizing
the terminology of Krull rings to fit our need. As before, D and R will denote
domains with the same quotient field K. If ¥"={V;},, is a set of R-representatives
for D, D'(¥") will denote the domain R N ((N;e; Vi), which will now play an
important role.

2.1. LeMMA. If V" ={V}ic; is a set of R-representatives for D, then D'(¥") is
almost integral over D (and hence D'(¥") is integral over D if D is noetherian).

Proof. If £ D'(¥"), then by the FC, ¢ ¢ V; for at most finitely many i, say
£¢Vy,..., V. Since £V, ¢is almost integral over V;; therefore we can choose
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a;#0€ V;, and hence in D, such that g;& € V; for all j=1,2,.... Letd=a;---a,,
and it follows that d¢’ e D for all j=1,2,.. ..

2.2. LeMMA. If V" is a set of R-representatives for D, then D'(?") is R-Krull and
integral over D if and only if D N R is R-Krull. When this occurs, then D'(¥")
=DnNR

Proof. It suffices to show that D'(¥") is integral over D implies D'(¥ )=D N R
and that D N R is R-Krull implies D’(¥")=D N R. We always have D'(¥")>D
N R; and if D'(¥") is integral over D, the reverse inclusion is immediate. Suppose
then that D N Ris R-Krull. Every element of D’(¥") is then an element of R which
is almost integral over D by 2.1 and hence which is a fortiori almost integral over
D N R. But the rational R-representatives of an R-Krull domain are rational
valuation rings and therefore are completely integrally closed, so it follows that
any element of R which is almost integral over D N R is in D N R. Thus, D'(¥")
cDNR. QE.D.

We call D a generalized R-Krull domain provided there exists a set ¥~ of R-
representatives for D such that D'(¥") is an R-Krull domain and is integral over D.
Thus, if R and D are domains with quotient field K, then D is a generalized R-
Krull domain if there exists a set {V;};¢; of 1-dim quasi-local domains with quotient
field K such that {V;};; has FC, Rd(Nie; Vi, and D=R N ((Nie; Vi) and such that
D'(¥)=R O (MNie; V3) is R-Krull and integral over D. 2.2 shows that when D is a
generalized R-Krull domain, the domain D’(¥”), even though it is defined in terms
of a set ¥~ of R-representatives for D, is equal to D N R and hence does not depend
on the choice of the set ¥ Therefore, in discussing a generalized R-Krull domain,
we need only write D’ rather than D'(¥") for this domain. We remind the reader
that R can equal K in these considerations; thus, for example, noetherian domains
whose principal ideals have noimbedded components are included in our generalized
R-Krull domains.

The difficulty in dealing with a generalized R-Krull domain D is that one no
longer has available a set of R-representatives with the good properties of the
essential R-representatives of an R-Krull domain. (We illustrate these difficulties
later in Examples 2.14 and 2.15.) However, we can single out a set of primes of D
which will successfully generalize the notion of essential primes of an R-Krull
domain. Thus, we shall say that a prime ideal P of the generalized R-Krull domain
D is an essential prime of D if every prime of D’ lying over P is an essential prime
of the R-Krull domain D’. We next give some important characterizations of
essential primes of a generalized R-Krull domain, similar to those characterizations
of essential primes of an R-Krull domain given in 1.5. 2.4 deals with char-
acterizations which are intrinsic in the sense that they do not involve a set of R-
representatives, while 2.6 gives some characterizations which do involve such
a set.

We need the following lemma, which will be used in localizing.
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2.3. LEMMA. Let ¥ ={V}ic; be a set of R-representatives for the generalized
R-Krull domain D, and let {V},c; be those V; whose center on D does not intersect S.
Then Ds=Rs N (Njes V;) and (D)s=Rs N ((Njes V;); and hence if Ds# Rs, then
Dy is generalized Rs-Krull and (D')s=(Ds)’ .

Proof. The first assertion follows from 1.1 and the second follows from the first
and the definitions.

The following intrinsic characterizations of essential primes of a generalized
R-Krull domain follow readily from the definitions and the properties of essential
primes of an R-Krull domain given in §1.

2.4. PROPOSITION. Let D be a generalized R-Krull domain and let P be a prime

ideal of D. The following statements are equivalent
(i) Each prime ideal P’ of D’ lying over P is an essential prime for the R-Krull

domain D'.

(ii) P is a minimal prime of D and R4 Dp. for each prime P’ of D' lying over P.

(iii) P is a minimal prime of D and R and Dp have no common overring < K.

(iv) P is a minimal prime of D and no prime of R lies over P.

(v) P is a minimal prime of D and Rp=K.

We now wish to relate the essential primes of the generalized R-Krull domain D
to a set {V;} of R-representatives for D. Let P; denote the center of V; on D. If P
is an essential prime of D, then from 2.4 and 1.2 we have Pe {P;}. Hence each
essential prime of D is a minimal element of the set { P;}. To classify more specifically
the essential primes of D in terms of the set {P;}, we will make use of the following
lemma.

2.5. LEMMA. Let D be a domain having a set of R-representatives {V}ic;. Let P;
denote the center of V; on D, let P be a minimal element (with respect to inclusion)
of the set {P;}, and let {V },., be those V; having center P on D. Let {P;} be the set of
contractions to D'=R N {V, | i€ I} of the nonzero prime ideals of the V,, je J. Then
any prime ideal P’ of D' lying over P contains (N P;.

Proof. Let x € (") P;. Then, for any je J, V;[x] is a finite V;-module, and x is in
the Jacobson radical of Vj[x]. Therefore, since V; is 1-dim quasi-local, some
power of x is in the nonzero conductor of V; in ¥,[x], and thus is in V. Since J is
finite by the finiteness condition on R-representatives, there exists then a positive
integer m such that x™ e V; for all je J. Therefore x"€ RN {V,|je J}= Dp, the
equality following from 1.1. Thus, there exists s € D\P such that sx®e D N P;=P.
If then P’ is any prime of D’ lying over P, it follows that xe P’.

2.6. THEOREM. Let D be a generalized R-Krull domain, and let {V;} be a set of
R-representatives for D. Let P; denote the center of V; on D, and let P be a minimal
element (with respect to inclusion) of the set {P}. The following statements are
equivalent:
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(1) P is an essential prime of D.

(2) R4 Dp- for each prime ideal P' of D' lying over P.

(3) Each V; centered on P is such that R and V; have no common overring <K.

(4) Each V;, centered on P is such that V, is an intersection of finitely many essential
R-representatives for D'.

Moreover, if P is an essential prime of D, then Dp=("\{V, | V, is centered on P}.

Proof. (1) = (2) and (1) = (3) are immediate from 2.4.

(1) = (4). If P is essential and V; is centered on P, then each maximal ideal M
of ¥, lies over P in D and hence lies over an essential prime M N D’ of D’. There-
fore Dy, ~p is an essential R-representative for D’; and since it is also then a rational
valuation ring, Dj~p-=(V))u. But ¥, is the intersection of its localizations at
maximal ideals, so ¥, is an intersection of essential R-representatives for D’. That
there are only finitely many such R-representatives follows from the finiteness
condition on R-representatives, since each of these representatives is centered on P
in D.

(4) = (3). If R and V; have a common overring < K for some V; centered on P,
then they have a common valuation overring W< K. But W> ¥,; so if ¥, is a finite
intersection of rational valuation rings, then W must be one of them [11, p. 38].
But then W would be an essential R-representative for D’, a contradiction to RS W.

We need the following observation for the remainder of the proof: If P’ is a prime
ideal of D’ lying over P such that Rd- D5, then P’ is an essential prime of D’. For,
by 1.2, P’ contains an essential prime Q' of D’, and then Q=Q' N D<P.If Q<P,
the assumption that P is minimal in the set of centers {P;} implies (V;)o=K for all i.
But then R< Ry=Dy< Dq., the equality following from 2.3; and this contradicts
the fact that Q' is an essential prime of D’. Thus, Q=P; and therefore Q'=P’
since D’ is integral over D.

(2) = (1). In view of 2.4, it suffices to show that P is a minimal prime of D.
Since D’ is integral over D, we need only show that each prime P’ of D’ lying over
P is minimal. By the above observation, any such P’ is an essential prime of D’
and hence is minimal.

(3) = (1). Let {V,},e; be those V; having center P on D, and let {P;} denote the
set of prime ideals of D’ that are contractions of nonzero primes of the V,, je J.
(3) assures that R4 Dy, for each Pg; so by the above observation, each P; must be
an essential prime of the R-Krull domain D’. Since D’ has only finitely many
essential primes lying over P, {P;} is finite. By 2.5, each prime of D’ lying over P
must then be in the set {P;}, i.e. P is an essential prime of D.

For the final assertion of the theorem, observe that, by 2.4, P is minimal and
Rp=K for anv essential prime P of D. Hence, by 2.3,

Dy = N {V;| V, has center P on D}. Q.E.D.

We are now ready to examine noetherian properties of D, R and the V.
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2.7. THEOREM. Let D be a noetherian domain having a set {V:};c; of R-representa-
tives such that R&(N\ie; Vi. Then D is a generalized R-Krull domain. Moreover, if
V € {V} is centered on an essential prime of D, then V is noetherian. Thus, for example,
if for each i, R and V; have no common overring < K and there are no proper contain-
ment relations among the centers P; of the V; on D, then all the V; are noetherian.

Proof. If D is noetherian, then the integral closure D of D is a Krull domain [11,
Theorem 33.10, p. 118]. Hence by 2.2, D i$ a generalized R-Krull domain. If V is
centered on an essential prime P of D, then Dp,< V<K and by 2.4, P is a minimal
prime of D. Thus V lies between a 1-dim noetherian domain and its quotient field.
By the Krull-Akizuki theorem [11, Theorem 33.2, p. 115], V is noetherian. The
last assertion follows from 2.6.

2.8. THEOREM. Let D be a generalized R-Krull domain and let {V} be a set of R-
representatives for D. If each V; is centered on an essential maximal ideal of D, then
R is a flat D-module. In this case, D is noetherian if and only if R and every finite
intersection of the V; are noetherian.

Proof. Let P be a prime ideal of D. If R¢ Dp, then by 1.2, P contains and hence
must equal the center of some V; on D. Hence by 2.4, no prime of R lies over P.
Since P is maximal, we have PR=R. Thus R is a flat D-module [14, p. 795].
Moreover, 2.6 implies that

Dy = N {V:| V; has center P on D}.

Hence if R and every finite intersection of the V; are noetherian then, by 1.8, D is
noetherian. Conversely, D noetherian implies R is noetherian since R is a flat
D-module contained in the quotient field of D. To show that D noetherian implies
that every finite intersection of the V; is noetherian, it will suffice by the Krull-
Akizuki theorem to show that if P,..., P, are essential primes of D, then
(=1 Dp, is 1-dim and noetherian. By 1.9, (N}~ Dp, is noetherian and since each
nonunit of (M., Dp, is contained in (J}-, P;Dp, we see that the contractions of
the P;Dp, are the only nonzero primes of (\f-; Dp,. Hence (}-; Dp, is 1-dim.
Q.E.D.

In order to apply 2.8 in showing that R and the V; noetherian imply D is
noetherian, it is useful to have sufficient conditions that every finite intersection of
the V; be noetherian. We note the following consequence of the approximation
theorem for independent valuation rings.

2.9. PROPOSITION. Let {Wi}t_, be a family of 1-dim quasi-local domains with
quotient field K such that each W, is a finite intersection of valuation rings. Assume
that for i#j, W; and W; are not dominated by a common valuation ring. Then
T=N\t., W, is 1-dim, has quotient field K, and if Q; is the center of W, on T, then the
Q; are the only nonzero primes of T and Ty, = W, for each i.
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Proof. The nonunits of T are contained in J}., Q; and hence every maximal
ideal is some Q;. Thus, all assertions will follow if we show Tg, = W, for each i.
By the approximation theorem [15b, p. 45], there exists y € K having positive
value in each valuation dominating W, and negative value in each valuation
dominating W, for j#i. Thus W[y] is a finite W;-module with y in the Jacobson
radical of W;[y]. Hence for some positive integer m, y™ is in the conductor of W;
in Wi[y] and therefore in the maximal ideal of W,. Thus 1+y™ is a unit of W,
having negative value in each valuation dominating W, for j#i. Let x=1/(1+y™).
Then W,[x] is a finite W,-module, and for j#i, x is contained in the Jacobson
radical of W;[x]. We conclude that for some positive integer ¢, x' € (N +: @)\ Q;-
Hence (W))q, =K for j#i. Thus by 1.1, we have To,=(}-1 (W)q,=W;. Q.E.D.

2.10. COROLLARY. Let {W}t., be a family of 1-dim (noetherian) local domains
with quotient field K such that for i+#j, W, and W; are not dominated by a common
valuation ring. Then T=(\}-, W, is a 1-dim (noetherian) semilocal domain.

2.11. COROLLARY. Let D be a generalized R-Krull domain. Assume that there
exists a family {V;} of noetherian R-representatives for D such that each V, is cen-
tered on a maximal ideal of D. If for each i, R and V,, and V; and V,, for j#i, have
no common overring <K, then R is noetherian implies D is noetherian.

Proof. By 2.10 every finite intersection of the V; is noetherian. By 2.6 each ¥V
is centered on an essential prime of D. Hence by 2.8, R is noetherian implies D is
noetherian.

If we restrict ourselves to the question of when D is noetherian implies R is
noetherian, we can replace the assumption in 2.8 that each V; is centered on an
essential prime of D by an assumption only involving the V;. We use (V;:V,) to
denote the conductor of V; in V,, i.e. (V;:V,)={ae V;| aV,< V}}. Note that if 7,
is a finite V;-module, then (V;: V;)#0.

2.12. LEMMA. Let D be a domain with a set of R-representatives {V}c;. Assume
that I is finite, say I={1, ..., n}, that each V; is centered on a maximal ideal of D
and that C;=(V;:V))#0, i=1, ..., n. Then D is noetherian implies R is noetherian.

Proof. Let D'’=RnN{V,|iel}. C=}-,(CiN D) is a nonzero ideal of D
and CD’'< D; thus D' is a finite D-module and hence noetherian. In particular, R
is noetherian if Rc(?., V;; so we may assume Rd (=, ¥;. Then since D is
noetherian, D’ is an R-Krull domain by 2.7. Let &’ denote the essential R-
representatives of D’ and let P; denote the center of V; on D. For any Dp. € &',
P,cP’' N D for some i, by 1.2. It follows from our hypothesis that P’ N D is
maximal; and hence P’ is maximal, since D’ is integral over D. Thus, D’ is
noetherian implies that R is noetherian by 1.10.

2.13. THEOREM. Let D be a domain having a set of R-representatives {V}ic,.

Assume that each V, is centered on a maximal ideal P, of D and that (V,:V;)#0 for
all i€ I. Then D is noetherian implies that R is noetherian.
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Proof. By Cohen’s theorem, it suffices to see that any prime ideal Q, of R is finitely
generated. Let Q= Q, N D, and let A4 be a finite set of generators for Q. If Q< P, for
some i, then Q is contained in only finitely many of the P, say Py, . . ., P,; and in this
case, if S=D\(J?!, P;, then Ry is noetherian by 1.1 and 2.12. Thus, if Q<P; for
some i, then we can find a finite subset B of Q, such that BRy= Q,Rs. Let C=A4 if
Q4 P, forall i€ I, and otherwise let C=A4 U B. Claim: Q,= CR. It suffices to show
that QoRy,< CRy, for every maximal ideal M, of R. Let M=M, N D. If R< Dy,
then Ry,= Dy and hence QoRy,=QDy=ADy<CRy,. If Rt Dy, then P,c M
for some i e I by 1.2; therefore P;= M since P, is assumed maximal. If Q¢ M, then
QoRy,= Ry, = ARy,=CRy,. On the other hand, if Q<M=P, then Rs<Ry,;
and hence Q,Rs= BRs, which implies QoRy, = BRy,<CRy,. Q.E.D.

We conclude with two examples which illustrate the difficulties that can arise in
considering generalized R-Krull domains.

2.14. Example of a generalized R-Krull domain D=R NV, NV, such that V,
is irredundant but its center on D is not minimal. Let k, < k be fields with k algebraic
over kg, let x be an indeterminate over k and y be an element of k[[x]] of strictly
positive order such that x,y are algebraically independent over k; let
R=k[x, y]x.»)[1/x]; let ¥, be the x-adic valuation ring of k(x, y); let V,=k[[x]]
N k(x,y) (=k+ M,, where M, is the maximal ideal of the valuation ring V,);
let V,=ko+ M,; and let D=R N V; N V,. Note that k[x, y])..,,=k+ M, where M
is the maximal ideal of k[x, y).,,- Moreover, k+ M<V, and M, N k[x, 1.1
=M. Also, RN V,=k[x, y)x Therefore D=k[x, y]i O Vo=ko+ M, and
D' =k[x, y)xpy N Vo=k+M. Thus, D’ is integral over D and R¢Dy=D".
Therefore D is generalized R-Krull. However, M is not a minimal prime ideal of D
since M is not a minimal prime of D’. Note also that no two of the rings R, V;, V,
have a common overring < K.

The following example is taken from [13]. It justifies the hypothesis that D’ is
integral over D in our results on “R and the ¥; noetherian imply D is noetherian”.

2.15. Example of a domain D=R N V with R and V noetherian, V centered on a
maximal ideal of D, R and V having no common overring <K, and yet such that
D'=R N V is not integral over D. Hence, by 2.1, D is not noetherian. Let k be a
field, and let x, y be indeterminates over k; let R=k[x, y, x/y] and let V,, be the
y-adic valuation ring of k(x, y). Note that ¥, =k(x)+ M, where M is the maximal
ideal of V,. Let V'=k(£)+ M, where ¢ is chosen by means of the following lemma.

LEMMA. There exists ¢ € k(x)\k such that k(¢) N k[x]=k.

We shall delay proving the lemma and proceed with the example.

Let D=RN V, and let D'=R N V,. (Note that V,=V.) Claim: D'=k[x, y].
For, the essential valuations of k[x, y] are exactly the p-adics, where p is an irre-
ducible polynomial in k[x, y]. Therefore k[x, y]=(" V,, where ¥V, denotes the
p-adic valuation ring. But the only ¥, which does not contain R is V,. Therefore
RN V,=N V,=k[x, y]. This proves the claim.
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Now let P denote the ideal y-k[x, y]. Then D=R N V=k[x, y] N V=k[x, y]
N k(&) +M)=(k[x]+P) N (k(§)+ M)=(k[x] N k(¢§))+P=k+P, and D’ is cer-
tainly not integral over D since both y- D’ and (x, y)- D’ lie over P; hence, by 2.1,
D is not noetherian.

We note that P is not minimal since, for example, {f y-(x+y) | fe€ k[x, y]} is
easily seen to be a prime ideal of D which is <P. Also, R is not flat over D’, since
(x,y)-R#R and R¢ Dy, ,,, and hence R is a fortiori not flat over D.

Proof of the above lemma. Let {=(x*+1)/x=1/x+x. Then x is a root of Z2
—£EZ+1, 50 [k(x):k(€)]=2. Let W’ denote the 1/x-adic valuation ring of k(x) and
W the x-adic valuation ring of k(x). W and W’ are then conjugates over k(£) and
hence W N k(&)=W’' N k(¢). But

k[x] = (" {W. | W, is a valuation ring of k(x) over k distinct from W'}.

Hence each valuation ring of k(£) over k is dominated by some W,. Thus
klx] N k(§)=(Ne W) N k(§)=k.
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