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A REPRESENTATION THEOREM AND
APPROXIMATION OPERATORS ARISING FROM
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OPERATORS
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Abstract. A representation of functions as integrals of a kernel ¢(z; x), which
was introduced by Studden, with respect to functions of bounded variation in
[0, ©) is obtained whenever the functions satisfy some conditions involving the
differential operators (d/dt){f(¢)/wi(t)}, i=0,1,2,.... The results are related to the
concepts of generalized completely monotonic functions and generalized absolutely
monotonic functions in (0, ). Some approximation operators for the approximation
of continuous functions in [0, ) arise naturally and are introduced; some sequence-
to-function summability methods are also introduced.

1. Introduction and statement of main results. Let {w;(¢)};2, be an infinite
sequence of functions which are positive on [0, c0) and each belongs to C ©[0, o).
Define a sequence of differential operators, D;, by

_4df0 -
(1.1) D{f(t)—gim, 1—0, 1,2,....

In a recent article Studden [7] has discussed in detail the solutions of the
following system of infinitely many differential inequalities
(12) $(t) € C=(0, ), ()20 and (—1)Dy_1Dy_2---Dop(t) 2 0

) forall0 <t<oandk=1,2,....
A solution of (1.2) is called a generalized completely monotonic (abbreviated
GCM) function on (0, o) with respect to {w,(t)}. Assuming that there exists a
function f(¢) on [0, co0) such that

)] 0<f(t) <1, t € [0, 00); tlim f®) =0;
(1.3) jwf(t) dt < o©0; inf (1—£(¢)) > 0;

(i) 1-f(0) = w(t) = 14f(), 1€[0,), i=12,...;
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86 D. LEVIATAN [June

and assuming further that wy(¢)=1 (otherwise ¢ is replaced by ¢/w,) Studden has
represented the GCM functions as integrals of a kernel (¢; x), which is defined
by means of {w;(¢)} only, with respect to a Borel measure p, on [0, ).

The closely related topic of generalized absolutely monotonic (GAM) functions
on a finite interval (a, b) was discussed by Karlin and Ziegler [5] (see also Karlin
and Studden [4]). They, under some mild conditions on {w;(¢)}, expanded each
GAM function on (a, b) into a ““power ’-series.

Let wo(2)=1, t € [0, 0). Set, for n=1,

X en 52
¢n(t;x)=f wn(f,.)f wn-l(s,._l)---j wi(&) déy---dE,, 0SS x,
t t

t

(1.4) _o, £> x,

and set Yo(2; x)=1, 0=t = x; o(t; x)=0, > x. Now denote
Gip(u) = (—1)*Dy_ 1Dy - - Dod(u), k=12,...,
Gop(u) = $(u).

Given a function ¢ € C"**(0, o) it follows by integration by parts (see [7, (4.12)])
that for ¢, u, 0<t<u<oo,

(1.5)

1.6 80) = 3 tutts ) SR [ (6 06, 05) di

This is a sort of “finite Taylor expansion” of ¢ by means of the ‘““derivatives”
G,¢. The natural question arises as to under what conditions is it possible to
expand a function ¢ € C*(0, o) into the ““Taylor series”

Gip(u)

, uzt>0.
wi(u)

(1.7) 8(t) = i 0 1)

In case ¢ is a GCM function, an adaption of some work of Karlin and Ziegler [5]
yields mild conditions under which any GCM function can be expanded into the
series (1.7). We shall omit the details here as the results will appear as consequences
of ours.

Evidently, in case ¢ is a GCM function, the series on the right-hand side of (1.7)
converges absolutely for each pair >0, ¥>0 (if u <z, then the series is composed
of zeros). Furthermore, for a fixed ¢> 0, the series is bounded (by ¢(¢)) uniformly
in u>0. If $(0+) <00, then the series is bounded (by #(0+)) uniformly in #=0 and
u>0. Therefore one arrives at the question of characterizing those functions
¢ € C=(0, o) for which the series on the right-hand side of (1.7) converges abso-
lutely, or converges to ¢(¢), or both. This apparently is a difficult problem and we
are only able to give a partial answer.

Of the following three theorems we shall prove the first and leave the proof of
the other two to the reader. (They are derived from the proof of the first theorem
in much the same way that results in [5] were derived.)



1972] REPRESENTATION THEOREM AND APPROXIMATION OPERATORS 87
THEOREM 1. Let my(c; d) and M(c; d) be defined by
my(d; ¢) = min w(t) £ max w(t) = Md; c), i=12,....
dstsce dstsc

Suppose that for every c € (0, o) there exist a d, 0<d<c, and an >0 such that

Mi(c; d)
(1.8) ll_.nl (n my(c; d))e 0.
Then if, for some =0, ¢ € C*(r, ) and, for some t,=0, the series
S |Gip(w)|
(1.9) 2. hulto; 1) ST

is bounded uniformly in u in compact subsets of (+, ©©), then ¢(t) admits the expansion
(1.7) for all u, t, u=t>max (t, t,).

ReMARK 1. Condition (1.8) is fulfilled for instance if the functions w;(¢) are
uniformly bounded above and below. This is the case if (1.3) is satisfied.

THEOREM 2. If wi(t), i=1, 2,..., are nonincreasing in [0, o] and if the assump-
tions on ¢ of Theorem 1 are fulfilled, then the conclusion of Theorem 1 is valid.

THEOREM 3. Suppose there exist two sequences {c,}, {d,} such that, for all n
sufficiently large,

(1.10) c(x—t)n! = ¢(¢; x) £ d(x—1)"n), x =t

and such that, for some >0,

(1.11) lim n e = 0.

n—o Cp
Then if the assumptions on ¢ of Theorem 1 are fulfilled, then the conclusion of
Theorem 1 is valid.

The following is now an immediate consequence of the above discussion and
theorems.

COROLLARY 1. Under the assumptions on {w(t)} in either one of the preceding
theorems, each GCM function on (0, 00) possesses the expansion (1.7).

Another consequence whose proof will be given after the proof of Theorem 1
is the following.

COROLLARY 2. Suppose {wi(t)} satisfies the assumptions of one of the above
theorems and that ¢ € C*(r, ) for some 720. Then the series (1.9) is bounded
uniformly in u in compact subsets of (v, ), for some t, =0, if and only if ¢ is the
difference of two GCM functions in the interval (max (r,t,),u) for every
u>max (7, ty).
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Under (1.3) we shall give a complete characterization of the case where the
series (1.9) is bounded uniformly in u>0. This characterization turns out to be
even more interesting due to its nature.

THEOREM 4. Let {w;(t)} satisfy (1.3) and let € C*(0, ). Then a necessary and
sufficient condition in order that

(1.12) sup ki (0; )'%“’ES?' —H<w®

is that there exists an o«(x) of bounded variation in [0, 0©) such that

(1.13) fow |da(x)| = H
and
(1.14) 40 = [ w62 detn, 150,

where J(t; x) is the kernel of Studden [7, (2.7)].

ReMARK 2. (a) Condition (1.12) corresponds to #(0+)<oco in the case of the
GCM functions.

(b) The proof of Theorem 4 provides us with a different proof of [7, Theorem 1].
Studden’s proof, however, seems to work only for ¢ > 2F(0).

(c) By virtue of Theorem 1, if (1.12) is fulfilled, then ¢(¢) admits the expansion

(1.7) for all u, t, u=t>0.

Our following result is of the nature of Theorem 1 but involves an entirely
different condition on {w(z)}. As it turns out, the proof of this theorem is much
shorter than that of Theorem 1.

THEOREM 5. Let ¢ € C (7, ) for some =0 and assume that for some t, =0
S Prev1(ts; X) }
1.15 min { ————">"*>— 4L =00 forallu,t(u=1t>t).
(19 5 min {HeaCed s ( )

Then if for some t,, 0=ty <t,, the series (1.9) is bounded uniformly in u in compact
subsets of (v, ), then ¢(t) admits the expansion (1.7) for all u, t, u=t =z max (r, t,).

ReMARK 3. Condition (1.15) is satisfied for example when (1.10) holds for all
sufficiently large n and the sequences (c,), (d,) satisfy

$ince Max; s, sy Wn41(X) Sdp i1/
The last result to be mentioned in this section deals only with GCM functions.

We were unable to extend it to the more general case. The proof here is an adaptation
of the technique of Amir and Ziegler [1] and is left to the reader.

...

=00

L
+

...
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THEOREM 6. A necessary and sufficient condition that each GCM function on
(0, o©) can be expanded into the series (1.7) is that for each u and t (u>t) there exists
an s (0<s<t) for which

‘»bn(t u)
(1.16) JLI'(; o1 00) = 0.

In §3 we shall introduce some approximation operators which arise naturally
from our discussion and which generalize the Szdsz operators [8], while in §4 we
shall define by means of the G,¢’s, some sequence-to-function summability methods
which generalize the [J, f(x)] transforms [3].

2. Proofs.

Proof of Theorem 1. Let ¢ € C*(7,0) be such that (1.9) holds and fix u, ¢,
u=t>max (7, t,). Since ¥,.(d; x) S¢(to; x) for t=d<x=u and since [t, u] is
compact it follows by (1.9) that

d

IIA
IA
=
IIA
&

wi(x)

@.1) > wiasn 08 <
k=0
By virtue of (1.6) our proof will be complete once we show that
2.2) lim | $.(t; X)Gpy19(x) dx = 0.
n-—+ o t

Now by (2.1) the series on the right-hand side of (1.6) converges as n — o, hence
define

8@ = ()= 3, duldi ) S5

(2.3)
= lim | ¢u(d; x)Gpy14(x) dx.

We have to show that g(¢)=0. We shall show, following the technique of Karlin
and Ziegler [5], that g(d)=0, t=d=u.
Our proof is done in steps. First by (2.1):

(2.4) 1Gad(x)| < W"'}f‘l), r<d<x<u n=0,12,....

We shall prove that whenever a function ¢ € C*(¢, u] satisfies (2.4), then for every
¢, t<c=u, there is an e> 0 such that if c—e<b=c then

(2.5) lim ’ Pu(b; X)Gpy19(x) dx = 0.
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Then we shall prove that g e C®(t, u], that it satisfies (2.4) and that g(d)=0,
t<d=u. Now by (2.4), for t=d<b<c,
[ a3 91Gu b dx < B[ 520 22220 e
n+1

Yoia(b; 0)
= @b

LT

by virtue of (1.8), provided e is properly chosen. This proves (2.5).
We now prove that g € C*(¢, ] and at the same time produce G,g(d). An easy
computation shows that

Gpn(d; u) = wi(d)o-i(d;u; k),  n 2k,
=0, n<k,

where, for n>k and d=<u,

u &n S +2
Yosld; w3 ) = f wn(s,.)jd w,.-1<§,.-1)---jd Wes1(Ees 1) dburr- - -dEn,

and Jo(d; u; k)=1. Hence, formal differentiation of (2.3) yields

QO Gusd) = Gubld)~ 3, Wi ui DS, 1 <a s

To justify the term-by-term differentiation we observe that, for 1<t, <d=<u,
hie(ty; A -i(d; u; k)
d &2 u Sk+2
= [T [ e deneode [ i) [ T Wensln) st
t1 Jd d

t1

U Sk +2 d IR
= [ e[ wenstean [ mied---[ it dt- -,

t

u 193
< [Cwae [ wie) e dt = itz
&1 t1
Whence

S Gup(w)| . _wi(d) |Gad(u)|
2.7 AV, (d; u; k ] = alf1;
( ) ’g ( )‘ﬁ k( u; ) (u) lﬁk(tl,d) 2 '/‘ ( 1 ) w. (u)
where, by (2.1), the series on the right-hand side converges, and it follows from the
nature of the dependence on d on the right-hand side that the series on the left-
hand side converges uniformly in d in compact subsets of (¢, «]. This justifies (2.6).
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Appealing to (2.7) once again, it follows by (2.1), (2.4) and (2.6) that
(2.8) |Gng(@)| = 2HW(d)[du(ts;d), t=tH <d=su

Now (2.5) for c=u shows us that g(d)=0 in some proper interval [u—e, u]. Let
co=inf {c|g(d)=0 for all d € [c, u]} and suppose c, > t. Then (1.6) with g replacing
¢ gives

gd) = f ® gold; X)Goy18(x) dx

(since G,g(x)=0 for c,<x=u, n=0,1, 2,...). Consequently,

co
8(@) = lim [ fuld; )Gusr8(x) d,
n— d

but by virtue of (2.8) and the proof of (2.5), there exists an ¢, >0 such that

Co
g(d) = lim j $old; )Gry1g(x) dx = 0,  de[co—er, col,
n—’w d

contradicting the definition of ¢,. Therefore c,=¢ and, as g(d) evidently is con-
tinuous in [¢, u], g(d)=0, d € [¢, 4], and the proof is complete.

Proof of Corollary 2. Sufficiency is obvious by the discussion preceding
Theorem 1, so we prove only necessity. Let u>max (7, t,). By either one of
Theorems 1, 2 or 3, ¢ satisfies (1.7) for all u=¢>max (r, t,). Hence, for u=t¢
>max (7, to),

(1)

< le¢(u)|+Gk¢(“) IGM}S(”)I Gp(u)
2, 0 =S Zo W =

= $:1(1)—¢a(2), say.

Now by the proof of (2.6) it follows that each of ¢; is a GCM function in
(max (7, to), u) and this completes the proof.

We shall defer the proof of Theorem 4 until after we prove Theorem 5 due to
the shortness of the proof of the latter.

Proof of Theorem 5. Here again (1.6) is valid so that we are done once we
establish (2.2). Fix u, ¢, u>t>max (7, ;). By (1.9),

> i x S ) APy

Therefore

@ > Hu-0)2 f ¢k+1(,1,x)|6k+1¢(x)|

+1(%)
fu '/‘k+ 1(t15 x)

Wi+ 100(t1 5 X) $ilt1; %) G+ 16(x)| dx

IIV

2 n, {M} ft Pt X)Grp1$(%) d.

Wic+ 1()(f15 X)
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By virtue of (1.15), this implies that for a subsequence k; — oo

Jim [ 3 9/ Gu 1400 s = 0
= J;

which in turn implies
2.9 _limf i (t5 %)| G, +19(x)] dx = 0.
i— t

Now (1.9) guarantees the existence of the limit on the right-hand side of (2.3) and
therefore (2.9) implies (2.2). This completes the proof.
Proof of Theorem 4. First we prove sufficiency. We show first that

(2.10) i 3 (0; 1) Gki(zj)") <1 forall x, € [0, o).

To this end recall (1.6) for the function (¢; x) which as a function of ¢ is a GCM
function in [0, o). For every n=0 and x, ¢ € [0, c0) we have

Gk¢(t X)

@11) 1 =40;x) = Zsbk(o D=a

f $(0; u)G, . (1 X) du.
Hence
Z $:(0; 7) G’fv/'((tt)x) n=01,2,..., x,tel[0,0),

which establishes (2.10). Now (2.10), together with [7, (3.3)], implies that
0=G(t; x)=wi(2)/$,(0; ), t >0, therefore we are allowed to differentiate under
the sign of the integral in (1.14) and thus have

(2.12) Gd(t) = J:o G(t; x) da(x), t>0.

Hence by (2.10)

2 w0880 < [7 5 4,00 G0 dur

< f |da(x)| < oo
V]
This proves sufficiency and shows that
(2.13) H éf |de(x)).
(1]

Conversely, as we have remarked in Remark 2(c), by Theorem 1, (1.11) implies
that

= S g ) 9@
#0 = 2 ) TR wzi>o.
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Rewriting this yields

¢([) — ki lpk(t; u) ‘/’k(o, u) qus(u)

(2.14) =0 $i(0; 1) )
. o~ s kfu) G
B Zom%(o’“) o YE1>0

where u, =k/u (for k=0 we understand k/u, as u). Now [7, (2.7) and (2.8)] #(z; x)
=e~*P(¢t; x)/P(0; x), x, t € [0, 00), where

Px) = [ €m0 S sk~ Wb €)

Denote F(t) = j'ﬁ, f(7) dr where f'is the function of (1.3). Then, by (1.3), 0 < F(c0)
<0, and by [7, (3.2)] it follows that

(2.15) 0= x/'(t;x) < e X¥(t-2F(o),

Consequently, for any fixed > 2F(c0), ¢(¢; x) — 0 as x — co. We are now able to
apply [7, Lemma 4] and conclude that the functions
,(t; x) = ¢a(t; n[x)[n(0; n/x), 1 2 tx,x # 0,
=1, x =0,
=0, n < tx,
converge to ¥(t; x) uniformly in 0=<x<oo, for every fixed ¢>2F(c0). Also, for

each fixed k, ¢.(¢; w)/(0; u) > 1, as u— oo, and (¢, kfu) = §(t;0+)=1, as
u — co. Therefore by (1.12) and (2.14) we have

(2.16) #1) = lim 2 S(t: k) (O; )Gw"‘fz(‘;), t > 2F(w).
If we define the functions e,(x) by

au(O) =0,
.17

w0 = 3 )Gk"’;";’ 0<x <o,

then the functions «,(x) are of uniformly bounded variations in [0, o) and (2.16)
takes the form

O = [ 900 da, 1> 26@).

Now since ¢(t; 00)=0 for ¢ >2F(o0) it follows by [2, Theorem 5.1] that there exists
an «(x) of variation not exceeding H such that

@.18) (1) = j T M) dx),  t > 2F(00).
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But 0=¢(t; x)<1 for all ¢, x € [0, ), hence the integral in (2.18) exists for all
t>0; so define x(¢) by

(2.19) (1) = L T dex), 1> 0,

Evidently G,(¢— x)(#) =0 for u>2F(c0) and by the sufficiency part and Theorem 1,
it follows that, for 0 <z=<2F(0)<u,

$(0)—x(t) = i e u)Gk_(i‘;fwy_L“) o

Therefore,
B(t) = f T x) de), 1> 0,

and the proof of (1.14) is complete. Also it was noted that [J |de(x)|<H so,
together with (2.13), (1.13) is established.

In fact, if «(x) is chosen to be normalized, i.e. a(x) =%[e(x+ )+ (x—)], 0 < x <0,
then by the uniqueness of «(x) [7, Theorem 2] we have lim,,_, ,, «,(¢)=«(?) at every
point of continuity, ¢, of «(x).

3. The approximation operators. Throughout this section we assume that
{w;(2)} satisfies (1.3).
Let u> 0 be arbitrary. Then the function ¢(¢; u) is represented by

ws = [ T g D) da(x), 1> 0,

where o, (x)=0, 0=x<u; e(x)=1, u=x<oo. Our discussion in the proof of
Theorem 4 yields

. Gih(v; u)
3£>r2k/,,§¢(ov) o) =0, 0<x<uy,

=1, u<Xx<oo,

or rewriting it, we have for u, x>0, u+#x,

G.1) lim Z $2(0; )G""’(z’ )“)[ ax(l—;)] - 1= ().

This suggests the introduction of the following approximation operators. With
a function f(¢) which is defined in [0, c0) associate the family of functions S, f
defined on [0, c0) by

(32) 5.0 = 3 0 LD o(5).u> 0,

k=0 wi(1)
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provided the series on the right-hand side of (3.2) converges. By virtue of (2.10)
the operators are well defined for every function f(¢) which is bounded in [0, c0).
In fact, it is not difficult to prove with the help of (3.1) that if f(¢) is bounded in
[0, 00) and continuous at 0 £ x < oo, then

(3.3) lim S,f(x) = f(x).

We shall prove much more.

THEOREM 7. Let f(t) be defined in [0, o) and assume that f(t)= O(e*) for some
A=0. Then (i) (3.3) holds at every point of continuity, x, of f(¢); (ii) if f(¢) is con-
tinuous in [a, b] then (3.3) holds uniformly in x € [a, b].

REMARK 4. (a) In Theorem 7 we implicitly state that whenever f(¢)=0(e*),
then S, f is well defined for all #>0.

(b) In the case wy(t)=1, i=0,1,2,..., the operators S, reduce to the well-
known Szdsz operators [8]

S.f(x) = e-* 2 (ux)" ( )

and Theorem 7 in this case is well known.
Proof of Theorem 7. First we show that whenever f(¢)=0(e*) for some 420,
then S, fis well defined. By [7, (3.1) through (3.4)]

(34) 0 < u(0; ) s LHTE

and

3.5 0 < Gih(u; X) S xowy(u)e w27,
Hence

S G k —x(u—2F(e F xk(eAlw)k
2,00 B 1G] 5 emecaren 3 LR e

exp {—x(u—2F(c0))+ xe"’“(u + F(u))} < oo.

Now we observe that by (2.11) it follows from the proof of Theorem 1 that

(3.6) ki (03 )ij(z‘u)x) I, wxelo, o)
so that we get
G,
(37 S =10 = 5. u0i) S | £(K) i)

Let x € [0, o) be a point of continuity of f(¢) and let ¢e>0 be prescribed. Then
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there exist uo>0 and 8>0 such that if u=u, and |k—x(u+ F(u))e?’| < 8u, then
| f(k/u)—f(x)| <e. By (3.6), for u=u,, we then have

180 =0 = {343 b0 0 L 7(8) |

where 3, is taken on all k, |k—x(u+ F(u))e*| < u and 3, is taken on the rest.
It follows by (3.5) and (3.6) that

Gh'zl'(u x)
2905 =0 0n=

Set y=x(u+ F(u))e*™ . Then

> 03 SEED | (%) )|

K
e—x(u—2F(w))(l+eAx)z%
5 K!

7(4) 1) <.

IIA

IA

C(x)e=*48-2y~2 kzo (k—y)zk—! = C(x)8 2y~2ye-*utv

= C(x)82u=*x(1 + F(u)/u)e*’™ exp (xu(ed’* — 1)+ xF(u)e4'")
=01, asu-—oo.

This completes the proof of (3.3) and inasmuch as our estimates are uniformly in
x € [a, b], (3.3) holds uniformly in each interval of continuity [a, b] of f(¢).

4. Some sequence-to-function summability methods. Throughout this section
we assume that {w,(¢)} satisfies (1.3).

Let ¢ € C*(0,0) and denote w={w(t)}. The [J; w; #(x)] transform of the
sequence {s,} (n=0) is defined by
G, q$(x)

x >0,

@) () = 3 00 %

provided the series on the right-hand side converges for all sufficiently large x. The
sequence {s,} is said to be summable to s by [J; w; ¢(x)] if lim,_, ., t(x)=s.
First we characterize conservative and regular [J; w; ¢(x)] methods.

THEOREM 8. The [J; w; ¢(x)] method is conservative if and only if $(t) possesses
the representation (1.14) where «(x) is of bounded variation in [0, ). It is regular
if and only if in addition

4.2) «(0) = «(0+) and «(o0)—«(0) = 1.

In the case wi(t)=1, i=0,1,2,..., the [J; w; #(x)] method reduced to the
[/, é(x)] method of Jakimovski [3]. Theorem 8 in this case was proved in [3].
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Proof. It is well known that for the [J; w; ¢(x)] method to be conservative it is
necessary and sufficient that (1.12) be satisfied and that the following limits exist:

@3) lim kZ $(0; )i’,“’z%)
4) tim 4,030 25 k—0,12,..

Since (1.12) and (1.14) are equivalent, we only have to show that (1.14) implies the
existence of the limits in (4.3) and (4.4). Now by (2.10), (2.12) and (3.6) it follows
by Lebesgue’s dominated convergence theorem that

S i) S8 = 5 [* 0s 0 2 )

e
(4.5)
=[5 00 B i
= a(00)—a(0).

Also it follows by (3.4) and (3.5) that, for each u>0,

. .o Gh(x; w)
0 é linl ‘)bk(o’ X) w (x)
.3
< lim w Weeux-2@) = 0k =0,1,2,...,

and

Gyg(x;0)=0, k=1,2,..., P(x;0) = 1.
Therefore,

lim (0 x) Gk":";) 0, k=12, .,

and
(4.6) lim ¢(x) = «(0+)—«(0).

From (4.5) and (4.6) we see that the method is regular if and only if, in addition,
(4.2) is satisfied. This completes our proof.

A totally regular method is one that sums a sequence {s,} (n=0), to s, whenever
s, — 5 both for s finite and for s infinite. We conclude this paper with a charac-
terization of the totally regular [J; w; é(x)] methods.

THEOREM 9. A regular [J; w; $(x)] method is totally regular if and only if $(x)
is a GCM function in [0, o), i.e. if and only if «(u) of the representation (1.14) is
nondecreasing.
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Theorem 9 for the [J, ¢(x)] methods was proved by Lee Lorch and the author
[6].

Proof. Sufficiency of the condition is obvious. Conversely, assume that the
[J; w; é(x)] method is totally regular. Then by a theorem of H. Hurwitz (see [S])

[le¢(x)| qus(x)] - 0.

wi(x)  wi(x)

lim Z $(0; )

X0 o

Hence, for each 0 <v <0,

4.7 lim > $,0; x)

X0 psox

(Gt _gssan _,

wilx)  wi(x)

Now we may assume that «(«) is normalized. Then by (2.17) and the discussion at
the end of the proof of Theorem 4, if v is a point of continuity of «(u), then

. oy Gep(x) _
4.8) lim > $,(0;x) ) = a(v),

X0 g<vx

and

f ’ |do(w)| < lim inf f ’ |der, ()| < 1lim sup Z $,(0; X) I%ci%)l

< timsup [ 3 05 ) D g,

x—>© 0 ksvx

By Theorem 7, the last limit is equal to [} |de(u)|, hence

(4.9) lim S ,(0; 0 92@ _ L | o).

X Tyx W, (X)

Combining (4.8) and (4.9), (4.7) yields
f |de(u)| — e(u) = 0, for all points of continuity v,
(1]
of «(u), whence «(u) is nondecreasing.
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