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GENERALIZED DEDEKIND ETA-FUNCTIONS
AND GENERALIZED DEDEKIND SUMS(1)
BY

BRUCE C. BERNDT

ABSTRACT. A transformation formula under modular substitutions is derived
for a very large class of generalized Eisenstein series. The result also gives a
transformation formula for generalized Dedekind eta-functions. Various types of

Dedekind sums arise, and reciprocity laws are established.

1. Introduction. In [12], J. Lewittes proved transformation formulae for the
analytic continuation of a very large class of Eisenstein series. From another
viewpoint, these results give transformation formulae for a large class of functions
which generalize the classical Dedekind eta-function 7(z). However, the formulae
[12, Theorem 3, equation (51)] are so complicated that even in the simplest case
of the Dedekind eta-function it is exceedingly difficult to deduce the usual trans-
formation formulae in terms of Dedekind sums.

Our objective here is to take Lewittes’ proof and give a different account of
the last parts of his proof. Our new proof will yield more elegant transformation
formulae in which Dedekind sums or various generalizations of Dedekind sums
appear. From this new version of Lewittes’ theorem, we shall show that results
of several other authors are special cases. In addition, we shall deduce several
new results as well.

Firstly, we easily deduce the transformation formulae of Dedekind’s eta-func-
tion. Secondly, we derive transformation formulae for a large class of functions
which generalize 7(z). This class includes those functions studied by C. Meyer
[14], U. Dieter [6], and B. Schoeneberg [17] and which are connected with F. Klein’s
functions [10]. Appearing in our transformation formulae are the generalized Dede-
kind sums s(b, k; x,y) first defined by H. Rademacher in 1964. It is interesting
to observe that in the work of Meyer [14], [15], Dieter (6], and Schoeneberg [17],

only rational values of the parameters x and y appear, while in our generalizztion
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x and y may assume any real values. We next show how the reciprocity theorem
for generalized Dedekind sums [16] may be derived from the transformation formulae.
Another special case of our general theorem is the result of T. Apostol [2] where-
in the transformation formulae of certain Lambert series are derived. S. Iseki [9]
considered a more general class of functions than Apostol but derived a transforma-
tion formula only in the special case V(z) = - 1/z. However, we shall easily derive
the transformation formula for any modular substitution. Another generalization of
the classical Dedekind sums appears in Apostol’s formulae, and L. Carlitz ([4],
[5]) derived a reciprocity theorem for these sums. Still another generalization of
Dedekind sums appears in our transformation formulae from which we derive a

reciprocity theorem which includes Carlitz’s as a special case.

2. An improved version of Lewittes’ theorem. We review some notation from
Lewittes’ paper [12]. Put z = x + iy and s = 0 + it with x, y, 0 and ¢ real. For
any complex number w, we choose that branch of log w with — 7 <arg w <z. Let
V(z) = Vz = (az + b)/(cz + d) be an arbitrary modular transformation. Let r, and

7, be arbitrary real numbers, and define R, and R, by

R, =ar, +cr

1 1 5 and R2=brl+dr2.

Let Z denote the ring of rational integers. Let H denote the upper half-plane
{z: y > 0}. For z € and 0 > 2, define the Eisenstein series G(z, s, r;, 7,) by

1
Glz, s, r,r)= 3 ((mar)zensr),
m,n

where m and n range over all pairs of integers except for the possible pair m =

—rpn=-r, For z € H and arbitrary s, define the following generalization of

Dedekind’s eta-function by

hnd 2
Alz, s, Ty '2) = Z Z ko= le

m>—r, k=1

ﬂikr2 +2mik(m +7 )z

Put H(z, s, 7,, ) =Alz, s, 7y, m)) + e" Az, s, - Ty = ’2)' For a real and o >
1, Lewittes defined (s, a) by
Us,a)= Y (m+a)=.

n>-—a

Observe that {(s, a) = {(s, {a} + x(a)), where {a} denotes the fractional part of
a, and y(a) denotes the characteristic function of the integers. These two latter
notations will be repeatedly used in the sequel. Since 0 <{a}+ x(a) <1

{(s, fa} + x(a)) denotes the classical Hurwitz zeta-function.

Theorem 1. Assume that ¢ > 0. Let Q ={z: x> —-d/c and y>0}. Let p =
p(Ry, R,y ¢, d) = {R,lc — IR 1d. Then Glz, s, 1), 1,) can be analytically

continued to the entire complex s-plane, and for z € Q and all s,
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(cz +d)™°G(Vz, s, 1}, 1)
(1) . -Tis
=Gz, s, R, RZ) - 2i sin (#s )R l)C(s, -R.)+ ) L(z,s,R. R, c, d),

where
L(z, s, Rl’ RZ' c, d)

@) s_le“"“d)" “Rybule tGavorsclu .
- Z fc o (cz+d)u_q “

e¥-1

where C is a loop begmnmg at + oo, proceeding in the upper balf-plane, encircling
the origin in the positive direction so that u =0 is the only zero of (e~(cZ+du _ 1),
(e* — 1) lying ‘‘inside’’ the loop, and then returning to + o in the lower half-plane.
Here we choose the branch of u® with 0 < arg u < 2m.

Proof. From (26) and (29) of [12], we have for z € Q and 0> 2,
(cz + d)~°G(Vz, s, Ty r2)
)
= G(zr S, th Rz)-‘ 21 Siﬂ (”S) (X(Rl)é‘(s’ - Rz) + K(Z, s, Rl' Rz: C, d)),

where

6Kz, s, Ry, Ry €, d)

m>Ry n>R,+(m—R)d/c

I wepu m' =m~[R]-1and n' =n~[R, +(m-R)d/c] - 1, then the above
becomes
fo “lexp(- (m' +1-{R Dzu - (2" + 1-{R } + [(m'd + d + p)/cDu) du
-0 n'
Ifweput m' =qc+j, 0<j<c-1, 0<g<,andreplace n' by 7, we get

c—1 oo o

MDD Zf:us—lexp(— (gc +j+1-{R Neu— (n + 1-{R } + gd + [(jd + d + p)/c]u)du
j=0 g=0 n=0

=X f:us—lexp(- (G+1- {Rl})zu - (1_{R2} + [(jd + d + p)/cu)du

i E‘: e—(cz+d)qu—nu j,

q=0 n=0
i - _lexp(— G =1R Dzu - 1 = (R} + [(id + p)/cDu) ,
= u u
,‘=1’[0 (l_e-(cz+d)u)(1_e—u)
~(cz+d)(j—=1R , u/ .
_ zc: Ioous_le ezl { l}u € e{(]d+P)/C}u ’
0 1= e-(cz4d)u e _ 1 ?
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where, since x > - d/c, we have interchanged the order of summation and integra-
tion by absolute convergence. By a classical method of Riemana [18, pp. 18-19],
the integrals above may be transformed into loop integrals. Letting C be as de-
fined in the statement of the theorem, we find that

I'(s)K(z, s, R, R, c, d)

(4) ~(cz4d)(j—{R  Du/c JAGdep/clu

c
= z _r I us—1¢ du
i1 elmis _ 1 JC 1— e~(cz4d)u et_1

If we now substitute (4) into (3) and simplify slightly, we arrive at (1) for z € Q

and 0> 2. However, these loop integrals converge uniformly on any compact set
in the s-plane and thus represent entire functions. Hence, by analytic continuation,
(1) is valid for z € Q and for all s.

We now restate Theorem 1 in terms of the function H(z, s, P ’2)' The proof

is like that of equation (51) in Lewittes’ paper [12], and so we omit the proof.
Theorem 2. For z € Q and all s,
(cz + d)"°H(Vz, s, Ty r2)

= H(z, s, R, R) - x(rl)e""s(Zﬂi)_'s(cz + ) (s XL, 7,) + ™S (s, - )Y
(&) .
+ x(R)Qm) ™ T(s)¢(s, - R,) + e™*{ls, R,))

+ 27i)~ Lz, s, Ri.R, ¢, d),
where L(z, s, Ry, Rz’ ¢, d) is given by (2).

Theorems 1 and 2 may be considerably simplified if s is an integer. For then,
©6) L(z, s, R, R,, c, d) = 2miR,
where R is the sum of the residues of the integrands at « = 0. Upon the substi-
tution of (6) into (1) and (5), Theorems 1 and 2 will then be valid for all z € { by
analytic continuation. Thus, put s = — m, where m is an arbitrary nonnegative in-
teger. Now (1, p- 804],
uexu
e -1

where B"(x) denotes the nth Bernoulli polynomial. Hence,

= ZB (x)—, lu| < 27,
n 1
=0 n:

-teme dG=AR Duse Gy /et

u—m—le
e—(cz+dlu _ 1 e — 1
=_u_"'_3 EB =R\ ez + D) i 5 [id+p u”
cz+d 7 * c w! voo \ ¢ vt
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where E (%) = B, (fx]. Thus,

Z 5 5 (i‘{R1}>-§ <jd+p>(—(cz+d))"’
n v

1wl
o1 pveme2 c c phvt

c m+2 I‘{R } _ d+p
(m+2)' 22 ( ) < - I>Bm+2—k<] - (~(cz + )1,

j=1 k=0

R,

cz+d

7

3. The transformation formulae for log 7(z). Let s =r, =r, = 0. Put
Az, 0, 0, 0) = A(z) and observe that H(z, 0, 0, 0) = 2A(z). We find then that (5)
and (6) yield

AVz) = Az) + lin(l) (27)~ST(s)As N1 - e™iS(cz + d) %) + mR
= A(z) + %mi - Yilog(cz + d) + mR

Using the product definition of 7(z), it is easy to show that log 7(z) = miz/12 -
A(z). Hence,

@8) log 7Vz) = log 7(z) + mi(V(2) - 2)/12 - Yimi + Ylog(cz + d) - miR,
From (7),
9 R, = Z {- %Ez(jd/c)(cz +d)~14+B 1(j/c)E l(jd/c) - l/zBZ(j/c)(cz +d)}.

j=1
Since [1, p. 804, Equation 23.1.10)

(10) B (cx) =c"! Ean(x +j/c),

we find that =

(11) ZB (j/c) = CZIB (j/¢) =B,/c = 1/6e.

Since (e, d) = 1, - "

(12) i B,(jd/c) = ZB (j/c) = ZIB (j/c) = 1/6¢.

Lastly, = =

- ]Zl B, (i/c)B (jd/c) = jélB (/)8 (jd/c) + B (1)B,(0)
=s(d, ¢) - 1/4,

since Bl(x) =x-% and

sld, )= 3 ((G/NGa/e)),

j mod ¢
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where
{x}-% if x is not an integer,
() = ’ 8

0 if x is an integer.

Putting (11)—(13) into (9), we find that

Ry=-1/12c(cz + d) - (cz + d)/12¢c + s(d, ¢) - 4.
Hence, from (8) we obtain
log 7(Vz) = log 1(z) — 7i/4 + % log (cz + d) - mis(d, ¢)
(14) + (@ /1DV(z) =z + (cz + d)/c + 1/clez + d)}

= log 7(z) — wi/4 + Y% log (cz + d) — mis(d, ¢) + mila + d)/12c,
upon the simplification of the expression in brackets with the aid of the fact ad -
bC = l,

4. Transformation formulae for generalized Dedekind eta-functions. Put s =0

and suppose that 7, and r, are arbitrary. From (7),

R, = Zg-%§2<id:p>(cz+d)°l

=R} - =R, }
+BI<I . 1>§1<7d—:£>_%32<] . l>(cz+a’)§.

Using (10) again, we have

< i- 1R} 1 1
(16) 2 B,(— = =B,(1-{R D = = B,(R ],

j=1
since [1, p. 804, Equation 23.1.8]

(17) Bn(l —x)=(- 1)"Bn(x).

Since (c, d) = 1, jd + [p] runs through a complete residue system (mod c) as j does, and
so by (10),

. L
= (id =l /i+tph\ 1

(18) ZIBZ<’:P>=ZBz( _ >=;Bz({p}),
j=

=0

If (c,d) =1,and x and y are arbitrary real numbers, the generalized Dedekind
sum s(d, c; x, y) is defined by [16]

o 2 () ()

Let g(d, c; fth - {Rli) denote the second sum on the right side of (15). We

see that g(d, c; {R,}, - {R 1) is very closely related to s(d, c; {R,}, - {R ).
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Various possibilities occur. If neither R, or p are integers, then
g(dl C; {Rz}a - {Rl}) = S(d’ C; {R2}9 - {Rl}).

If R, €Z,but p ¢ Z, then gld, c; {R,}, - IR 1) contams an ‘‘extra’’ term corre-
spondmg to j = c. Suppose that p is an integer. Let ] be the umque integer such
that 1 <j <c and j'd+ p=0 (mod c). Then there is an ‘‘extra’ term correspond-
ing to j =j'. Unless both R, and p are integers and i’ = ¢, we have in general
that

gd, ¢ R}, ~{R D) = s(d, c; IRy}, — IR, D

1 —
(19 +%x(RDB,R,) - %x (pB (" - R I/e).

Now if both R, and p are integers and i’ = ¢, the “‘extra’’ terms coincide. In
such a case R, must be integral. If R}, R, € Z,then 7\, 7, € Z, since ad — bc

= 1. Conversely, if r\, 7, € Z,then Ry, p € Z. We see that we are then in the case
of log 7(z) discussed earlier. Thus, in the remainder of this section, assume that
at least one of the pair 1 Ty is not an integer. Observe that if p € Z, but R1 4
Z, then

B, (' - {R W/c) = B (' ~ R }/c).

Also, from the definition of p, it is easily seen that p € Z if and only if r, €Z.
A short calculation shows that | = ary - [Rl] (mod c). Hence, from the definition
of Ry, (' ~{R;D/c =-r, (mod 1). From the above remarks and (17), we conclude
that

x (B ((G' = {R D/ec) = x(r)B (-1,) =~ x(rl)El(rz).

Finally, putting the above into (19) and then using (16), (18) and (19) in (15), we
find that

R,=-B ,(p)/2¢c(cz +d) - (cz + d)B ,(R))/2¢

20) - —
( 45, ¢ Ry~ R + %x(RDB,(R,) + % x(r))B, ().

Let
[ e d = lim Q)7 x(r))e™(cz + ) T(s)L(s, 7 )+ e™L (s, —1,))

+ x (RS, - R)) + e™5(s, R)).

From (5), we see that we must determine /0('1’ 752 s d) for the various possibil-
ities.

Case 1. Let r, ¢ Z, r, € Z. Suppose that R, € Z. By the definition of R,,
br, €Z. If also R, € Z, then ar, € Z. Since r; ¢ Z and (a, b) = 1, we have a
contradiction. Hence, R, d Z, and so fo('l’ 739 Cs d) = 0. Assume then that R,
¢ Z. Now for 0 <a <1 [19, p. 2711, £(0, @) =% - a and £'(0, @) = log ['(a) -
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% log (2m). Also, if 0 <a <1, {~a}=1-{al. Thus, if R, €Z,
/0(’1' 730 € d) = lirg () s, - R2) + e"isg(s, Rz))

= lim [(s)(4 - (1 - {R, ) + (log T - {R,}) - 4 log 2m))s + - -

50
+% ~{R_} + (log TR, -4 log @m) + mi 04 —{R,D)s +---)
=log T -~ {R,}) + log T({R,}) - log @n) - mB (R,)
= log (n/sin n{R,}) — log (2m) - #iB (R,)
= - log (2 sin R, }) - miB (R,)

-2mitR Ay
=-log(l-e 7 2}) - ZmBl(Rz).
Case 2. Let r  €Z, 1, ¢ Z. Suppose that R, € Z. By an argument completely
analogous to that in Case 1, Rl d Z. Proceeding as in Case 1, we find that
—2mi{—r.} —
folrs 75 €, d) =log(l—e T2y, 2miB, (- rz)
—Zn'{R }
~x(R)Uogt—e 2

-2m'¥r2!

)+ 2ﬂi§l(R2))

-2m’{R2}

= log 1-e ) - X(Rl)(log 1-e ) + 2”i§1(R2))°

Case 3. Let r,, 7, § Z. Suppose that R, € Z. If also R, € Z, it follows
that 7,7, € Z since ad — bc = 1. We have a contradiction, and so R, dZ. We
see that /0('1’ 745 Cs d) is the same as in Case 1.

In summary, in all cases we have

- 2mir
/o(rl, Ty Cs d) = x(rl) log(l-e 2)
(21) - 2mWiR —
-x(Rl)(log(l—e 2)+277iB](R2)).
Put _
wiB, (r.) -2mi
e l 1’2 (l_e "2)’ 71 GZ, 72 ¢Zv

a(fl, r2) = .
1, otherwise.

Combining (20) and (21) with (5), we conclude that
H(VZ, 0, rl’ rZ) = H(Z, 0, Rl' Rz)

1
2clcz +d)
+ log alry, r,) - log a(R, R,).

(22) +2mid - (cz +4d).

Ez(p) - Ez(Rl) +sd, ¢; R,, - Rl)

The transformation formulae for H(z, 0, r , r,) given by (22) appear to be new
in general. However, Meyer [14], Dieter [6], and Schoeneberg [17] have derived
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the result for a subset of these functions, and their formulae were given implicitly
by Hecke [8]. Previously, J. Lehner [11] and J. Livingood [13] had achieved results
for special cases of the aforementioned results.

We now justify our claim that the results of Meyer, Dieter, and Schoeneberg
are special cases of (22). We shall employ some of the notation in [17].

For z €H, g, b € Z, and a positive integer N, define

[~}
H a- e2m‘(b+zm)/N)
m=1; m=g(N)

izB . (g/l
Ty, 5@ N) = alg/N, b/N) "= 2 &)

(23)

00
H (1 — e2mil=h +zm)/N).
m=1;, m=z—g(N)

Let g' =ag + ch, b' = bg + dbh, and

1, =h=0 (N),
b LN = 8 )
& 0, otherwise.
Then,
log 1, ,(Vz; N) - log Mgt (5 N)
(24) = (mia/c)B,(g/N) + (mid/c)B,(g'/N) - 2mis(d, c; b'/N, - g'/N)

+b, ,(N)log (cz + d) - Y mi).

To prove (24) we may without loss of generality assume that 0 < g, b <N.
Furthermore, note that 770,0(2; N) = 7%(2), and (24) reduces to (14). Hence, we
shall assume that at least one of the pair g, b is not zero. Taking logarithms of
both sides of (23) and then putting, respectively, m = jN + g, j> - g/N, and m =
iN — g, j> g/N, in the resulting two sums, we have

log 1, ,(z; N) = log a(g/N, b/N) + wizB ,(g/N)

[~

_ 2 Z l_ezmkb/N+2m'k(i+8/N)z
k

i>—g/N k=1
5) e

_ Z i 1_ e-—2m’kb/N+2nik(i—g/N)z
j>g/N k=1 k
= log a(g/N, b/N) + m'sz(g/N) - H(z, 0, g/N, b/N).
Observe that R, = g /N, R, = b'/N, and {p}={- g/N}. Using these facts, sub-
stituting (25) into (22), and then simplifying slightly with the use of (17), we
arrive at (24).

5. The reciprocity formula for generalized Dedekind sums. We shall assume

that at least one of the pair 7, 7, is not an integer for it is well known that the
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reciprocity formula for the ordinary Dedekind sums may be derived from (14). Our
assumption on the pair 7, 7, implies that at least one of the pair R,, R, is not
an integer.

Let Vz =(az + b)/(cz + d), V*z = (bz — a)/(dz — ¢), and Tz = — 1/z, where
¢, d> 0. Replacing z by — 1/z in (22), we obtain

H(V*z, 0, Ty r2)— H(Tz, 0, R, RZ)

26 = log alr,, r,) - log a(R,, R,)

1 i ey dZ _C —
+2nid-—— B _ B.(R i c B .
{ 2c(dz - 0) ,(P) e SR +s(d, ¢ R, Rl)}

Next apply (22) with V replaced by V*. Observe that R, and R, are replaced by

z

R, and - R,, respectively. Thus, we get
H(V*2, 0,7, 7))~ H(z, 0, R,, - R,)

@7) = log a(rl, 72) - log a(R 2» = Rl)

. 1 = dz - c —= ]
+2”1{—m'82([))— 2d BZ(R2)+$(— C’d’—RI’QRZ)}‘

Lastly, apply (22) to the transformation T, and set = R1 and T, = Rz' Accord-

ingly, we obtain
H(Tz, 0, R}, R,) - H(z, 0, R,, -R))

(28) = log a(Rl, RZ) - log a(Rz, -R))

R 1 = z =
+ 2mi {- > B,(-R)) - ?BZ(Rz) +s(0,1; - R, - RZ)}.
Since l_32(x) = Ez(— x) from (17), we have upon combining (26)—-(28),

z 1 - dz - ¢ 1\= dz—-c z\=
(— 2c(dz - ¢) " 2d(dz - c)) Bolp) - < 2ez ¢ 2—2-) B,(Ry) + ( 2d _5> B,(R))
L (ROR,) + 5, ¢; Ry ~R)) = sl ¢, & ~ Ry, = R,) =0.

Since s(- ¢, d; - Ry» - RZ) =-slc, d; - R,» Rz)’ the above reduces to

s, c; R,, - Rl) +s(c, d; - Ry, R2)
(29) _ _ _
= (- R)(R,)) + B,(p)/2cd + dB,(- R|)/2¢ + cB,(R,)/2d,
which is the reciprocity formula for generalized Dedekind sums first proved by
Rademacher [16). When r, = g/N and r, = b/N, proofs of (29) were previously
given by Meyer [15] and Dieter [6]. Another proof of (29) has recently been given
by E. Grosswald [7].

6. Transformation formulae of some Lambert series. In Theorem 2, put r, =

7,=0and s =-m, where m > 0 is even. Here,
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H(z, = m, 0, 0) = 2A(z, - m, 0, 0) = 2A(z, — m)
=2 E: E: k—m—leZITiknz =2 z k—m—l
n=1 k=1

eZﬂikz

= 1 _ o2mikz’

which is a Lambert series in the variable e27‘%

¢(s) (18, p. 24],
/20,0, ¢, d) = 2Qm)™(1 - (cz + &)™) lim T(s)¢(s)

. From the functional equation of

= 2Qm)™(1 - (cz + d)™) lim 257 '7° sec (YBms)(1-s)

=1 -(cz +d)™){(m + 1).
Hence, from (5)—(7),

(cz + dY"A(Vz, — m)

=A(z,-m)+ %1 ~(cz + Y (m + 1)
(30) c m+2

Qmiyn+! m + 2) NS . b1
= /c)B d/c) (- d .
2(m +2)! k§) ( e

The transformation formulae (30) were first proved by Apostol [2]. However,
due to a miscalculation of residues, the term %(1 - (cz + d)™){(m + 1) was omit-
ted. See also [9, p. 661]. Consequently, the result is also misstated by Carlitz
([4], [5D), but the other results in [4], [5] are unaffected by this and remain correct.
In the notation of Carlitz ([4], [5]), the double sum on the right side of (30) is
—/(d, ¢, z). To show this, all one needs is (17) and the observation that Bk(j/c)
may be replaced by Ek(j/c). For k£ 1, this is clear. For k = 1, this is also clear
for 1 <j<c-1,butfor j=c, B,(1)#B,(1). However, in the latter case
§m+l(d) = Brb‘l =0, since m> 0 is even. Hence, in all cases Bk(j/c) may be
replaced by Bk(j/c) in (30).

7. Additional new transformation formulae. Let s = — m, where m > 0 is even,
and let 7, and 7, be arbitrary. Now, for 0 <a <1 and ¢ <0 [18, p. 37],

[(s) (s, ) = @2n)s E,: sin Qmna + as/2) )

sin (7s)

l1-s
n=1 n

It follows that for a real and 0 <0,
() (s, fa) + x (@) + 5L (s, {- a} + x(a))

e—217in¢1+317is/2 _ e-Zﬂina-ﬂis/Z

o0 en_ 5

2i sin (7s) wol nl-s

- (Zﬂ)sem’s/2¢(l ~s,-a),
where for @ real and 0> 1,
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00

d’(s a - Z 2mna =S,

In fact, ¢(s, a) is a special case of Lerch’s zeta-function. It follows from (31)

that
[ 1 €0 d) ==X G )z + dB(m +1, = 1,) + X (R,)p(m + 1, R,).

Hence, from (5)—(7),
(cz + d)"H(Vz, — m, " r2) =H(z, - m, R, R2) - X(rl)(cz +d)"d(m + 1, - rz)

(32) +X(R)fm +1, R,) + QmiV"*'g(d, c; z; R}, R,)/(m +2),
where
c m+2 i - {R .}
gld, c; z; R, R )_ Z Z (m+2> <] - ! )Bm+2 k<ld+P>(-(cz +d))k—1
j=1 k=0

Iseki [9] has proved (32) in the special case V(z) = - 1/z. Another proof of Iseki’s
result has been given by Apostol [3].

8. The reciprocity formula for g(d, c; z; R|, R)). Let V, V*, and T be as in
§5. Put €, = Qaiy™*! f(m. + 2. Replacing z by — 1/z in (32), we obtain

(- c¢/z + dY"H(V*z, — m, T '2) - H(Tz, — m, R,, Rz)
(33) == xr))c/z +dV"P(m + 1, - 7,)

+ X(R)@(m + 1, R)) + ¢, g, c; Tz; R}, R,).
Apply (32) to V* to get '
@z - )V"H(V*z, —=m, r|, r,) - H(z, - m, R,, - R))

(34) =-xr)dz-cV"@m +1,-71,)
Lastly, let r; = R, r, = R,, and apply (32) to the transformation T. Then,

zmH(TZ, -m, Rl' Rz)_’ H(z, - m, Rz’ - Rl)

(35)
== X(R)z"p(m + 1, = R)) + X(R,)m + 1, - R,) + _g(0, 1, z; R, — R)).
Now,
m+2 m 4 2 _
g0,z Ry -R =3 ( i )Bk(l-{th)Bmz_.k(_ R)(-2)pt!
(36) k=0

= (-1/2)(B(- R)) - zB(1 - {R,))"*?,

upon the use of a standard symbolic notation for Bernoulli polynomials. Combining

(33)-(36), we find that
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cmz”'g(d, c; Tz; Ry, RZ) - cmg(- c, d;z; R,, - RI)
(37) ~ (¢, /2Bl R)) - 2B {R,))™*?

+ )R )z™(m + 1, R)) - fm + 1, - R))) = 0.

From the Fourier series [1, p. 805],

( )=2(_1)"+1(2n + 1)1 E: sin 27kx)

B
2n 41V (27)2n+1

kel k2n+l ’

where »> 1 and 0 < x <1, we find that

$(m +1,R,) ~ plm + 1, —R,) = - @m)y™'B__(R,)/(m + D

Hence, (37) reduces to

(38) z™g(d, c; Tz; R, R2)=g(— c, d; z; R, - Rl)

+ (1/2)(B(- Rl)— zB(1 - tRzg))m+2 + X(Rl)z"'(m + 2)§m+l(R2)'

In the case when r; = r, = 0, (38) reduces to a reciprocity theorem proved by Car-
litz (4], [5]) for the function f(d, ¢, z) mentioned in $6.
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