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ABSTRACT. Let S-scheme X be a Schlessinger deformation of a curve X,
defined over a field k. In §§1 and 2, the dimension of the parameter space S
the relative differentials of X over S, and the fibres with singularity were
studied, in case when X0 is locally complete-intersection. In §3 we show that
if k-scheme X is a specialization of a smooth k-scheme, then the punctured
spectrum Spex (Ox ) has to be connected for every point x € X0 such that
dim OX > 2. In turn we construct a rigid singularity on a surface. In the last
section A few conjectures amplifying those of P. Deligne are made.

Let X, be an algebraic variety over a fixed perfect field k. A (formal)
deformation(2) of X, is meant by a pair (R, X) where R is a complete noetherian
local k-algebra with the residue field %k, and X a flat (formal) R-scheme together
with an isomorphism X, % k& @, X. A (formal) deformation (R, X) of X, is
called a (formal) versal deformation(3) of Xo if every (formal) deformation of
X, is induced from (R, X). A (formal) versal deformation (R, X) of X, such that
dim Derk(R, k) is minimal will be called a minimally-versal (formal) deformation
or a (formal) Schlessinger deformation of X,. If X, is proper over k or affine
with isolated nonsmooth points only, we have the formal existence theorem due
to M. Schlessinger, i.e. there exists a minimally-versal formal deformation of
X, If X, is a projective variety with HZ(XO, _on) = 0 (for instance X is a
complete curve), then it follows from a theorem of A. Grothendieck that every
formal deformation is ‘‘algebraisable’’ and in turn there exists a minimally-
versal deformation of X,,.

Besides these existence theorems we have very little knowledge about the
deformation of singularities at the present stage. In this paper we study the
deformations of curves which is a relative complete-intersection over k, as well
as rigid singularities on a surface. A complete-intersection, having no local obstruc-

tion for deformations, is the simplest case. Our method is based on a study of

Received by the editors April 10, 1971.

AMS 1970 subject classifications. Primary 14D15; Secondary 13D10.

(1) The author acknowledges the financial support of I. H. E. S. as well as N. S. F.

(2) In general one considers deformations in which the characteristic also changes.
Here we restrict ourselves to equicharacteristic case.

(3) One notes here the change of terminology from (8l. A minimally-versal deforma-
tion or a Schlessinger deformation in this paper was called a versal deformation in (sl
A change of the terminology comes from a necessity of considering a versal deformation
in the sense of this paper which is not necessarily a minimal one.
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torsions and cotorsions of some modules carried out in $1, which is of interest in
itself but may be of no use in the case of noncomplete intersections. Nevertheless,
our Theorem 2.7 may give an insight towards likely phenomenon in the general
case. In a less precise language, we establish the following: Let X be a re-
duced complete curve which is a relative complete-intersection over &, and let
(R, X) be a Schlessinger deformation of X,. Then

(i) dimR = 3g — 3 + dim H%(X ), Q) where g = dim H'(X,, Ox,)s

(i)'dimR — dimHl(Xo, Q%) = the dimension of the torsion k-differentials
of X
(ii) Q’X R has no torsion and Q;( R is an invertible sheaf on X,

(iii) codim (Sing (X|R) in Spec(R)) = 1 where Sing,(X|R) = {z € Spec (R)|
X — Spec(R) is not smooth at the point z}.

The properties (i) and (iii) are expected to be valid for an arbitrary reduced
complete curve. For instance, a complete curve having ordinary multiple points
with mutually transversal tangents does enjoy (i) and (iii), and considerably more,
even though the parameter scheme Spec (R) is far from being regular in general
[9].

In $3 we are interested in the rigid isolated singularities. It has been
known that there exists an affine variety (with an isolated singularity) which can-
not be obtained as a specialization of a nonsingular variety. Indeed, H. Grauert
and H. Kerner have constructed a rigid isolated singularity of dimension 7, pro-
vided n > 4 [4]. On the other hand, every complete reduced curve is conjectur-
ally a specialization of a nonsingular curve, and therefore there cannot exist,
conjecturally, a rigid 1-dimensional isolated singularity. Thus it raises the

question if there exists a surface with a rigid isolated singularity. We first
establish that every reduced surface with isolated singularities only which is

obtained as a specialization of a nonsingular surface has to be unibranch at
every point. Motivated by this fact, we construct a rigid isolated singularity on
an irreducible rational surface. In the last section we have made a few conjec-
tures based on our Theorem 2.7 as well as a number of empirical results. For in-
stance, it will be shown in the forthcoming paper [9] that these conjectures are
valid for any curve with ordinary multiple points (with mutually transversal
tangents).

The author wishes to acknowledge his thanks to A. Grothendieck, P. Deligne

as well as H. Hironaka for the beneficial discussions.

1. Torsions and cotorsions. Let A be a commutative noetherian ring. For
any generically-free A-module M of finite type, i.e. K @, M is K-free, where K
is the total ring of fractions of A, we set rgM = the free rank of K ® M as
K-module. Given a generically-free A-module M of finite type with tgM = d,

choose a finite presentation



1972] TORSION DIFFERENTIALS AND DEFORMATION 259

0 oN—->F—-oM-0
where F is A-free of rank m. Since N is a generically-free A-module of rank
m — d, the natural map A"~ %N ® A*°F — A"F induces the map
A"“N ® N — /\™F and hence the map ag: AeM — HomA(/\”’_dN, N"F).

Lemma 1.0. For any generically-free A-module M of finite type, the map
ap: Nm — HomA(/\"’_dN, A™F) does not depend on the choice of presenta-
tions of M.

Proof. Let
00— N, —»Fl—»M——»O:

0 — N2 — F , = M—0
be any two finite presentations of M where rg F, = m_.. Suppose that there exists
an isomorphism
my—d

& my my—d m)
r:HomA( A N, AF, —vHomA< ANZ’AFZ)

with the following commutative diagram:
™4 —d my )
Hom , AN 17 AF 1

a i

(% AM

Hom , A N AF,

Then such 7 must necessarily be unique since a; (i = 1, 2) are generically
isomorphisms, and HomA( , /N"F) are torsion-free modules. Therefore it suffices
to show an existence of such isomorphism 7. Now, from Schannel’s lemma, there
exists an automorphism o € Aut ,(F, @ F,) with the commutative diagram:

0-—»N1®F2—>F1®F2—-)M—40

%l la

0—>F1€BN2—¢F1$F2—bM—bO

In turn, o induces a commutative diagram

my +m -d my +m,

d ,
AN WNeF)IAM— A (F,®F))

No) @ id No)

my +m2—d my +m,

7
AN (F,eN,)®AM—— A (F, ®F,)
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from which an existence of 7 with a commutative diagram (x) follows.

In view of the intrinsic nature of the map a: Nm — HomA(/\m_dN, N"F),
we shall denote this as a,: AM — M, by setting M, = HomA(/\"'_dN, N"F). We
note the following simple properties of M, which are trivial to verify.

(1) If we set M; = Coker (A®M — M#), then

0—0<;\M>t —-r/d\M - M, —-)M; — 0
is exact, where (/\dM)t stands for the torsion submodule of /A?M.

(2) ay: AM — M, commutes with base change A — A' provided
Tor’i‘(M, A') = 0. In particular, (a) S—IAM — a1y is an isomorphism for any
multiplicative subset § of A. (b) If A is an R-algebra and M is R-flat, then
Y ®R M R’ ® ay is an isomorphism for any R-algebra R'.

(3) If M is A-free, then a, is an isomorphism. Therefore Supp M; C
Sing , (M) = {x € Spec(A)| M_ is not A_-free}.

(4) If hd,M < 1, then M, is an invertible A-module, and Supp M; = Sing , (M).

Let M be a generically-free A-module of rank 4. Choose a finite presenta-
tion

0 oN—D>F—>M—0

where F is A-projective module of rank m, and we consider the chain complex
K(M) defined as follows (see [2]):
sy S5 d—sy—s, 1 d—s, d
SR ANOAN® AN Fo X AN® A FoAF M,
where s, >0 for all i (and hence it is a complex of length 4 + 1), and the

boundary operators are given by

u1®u2®--~®ur®v—-»ul/\u2®u3®---®u2®v
-u1®u2/\u3®---®ur®u

ot D% ® - @u_ @ u, A v
We note that H (K(M)) = M} and H (K(M)) = Ker (A?M — m,) = (A?M),.
Furthermore, if M is A-projective (so that the inclusion map N — F admits a
retract), then K(M) is homotopically trivial, and in particular Supp H,.(K(M)) C
SingA(M). We state below the basic facts obtained in [2] concerning the complex
K(M). They are Theorem 2.4 and Corollary 4.4 in [2] respectively.

Lemma 1.1. Let M be a generically-free A-module of finite type of rank d,
with hd M < 1. Then we have

(a) d + 1 — Sing (M) ~ depth A = the smallest integer q such that H[KM)) =0
forall i> q.

(b) Let A be a local ring and assume that M_ is A _-free for all nonmaximal
points x in Spec(A). If d + 1 >dimA, then y(H.(K(M)) =0 where x(H,(K(M)))=
2~ 1) length H (K(M)).
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As an immediate application, we obtain the following:

Theorem 1.2. Let A be a commutative noetherian ring and M a generically-
free A-module of [inite type with hd ;M < 1. We set d = 1g M. Then

(i) If Sing (M) - depth A > d, then hd , A°M < d. I{ Sing(M) ~ depth A > 4,
then \?M has no torsion so that 0 — NM — M, — M:, — 0 is exact, and M;
is a perfect(4) A-module with hdAM; =d+ 1.

(ii) Assume that Sing (M) is a finite set consisting of Coben-Macaulay max-
imal points of dimension d. We then have length ((/\dM)t) = length (M%).

Proof. Choose a finite presentation of M
0 N—>SF—-oM—>0

and consider the complex K(M) as defined above.
(i) Suppose.that Sing (M) ~ depthA > d. By 1.1 (a), we then have
Hi(K(M)) =0 for all i > 1, and therefore

s s d—sqi—s s d—s d
SYANNOANN® AN CFoLAN® A'Fo AR

is an A-projective resolution of /\dM, which shows that hdA /\dM <d If
Sing (M) — depth A > d, then Hl.(K(M)) =0 for all i >0 by 1.1(a) again, and in
particular we have 0 = H,(K(M)) = (/\dM)t.

(ii) Assume that Sing (M) is a finite set consisting of Cohen-Macaulay maxi-

mal points of dimension d. We then have

XH (KOO = Y, x(H (KM ) =0
x€Sing (M)
by 1.1(b). On the other hand, we have Hl.(K(M)) =0 forall i>1 by 1.1(a) and
therefore 0 = x(H,(K(M))) = length H (K(M)) - length H, (K(M)) = length (M;) -
length ((/\dM)t).

Let R be a noetherian ring and A a generically smooth R-algebra of finite
type (i.e. A ®, K is smooth over K where K is the total ring of fractions of R).
Then the module of relative differentials QA]R is a generically-free A-module of
finite type such that ngA]R = dimA @ K, and in turn we may consider
AdQAIR — (QA|R)# where d = rgﬂA|R = dimA @, K. We note that in case when
A is a relative complete-intersection over R, then hdAQA'R <1 and (QA|R)# is
nothing but the module of dualizing differentials @a|R defined by A. Grothen-
dieck [7], and the canonical map A4 QA]R — wa|r is an isomorphism at each
point x € Spec (A) at which A is smooth over R, and therefore Supp((/\dQMR)l)
as well as Suppwi"R are contained in Sing(A|R) = {x € Spec(A)| A is not smooth
over R at x}. We note furthermore that Sing(A|R) = SingQA|R = Suppwfqu since

A is a relative complete-i i L d
mplete-intersection over R, where Wy|g = Coker(/A QA‘ R Q)AIR),

(4) A-module E of finite type is called perfect if hdAE < oo and Extj‘(E, A) =0 for
all i <hd E or equivalently Supp(E) — depthd > hd JE.
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Corollary 1.3. Let R be Coben-Macaulay and A a generically-smooth relative
complete-intersection over R, of relative dimension d.
() 1If dimA_ > d for all x € Sing(A|R), then hd, N QA‘R < d.
If dimA, > d for all x € Sing(A|R), then 0 — NQ = w,1p— wlhyyp = 0 is
exact.
(ii) Let R be artinian. 1{ Sing(A|R) consists of a finite number of maximal

points, then we have length((/\ A|R)z) = length(wf“lR).

Proof. Since R is Cohen-Macaulay and A is a relative complete-intersection
overR, A is also Cohen-Macaulay. Thus our statements follow immediately from
1.2.

Before we consider a further application, we recall Fitting ideals of a module:

Let E be an R-module of finite type, and choose a finite presentation

0O—>N—D>SF—DE—>O0

where F is R-free module of rank n. For each positive integer p, we set
—p+1 n—p+l
I$(E) = Im <det A ve R F o R).

These ideals do not depend on the choice of a presentation of E and hence are
the invariants of E. For the sake of simplicity, we set IR(e) = Ig)(E). We note
that Supp R/I4(E) = SuppE.

Lemma 1.4. Let R be a local ring with the maximal ideal m, and A a
(noetherian) R-flat algebra, such that mA is contained in the Jacobian radical of
A. Then for any ideal | in A, we bhave

I~ depth A > (I N R) - depth R + I - depth R/m® A.

Proof. If T1»Ty *++, 1, is an R-regular sequence in I N R, then it is an A-
regular sequence since A is R-flat. Therefore, replacing R by R/(rl, ceey, rs)
where 7., .-+, r_ is a maximal R-regular sequence in | N R, we may assume that
(I NR) - depthR = 0. Let / be an element in I which is not a zero-divisor in
R/m ®p A. It suffices to show that [ is not a zero-divisor in A and that A/fA
is R-flat. Consider the exact sequence 0 — fA — A — A/fA — 0, which induces
the exact sequence

R/m ® fA—R/m ® A — R/m ® A/fA - 0.
R R
Since the composite map R/m ® A —! 8’/R/m ®, /A — R/m®,A is injection by
hypothesis, and R/m ®, A —->1®’R/m ®y fA is surjection, it follows that
R/m &, A—!®/R/m ®; [A is an isomorphism, and R/m ® [A — R/m ® A is
an injection, i.e.Tor] (R/m A/fA) = 0 which shows that A/fA is again A-flat.
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Now consider the exact sequence 0 — Kerf — A —-—r//A — 0. Since A and
A/fA are R-flat, we have Tor‘f(R/r_n, fA) = 0 and hence we get the exact sequence

0—>R/m ® Ketf - R/m ® A-l—@—/-oR/ln_ ® fA—D0.
R R

R
However, R/m ®p A —1®/R/m ®, fA is an isomorphism and therefore R/m ®p
Kerf= 0. Since mA is contained in the Jacobson radical of A, it follows that

Kerf = 0 by Nakayama’s lemma.

Theorem 1.5. Let R be a complete local ring with the maximal ideal m, and
A a (noetherian) R-flat algebra. Let M be a generically-free R-flat A-module of
finite type with hd ;M < 1. Assume that

(i) Sing(M) consists of a finite number of Coben-Macaulay maximal points

in Spec (A ) of dimension > tg M, where M, = M/mM,

(i) K®z M is K ®p A-projective, where K = the total ring of fractions of R,

(iii) MY is of finite type as an R-module.
Then NEM has no torsion, M; is a perfect A-module with hd M}, =d + 1, and
Io(M%) is an invertible ideal in R.

Proof. Set I = Ann M. Then (iii) entails that A/I is of finite type as an
R-module, i.e. A/I is an integral R-algebra of finite type, and hence there are
only a finite number of maximal ideals m , m,, --+, m of A containing I, and
all of them dominate the maximal ideal m of R. Set A’ =S~ !'A where S =A -
m, U ---Um,and set M = A'®A M. Then A’ is an R-flat algebra such that
mA’' is contained in the Jacobson radical of A’, and M' is a generically-free
R-flat A'-module of finite type with hdA' M < 1, and the hypotheses (i), (ii), (iii)
are carried over to A'-module M'. Furthermore, A’ ®, A/l = A/l entails that
(M), > A" ®, ML ™ MY and hence I((M')4) = IL(ML). Consequently, replacing
A by A’, we may assume that mA is contained in the Jacobson radical of A.
The hypothesis (ii) entails that Ass R N SuppR/I N R = @& and hence (I N R) -
depth R > 0. Therefore it follows from 1.4 that Sing (M) — depth A > Sing (M o) -
depth A .. Since Sing M 0) —depth A ) > d (= rg M) by hypothesis (i), we get Sing(M)
— depth A > d, and therefore it follows from 1.2 (i) that

d
0— /\M—»MH—-vM;—»O

is exact and M’ is a perfect A-module with hd4M} = d + 1. Since M as well as

A are R-flat, so are A?M and M,. Consequently, flat-dim gM} < 1, and hence

hdpM% <1 since MY is an R-module of finite type. Let
0—->Rm—}-’—bRn~——-»M:——p0

be a finite presentation of M; as an R-module. Since M) is a torsion module by
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the hypothesis (ii), we must have m = n, and therefore IR(M‘#) = (det ) and deth
is not a zero-divisor in R.

Remark. If A is complete under the m-adic topology, then the hypothesis
(iii) is a consequence of (i). Indeed, M;, being an A-module of finite type, is
complete under the m-adic topology and R/m ® M is a finite-dimensional vector

space over R/m by (i), and therefore must be of finite type as an R-module.

2. Torsion differentials and deformations. We briefly recall here the notion
of a (formal) Schlessinger defotmation: Let k be a fixed perfect field, and X, a
scheme over k. A deformation of X is meant by a pair (R, X) where R is a
complete noetherian local k-algebra with the residue field k, and X a flat R-

scheme together with a Cartesian diagram:

i
X
c -
X, X

| |

Spec (k) C—— Spec(R)

A morphism (R, X) — (R’, X") of deformations of X, is a pair (b, ¢) where b:
R — R’ is a local k-algebra map and ¢: X'— X is a morphism of schemes with

a commutative diagram:

o)

XI___;_._.)X

|

Spec (R") ——— Spec (R)
Spec (b)
A formal deformation of X is a pair (R, X) where R isa complete noetherian
local k-algebra with the maximal ideal m, and X a R-flat m-adic formal scheme to-

gether with a Cartesian diagram

i

| |

Spec (k) ——— Spf (R)

in the category of formal schemes. Thus if we set by Mxo' :MXO the category of

deformations and formal deformations of X,respectively, then we get a canonical
functor ~; My — @XO via (R, X) — (R, X) where X denotes the formal m-adic completion
of X. We note that if X is proper over & then the functor ~ is a full-faithful im-

bedding, and that ~ is an equivalence of categories in case when X, is a projec-
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tive variety with H (XO, OX ) = 0 (for instance the case when X0 is a complete
curve) [5].

For each complete noetherian local k-algebra S, we set Elx 0(S) = the category
of formal deformations of X over §, the morphisms being the one which is the
identity on S. We may note that every morphism in the category M, (S) is neces-
sarily an isomorphism, i.e. MX (8) is a groupoid. Let (R, X) be a fixed formal
deformation of X,. For any local map R —R’, (R, 1®R R') is a formal defor-

mation of X, over R’, and therefore (R, X) induces a canonical map
~5 , -
(R, X): Hom, ., k-alg(R’ R") — [MXO(R ]

where [M O(R )] denotes the set of isomorphism classes of objects in Mx (R").

Definition 2.1(5). A (formal) deformation (R, X) of X, is called a versal
(formal) deformation of XO if every (formal) deformation of X is induced from
(R, X). In other words, a versal deformation or a versal formal deformation of X,
is a quasi-initial object in the category Mx , Mx respectively. A versal (formal)
deformation (R, X) such that

(R’ X): Homlocalk-alg

(R, kl€]) — [Mxo(k[e])]

is a bijection is called a minimally versal (formal) deformation or a Schlessinger
(formal) deformation of X o

Any two (formal) Schlessinger deformations of X, are easily seen to be
(noncanonically) isomorphic. A basic theorem on deformations is the following
existence theorem due to M. Schlessinger [10] supplemented by a theorem of A.
Grothendieck [5].

Theorem 2.2. Let X be a scheme over k. If Sing (X)) =1{x € X(|X, is not
smooth over k at x} is proper over k, then there exists a formal Schlessinger de-
formation (R, X) of X o Ifs furthermore, X is projective over k and HZ(XO, _on) =
0, then there exists a Schlessinger deformation of X .

Definition 2.3. Let (R, X) be a formal Schlessinger deformation of X, We
set sy =dimR. It is an invariant of X,

Remark 2.4. Let X, be an affine scheme over k, and set (X, on) =A
We then have a canonical isomorphism [Mxo(k[e])] >~ DI(AOIk, AO) via

(kle], Spec(A)) — (0 — A;—<— 4 — A — 0)

where Dl(Aolk, AO) = the isomorphism classes of commutative k-algebra exten-

(5) See footnote (3).
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sions of A by A,. Now assume that X is a complete-intersection over & of

dimension r with isolated nonsmooth points only, and choose a presentation

0—-)’——DP—|AO—bO

where P = k[x Pt xn], and I=(f} [y *++s /n_') is generated by a P-regular

sequence. We then have the exact sequence
Dery(P. Ag) — Hom, (I/I%, A,) — DMA |k, A) — 0

and Dl(Aolk, AO) is a finite-dimensional vector space over k since AO has iso-
lated nonsmooth points only. We set s = dimle(Aolk, Ao), and choose ¢;: /12
— A, (i=1, 2, -+, s) representing k-basis elements of DI(A0|k, A (), and then
choose Mii in P such that qbi(/j) = Mij (mod ). If we set R = k[t TR ts]]
and A = R{Xl, cee, Xn§/(F1, Fpy ooy Fn_r) where

S
Fo={ + Z M,
j:l

R{Xl, el Xn} = the restricted formal power-series ring over the adic-ring R

then A is R-flat, and indeed (R, Spf(A)) is a formal Schlessinger deformation of
Xo (see [8] for its detail). In particular, we have sxo = dimle(Aolk, Ao). We
note that F, F,, »«+, F___ are all polynomials with coefficients in R and
hence Spf (A) is ‘‘algebraic’’, i.e. Spf (A) = Spec (B) where B =

RIXx RN Xn]/(Fl, cee, Fn_'). Now assume that A, is reduced so that A, is
since k is a perfect field, generically smooth over k. If we set N =

Im (1/12 -4 Ay B QPlk)’ then I/1?—=%N is an isomorphism at each generic point
of Spec (A 0), and therefore Supp (Kerd) contains none of the generic points of
Spec (A 0), and consequently Hom, O(N, Ao) — Hom, 0(1/12, Ao) is an isomorphism.
Then the exact sequence

0—»N—A4, ® Q

|k A|k—’o

together with the fact that A/ ® QPIk is A -free module entails that
ExtA (QAolk’ A ) — D (Aolk, A ) is an xsomorphxsm We thus conclude that if

= Spec (4 ) is a reduced complete-intersection over k£ with isolated nonsmooth
pomts only, then Sxo = dlmkExtA Q, ole? Ay.

Remark 2.5. Let X, = Spec (A ) be a complete-intersection over k. Then we

set AO— k[xly KXoy eoey X ]/(/11 /za "'7[,) where /15 /2, "'7/, is a
klx TRER xn]-regular sequence. Then X0 admits a generically-smooth deforma-
tion, i.e. Xo can be ‘‘desingularized via deformation’’. Indeed, set S = k[[z]]
and A = S[Xl’ cee, Xn]/(Fl, cee, Fr) where F, = (1- t)/j+ tX, for j=1, 2,

*»7. Since F. = [, (modtA) and [ /y ---, [, is an A/tA-regular sequence,
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it follows that A is S-flat, i.e. (S, Spec(A4)) is a deformation of X over S. Now
A=5® A" where A" =klt, Xy, oo, X V(Fy, o, F)yand /(- DA" =
X oy X VX ey X)X RIX, ooy X1 Therefore, k() @, 14" s
smooth over k(t) and hence k((¢)) ®k[[t]]A is smooth over k((¢)), i.e. (S, Spec(4))
is a generically-smooth deformation of X .

In this section we are interested in the deformation of complete curves. For

this purpose we need the following lemma.
Lemma 2.6. Let X be a k-scheme of finite type with isolated nonsmooth
points only. Assume that HZ(XO, Q% O) = 0 where

Q: =Hom «Q, ,0, ).
Sxo = Mo, Mix o0 DX

Then

(1) Sxo = dimkHI(XO, Q;(o) +Su, where U is any affine open subscheme
of X containing Sing (X |k) = {x € X |X is not smooth over k at x}.

(i) Let (R, X) be a formal Schlessinger deformation of Xo. Then for any
affine open V, C X, (R, EKIVO) is a versal formal deformation of V .

The above lemma is not difficult to prove, the main reason being that
HZ(XO, Q,;( 0) = 0 entails the vanishing of the global obstructions. In any case, a
detailed argument can be found in [8] and thus we omit its proof here. Let X, be
a complete curve over k, and let (R, X) be a Schlessinger deformation of Xy We
note that the functor ~; I_WXO — /_MXO is an equivalence of categories since X is
projective over k& and HZ(XO, Ox 0) = 0, and therefore a Schlessinger deformation
of X, does exist. Assume that X is a relative complete intersection over k.
Then X, being R-flat, is a relative complete-intersection over R and hence
Sing (X|R) = Supp “’5<|R where Sing (X|R) = {x € X|X is not smooth over R at x},
w§<‘ r = Coker (Q_Xl R = @x| r)»and wx|g is the dualizing sheaf of A. Crothendieck [7],
In view of this, we may provide the closed subset Sing (X|R) with the closed sub-
scheme structure defined by the ideal sheaf _I_X(wf,(), where [,(E), for any coher-
ent X-module E, stands for the ideal sheaf of Oy given locally by the 1st Fitting
ideal of E, i.e. for each affine open U = Spec(A) C X,

U, 1,(E) = Im@et: 7\N ® 7\F—.A>

where 0 — N — F — U(U, E) — 0 is a finite presentation of A-module I'(U, E)
in which F is A-free, and m is the free rank of A-module F. We note that, for
any coherent X-module E, the ideal sheaf LX(E) annihilates E, and in particular
9& is a coherent Sing (X|R)-module. We are also interested in “‘the image of
Sing(X|R) under /. Since [: X — Spec (R) is proper, I'(X, ‘“§<|R) is an R-module
of finite type and Supp I'(X, cos(‘R) = f(Sing (X|R)). We thus note that /(Sing (X|R))
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= Supp R/I,U'(X, a!§<lR)) where I (I'(X, wfle)) is the 1st Fitting ideal of the R-
module I'(X, w&l r)- The main purpose of this section is to establish the following.

Theorem 2.7(6). Let X, be a reduced complete curve defined over k, and let
(R, X) be a Schlessinger deformation of X . Assume that X, is a relative complete
intersection over k. We then bhave
(1) Sxo = 3g-3+ dimkHo(Xo, Q_;'(O) where g = dimkHl(XO, QXO).

(ii) Sing (X|R) — Spec (R) is a finite morphism, and Sing (X|R) = Singxl(XlR)
U... USingxm(XlR) is a disjoint union, where {xl, Koy roes xm} = Sing (X0|k), and
Sing, (X|R) stands for the connected component of Sing (X|R) containing the point x.

(iii) QX R bhas no torsion, the canonical map w;dR — Q;(lR is an isomorphism,
and 1,(I(X, wip)) is an invertible ideal in R. In particular, Q;(|R is an inver-
tible sheaf and codim (f(Sing (X|R)) in Spec (R)) = 1.

Proof. (i) Let U= Spec(A4) be an affine open subscheme of X containing
Sing (Xolk). Since X, is a relative complete-intersection over k, we may assume
that A = k[xl, Xoyyoees xn+l]/(/1, fysoees /n) where [, [, -+, f, isa
k[xl, Tees XL l]—tegular sequence. Since A is reduced by hypothesis, we have

L 1 40 1
SUO = dlmkExtAO(QAolk, Ao) = dim H (UO, Q{EXO(QXOIW _QXO))

by 2.4. However, Sing (X |k) C U and hence Supp gg_t}(o(_ﬂ_xolk,gxo) CU, and
therefore
0 1 0 1
H(Xo, Exey @y 1,0 Oy ) = HOWU, Exty @y 1,0 on))-

It follows from 2.6 that

= dim, H' (X, Q} 1,) + dim HO(X,, Ext ;O(onlk, Ox )

s 2, 1k

Xo

Thus it suffices to show that

. 1 * . 0 1 . 0 *
dim H' (X, QX()'k) +dim (X, @XO(QXOM, QXO)) =3g — 3 +dimH (X, on|k)

. . 0
i.e. x(Q';(Olk)’: 3-3g+dimH (X, &}(O(ontk, _OXO)) where y(E) =
Zi(— 1)*dim H'(XO, E) for any coherent X ,-module E. Now consider the exact

sequence

0—(Q ), - Q e

S I ERES A1 e = 0-

t
—w
Xok XO

(6) P. Deligne has proven recently a stronger version of 2.7(i). He has communicated
to me that the formula 2.7(i) is valid for any curve which is a specialization of a nonsingu-
lar curve.
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we get an isomorphism i(QXOM)*—'}'Q_;(O. Since X, is a Gorenstein

scheme, Ox 0|k is an invertible X -module and it follows immediately

@;'(O(i(gxolk), on) =0 for all i > 0. Consequently we get

% 1 ~ 1

() Extxo(gxolk, QXO) - Ext_xo((QX()'k)t, on),

5k %k * * 1 t

() 0_""X0|k —-’on|k —'Extxo(wx()'k,on)—bO-

The exact sequence (**) entails
- * . 0 1 t
X(on|k) = x(coxolk) +dimH(X ), Eﬁxo(wxolk, QXO))
. 0 1
=3~ 3g+dimH" (X, I;:x_txo(m;<0|k, Ox )

On the other hand, the local duality over Gorenstein scheme together with the

isomorphic (*¥) entails

dim HO(X ,, g:_c)’(o(w;(olk, Ox ) = dim HO(X o5 @% )

dim HO(XO, Ext (Q ))

22X |k’ =X,
= dim H(X j, gg_:,‘(o((gxolk)t, Ox ) - dim H%(X @y 1))

However, X is a relative complete-intersection over & and hence it follows from
1.3(ii) that dim H(X g, (@ 1)) = dim H%(X, @} |,). Consequently we obtain
that
.0 1 40 1 ¢
d1mH (Xo, _E_tho(gxo|k9 QXO)) = dlm H (X01 ‘Ex_txo(wx()‘k’ QXO))

and hence x(Q} og p) =3-3g+dimH (XO, Extx (QX olkr Ox ).

(ii) Sing (X|R) being a closed subscheme of X, Smg (XIR) — Spec(R) is
proper. Since Sing(X|R) N X, = Sing(X(|k) is a finite set, i.e. k ®, Sing (X|R)
consists of a finite number of points, it follows that Sing (X|R) — Spec(R) is a
finite morphism, and in particular Sing (X|R) is affine. Set Sing(X|R) = Spec (R').
Since R is a complete local ring and R’ is integral over R of finite type, we
conclude that R’ is a finite direct product of local rings, i.e. R’ = R, x---xR,
and therefore Sing (X|R) = V,U-.. UV, (disjoint union) where V, = Spec(R,) and
R, is a local ring. Since the underlymg space of k ® Sing (X|R) is Sing (X0|k) =
{x}, x5, -+ +, x_}, we conclude that r = m and V, = Sing, (X|R)

(111) Since X0 is a relative complete-mtersecuon over k and X is R-flat, it
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follows that X is a relative complete-intersection over R. Since X is 1-dimen-
sional, we have H (Xo, Q ) = 0 and therefore, for each affine open U, C X,
X|U0 is a versal formal deformauon of U,. On the other hand, since U0 is a re-
lative complete-intersection over k, U, admxts a generically smooth deformation
by 2.5, and consequently we conclude that a Schlessinger deformation X is gener-
ically smooth over R since R is a formal power-series ring so that Spec (R) is
irreducible. Since Sing (X |k) is a finite set, we may choose an affine open U C
X containing Sing (X |k). Let y € Sing (X|R). Since {¥} N Sing (X |k) £ @ so that
{y} NU £ @, we find that y € U. Therefore Sing (X|R) C U, i.e. Suppwle Cu.
Consequently we have that ['(X, cole) =I(U, “’XlR) and therefore we may
replace X by an affine open U = Spec (A) containing Sing (Xolk). Then A-module
QAIR has the following properties:

(a) Sing (& ®r 2y IR) = Sing (Q 4 Olk) = Sing (Xolk) consists of a finite number
of Cohen-Macaulay maximal points in Spec (k ®, A) = Spec (A ) of dimension > 1
=g, |r-

(b) QA]R is R-flat (since X is R-flat and is a relative complete-intersection
over R), and K® PR Alr is K ®g A-projective (since X is generically smooth over R).

(c) (Df,“R (= (U, w&lR) =X, “’5(|R» is an R-module of finite type.

It follows from 1.5 that {5 has no torsion, a)fa r is a perfect A-module
with hdA“’f‘\[R = 2,and I(I'(X, w'le)) = 'R(“’f‘llR) is an invertible ideal in R.
Since Sing (X|R) C U and QAIR =I(U, QX|R) has no torsion, it follows that QXlR
has no torsion, i.e.

t
0—>QXIR —b(ule ——ya)le—.O

is exact. Since depth “’AIR = 2, we have Extx(wle, Ox)=0 for i=0, 1, and
therefore wXIR — QX[R is an isomorphism. This completes our proof.

Remark. For any reduced complete curve X > we define [y Xo=SXxo™
dim Hl(XO, Q§<0lk) which measures the local contribution to the deformations of
X, We note, as a consequence of 2.7(i), that if X is a relative complete-inter-

section over k, then /,, =dimH%X ., (Q )) =dim H%X ,, ).
X 0° X olk’t 0° “X ol

3. Local connection and rigid singularities. Let & be a fixed perfect field as
before, and X a reduced k-scheme.

Definition 3.1. X is said to be a “‘limit of smooth k-schemes’’ or X, isa
specialization of a smooth k-scheme if there exists a deformation (R, X) of X,
such that X ®, K is smooth over K, where K is the total ring of fractions of R.
We say that X is rigid if every deformation of X over kle] is trivial, i.e. for
any deformation (klel, X) of X, we have X~ X ®, klel. We note that if X =
Spec (A ) is a reduced affine k-scheme, X is rigid if and only if Ext} O(QA olk? Ay
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= 0 (see 2.4). We also note that a rigid k-scheme X, can never be a specialization
of a smooth k-scheme unless X itself is smooth over k.

Every reduced curve is conjecturally a specialization of a smooth curve [3].
We have also seen in 2.5 that every affine k-scheme which is a complete-intersec-
tion is a specialization of a smooth k-scheme. On the other hand, there exists a
4-dimensional affine variety which can never be a specialization of a smooth
variety ([4], [11]). The main purpose of this section is to provide an example of
rigid 2-dimensional singularity. To clarify our motivation, we consider the phenom-
ena of local connection under specialization, for which the author is indebted to
A. Grothendieck.

For any local ring A, we denote by Spex (A) the open subscheme of Spec (A)
deleting the maximal point. A variance of the following lemma is contained in [6].

However, we give a complete proof for the convenience of the readers.

Lemma 3.2. Let A be a noetherian local ring with the maximal ideal m. If
depth A > 2 and Hi(A) is coberent, then for any A-regular element t € m,
Spex (A/tA) is connected.

Proof. Since depth A > 2, we have H;(A) =0 for i=0, 1, and hence A —

H%Spex (A), A) is an isomorphism. The exact commutative diagram
tm

0 A A A/tTA + 0

fmon (m > n)

tn
0 A A » A/t7A 0

entails the exact commutative diagram
0 — A/t"A——H(Spex(A), A/t™A)— H'(Spex (4), A) — 0

| | |

0 — A/t"A——H (Spex (4), A/1"A)—— H'(Spex (4), A) — 0

where for any A-module E we set E ={x € E[t"x = 0} = Hom,(A/t"A, E). Send-

ing to limit we get the exact sequence

0 — limA/tYA — lim HO(Spex (A), A/tYA) = lim Hl(Spex (A), A).
— — — v

v v v

Now Hi(A) = HY(Spex (A), A) is coherent by hypothesis and hence there exists an
integer 7 such that _H'(Spex(4), A) = oH1(Spex (4), A) for all m > n. Conse-
quently,
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H(Spex(4), A) L, 1 (Spex(4), A)

is a zero-map for all m > n, and hence

lim H (Spex(4), A) = 0

v
and therefore M —_ }_iiano(Spex(A), A/tYA) is an isomorphism. In other
words, A— [(Spex (4)) is an isomorphism, where Spex (A) is the formal comple-
tion of Spex (A) along the closed subscheme Spex (A/tA). Consequently,
['(Spex (A)) and therefore I'(Spex(A/tA)) has no nontrivial idempotent elements
and hence Spex (A/tA) is connected.

Proposition 3.3. Let A be a reduced noetherian local ring with dimA > 2.
If there exists a noetherian local ring A which is a homomorphic image of a regular
local ring, and an A-regular element t in the maximal ideal of A such that A/tA
= A, and A, is regular, then A is equidimensional and Spex (A o) is connected,
where A stands for the completion of A with respect to the maximal ideal of A,

Proof. Assume that A is normal. Then tA is an unmixed ideal in A and
hence A~ A/tA is equidimensional. Let us denote by A the completion of A
with respect to the maximal ideal m of A, so that ¢ is A-tegulat and A/tA ™

A We note that depthA depth A > 2 since A is normal and dimA > 2. If
HZA(A) is coherent, it follows from the above lemma that Spex (A o) = Spex (A/:4)

is connected. We note that, for every i > 0,
Hznx(ﬁ) = L%n}:‘.xt% (A/m*A, A)
- LimExt}, (4/m¥, A) ® A = limExt}, (A/m", A) = H! (4),
v AT z
and thus it suffices to show that Hi(A) is coherent. Now let x be a point of

Spec (A) such that dim{x} < 1. Since dim A > 3 we must have dimA_ > 2 and
hence depthA_ > 2 since A is normal. It follows from Grothendieck’s criteria

[6] that HZ‘(A) is coherent. Thus it suffices to show that A is normal. We use
Serre’s criteria. Let x be a point in Spec (A) such that dimA_=1. If x £ V(),
then A_ is regular by hypothesis. If x € V(:), then dim (A (), =dimA4 /1A =0

so that (A O)x is a field since (A O)x is reduced, which entails that A is regular.
Now let x be a point in Spec (A) such that dim A >2. If x£ V(#), then A_is
regular and hence depth A =dimA_>2. Let x € V(¢). Then t € m, and it is an
A -regular element such that depth A_/tA_ = depth (A o)x > 0 since A is reduced,
and therefore depth A_ > 2. This completes our proof.

Corollary 3.4. Let X be a reduced algebraic k-scheme which is a speciali-
zation of a smooth k-scheme, where k is an algebraically closed field. Then for
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x € X, with dim QXO 2> 2, Spex (on x) is connected. In particular, every point
x € X, such that dim on'x > 2 and Spex (on,x) is normal is unibranch.

Proof. We may and shall assume that X is not smooth over k. Let (R, X)
be a deformation of X, such that K ®; X is smooth over K where K is the total
ring of fractions of R. We may assume that R = k[[¢]]. Indeed, D = {s € Spec (R)|
«(s) ®g X is smooth over k(s)} is nonempty open in Spec (R) and does not contain
the maximal point of Spec (R), and therefore there exists s € D such that dim {5} =
1. Thus if we set p to be the prime ideal in R corresponding to s, then dim R/p
=1 and k(s) ® X is smooth over «(s). Let R’ be the normalization of R/p. -
Since R/p is complete with dimR/p =1 and k is algebraically closed, we con-
clude that R’ = &[[t]]. Then (R, R’ ®p X) is a deformation of X, such that
k[ ®p’ (R'®R X) is smooth over k((z)). We thus assume that R = k[[t]]. Now
let x € X) C X be a point such that dim Oy x 22 Since t is _Qx'x-regular such
that Oy /10y . ~ Oxy.x and (Qx'x)t =~ k&t)) ®.[[:]] Ox,x is smooth over k((2))
and hence is regular, it follows from 3.3 that Spex (©X0,x) is connected. As for
the second statement, let dimon’x > 2 and assume that Spex (on.x) is normal.
It suffices to show that Spex (on’x) is connected if and only if _on’x is uni-
branch. We set A =on,x and A’ the normalization of A. Since A'/A as an A-
module is annihilated by some power of the maximal ideal of A, we get the exact

sequence
0> A—> A'—A'/A—> 0

and hence (:‘i)/ — (2')/ is an isomorghism for every [ in the maximal ideal of A.
Consequently the morphism 7: Spec (A') — Spec (A) induces the isomorphism
Spex (4’) <3 Spex (A) where Spex (A") = Spec (A) - - Ym}, m = the maximal ideal
of A. However, A' is semilocal and hence A’ = Al X -eox A, where Al isa
complete local normal domain, and hence Spex (4’) = Spex (A])U---USpex 4.
(disjoint union). We note that depth Az.' > 2 since it is normal with dimension > 2,
and therefore Spex (4 l.') is connected by Hartshorne’s lemma. It follows that
Spex A) > Spex (A { JU .-+ USpex (A’;) is connected if and only if » = 1. This
completes our proof.

It is now clear how to construct an algebraic variety of dimension > 2 which
can never be a limit of smooth varieties: Let X be a normal variety. Given a 0-
dimensional closed subscheme Y C X, there exists an algebraic variety X{Y} to-
gether with the birational morphism 7: X — Xh,} such that

(i) #(Y) consists of one point z, and X — Y—-»"X{Y} - {z} is an isomorphism.
(ii) The ideal sheaf LY of Y in Oy is equal to the conductor ideal sheaf of 7.
If dimX > 2 and Y consists of more than one point, then dim-QX{y},z > 2 and

z is of multiple branches, and consequently X{Yf cannot be a specialization of a
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smooth variety. Motivated by this fact, we can now construct, for any integer n >
2, a rigid n-dimensional affine variety with an isolated singularity.

Lemma 3.5, Set
A=KIXp, o XX My, ey )

T KXy, - X, Y, Y]]/(XYll<i,j<n)

If E is an A-module of finite type such tbat depth E > 0 and depth E/(x,, Y )E >0
for all i, j, then ExtA(QAlk, E) = 0, where QAII; stands for the A- module of
continuous k-differentials of A. In particular, ExtA(QAlk, A) = 0 provided n > 2.

Proof. We have the exact sequence

— 0

'(J—,»N—»Aarxlea...e;AdxneaAdyleB.--eaAdYn—-ﬁA‘,e

where N as A-module is generated by the set f(o (= dx, Y, ) = Y, dX; + x,dy | 1<

i, j<n}. Let A: N — E be any A-linear map. Smce we have the relauons

X0 =X 0y
(%) for all i, j, &,

V@i = Y ®um

we must have that

‘(xly MY xﬂ)A(wii)CxiE

(()’1, Tty )’n)/\(co”) C)”.E,

i.e. mMw, )C(xl,y )E where m = (g eeeyx w1 Y SmcedepthE/(x,y)E
>0 by hypothe51s we have m ¢ Ass E/(x 2 )E and therefore )\(w ) € (x Y; )E
Hence we set

* K -
(+%) )t(col.j) =¥j0+ % B,
where Qs /81.]. are the elements in E. Then (*) entails again that
Xy + % B = (¥ + %,By;)

yk(y] i X Bi) =y pay, + x,8,),
i.e.
5B = %X X 4B,
yjykaij = yjykaik’

i.e.
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X7 Bij= Be) = 0
for all i, j, 4.
ypla—ay)=0
If (xl’ ey, xn)E £ 0, then depth (xl, cee, xn)E > 0 since depth E > 0 by hypothe-
sis, and therefore there exists an (xl, ceey xn)E-regular element in m, say let it
be x,. Then x,x,(B;; - B,;) =0 for all i entails that x(B;; - B;) =0 for all i,
i.e. xiﬁij inBz] and thetefore we may assume that Bi’. =0 for all 7, j. Therefore,

in either situation, we may assume in the expression (**) that Bij depends only

on j. Likewise we may assume that a depends only on i. We thus conclude

that there exist a, -+, a,, B, -+, B, in E such that Ma,)) = o, +xB
This simply means that
Ext},(Q,|,» E) = Coker (Hom,,(F, 4) — Hom,(N, 4)) = 0

where F=AdX @ ...®@AdX  ©AdY ®...® AdY . The second statement is
immediate since depthA > 0 provided » > 1 and depth A/(xi, y].) > 0 provided
n> 2,

Corollary 3.6. Let X = A} (= the affine n-space over k) where n> 2, and let
Y = {zl, z2} be a reduced closed subscheme of X consisting of two distinct k-
rational points z, z,. Then Xy} = Spec (k + my N 1”22) is a rigid irreducible n-

dimensional affine variety with the isolated nonsmooth point.

Proof. The morphism 7: X — X{y} induces by definition an isomorphism X -
Y — X{Y} - {z} where z = n(Y), and therefore X{Y} is smooth over k except at
the point z. Set X{,} = Spec (A). Since A is smooth over k except at the point
z, (O, i is locally-free everywhere except at the point z and therefore
Ext}‘(QMk, A) is an A-module of finite type annihilated by some power of m,.
Consequently the canonical maps
LA

z

Ext! (Q A) — Ext} (Q A_) — Ext! (Q/\
ANa|k AVA R T2 A, ALk
PN
are all lsomorphnsms where Q7 2k stands for the module of continuous k-differen-

tials of A . However, we have by definition the exact sequence
0—=A, =0, , —k—0
where Ox .= li_’mujyl‘(U, Oy) is the semilocal ring with two distinct maximal

ideals corresponding to the points Z ., z,. Passing tothe completion we get the
exact sequence

- - A 175
—
0 Az—'QX.zlx—QX,zz—_——' k—0
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and therefore A Ox 1 %k OX . . k[[X ey X ]] Xy RILY 5oy Yn]]. It
follows from 3. 5 that EXtA(QA|k’ A ExtA (Q Lo Az) =0 provxded n>2,

which completes our proof.

4. Comments. In this paper we have studied the deformations of projective
curves which is locally a complete-intersection. Admittedly it is the simplest
situation since the local obstructions for the prolongations of deformation do van-
ish by virtue of a property of complete-intersection [1]. However, we have examined
the deformation problems of several curves which is not a complete-intersection
including the ordinary multiple point with mutually transversal tangents. Based on
2.7 and a few empirical results, we make the following conjectures.

Let k& be a fixed perfect field (or an algebraically closed field if necessary)
of any characteristic, and let X be an irreducible reduced complete curve over
k, and let (R, X) be a Schlessinger deformation of X,- The complete local k-al-
gebra R is in general not a formal power-series ring even when X has ordinary

multiple points (with mutually transversal tangents) only (see o).

M sx, =38~ 3 +dimHO(X,, Q) where g = dimH'(X,, Oy )

One notes that the above formula coincides withthe original conjecture of P.
Deligne [3] in the case when the base field k is of characteristic zero. In view of
2.6, the conjecture (I) is entirely of local nature. Indeed, we set, for each point
x € XO’

S, = SSpec (on’x).

Then s_= 0 at every smooth point x, and 2.6 entails that Sxo = dimkHl(Xo, Q—;‘o)
+ zx s . Therefore,

Sx, = €3+ dim, HO(X, 9;%’

<3¢ -3 +dim H'(Xp, Q5 )= dim H'(Xo, Q5 )+ s,
x
<x(@Q) Y=3-3g+ 2, S,
0 x€X
If we denote by =: X(') — X, the normalization of X ), it follows from the Riemann-
)k _ _ _
Roch theorem that X(Qx(',) =3-3(g 5xo) where
8, =dim H(X,, 7. 0,,/0,), QL =Hom. (Q.,,0.,)
X, L 07 Ta=X TEX —x:) il o S _X(;,—Xé) ‘

~X
0

Now let
C".xo = HomO (7 OX' , _XO)
O

be the conductor ideal sheaf of X . We then have canonical inclusion maps
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0 —’li‘ino '(”,QX:,QXO)—' n‘(Q;‘,)
0 0 0
(%)

_XO'

0 — Hom (W*Qx, R -G-X ) — Q
X 0 0

For each point x € Xo’ we set

Q

dx = dimle [Coker (I;Igr_ngxo(n*_xé , on) — Q;(o)]"’

Cx = dlm/e(ﬂ*'QX;)/QXO)x'

We note that, for each point x € X,

Q,,e (Q*, =d. Ole )= L]
Xo(”'_xo _xo)—' 7, _XO))]x 1rn,e(77,‘__xo/_x0 L =€y

and that d_= 0= c_ at every smooth point x. Now the inclusion maps (*) entails

dim, [Coker (l:[_g_rr_lg

that X(;(l;((;) = x((_l}o) +Y,.c, — L, 4, and therefore we get 3 — 3(g - 8x,) =
XQx )+ 2ele,—d) ie. x(Q% ) =3-3g+ 30y +dy ~cy where dy =
Yudo cx, = 2.c, = dengO. Therefore, X('-Q;(o) =3-3g+ Y, 5, € 2.5, =
33X0 + dxo - Cxy i.e. the conjecture (I) holds if and only if Zx s, =
Y (35x +d_-c ). Taking complete curves with a single singular point, we con-
clude that the conjecture (I) holds if and only if s, = 33x +d, —c, for every
(singular) point x. Therefore one can give the local reformulation of the above
conjecture as follows.

(D)’ Let A be any l-dimensional geometric local domain over k. Set Aé to
be the normalization of Ao, and C the conductor ideal of A. Then SSpec(Ao) =
36 + d — ¢ where

8=dim Ag/A,  c=dim 45/C,
d= dikaoker (Derk(A(') ,C)— Derk(A o A)-

Remark. It follows from a well-known inequality 8 < ¢ < 25 that 6 + d< 36 +
d—c <20 +d, and in particular 38 + d~c =0 if and only if =0, i.e. A is
smooth over k. We also note that if A is Gorenstein then 36 + d—c =08+
dimQ, ¢ /iQ , ).

(I) Let X ) be Gorenstein. Then for each integer 0 < p < dim wS‘olk’

IR(/\ pwa'IR) is an unmixed ideal of codimension p, where the exterior power is
taken over R.

Needless to say, (II) is equallya local problem. (II) implies in particular that
for every integer 0 < m < dim m‘xolk, {z € Spec (R)|dim wé((z)‘K(z)= m} is a nonempty
locally closed subset of Spec(R). In case when (II) is correct, one can make the following
conjecture: We set, for €ach complete curve Y, I, = sy, — dimH'(Y, Q}). One may

note that if Y is Gorenstein and the conjecture (I) is valid, then [y = dim w;,,
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(111) I: Spec (R) — N given by z — lX(z) is an upper semicontinuous function,
and for each integer 0 < p < lxo, 3 (p) = {z € Spec(R)| Inzy2 p} is an equidimen-
sional closed subset of codimension p, where X(z)= «{z) ®, X.

One may note that (III) certainly would imply that every complete curve is a
specialization of a nonsingular curve. The above conjecture (III) has been veri-
fied for curves with ordinary multiple points with mutually transversal tangents
(see [9)).

(IV) Assume that X is affine. Given a point z € Spec (R), (Rz, R, ®, X)
is a versal deformation of the curve X(z) =«(z) ®, X.

This conjecture is also correct for curves with ordinary multiple points with
mutually transversal tangents. We remark that (Rz, R, ®, X) is not in general a
Schlessinger deformation of X(z) and that (IV) is false for complete curves. The
conjecture (IV) will have the following significant consequence:

av)' iIf Xl —_ XO is a nontrivial deformation of complete curves, then lx1 <

Iy
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