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THE EXISTENCE OF Ire(X)
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ABSTRACT. If X is a compact totally ordered space, we obtain the existence
of an irreducible semigroup with idempotents X, Irr(X), with the property that any
irreducible semigroup with idempotents X is the idempotent separating surmorphic
image of Irr(X). Furthermore, it is shown that the Clifford-Miller endomorphism
on Irr(X) is an injection when restricted to each K-class of Irr(X). A construc-
tion technique for noncompact semigroups is given, and some results about the
structure of such semigroups are obtained.

Introduction. A semigroup S is irreducible if S is a compact connected semi-
group with identity 1 having no proper compact connected subsemigroup contain-
ing 1 and meeting M(S), the minimal ideal of S. If X is a compact totally ordered

space, (X, min) will denote the semigroup X under the operation
xy = minimum{x, y} for each x, y € X,

A semigroup § has idempotents X if E(S) =~ (X, min), E(S) being the set of idem-
potents of S. The main result of this paper obtains the existence of an irreducible
semigroup with idempotents X, denoted Irr(X), with the property that a compact
semigroup S is irreducible with idempotents X if and only if S is the idempotent
separating surmorphic image of Irr(X). Hofmann and Mostert attempted to con-
struct Irr(X) in Chapter B, §5 of [3], but there were errors in their construction.
The first section of this paper is devoted to pointing out those errors. We next
describe a technique which generalizes the construction of generalized hormoi to
noncompact semigroups, and then establish some properties of the semigroups so
constructed. In the main section of this work we establish the existence of Irr(X),
and in the last section we give a counterexample to another proposed structure
for Irr(X). The notation and terminology will be that of [3], and the reader is ad-
vised to review the definitions of a chainable collection and of a hormos on pp.
139-143 of that volume. The duality theory used will be Pontryagin Duality The-
ory for locally compact abelian groups, and standard references are [2] and [5].
This work forms part of the author’s doctoral dissertation, and he wishes to ex-
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helpful hints in the preparation of this manuscript.

Some counterexamples. When Hofmann and Mostert attempted to construct
Irr(X), they proceeded as follows. First, they constructed a collection (X, S’:,
m’:y) which they thought to be a chainable collection, and they let Irr(X)=
Horm(X, S;, m;y)‘ If § is an irreducible semigroup with idempotents X, according to re-
sults in [3], S = Horm(X, A mxy) for some chainable collection (X, S_, mxy),
i.e. S is a hormos. In order to construct the required idempotent separating sur-
morphism of Irr(X) onto.S, they first constructed a surmorphism i : H; —H,
where H; and H, are the groups of units of S; and §, respectively, for each x € X,
They then extended ¥, to a surmorphism of S;onto S, for each x € X, and, using
these extensions, they induced an idempotent separating surmorphism of Irr(X)
onto S. The errors in this approach are two-fold. First, the collection (X, S;,
m;y) failed to satisfy all the conditions for a chainable collection, and second,
the theorem used to extend each (//x to S’: is false. We treat these deficiences in
the above order.

For (X, S, mxy) to be a chainable collection, it must satisfy the following.
If x € X is isolated from below in X, then ¢ _: H — Hy(x H, defined by ¢ ()=
(myx(b)) is an isomorphism of H_ onto Li_rn{Hy, MY < x}, where, for each

w € X, H, is the group of units of S . In particular, this condition must be sat-

y<x

isfied by the collection (X, S;, m;y) constructed by Hofmann and Mostert, but the
following shows that it is not.

[X, I]IX)

For each x € X, Hofmann and Mostert let H;= (R,

A, where Rd is the
discrete group of real numbers, 'X = {x € X\{1}: x is isolated from above in X1,

Lx, 1]'X =[x, 11 N X, and, for a locally compact abelian group 7+, G~ denotes the
» 1 s 11

character group of G. If x <y € X, they defined w;y: R, X — Rdy X by

[w;y(/)] (2] = f(2) for each z € [y, 1, if [y, 1]/ £ O, while wy () =0if [y, 1],y =

O, and they let m;y: H; —»H; be defined by m;y = w;f, the adjoint of w; Now,

v
since inverse limits and direct limits are dual, the above condition on the groups

is equivalent to the following. If x € X is not isolated from below in X, then

b, l]rx Lx, 1],
¢;;li_r’n{Rd :w;Z’YSZO‘}_’Rd X[ ]
Yo 1 1
defined by ¢,;(;7y o(f)) = w;’o"(/) is an isomorphism, where / € R o X

. [yO’I]'X X [)’tl]lx '
T]yo. d —’lﬂx d ,wyz,y§z<x}

is the natural map. We .now give an example due to J. H. Carruth where ¢; is not
an isomorphism.
Let X ={1} u{l -1/n} __ under the natural order. Then 1 is not isolated

ne€
from below in X, and so
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Le, 110y L, 1],y
¢;:l£»n{Rd ,w;y,x5y<l}—'Rd

should be an isomorphism. But, 'X is the set of points x € x\{1} with x isolated
from abov]e in X, whence 'X = X\{1}. Thus, for x £ 1, [x, 11,y is infinite. If

0
f€R, iy ik f(z) =1 for each z € [0, 1], , then wy (/) # O_ for any x € (0, 1],

) 1 .
where 0 is the identity of Rd "X, Therefore if

[0,1]! [xgl]lx
nei R X—»li___)m{Rd ywy s xSy <1
. . [X, 1]’X ' . .
is the natural map, 74(f) # 74(0) and so th{Rd s, x<y< 1} is nontriv-
l 1 .
ial. But Rd Mg = RE} = {0}, and hence we clearly cannot have the required

isomorphism, whence (X, S;, m;y) is not in general a chainable collection.

We now turn our attention to the other error in Hofmann and Mostert’s attempt-
ed proof. As remarked above, if § is an irreducible semigroup with idempotents X,
then § = Horm(X, S, mxy) for some chainable collection (X, S, mxy), and to ob-
tain the desired surmorphism of Irr(X) onto §, they first constructed a surmorphism
Y, of H; onto H_ for each x € X. They then attempted to extend ¥ to a surmor-
phism of S;onto S,» and the result they used to do this is the following.

Statement. Let ¢: 2 x G — S be a surmorphism and suppose ¢: M(Z) x G —
M(S) is a given surmorphism with (M(Z) x {1}) = H(M(Z) x {1}) and ((oe, 0), g)=
é((e0, 0), g) for each g € G. Then i/ can be extended to a surmorphism of 2 x G
onto § with /((0, 0), g) = ¢((0, 0), g) for each g € G.

Here 3 = {(r, s(): r e HY*CH* x R; is the universal solenoidal semi-
group (see [3, p. 71]), and G is an arbitrary compact group. The following is a
counterexample to this statement. Let G =1{1}, $ =3, ¢: & — X be the identity,
and define : M(Z) — M(Z) by ¢ ((s0, b)) = (0, b~ 1). Then FM(E)) = Y(M(Z)) as
required, but i is not extendable to all of 2. For suppose ¥ (p, s(p)) = (r, s(7))
for r € H\{0}. Then

(00y s5(p)™ 1) =P (os, s(p)) =yl(ce, 0)(p, s(p))]
= (//(oo, 0) Y (p, s(p)) = (00, 0) (7, s(r)) = (o0, s()),

whence s(p)~! = s(r), contradicting the fact that s, being the adjoint of the iden-
tity map of Rd into R, is one to one. This completes the counterexample.

Later, we shall give a counterexample to another proposed structure for Irr(X),
but this requires information which should properly appear during the proof of the
existence of Irr(X).

Linkable collections and H-linked semigroups. As noted above, the collection

X, S; R m;y) constructed by Hofmann and Mostert failed to satisfy all the proper-
ties of a chainable collection. However, using techniques identical to those for
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generating a hormos from a chainable collection, a semigroup can be constructed
from a collection such as (X, S;, m;y) which shares all the properties of a hor-
mos save compactness. Moreover, a semigroup so constructed plays a central
role in our proof of the existence of Irr(X). In this section, we investigate such
semigroups and we begin with the following definition.
Definition 3.1. (X, S, mxy) is a linkable collection if
(@) X is a compact totally ordered space with maximal element 1 and minimal
element 0. X'={x € X\{0}: x is isolated from below}, and, if x € X', x'=
supl0, x).
(b) For each x € X, S is a compact semigroup with identity 1_ and minimal
ideal M_ satisfying:
(i) M, is a group with identity e .
(ii) ¥ x ¢ X', then §_= M, = H_ is a group, where H,_ is the group of
units of S ;if x€ X', H_NM_=n0.
(iii) If x # y, then 5.0 Sy: o.
(c) For each pair x, y € X with x < y, there is a homomorphism Moyt Sy —
S, satisfying:
(1) m,. is the identity.
(i1) If x <y, then mxy(Sy) CH,.
(iii) If x <y < z, then My Oy = e
(iv) Mxyl My is an injection if y € X'and x = y'.
(v) I x ¢ (X"uio}), then ¢ H — I _ H, defined by ¢, (h) =

b4

(myx(b))y<x is an injection of H_ into l‘iLn{Hy, My <2< x}

Note that any chainable collection is linkable.

Lemma 3.2. Let (X, Seom y) be a linkable collection and let S' = Uxex S,
If s, t €S withs €S ,t€ S yand z=x Ny, de[z'ne st=m, (s)m, (z) With this
multiplication S' is an algebrazc semigroup, and S'is commutative z[ and only if

each S is commutative.
Proof. This is the same as the proof of 5.2, p. 140 of [3].

Lemma 3.3. Let (X, S _,m ) be a linkable collection and let S'= U ex S,
Let B be the basis of open zntervals inX. If Ue B, u=inf U, and V C S, is
open, define W(U, V)=1{s € S':se€ S, for some x € U and m  (s) € v Tben 0=
(W, V): UeBand V C Siafu iS open} is a basis for a topology on S' relative
to which S' is a topological semigroup when endowed with the multiplication of

Lemma 3.2.

Proof. Again, the proof is the same as that of 5.3, p. 140 of [3]. We should
note two things, however. First the inclusion in O of the basis 33" of Sx\Hx for
each x € X' in [3] is superfluous. For, if V € B o then V = W(U, V) where U =
[x, 1]. Secondly, although the fact that H, lgn{H » My ¥y S 2 < x} for x not
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isolated from below is quoted at certain points in the proof in [3], condition (c(v))

of Definition 3.1 is easily seen to be sufficient.

Lemma 3.4. Let (X, Ser mxy) be a linkable collection and let S'= UxEX S,
be the topological semigroup constructed in Lemmas 3.2 and 3.3. I/ R is the re-
lation on S' whose cosets are {s, m o (sBifse M, for some x € X', and {s}
otherwise, then R is a congruence on S' and S"/R is a topological semigroup when

endowed with the quotient topology.

Proof. The proof that R is a congruence is the same as that for 5.5, p. 142
of [3]. To show S'/R is a topological semigroup under the quotient topology, ac-
cording to [1] it suffices to show R forms an upper semicontinuous decomposition
with compact cosets. As R clearly has compact cosets, we show only that R is
upper semicontinuous. Moreover, it suffices to show U{R[s]: REs] C v} is open
for each V € O, the basis for S’ defined in Lemma 3.3.

Let W(U, V) be a basic open subset of S', and let s € W(U, V). If RLls] =
{s}, then R[s]1C W(U, V). Let u = inf U, and suppose Rls]=1{s, t} with s € H,
t€M ,yeEX', x=y", and m, (t)_s. Then m, (t)~m < (m, (t)) m, L(s)ev
ass€ W(U, V), and so t€W(U V)1fy€ u. If R[s]-{s,m ' (s)}whetes EM,
and x € X', then m o (s)e WU, V) if x' € U since m, '(m ' (s))— m, (s)e V
as s € W(U, V), whence Rls] Cww, V) if x'eU. Thus the only p0531ble cases
under which R[s] Z WU, V) for s € WU, V) are

(@) seM, forx € X', x=inf U€ Uand x # 0, or

(b) s€m . (M Yforx € X', x'=sup U€ Uand x £ 1.

Thus, U {R[s] R[s] < w(u, v)} = w(u, I\ U B), where

A 3Mx ifx=inf U€ U, x#0, and

O otherwise;

5 %mx:x(Mx) ifx'=supueU, x'"#£1,
O

otherwise;

and, as A and B are closed, U{RLs]: R[s] C W(U, V)} is open, whence R is upper
semicontinuous.

Definition 3.5. Let (X, Sx, mxy) be a linkable collection and let S’ =
Ux ex S, be the topological semigroup constructed in Lemmas 3.2 and 3.3. If R
is the congruence on S’ described in Lemma 3.4, then S = S'/R is called a linked
semigroup and is denoted by § = £, Sermy ) If each S is cylindrical, then §
is called an H-linked semigroup and is denoted by § = }(£(x S, mxy).

Note that if (X, Sx, mxy) is a linkable collection, then R N (Sx X Sx) is the
diagonal of §_ for each x € X, whence we may identify S _ with its image in S =
fx, S mxy). Furthermore, it is easy to see that the topology induced on S



128 M. W. MISLOVE [ anuary

from g(X, 0

section with the following.

mxy) is the same as the original topology on S . We conclude this

Proposition 3.6. Let S = £(X, Sermyy) bea linked semigroup. If A is any
of Green’s relations on S, then A N(S_x S )=A_ for each x € X, where A s
the relation A on Sx. Moreover, if § = }(S‘.)(X, Sx, mxy) and 0 = inf X, then S is
connected if and only if S is connected.

Proof. We prove the first part only for A = R, the other proofs being similar.
Since S_ is a subsemigroup of S, we have A CA N (5 x $.). Conversely, sup-
pose (s, t)€ AN (S xS ). Then there are a, b € S with s = ta and t = sb. If
ac€ Sy and b €S, thens =ta = mwx(t)mwy(a) where w=x A\ y. But,as s€S_,
w=x,and so x = x N\ y, whence s =tmxy(a) with mxy(a) €S, . Similarly x < z and
t=sm_(b)withm ,(b)€S ,andso(s,t)€A completing the proof.

If S= ]’(g(X, Sx, mxy) is connected, then S is connected as SO = M(S). Con-
versely, suppose S is connected and § = P U Q. We suppose §,C P and show
Q=0. If A={xEX:SygpforOSnyf,thenA%-Das0€A,andwe let z =
sup A,

Claim 1. z € A,

Proof. Either z € X' or not. If z € X' , then M CS CPasz € A. Since
S, is cylindrical, there is a surmorphism f: 2 x H, — Sz, and so, if s €5, then
s € f(Z x {h}) for some b € H,. Since f(Z x {h}) is connected and meets M_, we
have f(2 x {h}) C P. Thus S, CP.

If z¢ X', then S,=H,and {m (b)}y<z — b for each b € H,. Moreover since
m, L)€ P for each y < x, b € P¥= P Hence S, C P in this case also, which
estabhshes the claim.

Claim 2. z =1.

Proof. If z £ 1, then we have two possibilities. Either z = y' for some y € X'
orz#y'foranyy€ X',

If z=y'for some y € X', then My €S, C P, and an argument similar to that
in the proof of Claim 1 shows Sy C P, whence y € A, contradicting z = sup A.

Thus, z # y' for any y € X', and so there is a net {y,},.p C X withz <y,
and S ﬂ Q#nDforeachaeD. If s, €S, ﬂQ for each a € D, then there are an

hes, and a subnet {S,B}ﬁeE of {sdqep wu:h {m (S,B)z,BeE —binS,. It then
follows that {s ,B},BeE —binS,and so h € 0%= Q, contradicting b € S_ C P. This

contradiction proves Claim 2.

Thus S C P, and so Q =D.

The existence of Irr(X). We now turn our attention to the main result of this
paper. Our proof consists of three parts: We first construct a semigroup with
idempotents X, which we denote Irr(X),, with the property that any irreducible
semigroup with idempotents X is the image of Irr(X), under an idempotent separat-
ing surmorphism; then, using Irr(X),, we construct a compact semigroup T with
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the property that any irreducible semigroup with idempotents X is the surmorphic
image of T; finally, we map Irr(X), into T in a natural way, and find that any ir-
reducible subsemigroup of the closure of the image of Ir(X), in T satisfies the
properties desired for Irr(X). In the last part of this section, we refine the con-
struction of Irr(X), and point out instances when Irr(X), is compact, thus giving
an explicit description of Irr(X) in those instances. We begin by quoting some
results we shall need in our proof.

Theorem 4.1[Koch [4]]. Let S be a compact connected semigroup with identity
1 and minimal ideal M(S) £ S. If each subgroup of S is totally disconnected, then

there is an l-semigroup running from 1 to M(S).
Throughout this work we shall refer to Theorem 4.1 as Koch’s Theorem.

Theorem 4.2 [3, p. 150]. Let S = Horm(X, S mxy) be an abelian hormos. S
is irreducible if and only if each of the following is satisfied:

(i) H, =11}

Gi) If x#y'forany y e X', then H =AU, __ x 1 -H )*.

Gii) If x € X', then M_=H_,.

Theorem 4.3 [3, p. 151]. Let S = Horm(X, S
group with idempotents X. For each y € X', let /y: 2 x H,— S, be a surmor-
phism with /y((O, 0), b) = b for each h € H . Then, for each x € X with (x, 1] N
X'4g,

mxy) be an irreducible semi-

H_= , lm (f (M(3) x uy;»;)*.

x<y €X

Theorem 4.4. If X is a compact totally ordered space, there is a linkable
collection (X, S;, m;y) with S;: 3 x H’: for each x € X' so that Irr(X), =
K&, s,

S is irreducible with idempotents X if and only if S is the idempotent separating

m;y) is a connected semigroup. Moreover, if S is a compact semigroup, then

surmorphic image of Irr(X),,.

Proof. We break the proof into three parts:

(a) The construction of Irr(X),,

(b) the proof of the necessity in the last statement of theorem, and

(c) the proof of the sufficiency in the last statement of the theorem.

For part (a), the construction of Irr(X),, recall that if X is a compact totally
ordered space, X'={x € X\{0}: x is isolated from below}, where 0 = inf X, and if
x € X', then x'=suply € X: y <x}. Also 1 = sup X.

We first construct the maximal subgroups of Irr(X),. For each x € X, let

ey : ,
G, = Rdx X' and, if x <y € X, define w;y: G; —>G;by [w,:y(/)] [2] = /(=) if

z € (y, l]x, , while w.;y(/) = 0 if (y, l]x, =0 for each [ € G;. Clearly G"C is an
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abelian group for each x € X and w;y is a surmorphism of G; onto G; ifx<ye€X.
Furthermore, that w;y o w;z = w;z if x <z € X is also clear, and we note that
G;, > Rde'for eachx € X',
Now, let H —(G )" foreacthX and, if x <y € X, let m :H' — H! be
¢) ' Xy y x
defined by mx =W,- Since w! xy is a surmorphism, m Xy is an injection. More-
over, if x<y<z€X,

' ' '$ ' ' [}
o = o = =
mxy myz wxy wyz wxz mxz’

and H',=(G,") =Ry x Hif x € X.

Fx¢ X', let S'= H!, while we let S'=S x H.if x € X'. If x € X', extend
m;,x to S by noting that M, =‘H;, under ((ce, g), b) — (g, b), and that m;,x is
the core endomorphism of S' followed by that isomorphism. Then, if y <x, let
m;x = m;xl o m;,x. Clearly the collection (X, s! o m;y) satisfies all the prop-
erties of a linkable collection, the last following from the fact that m'y is an in-
)ectxon for each pair x, y € X with x <y. If Ire(X), = HEx, Sx, m ) then SO—

0— (GO) , where Go— Rd X' Since Go is torsion-free and dxscrete, H0 is
divisible and compact, whence H,= S is connected, and so Irr(X), is connected
by Proposition 3.6. Clearly Irr(X), has idempotents X. This concludes the proof
of part (a)..

For part (b), the proof of the necessity in the last statement of the theorem,
suppose § = Horm(X Som, ) is an irreducible semigroup with idempotents X.
For each y € X' S is cylmdncal and so there is a surmorphism f 12 x H, —
S w1thf (0, 0, b) b for each b € H [3, p. 88], and let F, = (M(E)x {1 }) o
Rd'

Let %, = inf Cx(1), where Cy(1) is the component of X containing 1. Then,
by [3, 5.11, p. 145), ' = (U{Sy: xy < y}* is an irreducible subsemigroup of S,
and since {ly: xy < y} is a compact connected subsemigroup of S', we have §'=
{ly: x; <y} Hence H, = {ly} for each y € Cy(1).

Now if x € X with (x, I]X' =0, Koch’s Theorem implies there is an arc in X
from 1 to x, whence x € Cyx(1). Thus, if x € X and x £ C,(1), (x, I]X,f O and
so, by Theorem 4.3, we have

M U, b 7, HE) x 1 i)™,

\x <y€

Now, if x € Cy(1), let ¢ : Hx¢= G, — G, be the obvious map. If x € X with
(v, U, #0 define )= (Flm 2 __ ...
and it follows easily from (1) that ¢_ is one to one.

Now, if x <z € X, (z, 1] Xt #0,and g € G, then

w) (L) = w J(Pm, 2D, | o5 1= (12, 2(e))
-(/¢(m Hmd M), yex = ¥ (m? (),

¥, is clearly a homomorphism

z<y €X'
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whence the diagram

Q
N~

D
N

Xz

R -
r

commutes, If z € Cx(l ), the above diagram is clear.
Now dualizing, if 0, = g&f, then 0, : H. — H_ is a surmorphism for each

x € X, and, if x < z € X, the diagram

2
'
H, H,
'
U M xz
'
Hx 7Hx
o

commutes. In particular, if z € X' and x =z', then G; o~ Rd X G; and l/lx =
(/'ZS o mxf)x ((/;zo'mxf), and so H; o R;x H; and,if (g, b) € H;, then

2) o (g b) = m ([ (o0, g), 1 Dm, (0, (h)) by duality.

We now define /-s: Uxex S;—-' Uxex S, as follows: If x ¢ X, then S;: H;
and we let f(h) = 0, (b) for each b € S;. If xe X', S;: 3 x H;, and we let
{s(C, g), b) = /x((id x ax)((r, g), b)), where we recall that { : 3 x H — S with
/x((O, 0), b) = b for each b € H, is the surmorphism guaranteed by the fact that
S, is cylindrical. Hence, /s((r, g b)= [ ((dx 0 ), g), b)) = [, ((r, g), 0, (b)) =

1., ), 1) 0 (h).
Suppose now x € X' and let b € H;. Then,

750, 0), b= 1,0, 0), 0 (B)) = 0, (h),
whence /.S | H;= o,. If ((0, 8), b) € M;, then
m_, oo @) B =m_, [ ((on g), 0, (B))]

= m_, Uy ), 1) (O, 0), 0, G = m; [1,(ony ), 1,)/,(00, 0), 0, (5]
=m, (o ), 1, (10,00, 0,3 = 0, (m’, (e, ), B,

the last equality following from equation (2). We note that /| S; is a surmor-
phism of S; onto S for each x € X, Using these facts it is tedious but not hard

to show f¢ is a homomorphism.
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To show /-S is continuous, let s'€ S; with /.S(s')= s € WU, V). Then
s€S, and if u=inf U, then x € U and m_ (s) € V, and so, if V'=[5'(V)NS ,
then V is an open subset of S since /S |S =f,° (id x 0,) is continuous. Now,
sewW,v 'Y and it is easily shown that /S(W(U Vv ))C W(U V), whence /S is

indeed continuous.

We wish to induce /S: Irr(X)0 — S from /-S: UxEX S;_'Uxex Sx. To do
this, we show p i C [ ,where, for a function f: A — B, Py ={(a, b)e A x A:
f(a) = {(b)}, and 7)' and gre the natural maps from Uxex S; to In-(X)o and from
Uxex S, to S, respectively. If 7]'(5) =7n'(¢) and s # ¢, then we may assume
s € M for some x € X'and t = m ' (s) by the symmetry of Pyt Then /S(s) €M,
/S(t)e H., and m L (/S(S)) /S(m LN = [ 5(), whence n(f5(s)) = 77(/3(5))
and so f¢ is mdeed induced. Furthermore, in the proof of Lemma 3.4, it was
shown that if (Y, Ty, myz) is a linkable collection, the congruence defined in
that lemma is upper continuous, whence the natural map is closed. Thus #’' is
closed, and since /-S and 7 are continuous, f¢ is continuous. f is clearly idem-
potent separating, and since f-S and 7) are surmorphisms, f¢ is a surmorphism,
thus completing the proof of part (b).

For part (c), the proof of the sufficiency in the last statement of the theorem,
suppose § is a compact semigroup and f: Irr(X), — S is an idempotent separating
surmorphism. Then f(X) = X and f(X)C E(S). Since f is a surmorphism, if
e € E(S), there is x € X with e € /(S;), and since S; is compact, there is e’ €
E(S) with f(e') = e. Thus, e € f(X), and so E(S)= [(X) =X

Since Irr(X), is a connected abelian H-chain, f(Irr(X)y) = § is a connected
abelian H-chain, and so H is a congruence on S and S/H is an arc. Hence, by
(3, p. 122, 11(®)), S/} is an I-semigroup, and therefore by [3, p. 143, 5.7], S =
Horm(X, Sx, m, ) where S = 17"1(x) if x ¢'X while S = n'l(x xJ*if x € X'
n: 5 — S/ bemg the natural map, and, of course, we assume the S ’s are pair-
wise disjoint. We now show /(S )=S, for each x € X.

If x¢ X' , then S = H and clearly /(S )C S Moreover if s€ Sx, then there
is t € Irr(X), with /(t)-— s. There is z€X w1th {(l )] afaeD 1, for some sub-
net of {(lxt)"}nea,, and so f(1,)=lim (1, t) =lim f(1_ )y a/(t) = hm s %= 1.
Hence we have 1 t € Sx andf(1,t) = s, whence S _C /(Sx). Thus S = [(Sx) if
«¢X'.

If xe€ X', then nof| S; is a surmorphism of S’: onto [x', x], and recalling
that S =3 x H], there is p > 0 with (5 0 1) ((r, s(r)), b) € (x', x] if 7 < p. More-
over, p> 0 as f is idempotent separating, and so, if A = {((r, s(r)), b): r < p,

b e H;}, then f(A) C n~1(x', x], whence f(A) CS,. Furthermore, (A)* = S;, and
s0 [(S,) = f{A®) C fA)* = (f(A)*C S, the last inequality following from the
facts that f(A)C S _and S is compact, whence /(S;) CS,. Conversely, if s€S§
then xls n(s)<x,and so t € In'(X)0 with f(¢) = s implies /(lxt)= s and lxt € S;

x?
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by an argument similar to that for x ¢ X'. Thus S, ¢ /(S;), and we have §_ = /(S;) for each

x € X.
Now to show § is irreducible, by Theorem 4.2 it suffices to show that H, =

{1}, H,, =(U{1xHy: x<yD*if x £ y'forany y € X', and M_ = H, ifxe X'. The
first is clear as H{_ {1} and /(H'): Hy. X x#y'forany y € X', then H_ =
[(H ), and since H, (U H;)*,clearly, we have H_ = /(H;)=

<y€X
[((U L H )*)C(U 1 /(Hy))*:(Ux<y N H ). Since the reverse contain-
ment is obv1ous, H, = <Ux<y . Hv)*. Finally, if x € X', then M, = /(M;) =

/(Hx )= x,, the middle equality following from the structure of Irr(X),. Hence §
is indeed irreducible, thus concluding the proof of the theorem.

We now state and prove a lemma which we will later use to show that the
Clifford-Milier endomorphism on Irr(X) is an injection when restricted to each X-
class of Irr(X).

Lemma 4.5. Suppose s € H"g Iee(X) with s # 1_ for some r € X, and suppose
there are an irreducible semigroup S with idempotents X and an idempotent sep-
arating surmorphism f: Ier(X)y — S with {(s) # [(1,). Then there are an irreducible
semigroup S' with idempotents X and an idempotent separating surmorphism
f': T (X) =S with f'(m;r(s));é /'(1y) for each y € X with y < r.

Proof. Since § is irreducible with idempotents X, S = Horm(X, S mxy) for
some chainable collection (X, S _, mxy). From this collection we construct an-
other chainable collection (X, T, ﬁxy) with §' = Horm(X, T,, ﬁxy) an irreducible
semigroup with idempotents X.

If r<y€X let T _S , while if y <7, y £ X', let T, =H,. Finally, if
y<randye€ X', letT H x H. Ifr<x<y,weletm y = My, While if
x<y<r, m, is the idenuty if y ¢ X', and m, xy is the 1dent1ty map composed
with the core endomorphxsm of T if y € X', where for z € X' with z < r, we iden-
tify H, with {0} x H, C H* x H,. Lastly, if x<r<y,letm,=m om . Itis

xr
a smple task to show that (X, Tx, Tn’xy) is a chainable collection, and we let S =
Horm(X, T, 7n'xy).
We now construct an idempotent separating surmorphism /': Ir(X)y — S. It
clearly suffices to construct a surmorphism [ Ux ex S; - Uxex T, with /(S;) =

T, for each x € X. If r<fo,define ﬂS;:fx:/lS;. If x <r, then H;:
’, .
K'@m'(H')since G'=Rx X'xG' If x¢X', then S'=H',andwe let

[k, b) =, (fm "'(B)). ¥ x € X, then S/ =3 x H!, and we let [ ((r, g), (k, b))
= (r,lx) mxr(/(mx;l »)N). glearly /X is continuous and /x(Sx) =T, for
each x € X. If r<x, then f{ is a homomorphism as fis. If x<rand x ¢ X',
then_ [e=m_°f° m;r‘l om,, where 7, : H;—b m;r(Hr') is the natural map, and
so [ is a homomorphism. If x <r with x € X', then

18 =la (N7, 0ofom T on, ()],
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where m) : 3 x H; — H* and 7, : 2 x H; — m;r(H:) are the na-tutal maps.
Hence, since T, is abelian, /, is a homomorphism. We define f: Uxex S; —
Uxex T, by f-| S;: /.x for each x € X. It is now tedious but not difficult to show
that [ is a homomorphism, and an argument similar to that in the proof of part (b)
of Theorem 4.4 yields f-is continuous.

It now follows from Theorem 4.4 that S is irreducible with idempotents X
since f': Irr(X), — S is clearly idempotent separating. Finally, if y <r, then
f (m, (s)) = f 1, -s)= f (1y)/'(s) =7, ({(sN# 1, as 7, is the identity and [(s) £
1.. This completes the proof of the lemma.

We now state and prove our main result.

Main Theorem. Let X be a compact totally ordered space. There is a irre-
ducible semigroup with idempotents X, denoted by Itt(X), such that, for any com-
pact semigroup S, S is irreducible with idempotents X if and only if S is the idem-
potent separating surmorphic image of Ir(X). Moreover, the Clifford-Miller endo-
morphism on Irr(X) is an injection when restricted to each H-class of Irr(X).

Proof. As remarked at the beginning of this section, to obtain this result we
first construct a compact semigroup T which maps onto any irreducible semigroup
with idempotents X. We then map Irr(X), into T under a natural map, @, and find
that ®(Irr(X),)* is a compact connected semigroup with idempotents X which maps
onto any irreducible semigroup with idempotents X under an idempotent separating surmor-
phism. Finally we find that any irreducible subsemigroup of ®(Irr(X )0)* running from its
identity to its minimal ideal satisfies the properties desired for Irr(X). In the course of
the proof we shall also obtain results which show that the Clifford-Miller endomorphism on
Irr(X) is an injection when restricted to each Heclass of Irr(X).

According to Theorem 4.4, if S is an irreducible semigroup with idempotents
X, then there is an idempotent separating surmorphism f: Ir(X), — S, and so there
is a congruence p on Irr(X), so that the diagram

Irr(X) 0 —-—f—> S
n\ ¢
Irr (X )0‘, o

commutes (algebraically only), 7 being the natural map and ¥ being the induced
algebraic isomorphism. But if UCS is open, then 7~ Xy~ X(V)) = f~1(U), which
is open in Irr(X), as f is continuous. Hence l{l'l(U) is an open subset of
Itr(X)o/p under the quotient topology. Said another way, if J is the topology in-
duced on Irr(X)o/p from S by ¥, then n: Irr(X)y — (Irr(X)O/p, J) is continuous.
Let J be the collection of all pairs (p, J) such that

(a) p is a congruence on Irr(X),,
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(b) J is a topology on Itr(X)O/p so that (Irr(X)O/p, J) is an irreducible semi-
group with idempotents X, and

(c) n: Ie(X), —>(Irr(X)o/p, J) is continuous and idempotent separating.

Then, by Theorem-4.4, if § is any irreducible semigroup with idempotents X,
there is (p, J) € F with (Ire(X),,,, T) = 5.

¥ T=I, g5 Tx(X)g,p J) under the Tychonoff topology and endowed
with coordinatewise multiplication, then T is a compact connected semigroup
which maps onto any irreducible semigroup with idempotents X. Now define
& Irr(X), — T by d(s) =(r](s)).,) «¥» Where we identify the pair (R 9) and the natu-
ral map 7: Itt(X)o — (Irr(X)o/p, 7). ®is clearly a continuous homomorphism and
®| X is one to one as 7| X is one to one for each 7 € F. Thus ® (Itr(X)O) isa
connected abelian subsemigroup of T containing (y(1 ))nef =1, and (77(0))7755‘ €
M(T), and an argument similar to that in the proof of part (c) of Theorem 4.4 shows

E(®(Irx(X),)) = B(X).

Sublemma 1. The Clifford-Miller endomorphism on ®(Ier(X),) is an injection
when restricted to each N-class of <I>(Itr(X)0).

Proof. Let 1, € E@ (Irr (X)) N M(®(Ier(X) ), and suppose s € @(Irr(X)O).
If H(S), the H-class of s in ®(Irs(X),), is a group, then H(s) = Q)(H;) for some
y € X as @ is idempotent separating. If ¢ € Hy = H(s)with t £ 1_, then there is
u € H;, u# ly with ®(u) =t. As t#£ ly, there is (p, I)e F with n(p.g)(t) #
ﬂ(p’g-)(ly), where Tp,9) T — (Irr(X)O/p, J) is the natural projection. Hence, if
72 r(X)g — (Irr(X) /pp J) is the natural map, then n(a) = 7, P NOEE PN
n(ly), and so by Lemma 4.5, there is (p’, 3-:) € ¥ with n'(lxu) # n'(lx) for x € X
with x < y, where 7': Ier(X), — (Itr(X)O/p,, 3.,) is the natural map. As 0<y,
7)'(10 cu)#n'd o)» Whence 1, - ¢ # 1, and so the core endomorphism is an injec-
tion in this case.

Suppose now that H(s) is not a group, and let ¢ € H(s) with s # . Then,
there are u, v € Irr(X), with s = t®(z) and ¢ = s®(v), whence s = s®(vu), and so
s = s®(vu)” for each n € w. Now, there is y € X and {Ou)* Seep — ly for some
subnet of {‘D(vu)"}new, and so we have s =5« ly. Moreover, since wv = vu, we
also have t=1¢. ly, and since 1 -, 1, -ve H;, (D(lyu), q)(lyu) €H,,and s =
t<I>(1yu) and ¢ = sq)(lyv). As s #£1, 01 yu) # q)(lyv), and, by the first part of the
sublemma, 1 - ’CI)(lyu);é 1,- d)(lyv) . Thus, 1j-s=14(- (D(lyu))=t . loq)(lyu) £
t-1,, the inequality following from the fact that we are in the group H,. This
establishes the sublemma.

We now turn our attention to CD(Irr(X)O)*. Suppose s € (D(Irr(X)o)?", and let
tsglgep C Irr(X)y with {®(s ), .p — s. For each a€ D, pick %, € X withs €S,

’
and let x € X with {xa}aeb — x by possibly picking a subnet. Again, by possibly
picking a subnet, we may assume one of the following holds:
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(@) x,=x for eacha € D. Then s, € S; foreach a € D, and, as S; is com-
pact, ®(S)) is closed, and so s = lim ®(S,) € O(S ) C D(Ier (X))

(b) x <x_for each a €D. Then m;xa(sa) € 5; fon_'each a € D, and, again as
S; is compact, s = lim ®(s ) = lim d)(m;x (sg)) € @(S;) C ®(Ier (X))

a

(c) x, <=x for each a € D. Suppose x # inf Cy(x), where Cy(x) is the com-
ponent of X containing x. Then, as {x_} ., — , there is B € D with x, € Cy(x)
fora> fB. Then s, € S;a = H; = H; and m; , is the identity for a > 8. Hence,

a
in this case, it is easily shown that there is ¢ € H] with {s

'y;'yeE —s t for some
subnet of {Sa}aeD’ and so s = lim fD(sy) =®@1) e (I>(H;) C O(Ire (X))

We can conclude from the above that, if s € (I)(Irr(X)o)*\(D(Irr(X)o) and
{®(s Nyep — s with s, € S; and {x} — x, then x,<x foreacha €D, x =
inf Cy(x), and x ¢ (X'u {Oi).a

We now show s € H_.

Since Irr(X) is an }(-chain, ®(Irr(X),), and, hence, (I)(Irr(X)o)* are H-chains.
If ve ®(lee(X))* — (D(Itr(X)O)*/}( is the natural map, then {x},.p — % implies
W(@(s M, ep — v(@A,)), and so v(P(s)) = v(®(1,)). Thus s € H_, and so
(I)(Irr(X)O)* = (Ux ex! (I)(S;)) u ( U’c X! H), and in particular, E((D(Irr(X)o)* ) =
E(® (Irr(X),)), whence @(Irr(X),)* has idempotents X. Suppose now that s, ¢ €
(D(Irr(X)o) and that s and ¢ are H-related in (I)(Irr(X)o)*. Then, any idempotent

that acts as an identity for one of s or t acts as an identity for the other, and so

aeD

s, L€ @(S;) for some x € X, If s, ¢t € H_for some x € X, then s and ¢ are H-related
in ®(Irr(X),). Suppose s, t € B(S)) for some x € X', There are a, b € D(Irr(X))*
with s = ta and t = sb, and so s = s(ab)" for each n€w. Thus s=s1, where z € X
with some subnet of {(ab)"}new converging to 1,, and so x <z. Hence 1 .4,

1 +be€eH,,andsince H CP(Irr(X),), s and ¢ are H-related in O(Irr(X) ) as s =
tea=t-1_-aandt=sb=s-1 -b. This shows that the Heclass of a point s
in ®(Irr( X)) * is the same as its H-class in ®(Irr (X)) unless s is in some sub-

group of ®(Irr(X) ). We are now in a position to prove the following:

Sublemma 2. The Clifford-Miller endomorphism on ®(Itr(X)()* is an injection
when restricted to each H-class of (I)(Irr(X)O)*.

Proof. According to the above and Sublemma 1, we have the result except in
the case of a subgroup H, for x ¢ (X' U{0}), and x = inf Cy(x). If s € H_with
s# 1, then ®(Irr(X))* compact implies ¢ _: H — ﬂy <x H, by ¢,.(h)=

1. -5) is an isomorphism of H_ onto lAr_ni Hy, m,_, y <z < x} where ™,y is trans-

y y<x yz?
lation by Iy. Hence, there is y<xand 1 - s #1, forwe [y, x). As x=
inf Cy(x) and x £ (X' U {0}), Koch’s Theorem implies [y, x) N X'£ 0. If we
Ly, x) N X' then H, = CD(H;}), and so the core endomorphism is an injection when
restricted to H,, by Sublemma 1. Now 1, -s#1 aswe Ly, x), and so lyes=

1+ (1,s)# 1, by the above. Therefore the core endomorphism is an injection
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when restricted to H,_, and so the sublemma is established.

Now as Irr(X), is connected, ®(Irr(X),) and, hence ®(Irr(X),)* are connected
subsemigroups of T. Thus ®(lrr(X),)* is a compact connected subsemigroup of T
containing 1. and meeting M(T). Let Irr(X) be any irreducible subsemigroup of
(I)(Itr(X)O)* containing 1. and meeting M(T). Then the Clifford-Miller endomor-
phism on Irr(X) is an injection when restricted to each H-class of Irr(X) as this
property is easily seen to be hereditary. We now show Irr(X) has idempotents X.
If S is the canonical I-semigroup through X, then § is irreducible with idempo-
tents X, and so there is (p, T)e T with (Irr(X)O/p, Ty ~s. ¥ (0, 9) T —
(Irr(X) g/ o J) is the natural projection, then 7 (p, gy rr(X)) is a compact connect-
ed subsemigroup of (Irr(X), J) containing 7 (o, 5y 1) the identity of
(I:r(X)O/p, J), and meeting rr(p’g)(M(T)), the minimal ideal of (Irr(X)O/p, .
Hence, as (Irr(X)O/p, J) is irreducible, ﬂ(p’j-)(lrr(X))= (Irt(X)O/p, J) and since
Ir(X) is compact 7, gy (E(ler(X)) = E(Irr(X),,, J) = X. Since Ire(X) C
O(Ire (X)) *, E(Irr(X)) CD(X), and, as 7(p, ) is clearly idempotent separating on
®(X), we must have E(Irr(X)) = ®(X). Finally, if § is an irreducible semigroup
with idempotents X, there are (p, J )€ ¥ and an isomorphism i: (Itr(X)O/p, Fy—
S I mi, gy T — (X)), J) is the natural projection, then i o 7 (o, gy | B (X)
is the desired idempotent separating surmorphism of Irr(X) onto S.

The converse of the last statement of the theorem is simply [3, 5.31, p. 156].
This completes the proof.

We conclude this section with an outline of some refinements of the construc-
tion of Irr(X),, and with some examples where Irr(X), is compact, thus fulfilling
the role of Irr(X). The reader is advised to review the proofs of parts (a) and (b)
of Theorem 4.4 before proceeding.

Let X be a compact totally ordered space, and, for each x € X, let

' (x, 1]X’ 1]
G.={feR, :3zeX'\{l} 3y € (z, 1)ys = () = O}
It is easily verified that G’: is a group for each x € X, and that if x <y € X, then
w;y(G;): G;, where [w;y(/)] =] = f(z) for z € (v, I]x, and f € G;. To see that
the system {(G;) " (w;y)qs, x <y € X} satisfies the properties desired for the
maximal subgroups of Irr(X),, we show the following.

Lemma 4.6. Let S be an irreducible semigroup with idempotents X, and let

{G,, mfy, x <y € X} be the dual of the system of maximal subgroups and bonding

(1]
homomorphisms of S. If ¢ : G — Rdx X" is the injection defined in the proof

of Theorem 4.4, part (b), then l/lx(Gx) C G; for each x € X,

Proof. If x € Cy(1), this is clear. If x; = inf Cx(1) and x, € X, then G =

(X, I]xl . . ' .
d for each x € X and so there is nothing to prove. Suppose x, ¢ X', Since

R



138 M. W. MISLOVE [anuary
S is compact, </Jxl: Hxl—* Hy<"1 H, with ¢x1(b)= (myxl(b))yoc1 is an isomor-
phism of H_ onto lim{Hy, My <2 <X }. Hence, by duality, M

1 - . . .
lim{G _, mq5 ,x<y<x - le with . (n(g)) = mfxl(g) is an isomorphism, where
g€G, andn: V G, — limG,, mfy,
as Y _ is an injection for each x € X, nx l1mf!/l G, w!

X<y x<y< xl} is the natural map. Thus,

, x<y< xl} i

xy -

l/rxl(G ) with n;l(n'(g)) = w' (g) is an xsomorphxsm, where g € ¢ (G, ) and n':

V,Kx lﬁ G,)— llm{lﬁ (G,), wxy,

ducible xl =1{1 "1} and so le {0} = ¢x1(le). Now, let x € X with (x, I]X' £

Oand fix g € Gx. Then x < xq and n'(l/lx(g)) = 0. Hence there is 7 < %, with

w;r(l/lx(g))= 0, and by Koch’s Theorem, there is z € [, x)N X'as x, =inf Cy(1).

Then, w,, @ (g) = w) @, (b () =w] (0) =0, whence [y (g))[y] =0 for z <

y € X'. Hence v.(g)e G;, and so ¥ (G,)C G;, completing the proof of the lemma.
Suppose X\(X'U{O})CCX(I) and let x € Cy(1). If x; <x, then G, =10} =

G for each y € [x, x], whence G ~ hm{G w! ye y<z< x} If x=x,, then

x <y <x,} is the natural map. As S is irre-

Gx =1{0} = hm{G w! gz ¥ $2<x ,} since the G are “‘locally zero’ near x,.
1

Hence, in this case, Hx o~ h‘Ln{Hy, myz, y<z< x} if x £ (X' U{0}), whence (X,
S;, m' ,) is a chainable collection. Since this collection satisfies the hypotheses
of Theorem 4.2, Irr(X) ) = Horm(X, s! e m;y) is irreducible with idempotents X. In
particular, Irr(X), is irreducible if X = X' U {0}.

Another counterexample. We now present a counterexample to another pro-
posed structure for Irr(X). When it was discovered that the full direct product

(xv I]X’ ’. .
R, would not work as the dual to H_in Irr(X), the next logical group to try

(xy l]xl

was the weak direct product, or direct sum, which we denote by Rd' For

(x, 1]
each x € X, let G'— * XIRd, and if x <y € X, let w;y: G;—'G;bedeﬁnedby

[w (/)]LZ] —f(z)fory<z €X'and [ € G For each x € X, let S'_ H'ifx'ﬁ'X'
whlle if x €X', let S —ZxH , where H —(G')A Let §' —-Hotm(X s! ,m )
where m S —»S is the natural extension of (w )4> Then S’ is an irredu-
cible semlgroup w1th idempotents X (we do not prove thlS as S’ does not satisfy
the properties of Irr(X) as the following example shows).
Let X =1{1, e, {xnfnew} where 1 >e>x > x,, for each 7 € w, and
7 N
Let T'=3 xRy, and let ¢: M(Z) x R} = R} by (e, g)b) =gh. Note that
& | {(ee, 0)} x Rd is essenually the 1dent1ty Let p=pp YA note that p is a
closed congruence on T', and let T = T "/p. It is clear that the Clifford-Miller
endomorphism on T when restricted to the group of units acts like the identity map.

— e.

T> and note chac M(S, )« H, under b — (0, 0), b). Define m, . S, "1 -
nt n n n+ n+

We now form a chainable collection (X, Sx, mxy). For each 7 € w, let S, =
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S, to be the core endomorphism of S . composed with the above isomorphism
n n+
and note that m_ | H, is essentially the identity map. If k < n, let
n"n+l *n+1
My =My w1 Let S_=H —Rd,andlet §,=2. Note that H_ ~
LimtH_, m_ xg ™ <k €}, and define m : H,— S_ bym_ _(h)=((0, 0), b).
n n n

x e’ e X
n

000y

Finally, let m_,: §; — S_ be the core endomorphism on S, foillowed by the iso-
morphism of M(2)onto H, = R} given by (=, g) — g, and let m, o =m, em,,
for each n € . Then (X, Sx, mxy) is a chainable collection and, if § =
Horm(X, S, mxy)’ § is easily seen to be irreducible with idempotents X by using
Theorem 4.2.

Now suppose f: S'— S is an idempotent separating surmorphism. Then, for
each x € X, f| S;: S; — §_ is a surmorphism, and so we can obtain fy: pI H —

S with { ((0, 0), b) = b for each h € H . As in the proof of Theorem 4.4, part (b),

we can then obtain ¢ _: G, = H -G, where ¥ (&)= (/d)(m ¢(g)))x o Ve
<y
now show ¥ (G )¢ G
Since H, -—R x _H ‘Rd' Let g€ G, withg;éO For each 7 € w,
My o is an 1somorphlsm of M(an) onto on. Now, /s (2 x{1_ 1) is the closure

of a one-parameter semigroup in S running from 1. to MG, ) and since any
such contains M, ), /, (M(E)x {, - ues, ). Hence, [ M6, ) =R, s
an injection, and so f ¢'(mx o g # 0 As n is arbitrary, ¢ (g) ¢ Gx , thus
completing the counterexample

Conclusion. Our main result establishes the existence of a generator
in the category of irreducible semigroups with idempotents X. From a semigroup
standpoint, however, the whole point in finding such an object is to gain more in-
formation about the objects in the category from the the generator. Thus, one
would ideally desire a complete description of Irr(X), as Hofmann and Mostert at-
tempted to obtain. If an explicit description of the system of maximal subgroups
and bonding homomorphisms could be obtained, then it is not hard to see that a
complete description of Irr(X) would be forthcoming. Moreover, since Ir(X) is
irreducible with idempotents X, Irr(X) is the idempotent separating surmorphic
image of Irr(X),, and so the dual of the system of maximal subgroups is contained
in the dual of the system for Irr(X),. We have seen that the extremes, the full
direct product and the weak direct product, will not suffice. Another candidate
proposed by Karl Hofmann is the following:

For each x € X, let

(e, 1]y
G_{fER z6(x,l]3z¢'X'=>3y€(x,z)ﬂX'

so that f(w) = f(y) for w € (y, z)y 1}

This conjecture is still unsettled.
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