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ON THE H. LEWY EXTENSION PHENOMENON

BY
RICARDO NIRENBERG

Abstract. We prove local approximation and extension theorems for C®
submanifolds M of C* (CR submanifolds). Under some conditions on M, any smooth
solution of the induced Cauchy-Riemann equations can be extended holomorphically
to bigger (and sometimes open) sets.

1. Introduction. A characteristic feature of the theory of functions of several
complex variables is the holomorphic extendibility of functions from a set to a
bigger set. This phenomenon is intimately related to the vanishing of certain spaces
of cohomology with compact support. The first example of this is the well-known
theorem of Hartogs: any function defined and holomorphic on a neighborhood of
the boundary of a ball in C* (n>1) can be extended holomorphically to the in-
terior of the ball. A stronger form of this result was given by Bochner (see [7,
Theorem 2.3.2°]): if D is a bounded open set in C* (n>1) such that C*— D is
connected and D has a C* boundary bd D, then any C* function on bd D satisfying
the partial differential equations on bd D indexed by the Cauchy-Riemann equa-
tions in C™ can be extended holomorphically to D. In [9], H. Lewy proved a
local version of this theorem (see also [7, Theorem 2.6.13]): if the Levi form of a
smooth real hypersurface does not vanish at a point z,, then smooth solutions of
the induced Cauchy-Riemann equations on a sufficiently small neighborhood of z,
can be holomorphically extended to at least one side of the hypersurface. Thus we
see that the extendibility property for a hypersurface does not depend on its
bounding an open domain, but is already present on any small portion of it. Later
in [10] H. Lewy gave an example of a piece of a 4-real dimensional submanifold M
in C? with the property that any smooth solution of the induced Cauchy-Riemann
equations on it can be extended to a holomorphic function on an open set of C?
whose boundary contains M.

From then on, much work has been done on the local extendibility properties of
real submanifolds M of C™ with real dimension less than 2n— 1, but always in the
setup of Hartogs’ result, that is, one looks at functions which are holomorphic on
some open neighborhood of M in C", and tries to extend them to a fixed open set
of C™. In other words, one extends germs of holomorphic functions on M. The
pioneer work in this direction was done by Bishop [3]. Further results are found in
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[4], [5], [16], [17] and [18]. A brief account of this area of research can be found in
[19].

In this paper we adopt the point of view of Bochner’s and Lewy’s results, trying
to extend smooth solutions of the induced Cauchy-Riemann equations on a piece of
real smooth submanifold of C™. The procedure is to prove first an approximation
theorem: such solutions can be uniformly approximated on M (locally) by germs
of holomorphic functions on M, and then use the results already known for the
extension of germs. Thus the theory of extension from Lewy’s point of view is
reduced to the theory for germs.

We consider M to be a CR submanifold (see §2) and the approximation theorem
is proved under certain convexity conditions on M. Briefly, we will assume that
either there is a real hypersurface passing through M which is strongly pseudo-
convex at z, € M, or that there is a real hypersurface through M whose Levi form
restricted to Hyo(M) (the space of complex tangent vectors to M at z,) has at least
one positive and at least one negative eigenvalue. In the simplest nontrivial case
of M* in C3, this means that there is a real hypersurface through M* whose Levi
form restricted to H, is not zero. Under these conditions we can extend to the
same sets as in the extension of germs. (For hypersurfaces, no convexity conditions
are needed in the approximation theorem (see [13]).)

In §2 we present an account of the basic properties of CR submanifolds of C*
and we give some examples. In §3 we put together the results on -cohomology
with compact support that are needed, and we prove that if a real hypersurface in
C™ satisfies certain convexity conditions, the equation df=g can be solved locally
in L? with 0 boundary values on a piece of the hypersurface. When g is a (0, 1)
form this is due to Lewy [9]; see also Hormander [7, Theorem 2.6.13]. The idea of
the proof for forms of other types is due to A. Andreotti. The main results of the
paper are proved in §4. For an account of the notions of holomorphic convexity
of sets and of some of the problems in this connection, we refer the reader to [14],
[15] and [19].

A weaker result for the case CR codim M =2 was published without the com-
plete proofs in [12].

2. CR submanifolds of C™.

2.1. DEFINITIONS. Let M be a real C*® submanifold of C", of real dimension
2n—k. Let T(M) be the tangent bundle to M, T,(M) its fiber at x € M, and con-
sider the complexified bundle

T(M) = T(M) @ C.

T°(M) is a subbundle of T°(C™). On the latter we consider the operator J given by
the complex structure on C". Set

.L1) H (M) = {§eTi(M); J() eTAM)}; xeM.
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We write 2m(x)=dim¢ H,(M). If m(x) is a constant on connected components of
M, we say that M is a CR submanifold of C", and for a connected CR submanifold
M we write m=CR dim M. For a CR submanifold M, H,(M) are the fibers of a
vector bundle H(M) on M, whose sections are called complex vector fields on M.
We will consider only connected CR submanifolds of C”, and will assume in
general that m>0. (If m=0, M is said to be totally real.) Let

I’ =dimzy M—2CR dim M = 2(n—m)—k = 2 CR codim M —codim, M,

2.1.2
212) ' =2l+k.

Then /' is the fiber dimension of T°(M)/H(M). We will assume that /'>0, for
otherwise M is a complex submanifold of C™. It is always true that /’<k. If k=n
and /’=k, we say that M is a generic CR submanifold of C™. In the case k >n, we
say that M is generic if /'=2n—k, that is, if m=0. In any case, a complex sub-
manifold is generic if and only if it is a point or C™" itself.

A vector field £ on M is said to be of type (1, 0) if J({)=(—1)'"2{, and of type
0, 1) if J({)= —(—1)Y2,. Given a point x € M it is easy to see that there is a
neighborhood U of x in M and a basis for sections of H(M) on U of the form

(2.1.3) {gh L] Cms z].’ ceey gm}’

where {;, i=1, ..., m, are complex vector fields on U of type (1, 0), and therefore
¢, are of type (0, 1).

Let £ H(M) stand for the complex Lie algebra of vector fields generated by the
sections of H(M). If dim¢ £ H(M) is a constant, we set e(M)=dim¢c LH(M)
—dim¢ H(M).

2.2. Defining systems. Let p,, ..., p, be real valued C* functions defined on
some open neighborhood D of M in C™ such that

(@) M={xeD;p(x)="--= plx) =0},

2.2.1) g
(i) dpy A---Adp.#0 on M.

Such a system of functions is called a defining system for M (locally it always
exists). If {p;,..., pi} is a defining system for M near x € M, the most general
defining system for M near x is obtained by taking

k
pi= > fupn i=1,..k
i=1

where f; are defined and C* on some neighborhood of x in C", and det (f;,)#0
on M.

Let {ps, ..., px} be any defining system for M near x € M. Then for a vector
£ e C?" we have

EeTM) < dp™(¢) =0, i=1,...,k.
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LEMMA 2.2.1. Let I be as in (2.1.2). If {p1, . . ., pi} is a defining system for M near
x € M, we can find | of the p’s (which after reordering we assume are p,, . . ., p;) such
that they form a maximal subset for which 9p, A - - - A 8p,#0 on M, where we have
put 20=d—(—1)V2Jd and 20=d+(—1)2Jd. Furthermore, for ¢ € C*", x € M we
have

(222) §£ H(M) < 9pi(x)(§) = 0p(x)(§) =0, i=1,...,1

The proof is straightforward and is left to the reader.

2.3. The induced d-operator. Let M be a CR submanifold of C* and let E&®=E
be the bundle whose sections are the complex vector fields of type (1,0), and
similarly for E©@V=E, Let E* be the bundle dual to E, and E* the dual of E.
We consider the bundles of differential forms on M: D®®=E*? A E*¢ where E?
stands for the pth exterior power of E. Then D®? is a subbundle of the bundle of
p+q forms on M. We also write D®? for the space of sections of this bundle.

Consider the operator 0,: D®® — D®-4+D defined by taking dp for ¢ € D®®
and then projecting it on D®9*Y_ Then we have

o = 0.
We can therefore define the cohomology spaces
2.3.1) H®? = {pe D®P; 90 = 0}/0y,(D?4~ D),

Another way of viewing this locally is the following: take a defining system for
M, {p1, ..., px}, and let / be as in (2.1.2). Let A**? be the sheaf of germs on M of
C = forms of type (p, q) in C™. Consider the form, in A©-),

2.3.2) w=20p; A---A 3p,.
Then we define the ideals (of forms ‘““normal”® at M (see [8])):
(2.3.3) N®D = {pe APP;9 A w=0o0n M} = A®,

Then we have
D®® = T\(4®9, M)/T(N®2, M).

Also, the operator d in C™ induces maps
0: A®D _>A(p.q+1), 0: N»® N(p.q+1)’

because ¢ € N®? implies that
1 k
p= Z i opi+ Z PPy
i=1 i=1

with ¢; € AP, ;€ A®2~D, Hence p A w=0 on M. As a consequence, d induces a
mapping of the quotients d,: D®? — D®4+D_which is the same as the mapping
previously defined.
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In particular, a complex-valued C* function f on M for which 8,(f)=0 will be
called a CR function on M. It is obvious that if fe€ C*(M) can be continued holo-
morphically and C*® to an open set V of some complex variety such that M lies
in the boundary of V, then fis a CR function on M.

We will need the following algebraic result:

PROPOSITION 2.3.1. If ¢ € N9, if r>0 is a natural number, and dp vanishes on
M to order r—1, there is an element € AP~V with Y|M=0 such that ¢+ 0¢
vanishes on M to order r.

For the proof we refer to [13], where the case ¢=23f, fe A9 is considered.
However, the argument for the general case goes just along the same lines.

REMARK 2.3.2. By using the following result: let K be closed in R", and let
fe€ C™(R™) be such that D*f(x)=0 for x € K, |k| £m; then there is a sequence
{f}=C=(R") such that f,=0 on some neighborhood ¥, of K for each v, and f,
converges to fin C™(R") with the topology of uniform convergence of the deriva-
tives up to order m on compact subsets (see [11]), one can prove easily that we
can replace in the above proposition the orders r and r—1 by order co. (This is the
“soft” part of Whitney’s extension theorem.)

COROLLARY 2.3.3. Let fe C*(M) be such that 0,,f=0. Then we can find a
C= extension f of f to C™ such that 3f vanishes on M to a given order r (or even to
order oo by the above remark).

2.4. CR regular defining systems. Let M be a CR submanifold of C" and let
{p1,- - -, px} be a defining system for M. Let V be an open subset of M and U an
open subset of C™ with UN M=V. For t=(t,,..., t,) € R* close enough to the
origin, we define the C® submanifolds: V(t)={x e U; pi(x)=t,i=1,..., k}, so
that V(0)="V.

DErFINITION 2.4.1. We say that the defining system {p, . . ., p.} is CR regular on
V< M if there is an open set U< C™ with U " M=V, and an open neighborhood
W of the origin in R¥, and a C* diffeomorphism ®: W x V — U such that

(i) @(0) = ?|{0} x ¥V = Identity on V.

(ii) @(t) = O|{t} x V is an isomorphism of the CR structures
of the CR submanifolds ¥V and V(t) for every ¢t € W. (We assume
that V(t) is a CR submanifold for 1 € W.)

(2.4.1)

The notion of CR isomorphism is the natural one.

Observe that CR regularity is invariant under holomorphic changes of co-
ordinates. Also for any CR submanifold M and every point x € M there are CR
regular defining systems for M on any neighborhood of x in M which is small
enough. For there is a neighborhood U of x in C* such thatif {x,, ..., x;,} are the
real coordinates in C", we can write

(2.4.2) Mﬁ U = {xE U; xi—g,(x,H_l,. .oy X2n) = 0; i = 1,. ..,k},
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where g; € C®(U). Since translations are holomorphic diffeomorphisms, and a
fortiori CR isomorphisms, the system p;=x;—g; is indeed CR regular on U N M.

The reason for considering CR regular systems is that with respect to them a
CR function f satisfies the following strong condition:

LEMMA 2.4.2. Let {p,, ..., px} be a CR regular defining system for M on V<=M,
and let | be as in (2.1.2). Then there is an open set U in C™ with U N M=V such
that every CR function f on V can be extended to a C* function f on U satisfying
f Aw=0 on U, where w is given by (2.3.2).

Proof. We can take W in Definition 2.4.1 so that on ®(W x V') we still have w#0.
Then we define f on U=®(W x V) as follows:

fIV(t) = fo®-Yt) forte W.

Then fis a CR function on each V(t), t € W, and therefore f A w=0 identically
on U. Q.E.D.

By putting Corollary 2.3.3 and Lemma 2.4.2 together it is easy to get the
following

COROLLARY 2.4.3. Let {py, ..., px} be a CR regular defining system for M on V.
Then there is an open set U in C™ with U " M=V such that for any CR function f
and any r=natural number or o, we can find a C* function f on U satisfying

W AV =1,
(24.3) (i) fAw=00nU,
(iii) 9f vanishes on M to order r, where M = {p, =---= p, = 0} © M.

We will also need the following

LeMMA 2.4.4. If M is a CR submanifold of CR dimension m in C™, and there is a
real C® hypersurface {p=0} containing M such that the Levi form of p restricted
to H. (M) has s positive eigenvalues at x € M, then there is a defining system
{p1> . - -» pi} for M which is CR regular on some neighborhood of x and such that the
Levi form of every p; has n—m+s=1+s positive eigenvalues on some neighborhood
of x in C™.

Proof. After a holomorphic change of coordinates, we can assume that x is the
OrigiN, X1, V1, .+« s Xms Yms Xm4 15« - -» Xm4 1 are tangential to M at 0 and y,.,,...,
Ym+ls Xm+1+1s Ym+is1s - - -» Xny Yo are normal to M at 0, where z;=x;+(—1)*2y,.
Furthermore, we have on some neighborhood V of 0 in M

.

Vi = q’i(xlyyls"'axm’yma Xm+1s - -‘9xm+l), i= m+19 - 1y

(244

X = ¢i(x19y1’- <oy Xms Yms Xm+15 - - -,xm+1)9 i= m+l+1, RPN (3

where ¢, and y; vanish at 0 to order two and are C® on some neighborhood of 0.
The hypersurface of the statement can be written as, say,

(2'4'5) Yo = ‘P(xla Y5 s Xn-15Va-15 -xn)’
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where ¢ vanishes at 0 to order 2. Then replacing in (2.4.5) the variables x;
(i=m+I1+1,...,n) and y; i=m+1,...,n—1) by the expressions (2.4.4), we still
get a function

Yn = (P(xl, Yis oo Xms Vms Xmt15 - - -5 xm-H)

whose Levi form restricted to H,(M) has s positive eigenvalues. Now it is easy to
see that the system

yt_‘Pi'*‘A(J’n"‘f’), l=m+19’n_l$
(2.4.6) Xi— i+ Ay, — ), i=m+il+1,...,n;

Yn—&;
is a CR regular defining system on some neighborhood of x in M, and that if the
real number 4 >0 is big enough, all its functions have a Levi form with s positive
eigenvalues when restricted to H,(M). Calling p,, j=1,..., k, the functions in
(2.4.6), we now form

k

(2.4.7) pi = Z ai;-exp (4;p9) pss

i=1

where A, are real numbers and (a;,) is a nonsingular real matrix with all a;,>0.
Then an easy calculation shows that {p3, ..., pi} is a CR regular defining system
on some neighborhood of x in M, and that if the 4; are chosen big enough, the
Levi form of each of the functions p; will have s+n—m positive eigenvalues on
C". Q.E.D.

2.5. EXAMPLES. As stated in §2.1, we are interested in CR submanifolds M of
C" for which /'>0 (M is not a complex submanifold), and 0<m<n—1 (M is not
totally real and it is not a real hypersurface: the approximation theorem of §4 in
those two cases was proved in [13]). The simplest case is when M is Levi flat, that
i, when e(M) (see §2.1) is 0. This means that M is an /’-real parameter family of
analytic submanifolds of complex dimension m, at least locally, by Frobenius’
theorem, and again, the approximation theorem for these is proved in [13]. In
this case it is easy to see that M is not extendible. Any real linear subspace of C*
is Levi flat. The next two are examples of a generic four real dimensional CR
submanifold of C? for which e(M)>0.

(2.5.1). Let M*<C®be given by z,2, + 297, +23Z3=1;2z,—2,=0; z; #1, 2, # — 1.
A basis for the sections of H(M*) can be given by { and I, where {=Z;(8/0z,)
—Z5(0/0z3). Calculating the bracket we get

n=1[,{ =z aizz'"za ai;a—fz '3‘2-';"‘53 %
Thus we see that 7(x)#0 for x € M*. Taking brackets again, we get 3" =[{, ]=2L.
Thus, e(M*)=1. Furthermore, if V is an open subset of M* and fis a CR function
on ¥, fcan be extended to a CR function on some open subset of the real hyper-
plane z, —z, =0.



344 RICARDO NIRENBERG [June

(2.5.2). Define M*=C?® by 2,2, —z,Z,=1; z3Z73—2,7,=2. It is easy to see that
M* is a generic CR submanifold of C3. On M* N {z,#0, z3#0}, the vector fields
{ and ¢, where
(B0, 0 B0

Zy 0z, 0zq Z30zg
form a basis for the sections of H(M*). A calculation shows that the vector fields
L, ¢,n=[¢ ), and %' =[{, 5] are linearly independent when z,#0. For any open
subset V of M* N {z;#0, z,#0, z;#0} we therefore have that e(¥)=2. In this
situation, any CR function on ¥V can be extended to a holomorphic function on
some open subset of C® whose boundary contains V. This example is similar to
H. Lewy’s [10].

3. The Cauchy problem for the J operator.

3.1. The L? solution. Let p be a real valued C* function defined on some open
set D of C™, with grad p#0 and let z, € D be such that p(z,)=0. Suppose that
the Levi form of p has r, 1 Sr=<n, positive eigenvalues at z,. Then by means of a
holomorphic change of coordinates we can assume that z, is the origin, and that
p is of the form

P(Z) = 21+51+a11|2112+2 Re (zl Z alij)
(3.1.1) . ) 1=z
+ Z Alz|2+ Z vi|z4|? +0(2),

ji=2 j=r+1

where z=(zy,...,2z,), o(z2)=0(|z|®) as |z| >0, A,>0 for j=2,...,r, and the
matrix

a1 Qi - Ay
a, Az . 0
ai, 0 N A'

is positive definite. Now consider the function

(3.1.2) o) = tn=p S|P (6> 0.

Let Q be an open connected neighborhood of 0 in C™ and define for ¢, n=0 the
sets

(3.1.3) W(e,n, p) = {z€Q;p(z) < &, p(z) > —n}.

We claim that taking Q small enough and 8> 0 big enough, then

(3.1.9) diam W(e,m, p) >0 as e2+72—0.
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In fact, z € W(e, 1, p) implies that

M=

e>z;+Z —max (vl;7=r+1,...,n)-
T

|zj|%+a11]z, |2
1

+

n T
+2Re (Zl z aljz-j) + Z )\le1|2+0'
i=2 ji=2

n

z —pt@-maxly)) > |z?

j=r+1
n T

Z aljz_j) + Z Alejlz'l'U.
= j

+a;,]z:]2+2Re (21
i=2 =2

Choosing Q small enough, we can make supg |¢| <8 37, |z,|2 for any given §>0.
Observe also that if B is a hermitian positive definite r x r matrix and € is any
r X (n—r) matrix, then we can choose x>0 big enough so that the n x n matrix

A_(B %
T \w /J.Id)

is positive definite. To see this, consider R"=R" @ R"~" and write
(a,h)- A- (%) = taBa+'a€b+'b*€a+tbu 1d b.

Now there is a constant ¢ such that

(3.1.5) 'a€b+b'%al < c|b] |al,

where |b]|2=%5-b and |a|?='a-a, and there is a constant ¢, >0 such that ‘aBa
2c¢,)a)? and tbu Id b2 p||b]|2. From (3.1.5) we can make

'a6b+'b'Ca| < (cu/2)]a]l®+ca]B]%,

for some ¢, big enough. It is therefore enough to take p=2c, to make A4 positive
definite. Putting these remarks together, we have that if B is big enough, there is a
constant ¢ >0 such that

n
c Z |2,]2 £ e+n for ze W(e, n, p)
f=1

which proves (3.1.4).

We fix 8 and Q so that (3.1.4) holds, and so that in addition, the gradient of p
does not vanish on Q.

It is important to observe that the Levi form of § has everywhere r eigenvalues
equal to 0, and that for ¢ and 7 small enough there is a Stein open set U with

(3.1.6) {ze U, p(2) < e} = W(e,, p).

This is a consequence of the fact that for e, » small enough, the boundary of
W (e, 9, p) consists of the two pieces p=¢ and g= —7, as one sees from (3.1.4).
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DEeriNITION 3.1.1. Given two open subsets D<FE of a complex manifold, we
say that (D, E) is an r-Runge pair if for every compact subset K of D we can find
a real valued function ¢ € C*(E) such that

(i) for a<supz ¢, {z € E; ¢(z) < e} is relatively compact in E;

(ii) the Levi form of ¢ has at least r positive eigenvalues at every point of E;

(iii) K={z € E; $(2) Ssupg g} =< D.

Now consider the sets

(3.1.7) T(e, 81, 85) = {z€ Q5 p(2) < &, =83 < p(z) < —81},
for e, 8,, 8,>0 small enough, and 8, < 8,. We have
T(ey 81: 82) = W(s9 82’ P)—' W(é‘, 81’ P)

LeMMA 3.1.2. For &, n>0 small enough, there is a sequence {E;} of domains with
a C® boundary and E,<E;, ,, \J; E;=W(e, 1, p) and such that if 0<e; <e, 8, <8,
=<, the pair (T (e, 8, 8;) N E;, E,) is r-Runge for every i.

Proof. Let K<=<T(ey, 8;, 85). There are positive numbers &' <e,, 81> 8;, 85 <8,
with 8] < 8; such that K<<=T(¢', 87, 8;). Let 7(z)=21% |z|? and let a>0 be small
enough so that on K we have

p(2)+ar(z) < -8y,

(3.1.8) —log [(5+n)(n—8;)~*]+ar(z) < O.

Write

$1(2) = —log [(e—p(2))(e—¢) "],
(3.1.9) $a(z) = p(z)+ar(z)+ 81,
$a(z) = —log [(5+n)(n—382) ~*]+ar(2).

Then ¢;, ¢, and ¢; belong to C°(W (e, 1, p)) and are such that their Levi form has
everywhere in W(e, 7, p) r positive eigenvalues (corresponding to the variables
zy,...,2,). Therefore the function ¢,=max (¢,, $2, ¢3) has, everywhere on
W (e, 1), r positive eigenvalues in the distribution sense. We also have that ¢,(z)
tends to +co when z tends to a point in the boundary of W(e, n), which as we have
taken ¢ and 7 small enough, consists by virtue of (3.1.4) of the two pieces {p=2¢}
and {s= —n}. On the other hand, by (3.1.8) and (3.1.9),

(3.1.10) K< {¢$y <0} and ¢, > 0 on boundary of T(e;, 8;, 85).

Hence ¢, satisfies all the requirements in Definition 3.1.1 for the pair
(T(e4, 81, 83), W(e, 1, p)), except that it does not belong to C*(W(e, 7, p)). To
complete the proof, we take a slightly smaller set Wy=< W(e, 7, p), and set

0 < ao = inf{d(z, aW(s’ 1" P)), z€e WO}‘
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Then take a function y of 7(z)}/2=|z| such that y € C*(C™), x=0 and x(|z|)=0 for
|z| 21, normalized so that [ y dV=1. For 0 <« <a, we take

G.L11) 8a2) = | $ula— a2 n@) V).

Then ¢, € C*(W,), and its Levi form has everywhere r positive eigenvalues on
W,. Furthermore ¢, ¢, as « ™ 0. The domains E; are then chosen so that
E;={¢,< M}, and by Morse theory we can choose them so that their boundary is
smooth. By letting W, approach W(e, 3, p) and M; — oo, we construct the family
{E;} with the desired properties. Q.E.D.

The reason for considering Runge pairs is the following: let D< E as before and
let H?-%(D) stand for the 8-cohomology space of type (p, g) with compact support,
obtained by taking the quotient Ker 8: &Z§9(D) — L $+4+ (D) over d(L5 4~ 1(D)),
where &7'? is the space of forms of type (p,q) whose coefficients are C* and
compactly supported in D. Then there is a natural mapping H?%( D) — HF*Y(E),
induced by the natural inclusion &89 D) — «/5'%E). For Runge pairs more can
be said:

THEOREM 3.1.3. If (D, E) is an r-Runge pair, the natural mapping HP(D)
— HP%(E) is injective for q<r. Therefore if fe L2 (D) (the space of (p,q) forms
on D with L? coefficients), and f has compact support in D, and f=0g for
geL: ,_.(E) with g compactly supported in E, we can find h e L% ,_,(D) compactly
supported in D so that f==0h, if q<r. Furthermore h can be chosen such that |h|
SC|f\, where | || stands for the L* norm and the constant C does not depend on f.

For the proof of this result we refer to Andreotti and Vesentini [2, Lemma 29,
p. 122], where the above L? estimate does not appear in the statement but is
obvious from the proof. One can also obtain it from Hormander [6] and the use
of Serre duality. See also Andreotti and Grauert [1].

As a consequence of Lemma 3.1.2, we get

COROLLARY 3.1.4. The conclusions of Theorem 3.1.3 hold for D=T(ey, 8,, 8,)
and E=W (e, v, p) for &, >0 small enough and ¢, <¢, 8, <8,=n.

We will also need the following result, whose proof is carried out along the same
lines as that of Theorem 3.1.3. (See Andreotti and Vesentini [2, Theorem 5, p. 111],
or again, Hérmander [6] and Serre duality.)

THEOREM 3.1.5. Let E be an open set in C™ and suppose ¢ € C*(E) satisfies (i)
and (ii) of Definition 3.1.1. Then H?%(E)=0 for q<r. Furthermore, if f is a (p, q)
Sform in L2 (E) with compact support in E, g<r, and 9f=0, we can find a (p, q—1)
form g in L2 ,_,(E) with compact support such that dg=f and || g| < C||f], with C
independent of f.

We can now prove the main result of this number.

THEOREM 3.1.6. Let p be a real valued C*® function on some open set Q of C",
let zo € Q be such that p(z,)=0 and grad p(z,)#0. Suppose that the Levi form of p
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has r positive values at z,. Then there is ¢,>0 and 1> 0 with the following property:

Let 0= e<eg, and let U be an open neighborhood of z, with U N {z € Q; p(z) <&}
=W(e, n, p). Also let V be an open set with U<V, and call d(U, V)=distance
between U and C*—V. Then given a form fe L2 (V) with 0<q<r such that 3f=0
onVand f=00nVnizeQ;p(z)>e}, we can find a form g€ L2 ,_,(U) such that
dg=fon Uand g=0on U N {zeQ; p(z)>e¢}. Furthermore, g can be chosen so that
lgll £ C|fll, where C only depends on d(U, V), and C=0(d(U, V)~1).

Proof. Let 7" >7">n%">7 be such that W(e,n")<V, and such that Corollary
3.1.4 holds for 0= e<e¢, and for ”. Let x(¢) € C*(R) be such that 0=y =1, x(t)=1
for 1= —v’ and x(¢)=0 for t< —7". Then if e<e&’ <ey, the form x(p)-f will have
compact support in W(e', 1", p) (if we have chosen ¢, and n small enough to begin
with) by (3.1.4). Observe now that d(x(5)-f)=0x(s)Af is a (p,q+1) form with
compact support in T(¢', 5, 4"). As g+ 1 =r, we can therefore find a (p, q) form w
compactly supported in T(¢’, n, ") such that 8w =38(x(p)-f), with

(3.1.12) lel = Gl

where C, depends only on the first derivative of x. Then the (p, q) form x(5)-f—w
=h is d-closed on V and its support is compact in W(e’, 0", p). Also, it coincides
with fon W(¢, 3, p). By Theorem 3.1.5 we can find a (p, g—1) form g, such that
og.=h on W(¢',n", p) and supp g,.<< W(e', 7", p). Furthermore by (3.1.12),
|l g« £C| fll, where C depends only on C;. (It can be seen in [2] that it does not
depend on ¢, e<e’ <e,.) This last inequality implies that by weak compactness of
the unit ball in L2, there is a weakly convergent sequence g, with ¢’ . If we call
g its weak limit, we easily verify that dg=f on U, that g=0 if p>e, and that
lel=Clfl. QE.D.
Now assume that

(3.1.13) p = max (ps, - - -5 pm)

where the Levi form of each p; has r positive eigenvalues at z,, corresponding to the
same r-dimensional space. Then each p;, i=1, ..., m, can be expressed on a neigh-
borhood of z; in the form (3.1.1). Furthermore, assume that dp; A - - - A dp,(20) #0.

The following result will not be needed in the sequel, but might have some
interest.

COROLLARY 3.1.7. The conclusions of Theorem 3.1.6 hold for p as in (3.1.13),
with a set W(e, n, p) which contains (-, W(e, 7, p;)-

Proof. We consider the case m=2, the general case being different only in that
it requires a bigger burden of notation. Write

p = max (py, p2) = Hp1+r2+|p1—pal}s

and consider the Taylor expansion of the function (e2+12)Y/2 about t=3%. Call
P, .(¢) the first n terms, and set

¢s.n = 3{p1+p2 +Ps.n(P1 —p2)}
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With ¢, =¢1,.2,41 it is not hard to see that there is a neighborhood Q, of z, in
C" such that ¢, € C*(£,) for each n, ¢, p as n — 00 on Q,, and the Levi form
of ¢, has at least r positive eigenvalues on €, for every n, which are bounded from
below by a positive constant C independent of n. Furthermore, recalling (3.1.2),
we have, for every n, ¢, =1(p, + p5)~, which proves that if ¢ > ¢ and n is big enough,
then for any >0, W(e, 5, $,)= W(e, 7, p1) N W(e, 1, ps). The situation being as
in the statement of Theorem 3.1.6, the proof of the corollary is completed by
taking ¢ >, and applying Theorem 3.1.6 to ¢, <¢’ for n big enough, then letting
¢ — ¢ and taking a weak limit of L? solutions. Observe that we can take

B.114)  W(e,n, p) = {z€Qo; p(z) < & 3(p1+p2)” > —7}.  QE.D.

Although we will not need it, it is worth noting that if fin Theorem 3.1.6 belongs
to C®(U), then there is a solution g in C*(U). This can be proved by using the
regularity results of J. J. Kohn and L. Nirenberg [Noncoercive boundary value
problems, Comm. Pure Appl. Math. 18 (1965)] and it can be used to prove the
H. Lewy extension phenomenon on real hypersurfaces for cohomology classes of

type (p, q) withg<n—1.

4. Function algebras on CR submanifolds.

4.1. Uniform approximation with holomorphic functions. Let K be a compact
subset of a complex manifold X, and let @ be the sheaf of germs of holomorphic
functions on X. Let C(K) stand for the uniform algebra of complex valued con-
tinuous functions on K, and I'(K, @) for the algebra of sections of ¢ over K. Then
there is a natural restriction mapping I'(K, 0) = C(K), and we call A(K)=closure
of r(I'(K, 0)) in C(K). Similarly, if M is a CR submanifold of C" and K is a com-
pact subset of M, @, denotes the sheaf of germs of CR functions on M (solutions
of &,(f)=0) and A4,(K) is the closure of r(I'(K, 0y)) in C(K).

The following result is proved in [13]: Let K be a compact subset of M, where M
is a totally real submanifold of a complex manifold X (i.e. CR dim M =0). Then
A(K)=C(K).

When M is not totally real, the best we can expect is of course A(K)=A,/(K).
Our aim is to establish this result locally. This was done in [13] in two cases: M a
real smooth hypersurface (codimy M=1), and M Levi flat (any dimension).

Let M be a CR submanifold of C*, z, € M, and suppose that at least one of the
following conditions is satisfied.

(I) There is a smooth real hypersurface containing M whose
Levi form restricted to H, (M) has at least one positive and at
least one negative eigenvalue.

(II) There is a smooth real hypersurface containing M whose
Levi form restricted to H, (M) has all its eigenvalues of the
same sign #0.

4.1.1)



350 RICARDO NIRENBERG [June

THEOREM 4.1.1. Let M be a CR submanifold of C™ and let z, € M. Assume that
either (1) or (I1) of (4.1.1) holds. Then there is a fundamental system of compact
neighborhoods {K} of z, in M such that if K € {K} then A(K)=Ay,(K).

We will use the following

LemMMA 4.1.2. Let {py, ..., pi} and {p3, ..., pi} be two defining systems for M,
defined on some neighborhood D of M, with p;=3%_, a,;p;. Assume that the C*
real k x k matrix (a;;) restricted to M is a symmetric positive definite matrix. For
>0 define

T(e) ={ze D; pi(z) < &, pi(z) > —e;i=1,...,k}.
Then if D is taken small enough, (\y>o T(e)=M.

Proof. z € T(¢) means that e—p(z)>0, i=1,...,k, and ¥, a;,pi(z)+¢>0,
i=1,..., k. Therefore if D is small enough, z € T(¢) implies that

PECERORICICR ec(k PRICHCED pi<z)+ke)

for some constant ¢, and therefore, >¥_, p?(z) tends to 0 as e > 0. Q.E.D.

Proof of Theorem 4.1.1. Obviously it is enough to prove that any fin I'(K, 0,)
can be uniformly approximated on K by elements in I'(X, 0).

We set k=codimg M, I=CR codim M, m=CR dim M.

Consider first case (I). Using Lemma 2.4.4, we can find two CR regular defining
systems for M on some neighborhood D of z,, {py, ..., px} and {p1, . . ., pr} such
that

(D) Ppy(zo) A -+~ A Bp; # 0;3p1(z0) A--- A Op; # 0 on D.

(ii) The Levi form of p; has at least /+ 1 positive eigenvalues
on D for j=1,..., k, and the Levi form of p; on D has at least
I+ 1 negative eigenvalues for j=1,..., k.

(iii) p;=2% a;;p, on D, where the C* real matrix (a;;) is equal
to the identity on M N D.

(4.1.2)

Let U< D be an open neighborhood of z, in C* with U N M=V for which the
assertions of Lemma 2.4.2 and Corollary 2.4.3 hold. Then if fis a CR function on
V, it has an extension f to U satisfying (2.4.3), and the order r of vanishing of 8f
on M will be chosen at the end of the proof. (Or it can be made co from the
beginning.)

Consider now a family of functions ,(x) of a real variable x in C*(R) with
t€ R, t>0, such that

(1) ¢g(x)=1 for x= —1,

2) $(x)=0 for x= —21,

(3) 0=yy(x)=1 for every x and ¢,

(4) |d™p(x)/dx™| = Ct~™ for some constant C and every m=1,2,....

(4.1.3)
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Let
(41'4) ‘/’t.i = lpt(Pi)‘tﬁt(_P:)s i= ls seey L

We use the following notation: for a multi-index J of length | J| =N, and differen-
tial forms f; , . . ., f;,, we write

/J\f’=,/s\1ﬁ=ﬁ1""'/\f’"; /J\f,=1 if N=0.

We will consider multi-indices J consisting of N different numbers in the set
{1,...,1}. Let J, be a multi-index of length /; we have by (2.4.3)

4.1.5) (4'\ %,) Adf=0 onU.

Therefore, if J;_, is of length /—1, the (0, /) forms

.1.6) é(t,J,-l)=¢,,,(,/\ 5‘/’t,1)/\5f§ i¢dy =1,

are d-closed on U.

At this point we make the observation that we can assume /<n, for if I=n, M
is totally real and the theorem is proved in [13].

We now introduce the following sets: for a real number s and a multi-index J
define

4.1.7) Ry(s) = ,Q {zeU; piz) £ —s}VU{zeU;pj(z) 2 s});

we also put R,(s)=U if |J|=0 and R,(s)=R(s) if J={j}. From (4.1.3), (4.1.4)
and (4.1.6), we see that

(4.1.8) supp &(t, Ji-1) < Ry, _,(0).

By (4.1.2)(iii), for any j e J the corresponding two sets in the union in (4.1.7) are
disjoint. By shrinking U if necessary, we can assume that U is a Stein open set,
and that using (3.1.6) and Theorem 3.1.6, if ¢ is small enough, then for any jeJ,_,
we can find a form (¢, J;_1, j) of type (0, /[—1) in L?(U) such that

(1) dw(t, J;-1,j)=E&(t, J,-1) on U,
(2) supp w(t,Ji-1, /)= R(?),
4.1.9) (3) |le(t, Ji-1, DI S C| €1, J,-1)|l, C=absolute constant,
4) w(t,J,_1,j) is antisymmetric in the indices of J;_,, for any ¢
and any j.

This can be done if 1 </<n by virtue of (4.1.2)(ii).
Pick now a multi-index J,_, with ||J;_,]|=1—2. We write jJ,_, for the multi-
index obtained by adjoining j at the beginning of J,_,.
For i e J;_, we define the (0, /—1) forms in L2(U)
@110) £ iai) = [T s A B A o= 5l hioa) D).
j

¢Ji_g Ji-2 J¢ -2
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These are d-closed on U by (1) of (4.1.9), and the support of &(¢, J,_», i) is contained
in Ri(¢) by (2) of (4.1.9), and the fact that ie J, _,.

If now /> 2, proceeding as before we can find forms w(z, J,_,, i) of type (0, /—2)
such that

(1) w(t,Ji_2, i) € LAU) and w(t, J,_4, i) = £(t,J,_2, i) on U,

(2) supp w(t,J;_3, i) = Ry(2),

Q) |o(t, Jy—g, D]l = C|€@t,J,-5,0)||; C = absolute constant,

4) w(t,J,_q, i) is antisymmetric in the indices of J;_,, for any
tand i.

(4.1.11)

(Observe that (4) of (4.1.11) is possible as a consequence of (4) of (4.1.9).) Then
if J;_3 is a multi-index of length /—3, and i € J;_3, we have (for /> 3)

5[ I_I R AN 5f]

I—[ AN Nef

j¢li -3 Ji-3 he¢Jy_3 j¢h]; -3 hl 3
= 2 gD+ D> D olt,jhliog ).
h¢Ji -3 heéJ;_3 j¢hJ; -3

The double sum in the right-hand side vanishes by (4) of (4.1.9). Therefore, the
(0, /—2) forms

£, Ji-s, 1) = ]_—_[ s A\ Oy N Of- z w(t,jJ; -3, 1)
je¢l -3 Ji-3 j¢Ji -3
are in L2(U) and are d-closed on U. Also, their support is contained in R(?).
Continuing in this way, we finally arrive at a d-closed (0, 1) form in L2(U):

1 l
IR Z w(t, ), J) = &
j=1 i=1
The forms ¢, and 5f coincide on the set
l 1l
,Q {zeU;pf2) 2 —1} f\,q {ze U; pi(2) = t},

where ¢, ;=1 for j=1,..., [, and where o(t,j,j)=0 for j=1,...,/ This set is a
neighborhood of U N M for every ¢t >0. In view of Lemma 4.1.2, of (4.1.3)(2) and
(4.1.3)(4), we can make the L? norm of the forms (4.1.6) (and of any number of its
derivatives) arbitrarily small by taking ¢ small, if we choose r, the order of the
vanishing of 8f on p, = - - - = p,=0, big enough to begin with. Using (4.1.9)(3) and
(4.1.11)(3), etc., the same is true of the successive forms ¢ and w, and therefore
the L3(U) norm of ¢, can be made arbitrarily small by taking ¢ small enough. (The
same is true of any Sobolev norm.) We then solve the equaton

(4.1.12) 50; = ft on U,
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with
(4.1.13) ol = Cll&| C = absolute constant.

That this can be done is a consequence of the fact that U is Stein, and of the
results in Hormander ([6] or [7]).
The function f—uv, is therefore holomorphic on the set

o) = N GeUin) 2 -0 () e i) 5 1)

and the difference |f—(f—v,)|=|v,] can be made uniformly small on compact
subsets of M N U if we take t to be small, by (4.1.13) and Sobolev’s Lemma. The
details of the argument are identical to those in [13].

In case (II), the proof is similar, but somewhat easier. Instead of the two systems
in (4.1.2), we consider just one, {p;, ..., pi}, With p, strongly plurisubharmonic in
Dforj=1,...,k,and dp, A --- Ap,#0 on D.

Then with ,(x) as in (4.1.3) one considers

i = o) - Pe(— po), i=1,...,1L
One then proceeds as in case (I), but instead of w as in (4.1.9) one obtains

(1) 5w(ta Jl—laj)=§(t, Jl-l) on Un {Pj(Z)ét,j=l, BRI l}’
(4.1.9) (2) supp w(t,J,_1,j)<={z€ U; pf(2) < —t},
(3) and (4) as in (4.1.9).

Then &(t,J,_,, i) are d-closed on U N {p(z)<t,j=1,...,1}=Q, Finally one
arrives at a (0, 1) form {, with the same properties as above, except that it is o-
closed and defined on Q,, instead of U. But €, is Stein for every >0, because of
the assumption on the p’s. Therefore one can solve (4.1.12) with (4.1.13) on Q,,
with a constant C independent of 7, and the resulting function f— v, is holomorphic
on the set

a(t) = jél {zeU;pfz) 2 —t} N jél {ze U; pfz) = t}. Q.E.D.

ReMARK 4.1.3. We have actually proved that for a fundamental system of
neighborhoods {U} of z,, an element f€ I'(U N M, 0,,) can be uniformly approxi-
mated on U N M by elements of T'(U N M, @), where M is defined by p;=-- -
=p;=0, and is a generic CR submanifold of C" containing M (locally near z,).
Here {p;, . . ., px} is @ CR regular defining system for M, as in (4.1.2), and /is as in
(4.1.2)(1). This is not surprising, it being obvious from Lemma 2.4.2 that
fe (U N M, 0,) can always be extended to fe (U N M, Oy).

4.2. Extendibility and the H. Lewy phenomenon. Given a set K of C" and a
connected set K’ of C* with K< K’, K# K’, we say that K is extendible to K’ if the
restriction map I'(K’, 0) — I'(K, 0) is onto.
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If M is a generic CR submanifold of C™ with dimg M=n, and U is an open
subset of M, it is easy to see that a function which is holomorphic on some open
neighborhood of U and is zero on U must vanish identically. Therefore, if K=U
and K is extendible to a set K’, we have in this case that I'(K’, ) — I'(X, 0) is
one-to-one and onto.

Let K be a compact subset of a complex manifold X, and let S(K) be the
spectrum of the uniform algebra 4(K). We say that K is holomorphically convex if
K=S8(K). (Of course we always have K< S(K) by means of the evaluation map.)
We say that a set M < X is locally holomorphically convex at z, € M if there is a
fundamental system of compact neighborhoods {K} of z, in M such that each K
is holomorphically convex.

Greenfield [4] has proved the following theorem, making use of the techniques
first introduced by Bishop [3]:

THEOREM 4.2.1. If M is a generic CR submanifold of C" with dimg M 2 n, then
M is extendible to a set containing a CR submanifold N with dimg N=dimg M +e¢
(e defined as in §2). If e=0, then M is locally holomorphically convex.

In [5] and [16] this theorem is proved for real-analytic submanifolds of C*
which are not necessarily generic, and it is also proved for C* CR submanifolds
with CR codim=1. In these cases, one also has that M is not locally extendible
to a set of dimension greater than dim M +e.

If M is a CR submanifold of C", K& M and K’ is a connected set with K'> K|
K+#K', we say that K is CR extendible to K if the restriction map A(K") — I'(K, Oy)
is onto. We then have

THEOREM 4.2.2. Let M be a CR submanifold of C*, z, € M, and suppose M satisfies
either one of conditions (1) or (1I) of (4.1.1). Then there is a fundamental system of
compact neighborhoods of z, in M, {K}, such that each K € {K} is CR extendible to a
corresponding set K' which contains a CR submanifold of dimension dim M +e+k —1.

Proof. Let K=M N U, where U € {U}, the fundamental system of open neigh-
borhoods of z, in Theorem 4.1.1. Then by Theorem 4.1.1 and Remark 4.1.3, given
fe (K, 0y), we can first extend fto fe I'(K, 0y), where K= U N M, and then find
a sequence {f;}<T'(K, ©) which converges uniformly to f on K. Because M is
generic and dimg M = n, we can apply Theorem 4.2.1 to find for each f; an extension
g;€ T(K’, 0), where K'>K is a compact set containing a CR submanifold of
dimension dimg M +e+k—1. To see this, observe that dimg M =dimg M+k —I,
and that the e for M is the same as the e for M, for Lemma 2.2.1 says that H(M)
= H(M). Next, we prove that the sequence {g,} converges uniformly on K'. This
is due to the fact that the restriction mapping I'(K’, ¢) — I'(K, 0) being one-to-one
and onto, we must have supy. | f||=supz | f]| for every fe I'(K’, @). (Otherwise,
if {e K'—K and |f({)| >supz ||f]|, the function (f—£(£))~* | K belongs to I'(K, O)
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and is not in the image of I'(K’, 0) by the restriction map.) Hence {g,} is Cauchy on
K’, and it is obvious that its limit g is equal to fon K, and hence to fon K. Q.E.D.

Observe that CR extendibility being a stronger condition than extendibility,
we have in particular proved that Theorem 4.2.1 holds without the conditions of
genericity and dimg M =n, as long as M satisfies at least one of the conditions
(4.1.1). Using the arguments in [5], one can also prove that if M satisfies (I) or (II)
of (4.1.1), then it is not locally extendible to a set containing a manifold of real
dimension bigger than dimg M +e+k—1.

As an immediate consequence of Theorem 4.2.2, we get the

COROLLARY 4.2.3. If M satisfies at least one of the conditions of (4.1.1) at zo € M,
then there will be a fundamental system of neighborhoods {K} of z, in M such
that each K is CR extendible to a set containing an open set U in C" (U depending
on K), if and only if M is generic at z,, and e is as big as possible, ie., e=]
=dimg M -2 CR dim M.
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