TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 168, June 1972

ADDENDUM TO “ON A PROBLEM OF TURAN ABOUT
POLYNOMIALS WITH CURVED MAJORANTS”

BY
Q. I. RAHMAN

Let =, denote the class of polynomials p,(x)=>%_, a.x* of degree n which
satisfy | p.(x)| =(1—x2)Y2 for —1 <x<1. Given any x, in [—1, 1], how large can
| P¥(x0)] (the kth derivative at x,) be if p,(x) belongs to the class 7, ? In case x,=0
the problem is equivalent to the problem of estimating |a,| if p,(x) =%~ axx* € m,.
It has been shown [3] that if p,(x)=>%_, a,x* € 7, then

las| £ n—1, lag| £ {(n—1)2+1}/2.

Here we prove the following theorem which gives a sharp estimate for each of the
coefficients.

THEOREM. If p.(x)= 2., a,x* is a polynomial of degree n such that |p,(x)|
S(1—x?Y2 for —1<x<1 and U,(x) denotes the nth Chebyshev polynomial of the
second kind, then, according as n—k is even or odd, |ay| is bounded above by the
absolute value of the coefficient of x* in €"(1—x%)U,_.(x) or €'(1 —x%)U,_s(x),
respectively.

The idea of proof comes from a paper of O. D. Kellogg [2].
Proof. Without loss of generality we may suppose p,(x) to be real for real x.
Taking first the case in which k, n are both even, we consider the polynomial

Hpa(X) +pu(— %)} = Go+axx®+asx*+ - - - +a,_x" "2+ a,x"

and compare it with the polynomial

2 s e S gy 1= 1 (1=2-))!
A=3)Wyosx) = =272+ 3 (=1) {(j—l)!(n—zj)!+Zj!(n—z—zj)!}

X (zx)n—2l+(_ 1)nl2—1

= zn: Aix*  (say).

k=0
If —1<A<]1, the difference
D(x, d) = (1=x)U, _o(x)— Mao+asx2+ax*+ - - - +a,_ox" "2+ a,x"}
is positive at all points of the interval (—1, 1) where (1 —x2)U, _,(x)=(1—x2)!/?

and negative where (1 —x2)U, _,(x)= —(1 —x%)2, It is readily seen that there are
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a total of n—1 points on the interval (— 1, 1) where (1 —x2)U,_,(x) is alternately
equal to (1—x2)%2, —(1—x?%)*2, Hence the polynomial D(x, A) has at least n—2
real zeros in (—1, 1). Since it also vanishes at —1, +1 we conclude that all the
zeros of D(x, ) are real and dlstmct All the odd coefficients of D(x, A) bemg zero
none of the even coefficients can vamsh ‘for then by Déscartes’ rule of signs, the
zeros of D(x, A) could not all be real. Thus, for every even k<n and for —1<A<1,
|Ax— Aay| #0. This is possible only if |a,}=<|4,| for k=0,2,4,...,n
In case k, n are both odd we apply the above reasoning to the polynomial

(1=x2) Uy 5(x) = (A2){p(x) — p(— %)}

(whose even coefficients are all zero) in order to get the desrred conclusron
“If k is even and n is odd we consider ' ' :

(I- xz) U,. a(x) (A/2){p(x) +p(—x)}
whereas if k is odd and nis even we argue ‘with

(1= X)Up_o®) - VD (P —p(—2)}.

One can-in fact show that only those polynomials given at the end of the state-
ment of the theorem are extremal for the kth coefficient when n—k is even or odd
respectrvely ‘ :

‘We also observe that. Theorem 2 of our paper {3] is an 1mmed1ate consequence of
a theorem of Levin which appears as Theorem 11.7.2 in [1] If we set f(z) =p,(cos z),
w(z)=¢€"""V?sin z the conditions of Levin’s theorem are satisfied w1th T=n,0=n.
Since dlﬁerentratlon isa B—operator we have - o

|(d/dx)p,‘(cos x)| I(d/dx){e“” bx sin x}l _—oo. ’<'x < oo,:

which readrly gives the desired result. .

We take this opportunity to make it clear that z* appearmg on p 448 of [3] is
real and the polynomials p,(z) in Theorems C and 4 of that paper are ‘supposed to
have real coefficients. c
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