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A SUFFICIENT CONDITION FOR THE LOWER
SEMICONTINUITY OF PARAMETRIC INTEGRALS

BY
EDWARD SILVERMAN()

Abstract. We use simple convex functions and standard techniques in area theory
to treat Morrey’s extension of McShane’s lower semicontinuity theorem for para-
metric integrals. This enables us to eliminate some technical hypotheses, simplify the
proof and obtain a more general result.

We make use of “simple areas” to obtain a somewhat strengthened version of
a result of McShane concerning the lower semicontinuity of parametric integrals
([1], [2, p- 3601, [4], [5]). The essential idea of a simple area is that the convex
functions in the appropriate exterior product space have supporting linear func-
tionals which are simple. For the k-dim problem in E**1, this condition is auto-
matically satisfied and hence does not appear in [1]. If the integrand is simple, or
a suitable convex function of simple areas, then the version of McShane’s Theorem
obtained in this paper is exactly the same as the analogous theorem for Peano area,
and the method of proof differs but slightly from that used in the elementary theory
of that area.

All of the remaining references are to [3].

If W is a real normed finite-dimensional vector space let A* W be its kth ex-
terior product. If pe W¥* let p=(py,...,px) and A p=p; A --- A p, where each
pieW.If ee A¥ Wand if a= A p for some p € W* then « is simple. Let W, be the
closed unit ball in W and let W’ be the dual of W. If g€ W' then g=(q%, .. ., ¢")
where each g'e W',

Let E be Euclidean space with k<dim E<co. Let T=A*E and T'=(A*E)’
X A\FE’. Let S and S’ be the simple elements in 7 and T”, respectively. Let e; € R*
where ef=96] for i, j=1, ..., k.

Let 4 be a continuous nonnegative valued function on E x T. Let m(a)=inf 4,|T;
and M(a)=sup ¢,|T;. Evidently m and M are continuous. Suppose from now on
that ¢, is convex and positively homogeneous of degree one for each a € E. Let
A={a e E| m(a)>0} and let 6 be defined on T’ x 4 by

0L, @) = max {[o, {] | $(a, @) < 1}
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so that

2l ma
M(a) s 0G0 = ax (a, @) = m(a)

Let 7 be defined on T’ x E by

(¢, a) = 1/0({,a) if{+#0andaeA,
=0 otherwise.

LEMMA 1. 7, is lower semicontinuous, and ;| A is continuous.

Proof. We can suppose {#0. Let K be a compact subset of 4. It is sufficient to
show that =,|K is continuous. Let my=min m|K and M,=max M|K. Then 0<m,
<My<oo. Let a, b € K. There exist «, B € T; such that (¢, a)=y(a, «)[e, {]~* and
7(¢, b)=y(b, B)[B, L] *. Let £>0. There exists >0 such that [§(b, y)—i(a, y)|
Se|y| for all y € T provided a, b € K and ||a—b|| < 8. Hence

(¢, b) < P(b, o), L] = 7(L, a)(b, )Y~ (a, o)
< (¢, a)[Y(a, ) +elp~Ya, ) £ 7L, a)+ (L, a)emy !

so that 7({, b)—7({, @) S M| || "*ems'. We conclude that |r(c)—7(d)|=
M| *mgteif ¢,de K and |c—d| <8.

Let be E and BeT. Since ¢, is convex there exists e T’ such that [B, {]
=¢(b, B) and { <¢,. If for each « € S, P,(e) =sup {[, {] | {=¢, and { € S’} then ¢,
is simple. Thus, ¢ is simple if for each b € E and 8 € S there exists { € S’ such that
L=y, and [B, {]=4(b, {).

We assume through Theorem 2 that ¢ is simple.

If n € E'* let n* € L(E, R¥) be defined by n*b=73, [b, n'le;.

If T"eL(E',E') let T'n=(T"7%, ..., T'y*) € E'* and let T € L(E, E) be defined
as usual by [Th, £]=[b, T'¢] for all be E and £ € E’. Of course det T=det T".
Furthermore T(n*b)= 73 [Th, v'le;=>; [b, T'y'le;=(T'n)*b.

Let Q be an open subset of oriented R* and let C be the space of continuous
functions on Q into E with the topology of uniform convergence on compact
subsets of Q. If x € C and n € E'* then, by the preceding paragraphs, n*x is a flat
map from Q into R*. If ge R* and V is a bounded domain whose closure V is
contained in Q then K *(gq, n*x, V) is the essential positive multiplicity with which
n*x|V takes on the value g [3, p. 155]. If f(q, x)=K *(g, n*x, V) then f is lower
semicontinuous on R* x C with the product topology [3, pp. 155-163]. Further-
more, if T is a sense-preserving homeomorphism of R* onto itself, then

K*(Tq, T(n*x), V) = K*(g, n*x, V).

Finally, if {V,} is a sequence of pairwise disjoint domains in V, then
2 K* (g m*x, Vi) S K*(g,m*x, V),

i.e. K* is superadditive.
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LeMMA 2. If é,ne E'™* and if \ €=\ n then
| kr@ewvd=| ke
R* R*

Proof. There exists 7' € L(E’, E’) with det T'=1 such that §=T"y. Let g=Tr.
Since T(p*x)=(T'n)*x, K*(r, n*x, V)=K*(q, £*x, V), and the lemma follows.

If {eS" and {= A £ for some ¢ € E'¥, we can, by the lemma, define " *(¢, x, V)
=ij K*(q, £*x, V) dq.

Let ¥~ be the collection of bounded domains V with V<= Q. If xe C, { e T’ and
Ve let H(x, V,)=min{r({, x(p)) | pe V}.

LEMMA 3. Let g(x)=H(x, V, {). Then g is lower semicontinuous.

Proof. Fix x. We can suppose that g(x)>0. Thus x(¥)< A. Hence there exists
8> 0 such that y(V)< A4 if | x—y|| <$&. For such y,

lg(x)—g(y)| £ max [7(¢, x(p))— (L, ¥(p))|.

Since 7, is continuous on A, the lemma follows.
Let F(x, V,{)=H(x, V, )X * (L, x, V) with the understanding that 0-c0=0.

LeEMMA 4. Let h(x)=F(x, V, {). Then h is lower semicontinuous on C.

Proof. For fixed V and { both H(x, V, {) and " *({, x, V) are nonnegative and
lower semicontinuous. Hence so is their product.

Now let Z be the collection of finite subsets of ¥~ whose distinct elements are
disjoint. We define a Peano-type area P, on C by

P,(x) = sup Z sup F(x, V, 0).
oeZ Veo leS’
The following theorem is an immediate consequence of the definitions and
Lemma 4.

THEOREM 1. P, is superadditive and lower semicontinuous.

If £*x is essentially of bounded variation or essentially absolutely continuous
[3, pp. 249, 251] for all £ € E'* then we say that x is eBV or x is eAC, respectively.
If x is eBV then we define J, (£*x) to be the Lebesgue derivative (with respect to
cubes) of A" *({, x) where {=A & and J;(£*x) is the Lebesgue derivative of
A+ (=1, x). Thus J}(£*x)-Js (£*x)=0 almost everywhere [3, pp. 257-258). Fur-
thermore, if Ve ¥ then X *(, x, V);fvle* (é*x) whenever x is eBV and the
equality holds if x is eAC [3, pp. 250-251]. If x is differentiable then A x'=x,; A - --
Axiand [A x', {]=J({*x) where J is the ordinary Jacobian. If x is eBV we define
[A X', L} =J}(€*x) whenever the right-hand side exists, which is almost every-
where. If x is differentiable then y(x, A x’)=sup {7({, x)[A x', ]| { € S’}. Since ¢
and 7 are nonnegative, $(x, A x")=sup{7(, x)[\ x',L]* | {€S'}. If x is eBV we use
this last equation to define ¢(x, A x') and let I,(x)= IQ P(x, A\ x).
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THEOREM 2. If x is eBV then P,(x)Z I ,(x) and the equality holds if x is eAC.

Proof. If €S’ then P, (x|V)zF(x,V,{) for all Ve?. Thus DP,=
(&, X)[A x', {]* almost everywhere where DP,(x) is the Lebesgue derivative (with
respect to cubes) of P,(x). Since P, is superadditive and the above inequality holds
for all {, we get P,(x|V)z1,(x|V) for all V € ¥. Hence P,(x)=1I,(x). Now let x be
eAC. If L € S’ then ¢(x, A x')= (L, X)[A x', {]*. Hence I, (x| V) 2 F(x, ¢, V) for all
Ve . Thus I,(x)Z Py(x) if x is eAC.

If x and y are in R™, we write x<yif xX'<y‘fori=1,..., M. Let

RY ={xeR¥| x =z 0}.
Similarly, let Ry ={p € Ry=(R™)' | p=0}.

LEMMA 5. Let fe C(R™). Suppose that f is positively homogeneous of degree one

and convex with f(xX)Sf(y) if x<y. If x, € R¥, and if x <lim inf, x, then

f(x) < liminf £(x,).

Proof. Let P={p € Ry; | p<f}. It is not hard to see that

Sf(u) = sup{[u, p] | pe P}.
Thus

S(x)

sup [x, p] < sup [lim inf x,, p]

lIA

sup lim inf [x,, p] = lim inf sup [x,p] = lim inf f(x,)

where the suprema are taken over all p € P.

Now let @ be nonnegative and positively homogeneous of degree one on R such
that ®(x)<®(yp) if x<y and O(lim inf, x,) <lim inf, ®(x,) whenever x, is a se-
quence in R¥. The functions described in the last lemma satisfy these conditions.
Let ¢, ..., ¥, be simple on Ex T and let ¢(a, o)=P(;(a, ), . . ., ¥u(a, «)). (The
idea of using some such ¢ is due to John Breckenridge.) If {=({%,..., (M) e S'¥,
where each ¢ € S, let

F(x, Va g) = (Fl(xa Vs €1)9 B FM(xa V3 gM))

where F(x, V, {') is defined relative to ¢; as F(x, V, {') was defined relative to .
We define

Py(x) = sup > sup $(F(x, ¥, {)).

oeZ Veo leS'M

The following theorem is immediate.
THEOREM 3. P, is superadditive and lower semicontinuous.

If x is eBV let I(x) =f° é(x, Ax").
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THEOREM 4. If x is eBV then P,(x)Z I;(x) and the equality holds if x is eAC.

Proof. One first observes that, for fixed x and { e S'™, ®(F(x, -, {)) is super-
additive. The proof of Theorem 2 then goes through virtually without change.

Let x € C. Then x is eAC under a variety of conditions, in particular if x is
Lipschitzian and, if k=2, x is eAC if x € H; [3, pp. 374-377, 436].

It is easy to see that there also exists a Lebesgue-type area L,. Let

Ly(x) = lim inf I(z)

where z is quasilinear. (If Q is not polyhedral, there is a slight additional complica-
tion which also arises for ordinary Lebesgue area.) It is easy to see that Ly(x)
2 P,(x) and the equality holds for sufficiently nice x.
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