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A NON-NOETHERIAN FACTORIAL RING(})
BY

JOHN DAVID

ABSTRACT. This paper supplies a counterexample to the conjecture that
factorial implies Noetherian in finite Krull dimension. The example is the in-

tegral closure of a three-dimensional Noetherian ring, and is the union of Noe-

therian domains, which are proven to be factorial by means of derivation

techniques.

0. Introduction. This paper touches on the previously unexplored problem of
when the factorial property implies the Noetherian property, in the category of
commutative domains with unit.

Due to the abundant existence of non Noetherian factorial rings in infinite
Krull dimension, one restricts one’s attention to rings of finite Krull dimension.
However, this paper shows that one must make distinctions even finer than that of
Krull dimension, finite or infinite, to properly treat factorial implies Noetherian.

That is, there is a non Noetherian factorial ring in dimension three.

1. Notation. We will retain the following notation for the remainder of the

paper.
(i) *‘Dimension’’ means Krull dimension.

(ii) K is a field of characteristic 2 such that [K: K2] is countably infinite.
{bl, Cposresbyp, Cpyeee } is a 2-base for K over KZ.

(iii) R*= K[ [, y, z]], R = K2[[x, y, z]][K] where x, y, z are algebraically
independent variables over K.

(iv) d = Z‘:?=Ibiyxi+ 2?=lcizxi.

For N=1,2,...,

(=<} (=] 00 00
- i i _ i _ i
dy = 2 b nyx + 2 CieNTF o EN = 2 bin In= E CieN
i=0 i=0 i=0 i=0

For N#1, ay =Zf’='llbiyxi + zf’____llcizxi, a, =0.
(v) T = the integral closure of R[4] in its quotient field.
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(vi) Hy = Kz[bl, Crroens byoys cy-1 1>, v, z]][eN, /N],
K, = the quotient field of H,,
IN = Kz[bla CI’ ey bN_l: CN_I][[x: Y, z]][dN]’
L, = the quotient field of I,

SN = Kz[b19 Cla M) bN"l’ CN‘].][[x’ Yy, Z]].

2. Some theorems by M. Nagata and P. Samuel.

Theorem 1 (Nagata). (R, (x, y, 2)) is a regular local Zariski ring, R* the
completion of R and 21. i kai].kxiyjzk €R iff {ai’.k} belongs to a finite field
extension of K2

Proof. See [1, p.206].

Theorem 2 (Nagata). T is a three Krull-dimensional, non-Noetherian local
ring with maximal ideal (x, y, z).

Proof. See[1, p.208].

Theorem 3 (Samuel). Let A be a UFD of characteristic p # 0, L its quoti-
ent field, A a derivation of L such that A(A) CA, L' = Ker(A), and A" the
Krull ring L' N A. Define the logarithmic derivatives, D, of A relative to A as
the additive subgroup of A consisting of elements of the form At/t, t € L. The
logarithmic derivatives of unity, D', are defined to be the subgroup of D consist-
ing of those elements that can be written as Au/u where u is a unit of A. Then
if D=D', A" is a UFD.

Proof. See [2, p.86].

Lemma A (Samuel). Let L be a field of characteristic p # 0, A a deriva-
tion of L, L' the subfield Xer(A). If [L: L'] = p, then there exists a € L' such
that A? = aA. (AP is A composed with itself p times.)

Proof. See [2, p.87].

Lemma B (Samuel). With the same notation and bypotheses in the above
theorem and lemma, so that an element t of A is a logarithmic derivative of A

with respect to A, it is necessary and sufficient that AP~ 1(t) = at — t?.
Proof. See [2, p.88].

3. T is a Krull ring which is a union of an ascending chain of Noetherian
three dimensional nonregular UFD’s.

Proposition 1. T is a Krull ring.

Proof. This follows from 33.10 of [1], as R [d] is a Noetherian integral domain.
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Lemma 2.1. W=Rle,, f,, -++, e,, [, +++] is normal.

Proof. Let g € W, the derived normal ring of W. Then 3p, g, 7, s, t €R
such that g = (p + qe, +rf + sen/n)/t for some n as R[e p el’/l] =
Rle,, /1] and the squares of elements of R* lie in R. As the coefficients of the

terms of p, q, 7, s and ¢t together generate a finite extension of K? and because

= v e .m—n—l
e,=b +b x+ +b, % +x m >

m—n—1 m-n"

fn=cn+cn+lx+---+c x + x m’ m> n,

m—1
we get g contained in the derived normal ring of H, for some N, as gle

K2 [[x, y, z]].
g € W follows from the next lemma and H, CW.

Lemma 2.2. H is a regular local ring.

Proof. Since H is a finite module extension if K2[[x, y, z]], it is three
dimensional local.

We thus need only show its maximal ideal, m, is (x, y, ). Since Hy C R*,
an element of H is a nonunit if it has subdegree > 1. The converse is also
true since it is true of K2[[x, y, zll, and the squares of elements of H lie in
K%[[x, y, z]] and units of H, are such iff their squares are. Now let a € m.
Thus a? € (x, y, z)K?[[x, y, z]]. Thus, as a power series in R¥* a must be of

subdegree one or greater. Thus

a=k0+k1$1+k252+"'+kqsq

where s are various products of b,’s, c,’s (i <N), ey and fy that are square-
free, and /e eK2([x, y, 2]l

Since the zero degree forms of the s are linearly independent over K?,
the subdegree of a is > 1iff the subdegree of each of the k;'s ate > 1, iff k, €
(x, y, DK?[x, y, 2l].

We conclude m = (x, y, z)HN

Lemma 2.3. 1, e
field of R.

Proof. It suffices to check independence over R. Let 7; € R such that

N [N+ €nfy @re linearly independent over the quotient

(%) Lt TeN F sl reenIy =
IM > 0 such that 7, €5, Vi Let O = max {N, M}. Then

ey = bN + bN+1x 4o 4 bQ_]xQ_N"l + XQ_NeQ,

~N—=1 -
x+~--+cQ_le N=1, 40 N/'Q.
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Substituting these two equations into (*), we have a relation of the form

rl'+72'eQ+r3' +r‘;eQ/Q=O (r; GSQ).
By the linear independency of the leading forms of 1, €g /Q' eQ/Q over SQ ,
’i, = 0 for all 7. Then by the nature of these ri', we see that 4= 0, hence r,=
74 =0. We conclude 7,=0 V:i. End of lemma.

Lemma 2.4. R[4, ""dk"”] ={(vl+v2d)/xl|vz. €R, 1> 0lnR*

Proof. If (v1 + uzd)/xl = r* € R* where v;€R and [>1 then P yzdlxl_—.

v+ ap,. It follows since R is normal and R* is integral over R that

1
v+ v,a, =%V where v € R.

Thus we get r*=v +v.d, €R[d|,d,, «++,d,--- ]
If b €R[d1, dyeee,dy, ««.] then » € R* and 3k such that » ER[dk] as

R[dl’dz’ ---,dp]=R[dp]. Thus b =v, +v,d,, v, €R. Thus

b= [(x"v1 + Uzak) + uza’]/xk.
Thus b € {(vl + vzd)/xll v, €R, 1> 0} N R* End of lemma.
Proposition 2. R[d,, d,, -+, d,,.--]1=T.

Proof.

C: T normal, and R* integrally closed and integral over R imply R*N
quotient field R[d)l = T. Since dy =(d +ay)/xN, N=1,2,..., d  eR*N
quotient field R[d]. Thus d €T.

2: Let h €T. By Lemma 2.1, 3k suchthat b €R[e , [, -+, e, [,].
Thus IN such that xNb € R[el, f1). So xNb =ag+ae +a,f + a3e1/1 where
a; €R. Also xNb =a + a'd where a, a' € the quotient field of R. Thus by
Lemma 2.3,

!

1
(*) a=a, a yx=a a’'zx =a, and 0=a3.

19

By Theorem 1, R is a UFD so we can write a' = wl/wz, (wl, w2) =1; w, €R.
Then y and z being distinct primes of R allow us to conclude from (*) that w,
divides x in R. Thus

Ntlp xay + (xw;l)wld e Rl4].

Thus by Lemma 2.4, b € R[dl, ey dy, e -], End of Proposition 2.
Let N > 1; we are to prove that I, is a UFD. But first some lemmas.

Lemma 3.1. H, is a UFD.
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Proof. Follows from Lemma 2.2.
Lemma 3.2. [KN: Lyl=2.

Proof. /, € Lyley] and Hy=1y[fy. ey implies Lyley]=Ky. Thus ey
being square integral over L, implies [Ky: LN] =2,as Ky # Ly

Thus {eN} is a 2-base for Ky over L. Define the following L, -derivation
of Ky: A(eN) =zf

Lemma 3.3. Ker(A) =L, and A(Hy) CHy.

Proof. K, > Ker(A) 2Ly and Lemma 3.2 imply Ker(A)=L. A(Hy) C Hy

is easily verified by checking the action of A on f, and e,/y.
Lemma 3.4. I, is integrally closed.
Proof. Let b € integral closure of I,. By Lemma 3.1, » € Hy, so
b=t +t2eN+t3/N+t4eN/N, t, €Sy
Since h €L,
h=a+a'dy, a a' € the quotient field of Sy.
By Lemma 2.3, t =4, t, = ya', ty= za', t, = 0. Letting a' =w/v, where w, v €

SN ’ 2
. . . . . 1 !
relatively prime, we get v divides w in S. Thus b=t +a dy, t,a €Sy.

wé have ¢_v = wy and L =wz. Since Sy is a UFD in which y and z are

Thus b € Iy and I is integrally closed.
Lemma 3.5. Ker(A)N HN = ,N'
Proof. Follows from Lemmas 3.3, 3.4 and H being integral over I.
Lemma 3.6. A%= yA.

Proof. Follows from an easy calculation; see Lemma A.
From here on D denotes the logarithmic derivatives of Hy with respect to

A. D' denotes the logarithmic derivatives of unity of H, with respect to A. (See
Theorem 3.)

Lemma 3.7. Let t € D. Then if t is aunitof Hy, t €D".

Proof. By Lemmas B, 3.1, 3.2 and 3.6, At = t2+ yt. As y € KerA,
Alt+y)/(t+y)=t. As t+y isaunitof Hy, t€D".

Lemma 3.8. (D N (2, y)H )V (D N Units (HN)) =D.

Proof. Let b € D. We shall show if » £ Units (HN ), then b € (z, y)H .
Assume then that » € D\Units (Hy). Then

h=vy +vjey +vsfy+vsenly v €Sy
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As in Lemma 3.7, A(b) = yb + b2 This is equivalent to, by Lemma 2.3,

2 2, .22 2,272 _
(%) vzfy +yv) = vy +v3/N+v4eN/N, v, =0.
By an easy reasoning, none of the v, are regular in x. Also, as b is a nonunit
in Hy, it is a nonunit in R* This follows from ¢ € R*=»q’ ¢ H, . Thus we

conclude v, € (z, y)R*
We finally conclude b €(Z, Y)HN by the following

Lemma 3.8.1. (2, y)R*N S, C(z, y)S 4

Proof. Let a € (z, y)R* N §. Then as S is a power series ring, a €
(z, )&
Lemma 3.9. D' 2D N (z, y)H n-

Proof. Let O ={(v, w)|v,w € Hy and vz + wy €D N (z, y)H}. Define y,
a, B: 0 — H _ as follows:
Let (r',s') €Q and let t =7z + s’y Then

t=rhey +sAfy whete r=1"/f, s=s"/],.
By Lemma B and the proof of Lemma 3.7, it follows that
(Ar + r2Ae Ay = (As + s2Af Ay

Since AeN ) A/N are relatively prime in H,, a UFD by Lemma 3.1, 3 unique b €

HN such that

1 As = s2Afy + bAe,.

By derivations of (1), using Lemma 3.6, one gets AbAfy =0, so Ab=0.

Now let B((r', s'V=1+ re g +Sfy+ (rs + b)e and rewrite

fno
N'N
BUr', ") = ko + kiey + kofy +kseyfy, k€S,

Also let

U
r =r, +r,e

P HTaey T T3y e

N/N’

‘

s =s1+szeN+s3/N+s4eNfN, To S; €Sn

and let rl(.), s? be the constant terms of the power series 7, s, respectively. De-

fine a((r’, s')) to be the constant term of k,. Thus al(', s =1+ rgbil + s(l) +

r‘l)s gbf\, +rgsgblf, + rgsgbil + rgs(l’blfl (we have used Lemma 3.5 and that Ab = 0) and define
y((', s")) =1+ b;‘:,rg. Now let £, €D N (z, YH,, t,= 7'z + s'y. One has

AB(G, s = B, st
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One would like to have B((r', s")) a unit, for then ty€ D', but this is not neces-
sarily so. However, we have a((r’, s')) # 0 implies B((r', s')) is a unit by the
reasoning contained in Lemma 2.2. So suppose a((r’, s")) = 0.

Case 1. Assume y((r', s')) # 0. Then a((r, s" +1)) # 0. Soif t' =7z +
(s"+ 1)y then £ €D Nn(Z, Y)H, using Lemmas B and 3.6. So B, s" +1)) is
a unit. As AB((-', s' + 1)) = B((*', s' + 1), then

ABW', s"+ D) - f) =B, s"+ 1) - fy - tg

and B((r', s' +1)) - [y is a unit. Thus ¢ € D'.

Case II. Assume y((r', s")) = 0. Let ¢' = (/' + eN/N/eil)z +s'y. Then t' €
DN (Z Y)HN, using Lemmas B and 3.6. Note that as the constant term of l/eil
is 1/b2,

y((r' + eN/N/eIZ\l’ s') £o0.

Thus since either a((r' + eN/N/ei,, s")) # 0 or, by Case I, 3 a unit z € H such

that Au = ut', then A(eNu) =eyut, and e u is a unit. Thus ¢, € D'. End of

0 N

lemma.

Lemma 3.10. D' = D.
Proof. Follows from Lemmas 3.7, 3.8, 3.9.
Proposition 3. I, is a UFD.

Proof. Follows from Theorem 3 and Lemmas 3.1, 3.3, 3.5 and 3.10.
Remark. In proving Lemma 3.9, some techniques of P. Samuel were used that

are found in Lemma 3 of [3].
Proposition 4. T is a UFD.

Proof. In view of Proposition 1, we need only show the minimal primes of T
are prinicipal.

Let P denote a minimal prime of T. By Proposition 1, 3 a € T such that
PTP =oa-TP. As 4, €l i<j,and T=R[d,dy -+-,d,, .- -] (Proposition 2),
we see that IM such that a € 1,CT. Since T is an integral extension of I,
and by Lemma 3.4, P' =P N I, is a minimal prime of I, . Thus, by Proposition
3, P' is principal. Let B generate P'. Since the squares of elements of T lie
in I,, no two primes can contract to the same prime in /,. Thus B is not con-
tained in any other minimal prime of T.

As a€P', 34 €T suchthat a=gq - B- Thus B .TQ = PTQ, for every mini-
mal prime Q, of T.

By the following lemma, 3 generates P.
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Lemma 4.1. Let R be a Krull domain such that B, 5 € R. Let B divide § in
RPV minimal prime P. Then B divides & in R.

Proof. As (BR: dR) is divisorial, (BR: 8R) N R is such. As (BR: 8R) N R is
integral, it must contain 1 or be contained in some height 1 prime. As the latter
is not possible, 1 € (BR: dR), Thus B divides & in R. (See [3, pp. 1, 7.)

We are now able to state

Theorem. Let K be a field of characteristic two such that [K: K?] is count-
ably infinite. Let {bi, ci}‘:.": be a two-base for K over K% Let R =
K*[[x, y. 2]1[K],

1

o0
d= 2 biyxi + ¢ zxt.

i=1

Then T = the integral closure of R[d| is a three dimensional non-Noetherian

quasi-local factorial ring.
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