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A CHARACTERIZATION OF M-SPACES IN THE CLASS OF
SEPARABLE SIMPLEX SPACES

BY

ALAN GLEIT(!)

ABSTRACT. We show that a separable simplex space is an M-space iff the
arbitrary intersection of closed ideals is always an ideal.

Edward Effros in [5, end of §3] was unable to determine if an arbitrary
intersection of closed ideals in a simplex space was necessarily an ideal. That
this was not true in general was shown by J. Bunce [2] and F. Perdrizet. Here
we shall show that for separable simplex spaces this property is equivalent to the
simplex space being a (Kakutani) M-space.

In §1 we extend some of the results of [7]. We show that certain subspaces
of certain simplex spaces are again simplex spaces. In $2 we give the afore-
mentioned characterization.

I should like to thank the referee for his comments. The much simplified

proof of Theorem 1.2 and its extension to the nonstandard case are due to him.

0. Conventions. All vector spaces are assumed to have nonzero elements.
The term measure will always denote a regular bounded Borel measure.

We use 8(q) for the point measure at gq.

1. An existence theorem. An ordered Banach space V with closed positive
cone is a simplex space if its dual is a (Kakutani) L-space. If Y is a compact
Hausdorff space, we let C(Y) be the space of (real) continuous functions on Y
with the natural pointwise order and the supremum norm. Obviously, C(Y) is a
simplex space. Its dual, C*(Y), is the space of all measures on Y. More gen-
erally, if X is a Borel subset of Y, we let C*(Y; X) be the space of all mea-
sures on Y whose total variation on X is zero. Then C*(Y; X) is an L-space
and the extreme points of the positive part of its unit ball are {8(y)|y € Y - X}U
{0} [7, Proposition 1.1].

If V is a simplex space, we let
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P (V)={f eV ||fl <1, f(x)> O for each x > 0}

and EPI(V) be its extreme points. We take
EP, (W' = EP (V) - {0},  Z(V) = weak* closure of EP (V)"

Since PI(V) is a simplex, each g € PI(V) is the resultant of a unique maximal
probability measure p,- We take Ty =My uq({O})S(O). If V is separable, iy is
supported by EP (V) and m, by EPI(V)+.

We may characterize V as the set of affine continuous functions on Z(V)

vanishing at zero. Hence
V ={f € C(Z())|/(q) = m_(f) for each g € Z(V) - EP, (V).
Let
X(V) = 18(g) - m_|q € Z(V) - EP, (N},
We shall always assume that X(V) is given the weak* topology relative to
a(Z(V)).

We will be using the following well-known results repeatedly and include
them for completeness. First, a map x — 7 of a topological space E into the
measures on a locally compact space F is weak* Borel measurable iff x —
1,(/) is a Borel measurable function for each [ € C(F). It is bounded if

sup ||9, || < eo. We then have [1, V, $3, Proposition 2, Definition 3, Corollary to
Proposition 12]

Lemma 1.1. Let E and F be locally compact Hausdorff spaces. Suppose
x — 1) is a weak* bounded Borel measurable map of E into the positive mea-
sures on F. Let p be a positive measure on E.

1. Then there is a measure v on E defined by
v =f77x du(x).

2. Suppose f is a bounded universally measurable function on F. Then

x = [1()dn ()

is universally measurable and
f [ dv = f dp(x) f [G)n, ().

Our first result identifies V~ for V a simplex space. Throughout, we

always consider V as a subset of C(Z(V)) and not as a subset of C(P;(V)).

Theorem 1.2. Let V be a simplex space. Let Z = Z(V). Then v'c cx(2)
may be identified as follows:
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v ={w € C*(Z)‘ there is a measure v on Z such that

w(f) =fz(8(z) - ﬂz) (f)dv for each | € C(Z)}.

Proof. Let w € V. We may assume that ||w| < 1. Writing w = wt —w, we
obviously have |w*|| < 1, |w7|| < 1. Let

wy = w' + (1 - [w*])8(0), w,=w + (1~ [|w|&0).

Then w,, w, are probability measures on P (V). Let b be a continuous affine
function on P (V). Then b = {+ h(0)l for some f € V. Since w(1) = ||w¥| and
w+(/) —w (f)=w(f)=0 for f € V, we have that wl(b) = wz(b). Hence,
w, and w, have the same resultant. Let n be the unique maximal measure
dominating both w, and w,. Then [8, Theorem 30, p. 232]

n= dw (q) = dw_(q).
fPl(V)#q 1 fPl(v)Fq 2

Since w,, w, are supported by ZUI0} and recalling that Ty=Hy - p.q(fO})S(O)

we get

wy—n=[ 6g) -7 )duw g + c0), i=1,2,

for suitable constants c; But then

w= [ (6lg) ~ n))dlw, —w,) + cB(0)

for a suitable constant c. Noting that 7 = 0, we may write v =w, — w

1 +

2
¢8(0) to get the required representation.

Conversely, any w € C*(Z) which has the representation
w =fz(8(q) -m)dv
for some measure v obviously annihilates V.

Corollary 1.3. Let V be a simplex space. Let Z = Z(V), E = EPI(V)+, and
X = X(V). Suppose E is a universally measurable subset of Z. Then V' C
C*(Z) may be identified as follows:

V" = linear span (Co (X))

={w € C*(Z)\ there is a measure v on Z such

that w=fz_E(8(z) - nz)du}.

Proof. For each z € E, we have &(z) = m, and so the second representa-
tion is clear. The first follows from the second by approximating v by atomic

measures.
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A simplex K is standard if it satisfies

1. The extreme points of K, denoted by E(K), is a universally measurable
subset of K.

2. Each maximal measure is supported by E(K).
By Lemma 1.1 above, condition (2) is equivalent to

2'. The maximal measures representing each point in the closure of E(K)
are supported by E(K).

We call a simplex space V a standard simplex space if PI(V) is a standard
simplex. Note that all separable simplex spaces are standard.

We are now prepared to show that certain subspaces of standard simplex
spaces are again simplex spaces.

Theorem 1.4. Let V be a standard simplex space. Let Z = Z(V) and
E = EPI(V)+. Let gy € Z — E. Suppose Y is a closed set in Z satisfying

1. YN(Z - E) ={q,}-

2. m, (E-Y)#0.
Then A =?/ eVIf(y) = ﬂqo(/) for each y € Y} is a nontrivial simplex space with
the relative order and norm. Further, A* is isometrically order isomorphic to
C*(Z; (Z = E)UY) and so EP (A)" = E - Y.

Proof. We divide the proof into several stages. Throughout, we take 7, to
be 7 . Let a =m,(Y). Then
90
(1.1) 0<m(E-Y)<1~o.
A. First, let us consider the space D defined by
D =1{f € C(Z)|[(y) = my(/) for each y € Y}

Let X(D) ={8(Y) - my|y € Y}. As y — 8(y) is continuous and Y is compact, Y
is homeomorphic to X(D). Let m be a measure on X(D). Then there is a mea-
sure A on Y induced by m. So, for [ € C(2),

(1.2) S oy ¥t = f15) N = m oY),
Let

F = {w € C*(Z)l there exists a measure A on Y such that

w(f) =ff(y)a’)t - no(/))\(Y) for each [ € C(Z)}.

Approximating A by atomic measures clearly yields
F = linear span (co (X{D))).

Clearly, the weak* closure of F is D”. To show that F is weak* closed it suf-

fices to show it is norm closed [3, V, 5.9].
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In order to show F is norm closed, we consider a w € F. Then there is a

measute A on Y such that

wlf) = [1()a\ - ag( ()
for each { € C(Z). By Lemma 1.1, for each Borel set B C Z,

w(B) = MBNMY) — 7 (BIA(Y).
For each Borel set A C Y we easily get

MA) = w(A) + 7 (Aw(V)A1 - a)
and so w uniquely determines A. Further
IAKY) < |w|(Y) + 7(N)]w(Y)|AL - a)
and so
1A = (D) < @l + a /(1 - a)).

It should now be clear that F is norm closed. Hence F = D".
B. The determination of A ". It is clear that A = DMV and so

A" = weak* closure D+ V.

Ve claim that D* + V' is already weak* closed. From the representations for
D" in A and V' in Corollary 1.3,

D" + V" = linear span (co (X(V)U X(D)))

- + + .
and so again we need only demonstrate that D + V is norm closed. We let

W= {w € C'(Z)l there exists a measure v on Z and a

(1.3) measure A on Y such that, for each f € C(Z),
wAf) = [ 6G) - m) (Vv + f1)ar - ol M.

Then, from the representations for D" in A and V' in Corollary 1.3, W =
D"+ V. Let w € W be determined by measures v on Z and A on Y. Then,

using Lemma 1.1, for each Borel set B C Z,
(1.4)' w(B) = (BM(Z - E)) —fZ_Eﬂz(B)dv + MBNY) - m (BIAY).

In particular, for Borel AC Z — E — {qoi ’

(1.4)" v(A) = w(A).
Also, V({qoi) + )\({qol) = w({qoi). We may, by transferring an atom if necessary,
take Miq,}) = 0. Hence

1.4y ullgod) = wllgyl,  Algyh) = o.
Finally, for Borel CC Y — iq0§ >
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(1.4)" MO =wlO) + [ m (v + my(OAY)

with A(Y) found by consistency. With the choice (1.4)", v|(Z - E) = w|(Z — E)

and so we may rewrite W as

W= {w € C*(Z)} there exists a measure A on Y without
(1.5) an atom at g, such that, for each [ € C(2),

W)= [, (6~ m) (Ve + [16) - m AT,

In this representation, we note that if w € C*(Z) is determined by the measure
A on Y, then again
Al < flwfl (1 + o/ (1 - a)).

So clearly W is norm closed. Therefore W = A"

C. The determination of A*. The dual of A is C*(Z)/A”. To complete the
proof we need only show that C*(Z)/A” is isometric order isomorphic to
C*(Z; (Z — E)UY). We claim that each class of A* contains one and only one
member of C*(Z; (Z — E)UY). Indeed, let m € A* and suppose 7, n, € m each
were in C*(Z; (Z — E)UJY). Then n; — n, =w € WNC*(Z; (Z — E)UY). Hence,
there is a measure A on Y such that for each Borel B C Z (using (1.4)' and
the representation (1.5) for W)

(1.6)  w(B)=w(BN(Z - EN - [ _m (B)dw+ MBNY) - my(BY).

If w vanishes on Z — E, then w(B) = MBMNY) - 7 (B)JAXY). Using w(Y) =0 we
get A(Y) = 0. But then, since w vanishes on Y, A =0 and so w =0. Thus

n, =mn,.
On the other hand, let n € m. We define a measure A(n) on Y by
A=) (fq,h) =0,
(1.7) 70
Ma)(4) = [ 7 (A)dn + n(4) + mo(ANn) (¥)

for each Borel A C Y - {q,}, where A(n)(Y) is found by consistency. Let w(n)
be the element of W determined by n and A(n) by (1.3). Then n — w(n) € m.
Using (1.4)" to (1.4)" and (1.7) one easily verifies that w(n)(B) = n(B) for
each Borel set B C (Z — E)UY. Hence, n — w(n) € C*(Z; (Z — E)UY) and the
claim is established.

The element n — w(n) depends only on the class m and not on the particu-
lar representative n. We may therefore define a map ¢: A* — C*(Z; (Z — E)JY)
by &(m) = n — w(n) for each m € A* and any representative n € m. Obviously,
¢ is a linear, one-to-one map of A* onto C*(Z; (Z — E)YUY). It is positive.
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Indeed, let m be positive and so n is positive. We must show that (n — w(n))(B)
> 0 for each Borel B C Z. This is trivial for B C (Z — E)UY so assume B C
E — Y. But then (1.4)' yields

(1.8) wn)(B) = - [ (B)dn — mo(BI(m)(Y)

and so n — w(n) is indeed positive.
Last, we need show that ¢ is an isometry to complete the proof. Let
n €m € A*. Then

llg(@)| = |$m)|(E - Y) = |n — w(@)|(E — Y) < |n|(E = Y) + |[w(n)|(E - Y).
For any Borel BC E — Y, using (1.7) and (1.8), we get

wAn)(B) =~ [ m BV m®)f, _ 7 (N etn + n(V)) [0 - )

7 Y0 15T

Then

mo(E

Wl - V< [ (- ) s m o T2 ol

-

>d|n| |n|(Y)

ng_E(nz(E = V) + 7, (Y)d|n| + |n|(Y) by (1.1)
< |n|(Z = E) + |n| (V).
Thus, we finally get ||¢p(m)|| < |2|(E = Y) + |n|(Z — E) + |n|(Y) = |n|(Z) = ||n|.
vl we have ] = 4.
The same proof also establishes the following [cf. 7, Theorem 1.2].
Corollary 1.5. Let V, Z, E be as in Theorem 1.4. Let X be a closed
proper subset of Z — E. Let x — p_ be a weak* continuous map of X into
PI(C(Z)). Let X = X,UX, where X, = {x € X|px = 8(x)}. We assume
1. For each x € X\ (Z — E), B, =7,
2. Foreach x € X, p (X,U(Z-E))=0
3. X,U(Z-E)£Z
Then A ={f € V|f(x) = p _(f) for each x € X} is a nontrivial simplex space with

Since ||m| = inf

the relative norm and order. Further, A* is isometrically order isomorphic to

CcX(Z; X, U(Z - E)).

2. The characterization. A subset F of a convex compact set K is called
a face if it is convex and satisfies the following condition: if ax + (1 — a)y € F
with x, y € K and 0 < a <1, then x, y € F. The following extension theorem is

a well-known consequence of the Edwards separation theorem [4].

Lemma 2.1. Let F be a closed face of a simplex K. Suppose f1» f, are continuous
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affine functions on K. Let g be a continuous affine function on F satisfying
a>g> {1+ [, for some o € R. Then there exists a continuous affine extension

g of g to K which satisfies a > g> [, {,.

Lemma 2.2. Let V be a simplex space. Let q € Z(V) - EP/(V). Suppose
there exists p € suppﬂquPl(V)+ and a net {xﬁ} C EPI(V)+ — {p} which con-
verges weak* to q. Suppose, further, there is an element f € V such that

1. xﬁ(/)= 0= g(f) for all B.

2. p(f) > 0.

Then there exists a collection of closed maximal ideals 1,3 such thai ﬂlB is not

an ideal. If the net is a sequence, then the collection of ideals is countable.

Proof. Let F ,= {axﬁl 0< a < 1}. Then Fpg is a maximal face containing
zero of P, (V). Let 1,8 be the annihilator of Fﬁ within V. Then I, is a closed
maximal 1deal [5, Corollary 3.2]. Since x (/) 0, fe Ig and so /€ﬂl

Suppose nlﬁ is an ideal. Then there would beaveV', ve ﬂl’B, and v >
Thus, v € I,B for each 8 and so x (v) = 0. Therefore g(v) = limx (v) = 0. Since
v € V', it is zero on the smallest closed face containing ¢ and so p(v) =
However, this contradicts the assumptions that p(f) >0 and v > f.

We are now prepared for our characterization.

Theorem 2.3. Let V be a separable simplex space. Then the following are
equivalent:

1. V is an M-space.

2. The intersection of an arbitrary collection of closed (maximal) ideals is
always an ideal.

3. The intersection of a countable collection of closed (maximal) ideals is

always an ideal.

Proof. (1) =>(2) =>(3) are obvious.

Not (1)=>not (3). Assume V is not an M-space. Let Z = Z(V) and E =
EP, (V)*. Then there is an element q € Z — E such that supp7, has at least
two points ([10, Theorem 2], [6, Corollary 2.6}). So choose dxstmct points p,,
p, € ENsupp m,- Since g is in the closure of E, there is a sequence {x }C
E —1{p,, p,} such that limx = gq.

Let A be defined by A tv eV]|x (v) = q(v) = , (), n=1,2,---}. Then
A is a nontrivial simplex space with EP, (AY=E- {xnlﬂ =1, 2, ! by
Theorem 1.4. Hence, p, and p, are in EPI(A)+. Let F = {apl + BP2|OS a,
0< B, a+B< 1} Then F is a closed face of the simplex PI(A)' On F, define

continuous affine functions g, and g, by

gi(apl +BP2)=O"’ gz(apl +Bp2)=B'
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Then Ei >0,7=1,2,0on F and so there exist elements g, g, € A such that
g;> 0 and g,|F =g, by Lemma 2.1. Since p,(g,) =1 and ,(g,) = 1, we must
have g(g,) >0 and g(g,) > 0. Let

[=g, —(q(g;)/q(g,)g,.

Then obviously f € AC V, q(f) =0 and p (/) > 0. Since [ € A, we also have
xn(/) =0, n=1,2,---. Hence, Lemma 2.2 implies that (3) is not true.

We note that Theorem 1.4 and Lemma 2.2 allow us to conclude more than
just Theorem 2.3. Let V be a standard simplex space and suppose g € Z(V) —
EP (V)* does not lie in the rays of P (V). Suppose we could find a net {x }C
EP (V)* converging to ¢ such that Y {xﬁ} satisfies the hypotheses of
Theorem 1.4. We could then conclude the existence of a collection of closed

ideals whose intersection is not an ideal.
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