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ABSTRACT.     If   X and  Y   are topological spaces, the set of all continuous

functions from X into CY, the space of nonempty, compact subsets of  Y with

the finite topology, contains a copy (with singleton sets substituted for points)

of  Y   , the continuous point-valued functions from  X  into   Y.   It is shown that

Y      is homeomorphic to this copy contained in (CY)     (where all function spaces

are assumed to have the compact-open topology) and that, if X or  Y   is   T      (CY)

is homoemorphic to a subspace of  (CY)      .   Further, if  Y   is   T  , then these images

of  YX and (CY)X are closed in  (CY)* and (CY)CX respectively.

Finally, it is show

be considered as eleme

the subspaces is open.

Finally, it is shown that, under certain conditions, some elements of  X     may

be considered as elements of (CY)     and that the  induced   1-1  function between

v
If   X and   Y are topological spaces then   Y     denotes the space of all contin-

uous functions from X  into   Y.  We shall assume throughout that all function spaces

have the compact-open topology, which, we recall, is that topology having as a

subbasis  |(A, W)\A CX  is compact, W C Y is open! where  (A, W) =

\f £ Y   \f(a) £ W fot each a £ A \.  CY will designate the space of nonempty, com-

pact subsets of  Y and will be assumed to have the finite topology, which is ob-

tained by taking as a subbasis  jf ..| U is an open subset of  YÎU \t     | (J  is an

open subset of Y\, where F(J s ¡A £ CY\ A C U\ and t_v s ¡A £ CY\ A O Ü ?í 0 j.(2) A

basis for CY is formed by the collection of all subsets of the form  t       C\

(|) "= i Lu(i)) where   U and each of  ^(1), • • • , V(n) ate open in   Y.

iCY)     contains a copy (with singleton sets substituted for points) of  Y

and we first show that   Y     is homeomorphic to this subspace of (CY)     and that,

if X  or   Y is   T2,  (CY)     is homeomorphic to a subspace of (CY)CX.  Further, if

Y  is  T2, then these images of  YX and  (CY)X  are closed in iCY)X and (CY)CX

respectively.

Theorem 1.   YX  is homeomorphic to a subspace of (CY)X and, if  Y is  T ,

this   subspace of (CY)     is closed.

Proof.  Define  d>: YX -» (CY)X by  qS(f)(x) = j/(x)|.   Since  \{y\\y £ Y\  is a
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homeomorphic copy of   Y  contained in  CY, the continuity of / certainly implies

that of cp(f).  This shows  <p to be well defined and that  cp is  1-1   is clear.  Now

if (A, W)  is a subbasic open set in   YX then  cp((A, W)) = (A, Tw) H cp(YX) which,

since  cp   is   1-1, shows  cp to be open.   Likewise, if (A, ll)  is a subbasic open

set in (CY)     containing cp(f), then, since A   is compact and  \t A U C Y  is open}

is a basis for the subspace topology of \\y\ | y £ Y\ in  CY, there exist finitely

many open subsets, (7(1), • • • , ¿7(«), of   Y such that  \cp(f) (a)\ a £ A I C

U"=irc/(2)and     U?-irü<0CU     Thus/e(A,    (J % , (7(z))  and

</>(A,    U "= i ^(z)) C (A, ll)  which implies the continuity of cp.

Suppose that   Vis  T2 and let g  be an element of (CY)X - cp(YX).  Then

there is a point x of X  and distinct points y    and y.  of  y  such that {y  , y   1 C

g(x).  Choose disjoint open subsets   (7(1) and (7(2) of   Y  such that y    6 (7(1) and

y2 e (7(2) and then g £ (ix,, Lzj(i) nL.[/(2))-  Since  (í*¡» î-fjd)^ Lzjz2)) °

cz5(YX) = $,  cf>(Yx) is closed in (Cy)x.

Lemma 1.  If either of X  or  Y is  T    and if % is a subbasis for  Y, then

\(A, B)\A   is a compact subset of X and B  is an element of iB!  is a subbasis for

the compact-open topology on  Y   .

Lemma 2.   CY  is  T     if and only if  Y is  T2 and CY  is regular (T x and T )

if and only if  Y  is regular.

For Lemma 1 see  [2]  and  [3], and for Lemma 2 see  [5].   (It is not necessary

for compact subsets of  Y to be closed in order to prove either part of Lemma 2.)

Corollary.  (CY)X  is  T     if and only if Y  is  T    and (CY)X  is regular if and

only if  Y is regular.

Proof.   This follows from Lemma 2 and the fact that  (CY)     is   T    if and only

if CY is  T, and  (CY)     is regular if and only if CY is regular.

Theorem 2.  If X or  Y is  Tr then iB[(CY)X] =\(A, TV)\A CX is compact

and  U CY is open\\J \(A, Lf/)|^ c x  zs compact,  U CY  is open]  is a subbasis

for (CY)X(3)

Theorem 2 is an immediate consequence of Lemmas 1 and 2.

The following example demonstrates that if neither X  nor   K is T. then

%[(CY)X] need not be a subbasis for (CY)X.

Example 1.   Let  A\  and  S  be two disjoint, countably infinite, dense subsets

of (0,1).

We define a topology cjtQ   i  on [0,1]  such that Jr      -i|(0,l) is the usual

0)   For the case that   Y  is   T     Theorem 2 is shown in  [2]
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topology and such that  il! C U (\0\ C U), where  U is an element of ^[01], if

and only if LI is open in the usual topology for [0,l] and R C U (S C (/).   With

this topology [0,1]  is a compact, Tn space.   Let (X, Jx) be  [0,1] - (R U S) with

the subspace topology inherited from ([0,ll, JrQ .l).  (X, J J)  is a compact,   T

space.

Let   V' = ([2, 3l U U! U Í5!)  and define a topology 3"   #   on   y'   such that

3*„'|[2, 3)  is the usual topology and such that  Î3Î, Í4Í, or Í5Í is a subset of  U,

where  ¡7 is an element of J    /, if and only if  U is open in the usual topology

for ([2, 31 U Í4ÍUÍ5!)  and {2, C U.  Let (y, 3" y) be  Y' - \2\ with the subspace

topology inherited from (y', J    <).  We note that (Y', 3"y')  is a compact, TQ space

and that (y, J   )  is a compact, T     space.   Further  (2, 3L Í4Í   U (2, 3], and  Í5ÍU

(2, 3]  are compact subsets of (Y, j A).

Let f;X-^>CY be defined by f (q) = (2, 3]  if and only if q £ ((0, 1) D X),

/(0) = (2, 3] U Í4l,  /(l) = (2, 3] U Í5Í-  It is easily shown that / is continuous

and therefore / £ iCY)X.

Now (2, 3],  (2, 3] UÍ4!, and  (2, 3]  UÍ5Í are all open in  (Y, 3"y).   Thus

^(2,3]uUi ° -(2,3p U ^ (2,3] U Í5Ín -(2,3]^ - Z  is an °Pen subset of cx-

Further, it is clear that / e (X, Z), open in iCY)X, since  X  is compact and

f(q) £ Z, for each q £ X.

To show   iB[(Cy)   ]  is not a subbasis for (Cy)     it will be sufficient to

show that every finite intersection of elements of Í8[(CV)   1  containing / con-

tains an element of (CY)     not contained in  (X, Z).   Further, we should first note

that   g £ (CY)     is contained in  (X, Z)  only if g (q)  is a subset of (2, 3] U \4\  or

g (q)   is a subset of (2, 3] U {5!, for each  q £ X.

Let  B =( f\"ml(Àe rw(i))) O i(~)f=l(D; Lv{/)))  be a finite intersection of

elements of iB[(Cy)x]  containing  /.  Without loss of generality, we may assume

no A . contains both 0 and 1  else (A ., t ,,,,.,) would equal iCY)   .
l !' W(l) ' '

Assuming no A . contains both  0 and 1, we first claim X </_   (J"_. A ..  Sup-

pose X C (J"_j.4¿.  Then let  K = the union of all A ¿ such that  1 ft A {,   1 < i <

n, and let  L = the union of all A . such that  0 fc A .,   1 < i < n.   Neither  K not  L

is empty, 0 £ K,   1 £ L,   K U L = X, and both   K and  L  ate compact.   Let q  be an

element of R  and let  U .,•••, U  ,•• •  be a nested sequence of open subsets of

([0, ll, 3"r0    A)  suchthat   Íl7= 1 U   = q-   For the sequence  \U  O X|°l     of open

subsets of (X, 3"„)  it either is, or is not, the case that there exists an  ?z  such

that, for each  m > n,   U     n X C L.   If there exists such an  n, then an open cover
77! ' *,

of L having no finite subcover can be constructed and, if there does not exist

such an 72 one can do the same for  K-  Thus the assumption that X C  M"=  A.

leads to a contradiction, and, therefore, there exists a point x   of X  such that
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Define the function g: X —» CY by g(x) = Y and g(q) = f(q) if q ^ x. Since X is

T.   and  / is continuous, it follows that g  is continuous.   Hence g £ (CY)   .

From the definition of g,  g e   fï"=1Ur ¿~u/(7)), for z?| 4 ¿ = f\ A .,   1 < » < ».

For each q £ X,  g(q) O (2, 3\^ 0, and, since any open subset of   Y intersects

(2, 3], it follows that g £ C\m = l(D -, Lv(i))> and therefore g £ B.

Since g(x )  is an element of neither  Z ,    1I11Í4I nor ' (2 iluHl' ^  's eyident-

ly not an element of (X, Z). Thus i8[(CY)   1 is not a subbasis for the compact-

open topology on (CY)   .

Evidently   Y being  T.  does not imply that  CY  is   T .  for, in the above ex-

ample, the element (2, 3l  of CY is not closed .(4)

To prove the following lemmas, see Theorem 2.5-2 and Corollary 9.6 of  [5]

respectively.  (That compact sets be closed is not necessary in either.)

Lemma 3-  If X  is any topological space and U  is a compact subset of CX,

then     M.   ^ A, is a compact subset of X.
*^A e a r '

Lemma 4.   If f £ (CY)X and A CX  is compact, then    \JxeAf(x)  is a compact

subset of y.

Theorem 3-  (CY)     is homeomorphic to a subspace of (CY)      , with the com-

pact-open topology, provided that either of X or  Y  is   T,.

Proof.  Define a function 1. (CY)X -» (CY)CX by 1(f) (A) = D where A £

CX, and D £ CY such that D =  (J     J(x)- D  is a compact subset of  Y by
x

Lemma 4 and thus, if / 6 (CY)   , then  2(/) is a function from  CX to  CY, and we

first show that 2(/)  is actually an element of (CY)CX.(5)

It suffices to prove that the pre-images of subbasic open sets are open.   Let

t .. be a subbasic open set of CY  containing S(/)(A)  where  A  £ CX.  Since /

is continuous, i*|/(x) £ t     \= Z  is open in X.  Hence t „  is open in  CX, and,

since f(x) £ t       for each x £ A,   A £ t z.  Clearly, if B £ t z  then f (b) £ 7v

for each b £ B  and hence  2(/)(B) £ T      Similarly, if 1(f)(A) £ t_y, where  V C

Y is open, then there is an element a  of A   such that ¡(a) £ t_   . Since

¡x|/(x) £t_y\ = W  is open in  X,   t_      is an open subset of CX  containing A   and

2(/)0w)C£.v. Thus 2(/) e(CY)cx.

Clearly 2  is 1-1.

Now we shall show that  2 is continuous.  Since X or  y  is  T,, we know

that CX or CY is T r  Thus by Lemma 1, ! ((î, Tu)\d C CX is compact and

U C Y  is open! U {(Cf, Z_   )| (3 C CX  is compact and  U C Y open! forms a subbasis

for (CY)CX.

(4) Compare with Theorem 4.9-2 of [5].

(5) It is shown in Lemma A of [öl that iff is an element of  Y      then 1 °4>(f), where

is as in Theorem 1, is an element of (CY)
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Let (fl, t u)  and (5), t_y) be subbasis elements of (Cy)CX.  It f £ (CY)X

such that £(/) £ (u, t ..) then, by Lemma 3,      U.    _A= U*   is a compact subset

of X.   Further, if g £ (CY)X,  1(g) £ (&, fy) if and only if  g (x) £ Fy

for each  x £ (3*.   But this is true if and only if g £ (u, t     ).   Hence  / £

(Ö*. fy), open in   (Cy)X, and  2(<3\ F y) C (Ö, F^).

Now  £(/) 6 (3), £_y)  implies that if D £ T then there exists some x e 3)

such that /(x) 6 i_y   By Lemma 3,   UDeo)D =3)*  is a compact subset of X and

\x\ fix) £ t_v\~W is an open subset of X.   Further, TA Pi  Wpt 0 since  D £ 3)

implies that £(/)(D) e Li/ which implies that there exists some  x £ D  such that

f(x) £ t_y.  But this says that x £ W, and, since x £ T*, we have x e (f¡* n  "/).

Hence for each Dei, there exists some x £ D  such that x e (3)* O W). Since

3)*   is compact, it follows that, if X  is  T2, 3)*, as a subspace of X, is regular.

Therefore, since ,iA C\   W  is open in the subspace topology of 3)*, there exists

for each x £  (J,   CI "/), a subset 0(x) of  X, open in the subspace topology of

3)*, such that x £ 0(x) C dix) C (3)* D  W).   Note   that the closure of 0(x), in  X,

is contained in 3)*   since  3)*  being compact and  X  being  T7  implies that  2)*

is closed.

If  y  is   T2 then  Cy  is   T2-   Further, for x   e (3)*n W), if £7  is an element of

[(3)*n  U0 - (3)* nW)]n 5)*   then /(%) */(?), since  ft*)«*^ and f(q)/t_v.

Thus, since  Cy  is   F-  and / is continuous, there are disjoint sets, M(x,q) and

N (q), open in the subspace topology for J/*   and containing x  and  z/  respectively,

such that  M (x, q) C (T*C\ W).  Since  T*   is compact and [(3)* n W) - ijD* n W)] n

3)*   is closed in  5)*, it follows  that  [(TÀ O  W) - ($* n W)] n T*   is compact,

which implies that there exist N(q A, • • • , /V(z/fe)  such that     U -ul   N(q .)  3

[(3)*n IV) - ($? n W)l O 3)*.   Hence x £   ft?=1M<*, ff) = 0(x) C (ÖÜ) O 3)*) C
(3)* n w).

Thus, whether X or  y  is  T    we have, for each x £ (3)* n__W), a subset

0(x), open in the subspace topology for 3)*   such that  0(x) C (0(x) n £*) C

(3)*n  W).   Each  0(x)  is open in the subspace topology for  TA  and hence, for

each x £ (T* CtW), there exists a set  0'(x), open in  X, such that  0(x) = 0'(x)  n

33*.
Now if D €%  f(D) £ t_v which implies that  DPI (3)* n  W)=¿<7J and thus

DnO'W^ 0 for some  x £ (3)* n   W), since each such x  in 5)Vl W  is covered by

some   0(x).   }£_   »      | at £ (3)*n   W)i  is an open cover of 3)  and because 5)   is com-

pact there exist x(l), • • • , x(r)elements of  3)*n   W, such that J) C

U/ = ,L0'(x(z)V   Thus' if  D £^'   D n O'W^'^Ö  for some   /  such that   1 <

l<r.   Since  D C T*, this implies  Dn[(0'(x(l))) nT*}?¿ 0.

Thus each D  contains a point of 0(x(l)) for some  /  such that  1 < / < r

where  D £ T.  Now  F 3   tj^ = 1(0(x(/)) n 3)*)   is closed in the subspace T* , and
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hence compact, and is also contained in W.  Thus, for each x £ E,   f(x) £ t_v,

and further, if D £ 25, there exists some x £ D  such that x £ E.  Thus / £ (E, t_   )

and, if g £ (F, t_A), then for each D £ £\ there exists an element x £ D such

that x e F and hence g(x) £ t_      This implies that 2(g) £ Ll, t_v).  Hence / £

(E, t_v) and 2((F, t_   )) C (2), t_   ).  This shows 2 to be continuous.

Let (A, W) be a subbasic open set of (CY) , and then (3 = !{x! £ CX|x is a

point of A ! is a compact subset of CX. If / £ (A, W), then from the definition of

2, 2(f) e (Q, W). Further, it is clear that if 2(/) 6 (ö, W) then /(x) £ W, tot each

!x! e Ö, which implies that / £ (A, W). We have shown 2((A, W)) = (Ö, W) n

2((CY)X) which is open in (CY)cxn 2((CY)X), and, since 2 is 1-1, this shows

2 to be open.

Let (2 denote the image of 2. An element of (CY) will be called consis-

tent if and only if it is an element of C. An element of (CY) - C will be call-

ed inconsistent.

Corollary. An element f of (CY)        is consistent if and only if, for each

A £ CX,  f(A) = D, where D = \Jx€Af(\x\).

Easy examples, where  X and  Y ate finite discrete spaces, show that

(CY)       - C may be nonempty.  We may also observe that C is not necessarily

closed by letting X  be a two point discrete space and   Y  the Sierpinski space.(6)

However, if  Y  is  T 2 we have the following theorem.

Theorem 4.  If Y  is  T2  then <2  z's a closed subset of (CY)CX.

Proof.  Suppose  / is an inconsistent element of (CY)      .  Then there is an

element A  of CX suchthat f(A) r¿\J cAf(\x\).
X £A

Assume there is a point  p of  Y  such that p £ ¡(A)  but  p /   \-*xeAf (\x\)-

Now  j[x!| x £ A ! = Ö  is a compact subset of  CX and this implies that f (0.) =

¡7(<x!)|x £â! is a compact subset of CY.  Hence, by Lemma 3,   Uxe/« /(!*!) is a

compact subset of Y.  Therefore, since  Y is  T v there exist disjoint open sets,

¿7 and  V, of  Y  such that p £ U and    U  e¿/(!*!) C V.  Then / is an element of

([A!, Z,,) n (S, Z y), which is an open subset of (CY)        and clearly contains no

element of C.

Now assume there is a point p of  Y  such that  p £   {JxeAf(\x\)  but  p ¡t

f(A).  Then there is an element x   of  X   such that x e A   and  /; £ f(\x\).   Since

f(A) is compact and   Y  is   T., there exist disjoint open sets, (7  and  V, of  Y

such that f(A) C (7 and p £ V.  Therefore, / is an element of (JA !, t  ..) n

(i!*!!, t_v), an open subset of (CY)        which contains no element of C  Thus

(CY)       - C is open which completes the proof.

(6) By the "Sierpinski space"   we mean a topological space consisting of two points,

x     and x   , with the totality of open sets being \x  , x A, \x A, and 0.
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If j £ X     then /""     is a set-valued function from the image of / to   Y.

Theorem 5 shows how, under certain conditions, some elements of X     may be

considered as elements of (CY)   .  However, the function between the two sub-

spaces is not necessarily a homeomorphism.

Let d£ 3 {/ £ XY\ f is open, closed, and onto! and let 3)x = {/ e (CY)X| / is

dis jointly 1-1, U   eMf(x)  is open (closed) whenever M C X  is open (closed), and

(JxeXf(x) = Y\.  (By "disjointly  1-1" we simply mean that if x     and x    ate

distinct elements of X then f(x ) o f(x A =0.)

Theorem 5-  If  Y is compact, X or  Y  is  T     and dY,^ 0, then ifi, defined

by  ipiñ(x) = /" 1(x), is a  1-1, open function from DÏ,  onto 25x.
A Y

Proof.  If / is in DJ£, it is easily verified that ifj(f) e3)x.(7)

Let h £ÍjX and define /: Y —> X by f(y) = x  if and only if y £ h(x).  Then

/ £ DÏ,    and </>(/) = h.  Clearly  i/r is 1-1.
X

We have only to show that  i/> is open: Let (A, W) be a subbasis element of

XY and let / £(DXC\(A, W)).  Now since  W  is open in  X, and /: Y —»X  is con-

tinuous and onto, it follows that X  must be compact and that X — W  must be

compact.  Hence (X — If, t y_x) is open in  (CY)X.  Assume  X  is  T«•  If x   £

(X — W) and x £f(A) there  exist disjoint open sets   U(x) and  V(x, x')  containing

x  and x'  respectively and, since  ip/(f) = /       is an element of   2)x, it follows

that UpelJ(x)tp(f)(p)  and UpeV(xx' ^(ñip"1 are disjoint open sets, contain-

ing  ifj(f)(x) and  yj(f)(x ), respectively.   By repeating this process for all x £

f(A), we observe that  \\J     u(x)if/(f)(p)\x £ f(A)\ is an open cover of A  and

since A  is compact there exist x     ■■■ , x     elements of f(A)  such that

and

n U      tfAf)(p)\ :>#/)(*')
;' = 1  \peV(x.,x')

/

U     U    -A(/)(P)|
|7=l\Z>ft/(x;.)

n n    u   ^</Hp)
7=l\i)EV(x.,x')

0.

This implies that no point of ifj(f)(x') is in A, for each x' e (X - W). There-

fore, tz>(/) e (x - w, TY_-) if x ¡s r2.

Now assume   Y is  T2-  Then A = A   since A  is compact, and thus

(X - W, ty_¿) =(X-W, ty_A).    But x £ (X - W) implies that x i f (A), which implies

(7) It is essentially shown in  [5] that ifj(f) is continuous if and only if / is open and

closed (where the notation   f~  *   is used instead of our  ifj(f)).
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4/(f)(x) n A = /- l(x) O A = 0. Hence   \f/(f) 6 (X - W, Fy_^). Therefore, if either of X

or y is T2,   if/if) eiX-W,TY_~).

Let g e((X - If, t~Y_A) n $£). We know   </'" Hg) exists and is exactly one

element of d£.   Let y e A.  Since g(*)H Ä = 0, for each x e (X - W), it follows

that tf/~1(g)(y) 6 Hz".  Thus t/r_ '(g) e (A, W) which implies that g £ if/((A, W) D Dp.

This shows   ((X - W, Fy_-) n £*) C ifj((A, W) n Dp which, since if/  Is 1-1,

completes the proof that t/z is an open function.

The following example shows that  if/: DÏ. —> 3)y  need not be continuous.

Example 2.   Let X be the topological space consisting of the set of all real

numbers of the form   l/z,   z = 1, 2, • • • , together with  0, with the subspace topol-

ogy inherited from the reals.  Let   Y be the topological space consisting of the

set of all real numbers of the form  l/z,  i = 1, 2, • ■ • , or of the form  2 - l/z,  i =

1, 2, • • • , together with  0 and  2  with the subspace topology inherited from the

reals.  We note that X and   y  are both compact, T2 spaces.

Define /: Y —> X by f(y) = y,   0 < y < 1, and f (y) = 2 - y,   1 < y < 2. Observe

that / is continuous, open, closed, and onto.   Thus / e DÏ..  Now  ift(f) £

((iOi, t i      i      ) O 3)y) = {/, open in 3)y.  We will show that given any basic open

set, V, of D^., containing /, there exists an element of (Xy - U) contained in

<A(v).

Let  V = ( C\"-1iAi, W¡)) n D^ be a basic open set of Dx containing /.

Let M = ÍA¿, 1 <z < n\ 2 £ A {\, N = ÍA ., 1 < i < n\ 2 £ A \.

Let  K=   yJ¿ .gfjAj.  Assume  K¿¿0.  Then  K is a compact subset of [0, 2)n

y and hence there is an element k of (1,2) D Y such that if  k' £ K then k > zê'.

If K = 0, choose k to be  1 + l/¡.

Suppose that A1=í(7Í. Then if A . £ M, there is a half-open interval Z. such

that 0£Z{ and Z^nXCU^-. Let Z= (riA.eA1Z¿)nX and choose an element

s of Z such that z £ ((0,  1) n X).  If M = 0, choose 2 to be %

Let / be the greater of k and 2 - z and define g: Y —> X by g(y) = fiy), y <

/, and g (y) = /(/), / < y. Clearly g is continuous, open, closed, and onto, and

hence an element of DJ£. Also, g e(D"=1(Az., W) OD^) since g|U/4.eN^¿ =

f\UAt€HAf Sh) = fh), for each y e ([O, / ] n y), and g(y) £ H^.^V., for
each y e ([/, 2] n y). However, g~ 1 (0) = loi and thus <f/(g)(0) ¿ t_* 2]nY . Th

implies that if,(g) ¿(({0|, L(ii2]ny)n 3)^). Therefore t/z(g) e (2)^ -'(/), and it

follows   that  t/>: D^ —» 33y is not continuous.

I would like to thank Dr   A. R. Vobach for his valuable suggestions during

the development of this topic.   I would like also to thank the referee for his aid

in  simplifying the proofs and notation.
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