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MULTIPLIERS FOR SPHERICAL HARMONIC
EXPANSIONS
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Abstract. Sufficient conditions are given for an operator on the sphere that
commutes with rotations to be bounded in L. The conditions are analogous to those
of Hormander’s well-known theorem on Fourier multipliers.

1. Introduction. Let {m,;} be a bounded sequence of complex numbers and let
T be the operator defined on a suitable class of functions on the (n—1)-sphere
S*~1 by Tf(x)=27 0 m; Yy(x) if f(x)=>2, Y,(x). Here 3, Y,(x) is the expansion
of f into spherical harmonics Y; of degree j. Such operators commute with the
action of the rotation group SO(n) on S™*~! and are bounded on L3*(S"~1!) with
norm equal to sup |m,|. We shall give sufficient conditions for T to be bounded on
Lr(S™-1),

The basic condition we consider is (g, «) that

20+1

Z |A"m,|“ < A2b1 -q)
j=2°

for all nonnegative integers b. Here ¢ is a real number in the interval 1 <g<oo,
o is a nonnegative real number, and the difference operator A® is defined as
follows:

(i) if « is an integer then A® is just the usual difference given inductively by
Amy=m;, A*+my=A"m;, ,— Amy;

(ii) if e=a+p, a an integer and 0<B <1 then

. 2b+1 |A“mk—A“m;|q 1/q
aom = (.2, )
if 2°<j<20+L,

We denote by H(g, «) the space of sequences satisfying 5#(q, «) and #(q, a)
for all integers a <.

THEOREM 1. Assume q22, ag>n—1 and the sequence {m} lies in H(q, «). Then T
is bounded on L?(S™~*) provided |1/p—%| < 1/q.

COROLLARY. Let m(x) be a function of a real variable satisfying

|x*m®(x)] £ A4 fork =0,...,a
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116 R. S. STRICHARTZ [May
If my=m(j) then T is bounded on L*(S™~*) for |1/p—1%|<af/(n—1), p#1, co.

An immediate consequence is the following weak version of the Littlewood-Paley
theorem:

THEOREM 2. If 6(x)e C™3(RY), 6(x)=1 for 1<x=<2 and 0 has support in
3 <x =<4, then for 1 <p <o we have
2)1/2

2i+1

2 027K Y(x)

k=27-1
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Our theorem is a generalization of Hérmander’s theorem on Fourier multipliers
[7, Chapter 4] and its refinement in Littman [3] and Peetre [5]. Our method of
proof closely parallels Stein’s proof of Hérmander’s theorem.

An example of Askey and Wainger [1] will indicate the sharpness of our result:
They show that if m,=j ~* exp ((—1)*'3j%) for 0<B<1 and x>0 then T is bounded
on L?(S*1) for |1/p—3%|<p/(n—1)8 and T fails to be bounded if |l/p—3|
> u/(n—1)B (recent results of Stein [8] indicate that T is probably bounded if
|1/p—%|=u/(n—1)B). It is not hard to show that {m} belongs to H(g, u/B) for any
g, so the boundedness for |1/p—1%| < p/(n— 1) follows from our result.

Weaker versions of our result are contained in more general results of Stein [6]
and the author [9]. The approach of this paper has been taken independently by
N. Weiss (see announcements in [12]) who solves the more general problem of
multipliers for the Peter-Weyl expansion of an arbitrary compact Lie group. We
believe that our work is still of interest for three reasons. First, our proof is simpler
since it does not involve the general theory of compact Lie groups. Second, we have
used interpolation methods that may also be applicable to Weiss’ work. Third,
our results are not completely contained in his, since the sphere is a homogeneous
space of SO(n). If one lifts functions on S™~* to SO(n) and applies Weiss’ results
one obtains a version of Theorem 1 with n— 1 replaced by roughly the dimension of
SO(n), which is n(n—1)/2.

Finally we mention related results of Muckenhoupt and Stein [4]. They show that
restricted to zonal functions T is bounded on L? for |1/p—3%| <1/2(n—1) provided
{m;} is in H(1, 1). The restriction to zonal harmonics seems to be essential here.

2. Properties of g-functions. We denote points of S"~! by x’ and points of R*
by x. We write r=|x| and x'=x/|x|, so x=rx". If f(x") is a function on S"~! we
denote by u(x)=u(x’, r) the harmonic function in the ball |x| <1 which has f(x')
for boundary values in a suitable sense. If f(x")=2, Y,(x') then u(x’, r)=73 r* Y, (x').
We also have the Poisson integral formula

1—|x|?

u(x) = ca f L= 1) ay.

n-1 [Xx—y|"
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For each positive real « we define the radial derivative d, of order « as follows:
if « is an integer d,f(x’, r)=(r(0/or))*f(x', r), and if «=k —B with k an integer and
0<pB<1 then

, 1M , 5o dt
4uf¥,1) = g5 |, S g 1121 -

It is easy to verify the semigroup property d,dsg=d, 5 If u(x’, r)=27 r¢Y,(x")
then du(x’',r)=>7 k“r*Y,(x’) as may be seen by direct computation. These
properties are also a consequence of the fact that under the change of variable
r=e"t the d, become the usual fractional derivatives.

In analogy with the Euclidean theory described in [7, Chapter 4] we introduce
the following auxiliary functions:

1
8ulfy 37 = [ 1daute, ryPllog rie

SU, x')? = f f \dyu(y', r)|2(1 = )2 " dr dy’
Qa —r)2§1 -x"y’

* no 1 1—r Aln—-1) , 2 2-n ,
g = [ [ o) G —ryray d

We will usually require A> 1. The following theorem summarizes the properties of
these functions we will use. It is a rather straightforward elaboration of the
techniques of Stein [6] and [7], but we include the proof for completeness.

THEOREM 3. Let fe LA(S™Y) N L?(S™~*) and assume [ f(x') dx' =0. Then
@) &Nl = 45| fll5 1 <p<o;

(b) "f“péAp"gl(f)"m lI<p<oo;

©) leX(No=4plfllp» 2sp<00, A>1;

() go(f, X') S Aap8s(f, X'), B> s

(e) S(f, x) S A\gX(f, x').

Proof. Parts (a) and (b) are special cases of a very general theorem of Stein [6].
We define the Poisson semigroup by T'f(x")=u(x’, e ~*). Using the explicit form of
the Poisson integral it is easy to check that the conditions of [6] are satisfied.
Theorem 10 and its corollary of [6] give (a) and (b).

We deduce (c) from (a) in exactly the same manner as in the Euclidean case
[7, Theorem 4.2]. We prove

®) [ sty ax s 4 [ s vy v
where My is the maximal function

My(x') = sup Il—f|1""f . [$(»)] dy'.
(1-nN"zl1-x"y"

-1l<r<1

This function is easily seen to have all the properties of the usual maximal function,
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in particular, |My|,<A4,|¢|, for 1<p=<co. Once we have established (¥) we
obtain

"g;\*(f)"p pS A)\.p"gl(f)”p for2<p<oo

by setting =1 for p=2, or by taking the supremum over all ¢ with |¢|,=1 where

1/g+2/p=1.
To establish (x) we compute

J XU X')3(x") dx’
- f ' j (A =r)|dwu(y, r)|?
0Jsn-1

so it suffices to show

e Am-1) , , ’
sw [ (s | @ d S M),

0<&<1

Now we may compute that

An-1) e An-1)
el-n( d ) - el-n( )
e+(1—x"-y")2 e+1

1-(1-x"y"Ht2
+ f (A=r)i-"h(r)dr forx'-y 2 0

0

where

e ))\(n—l)(l_r)n-l >0

h(r) = el"')\(n—l)(e_'_l_, (e+1=r)=

From this we obtain

ion e A(n—-1) N ds’
N o R

=[a-mf e ax]ne)ar

ionf & An-1) W dyx’
te (€+1) L’m'go <] dx'.

If we set $=1 we obtain [} h,(r) dr <c independent of ¢ (note ' ~"(e/(e+ 1))~V
is bounded since A> 1). Since h,(r) =0 we thus obtain

. A(n-1)
[ om0l s e,
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and the integral over x'-y’ <0 is easily dominated by

ef | Welax s M.
x'y’'S0

Thus (*) is established.
To establish (d) it suffices to show g,(f; x') < Ayp8a s(f, ') for 0<B<1 and
B <2« To do this we begin with

dA ’ 1 1 ’ 8-1 dt
a,u(x 1) = f(—’:) o da+8u(x’ rt)]log t‘ _t"

We apply Schwartz’ inequality and make use of the fact that

t dt
[ o (01 -2<ftog 112+ 5 = cugliog rio=>*
0

if 0<B<1 and B <2« to obtain

1
(A, P2 5 cliog rl#5 [ ldy ', ) Pllog (o) [llog 1152 5
0

Thus

1
&, x)* = f |du(x’, r)|?- |log rlz"_ldTr
V]

dr

1,1
< ¢ [ ldew s, ) llog r[*3log (re)flog 1]~ o
0Jo

B-1
|log r|2*|log ¢]#-* ‘—if i;

1t
= of [ Mo sutee, 7

0J0
Interchanging the order of integration and using the fact that
J'I
for 0<B <1 we obtain

1
&/ x)? s Aaﬁf |da+ﬁ(x,, r)|2|10g r12a+23"1 £1)'1'
0

r
log 7

B

-1
log; |logt|"‘1d7t = cp|log r|26-1

= Aaﬁga+8(f’ x')z'
Finally (e) is trivial because

1—r am=D > AAa-n
l—r+(1—x"-y")? 22

on the set where (1—-r)?221-x"-y'.

3. Proof of the main theorem. We assume now for technical convenience that
me=m, =0. It is clear that the theorem holds in general if we can establish it with
this assumption. We form the function

M r) = > mriz(r)
j=2
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where Z,(¢) is the zonal harmonic of degree j. Recall that
Z(x"-y) = Z Y(x") Yu(y')

if {¥,} is an orthonormal base for the spherical harmonics of degree j. The crux
of the proof is the following lemma which translates the hypotheses on {m,} into
properties of M(z, r).

LEMMA 1. Assume {mj} lies in H(2, o). Then

(@) |doM(2, r)| S Ar®(1=r) " % if a>(n—1)/2;

(b) Ly (1—2)*|d,M(t, r)|2(1 —22) =22 dt < A,r2(1—r)t~"

Let us complete the proof of the theorem assuming the lemma. We first do the
case g=2. We will show that 5#(2, «) for «>(n—1)/2 implies g, 1(Tf) < AgX(f)
pointwise for A=2e/(n—1)> 1. In view of Theorem 3 this proves that T is bounded
on L? for 2<p <o, and the usual duality argument shows that T is also bounded
on L? for 1 <p=<2.

Let U(x’, r) be the Poisson integral of Tf(x"). Then we have

UG, rs) = [ MGy uy, ) dy
sn-
This is an immediate consequence of

U, r) = > ma*Yu(x) and u(x',r) = > r*Y(x),
and the properties of zonal harmonics. If we apply d, in the r-variable and d, in
the s-variable to both sides we obtain

dy U 1s) = Ln_l d.M(x"-y', r)dwu(y’, s) dy
and setting r=s we have

Qa0 ) = [ deMGx' -y, dly', )
We break up the integral into two regions and apply the Schwartz inequality:
|des 1 U, P22

< s, ) dy'[ |dM(x -y, P dy’

[1-7)321 -x"y’

|d1u(}", r)|2 ’f ’ ’ ’ ’ ’
+ e T} 1=x"-y)d.M(x-y', r)|? dy'.
J‘(l-r)ﬁgl—x’-y’ (1-x"-y')" 4 1-n2s1-x"y’ ( ¥) l -y )I 4

Now by (a) of Lemma 1 we have

-nN2z1-x"y

[ [deMs'y', P d
a-n2z1-x"y

_S_ Aar2(1_r)2(1—n—a)J dy' é cr2(l_r)1—n—2a’

a-n2z1-x"v
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and by (b) we have
f (I=x"-y")|dM(x"-y', r)|? dy’
1-n2s1-x"y’
1
gj (1= )%dM(t, 1)|(1 - £2)=D72 gp < er®(1—r)* -,
-1
Thus

|de s L UK, )2 = e(li(r) +1o(r))

where

L(r) = rz(l_r)l—n—zaf

a-n2z1-x"y

|dwu(y', n)|* dy’,
- du(y’,n)®

L(r) = r?(1—r)! nj Il—,-—,-d .

2( ) ( r) (Ln2<1xy (l—x .y)a y

We may then estimate (substituting 2 for r)
N2 _ zasa [ NT) 2a+1 9
ga+1(Tf:x) - 2 o |da+1U(x9r )l llOng 7
1 1
< cJ L(r)|log r|?**? ﬂ‘+cf I(r)|log r |2+t ar,
0 r 0 r
Using r|log r|2***<¢(1—r)2*** we have

1
[ r@log riz L < estr vy < ot vy
0

and
1
f I(r)|log r|2=+1 dr
0 r
ldlu(y,a r)|2 - ,
s L2700 2 (1 —p)2-n+t2e
- cff(1—r)2§1_xl.y, (]—x'.y')a (1 I') dy dr
= 4acf1f |dyu(y’ r)|2( 1or )% (1=r)2-"dy dr
= 0Jsn-1 > 1—r+(1‘—x,'y,)1/2

= 4%gX(f, x')?
for A=2a/(n—1). Thus we have g, (Tf, x) S cgX(f, x') as desired.

We complete the proof of the theorem for g>2 by interpolation. We use the
complex method (see Calderdn [2] for details).

LEMMA 2. The intermediate space [H(qo, @), H(q,, 1)le may be identified with
H(q, ) for a=(1—0)eo+ b0, and 1/q=(1—06)/go+0/g;.

This is a simple extension of results in Taibleson [10, II] (cf. [3] and [5]). We
omit the details.
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Now we consider Tf as a bilinear operator on H(q, «) x L?. Write a=(n—1)/g+e.
By the g=2 case we know it is bounded from H(2, (n—1)/2+¢)x LPo to LPo for
any p, in 1<py<o. On the other hand Sobolev’s inequality shows that all
sequences in H(q,, (n—1)/q, +¢) are bounded (see [10, I]) so Tf is bounded from
H(q,, (n—1)/q,+)x L2 to L?, 1 <q, <oo. It follows from the bilinear interpolation
theorem [2] that Tfis bounded from H(q, (n—1)/q+¢) x L? to L? for 1/q=(1—6)/2
+0/g, and 1/p=(1—0)/po+ 6/2. It remains to show that for fixed g>2, one can
choose p, and ¢, so as to obtain all values of p in the interval |1/p—4%| <1/q. But if
p>2 we have +—1/p=1/q—(0/g,+(1—0)/p,) and so we need only take p, and ¢,
sufficiently large, and a similar argument works for p < 2. This completes the proof
of Theorem 1. We turn now to the proof of Lemma 1.

Proof of Lemma 1. First we observe that it suffices to prove (b) in the case when
« is an even integer. For we may write

daM(t’ r) = Z jamjrjzj(t)
i=2

which makes sense for complex «. Furthermore, if «=a+ ib then
daM(t’ r) = Zja(jwmf)rjzj(t)

and the sequence {j*®m,} belongs to H(q, a) if {m;} does with a norm growing at
most like a power of b. In view of Lemma 2 one may thus apply the Phragmen-
Lindel6f principle to interpolate inequality (b).

The proof for the case when « is an even integer is based on the recursion relation

J+n 2

j+1(t)+‘—22;—1(t)
which follows immediately from the recursion relation for Gegenbauer poly-
nomials

1+2p

j—
Cra)+ 55 57

1Cy(t) = CP-1(1)

+1
2 j+2p
[11, p. 514] and the fact that

_ JjiT'(n-2) (n - 2)/2
Z@) = TG+n=2) C§ () [11, p. 461].
We will also use the well-known estimates | Z;|,<¢j"~ 22 and |Z,(t)|S¢™" 2,
and the elementary inequality >3 js~'ri<cr?(1—r)~* for s>0 which may be
deduced by estimating the sum by [ x*~1e*!¥" dx.
Now (a) is a simple consequence of the boundedness of {m,}:

IdaM(t: r)l =

@ ]
'“r’m,Z,(t)\ < csup |my] Zj“+”‘2rf S Ag3(1—r)t-re,
2 2
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Next we turn to (b). For «=0 we have

1
J | M(2, r)|2(1 — 2= 22 gt
1

-] 2 o)
= UZ myriZ(t) "2 = g |my|?r#| Z;|3

2k+1

a (-]
c;j"‘zlmjlzr” < ckzl 2k<n—2)r2k+2jzz |m,|2

IA

I\

cA i 2k(n—2)r2k+22k < cA ijn—zrz,i < A/rz(l_r)l—n
k=1 i=2

if {m,;} € H(2, 0).
We consider next the case «=2. We write
@(j) = j*myr’ and P(j) = (2j+n—2)"1¢(j).

Using the recursion relations we compute
(1-1)d.M(t,r) = (1=1) 3 9(NZ(t) = =% 2, (e(i+1)=29(j) +e(j—1)Z,(?)
2225 GG+ D9~ D)Z0).

Now if {m,;} € H(2, 2) we easily compute (using Leibnitz’s formula for differences)
that

2p+1

> IR0+ D=200) 4 9= DI S AP (112U =r2)

and

op+1

2, WU+ D=gG=DIF < 4271 +(1=)2)
Thus we have
fi |(1—2)dyM(t, r)|2(1 —t2)=2/2 gt

2, | =¥e(+ 1) =2p()+e(j— D) +((n =2+ D— 4G - 1))I*| Z,13

w 2P+l

> 2 (same expression)

p=1j=2P

A S -0 4 (1= r)22 + (1 - r)22%7)
p=1

Ii

IIA

IIA

I\

A" 3 P ¥(A+j(1-r)+j2(1-r)?) £ Bri(1—r)*~™
Py

We establish (b) for «=2k in an analogous fashion, using the recursion relations
to write (1 —t)*d,, M(t, r) as a zonal harmonic series with coefficients involving
A%g(j) and related terms. We omit the details.
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The deduction of Theorem 2 from Theorem 1 is a routine argument using
Rademacher functions as in [4, Chapter 4]. We use Theorem 1 to show that
>;&;0(277k) for e;= + 1 and (3, 6(2-7k))~* are L? multipliers.
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