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ON THE CONVERGENCE OF BEST UNIFORM DEVIATIONS

BY
S. J. POREDA

ABSTRACT. If a function fis continuous on a closed Jordan curve I' and meromorphic
inside T, then the polynomials of best uniform approximation to f on I" converge interior
to I'. Furthermore, the limit function can in each case be explicitly determined in terms of
the mapping function for the interior of I'. Applications and generalizations of this result
are also given.

1. Introduction. For a continuous complex valued function f defined on a set E
in the plane let ||f||z = sup,eg|f(2)|- Also, if E is compact, for n € Z* let
p.(f, E) denote the polynomial of degree n of best uniform approximation to f on
E.

In general, the difference [f(z) — p,(f, E)(z)] does not converge to zero on E,
and so one is naturally led to the question of whether or not this difference
converges for each z € F in general. One might also inquire as to the conver-
gence or divergence of the sequence {[ f(z) — p,(f, Y@V ||f — p.(f, E)||g}, which
is of course a broader question.

By expanding on the work of Carathéodory and Fejér [1], Schur and Goluzin
[2, p. 497], we are enabled to show that if fis continuous on T, a closed Jordan
curve, and meromorphic in the interior of T, then the sequence {f — p,(f, )},
converges in the interior of I' in the following sense. If {a;}/2, are the poles of f
in the interior of I' with respective multiplicities {/;},, then the sequence

m (oz) —a; \! ®

II (W) [f@) = pa(f, 1")(2)]}"_0

converges uniformly on compact subsets of the interior of I, where w = ¢(z) is
an analytic function that maps the interior of I’ onto the open unit disc.
Furthermore, we show that the limit function for the latter sequence can be

explicitly determined in terms of the function ¢.
2. Main theorem. We will first state our main theorem in the case where I is

the unit circle U, and then in §6 present the general case. Let D denote the
interior of U. If fis as above, we can write

f@) = o)/ fle-ar,

where o is analytic in D and continuous in D + U, and o(a;) = 0 for i = 1,
2,...,m
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Theorem 1. Let f be as above; then for z € D,

I -
" e o) ()
M lim(/@ — p (L VI T ( —az) =all\r==z)
where X is a prescribed root of an explicitly determined polynomial, K = (31, 1)
— 1, and the ¢;’s, j=1,2,..., K, can be explicitly determined in terms of A.
Furthermore, the convergence is uniform on compact subsets of D.

Remark. Whether or not (1) holds for z € U is unknown. The few examples
of best approximation to meromorphic functions on U that are known [5]
indicate uniform convergence on U.

It should also be remarked that if f is as in Theorem 1, we can now calculate
lim,_,, ||f — p.(f, U)|ly, and we can find (using Taylor series for instance) a
sequence of polynomials {g,}.~, such that

Bl = gully = Bl = 2aCf Olly-

3. Preliminary results. We shall first show that if fis as in Theorem 1, then there
exists a unique function g, analytic in D, which minimizes

i) - s fi (£ — z)hI

’

D

or more precisely, which minimizes

e -s0 B (F22) 1,

where f,(z) = o(z)/ ]2, (1 — @;z)". We shall then show that
g(2) = ,!i_.’B,Pn (f,U)z) for:z € D.

To this end we note that proving the existence and uniqueness of such a
function g is equivalent to proving the existence and uniqueness of a function F
analytic in D, with the prescribed values FO(a;) = f{(a;), fori=1,2,..., m
and j =0, 1,...,/, — 1, and which minimizes ||F||p. For if F is such a function
we can write

) F(z) = fi(2) — 2(2) 1;[1 (%) ’

where g is analytic in D. Should there exist a function g, analytic in D for which

|h@ - g.(z)n(l_“) I <\|f1(z)—g<z)n(l_“) |
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then let

[

RO =46 -2 [f (1 - :z) :
The function F; will then be analytic in D. Assume the values F{?(a;) = f{(a;)
fori=1,2,...,mandj=0,1,...,[ — 1, and |F ||, < ||F]lp, thus contradict-
ing our assumption about F. Conversely, if we start with a “minimal” g and

define F by (2), we can likewise show that F has the desired minimal property.

We shall, therefore, presently concern ourselves with the problem of determin-

ing the function F. We begin by establishing its existence.

Lemma 1. Let {a;}7., and {I;}2, be as in Theorem 1 and {BP}i=m/=l=" be any set

of 3™, I; constants. Then there exists a function F analytic in D with FO(a;) = BY
fori=1,2,...,mand j=0,1,...,1;— 1 which minimizes ||F||, for all such
Junctions.

Proof. Clearly, the class of all such functions is nonempty. In fact, one can
easily construct a polynomial P, which interpolates the given values and so since
IIP|lp < oo, a straightforward application of Montel’s compactness criterion [3,
Vol. I, p. 415] establishes our lemma.

The following theorem completely describes the function F.

Theorem 2. Let f, be as before; then there exists a unique function F analytic in
D such that

FO@a) =fPa) fori=1,2,...,mandj=0,1,...,1—1,
and such that ||F||p is a minimum. Furthermore,

F@2) =5 ﬁ (li%)

Jj=1
where A and the ¢;’s are as in Theorem 1.

Corollary 1. As an immediate consequence of the above theorem, we have that
there exists a unique function g analytic in D which minimizes

e -so ff (22 ),

Furthermore,

s =0 -1 (%) 11 (=)
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4. Proof of Theorem 2. As we shall see in the next section, Theorem 1 follows
directly from Theorem 2, whose proof we will concern ourselves with here.

Lemma 2. Using the notations and definitions of Lemma 1, a function F analytic
in D, with values F9?(a;,) = BY fori=1,2,...,mandj=0,1,...,1 — 1, will
minimize ||F||p for all such functions if and only if the function

, _(1-a@z\[ AF@) — AB?
€) R() (z_a, )[1—AZBS°>F(z)]’

where N\ = 1/||F||p, has the property that if G(z) is analytic in D, and GV (a;)
=FP@a)fori=1,2,....,mandj=0,1,..., —2ifi=1landj=0,1,...,
L= 1ifi > 1, then | R, = |Gl,.

Proof. Suppose FU(a;) = BY fori=1,2,...,mandj=0,1,...,/,— 1 and
that ||F]|, is a minimum. Let F; be as above. Clearly F; is analytic'in D and
|Fi|lp = 1. If for some other function G analytic in D, with GV (a;) = F{?(a;) for
i=1,2...,mand j=0,1,...,,—-2if i=1and j=0,1,...,/,— 1 for
i > 1, we have |G|, < ||F|lp.- Then let

F*@) = % [( - __(_Z - )G(z) + AB$°>] / [1 + >\§$°>( lz__—a"l'z)c(z)].

F*is analytic in D and | F*|, < ||F||p- However,

F(2) — F*(2)

1 (1 + ABPP) (2 — a))/(1 — @1 2))[F(2) — G(2)]
A1+ ABY ((z — a)/(1 = @,2) RN + AB ((z — a1)/(1 — 3,2)) G(2)]
¢

@ 1 ¢ - at,

i=1

where ¢(z) is analytic in D. Thus,
F*OW(g)=BY fori=1,2,...,mandj=0,1,...,[—1,

thus contradicting our hypothesis about F.

In order to prove the “sufficient” portion, let F; be as defined in the statement
of our lemma and let F; have the desired minimizing property. Now suppose H
is a function analytic in D with values H@?(q;) = BY for i=1,2,..., m and
j=0,1,..., =1, and such that |H||, < ||F||p. Let

o = (L2 ) (Mt )

where A = 1/||F||p. The function H, is thus analytic in D. ||H, ||, < ||F ||, and
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_(1-a: (1 = ABPP2)F(2) — H(2)
A@ - HG) = ( z-aq )[(1 - NBOF@)( - )\2§§°>H(z))]'

Thus we see that H, will take on the values H{(a;) = Fi{?(a;)fori=1,2,...,
mandj=0,1,...,,—2ifi=1landj=0,1,...,/ — 1if i > 1. This contra-
dicts our assumption about F;, and so our lemma follows.

We will now proceed with the proof of Theorem 2.

Proof of Theorem 2. Let F be analytic in D with values FQ(q;) = f{?(a;) for
i=12,...,mandj=0,1,...,/ — 1, and suppose || F||, is a minimum for all
such functions.

Let us first rename the g;’s as follows: let b, = g; for 327! [; < k = JiZ{ /.
Then define a finite sequence of functions analytic in D by

Fy(z) = AF(z) where A = 1/||F]|p,

1 - I_sz)[ F1(2) = B () ]
z— by 1 = R ()R Y

£ () =(

fork=1,2,..., M where M = (3, /;) — 1. We then have that ||F |, = 1 for
k=0,1,..., M; and furthermore, if G is analytic in D and of the form

j=M+1
G@)=FkK@+h@2) I -by,

j=k+1
where h is regular in D, then ||F |, = ||G||p. This follows from Lemma 2. In
particular, ||Fy||p, is minimal for all functions G analytic in D which satisfy the
single condition G(bp,,) = Fp(bpy4,)- It thus follows as a consequence of the
maximum principal that F, is identically this constant. Furthermore, by our
assumptions we have that

)] |Fy(by+r) = 1.

Looking back we find that Fy, (b, ;) can be expressed as a rational function
in A whose coefficients are determined by the a,’s and the values f{’(a;),
i=12...,mandj=0,1,...,/ — 1. From (4) we thus obtain a polynomial
A which we can explicitly determine, and of which A is a root, i.e. A(A) = 0. The
inverse of (2) yields

5 _| G- b)/(1 — b 2))Fi(2) + Fi_y(by)
) Fia @) [1 + By GG = B/l - Bkz»Fk(z>]’

and allows us to calculate F; and then F once we have determined A. We note
that the values F,_,(b;), k = 1, 2, ..., M, are functions of A, and that as defined
by (5), each function F,_, will be analytic in D with ||F_,||p = | (as desired)
provided that the function F; is and that |F_,(b,)| < 1. Thus A will be the largest
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positive root of the polynomial A which satisfies the condition |F_, ()| < 1, for
k=1,2,..., M. We shall give an example of how A, A and thus F can be
determined later.

From (5) it is also evident that the function F,_, will be rational and
[Ferllp=1fork=1,2,..., M, since Fy,(z) = *1. In particular the function F
will have the form

ro =3 11 (7=55)

j-I
where |c;| < 1forj=1,2,...,Kand K = M = (M, I.) — 1. Note that due to
possible cancellation of terms we might have K < M.

The uniqueness of F now follows easily. Suppose G is another function analytic
in D which assumes the values GU(q;) = FU(q;) for i=1,2,..., m and
Jj=0,1,...,15 — 1, and such that |G|, = ||F]|p. Let A be as before and define a
sequence {G,}M, from G as we did from F. We will then conclude that
|G (bag+1)| = 1, and furthermore, we will find that G, (by,,) can be expressed
as the same rational function of A that we obtained for Fy (b)), namely one
whose coefficients depend only on the prescribed values of F at the points {a;}2,.
As a result we find that Gy (by.) = Fy(bpy+1), and then working backwards we
obtain Gy, = F;, and thus G = F.

Proof of Theorem 1. Let g be as in Corollary 1, the unique analytic function of
“best approximation” to f on D. We may then write

If = gllo = | /i) - g(z)H<l—az) I,
©)

IA

5@ - ms v fi (£ ),
= ||f = p.(f, Dlp, forn-—O, ,2,....

Furthermore, the function g is not only analytic in D but continuous in
D = D + U, and so by Walsh’s theorem [4, p.98], given any ¢ > 0, there exists a
polynomial g such that ||g — g||; < e Thus for n sufficiently large (greater than
the degree of g), we have

I =2, Oy = IS = glly = If — 8lly + &

which together with (6) implies that

U Dim|lf = p(f, Dlly = If = 8lly-

From (7) and the uniqueness of g it now follows that every subsequence of
{Pa(f; U)}2, contains itself, a subsequence that converges uniformly on compact
subsets of D to g. However, the sequence {p,(f, U)} 2, is equicontinuous on every
compact subset of D, and so our theorem follows.



ON THE CONVERGENCE OF BEST UNIFORM DEVIATIONS 55

5. An example. We now give a simple application of Theorem 1. Let
f(2) = 1/[z2(z = 1/2)]. In order to find lim,_,[f — p,(f, U)] we first find that
function F analytic in D, with values:

FO) =f0) =1,

F(1/2) = £,(1/2) = 4/3, for which || F||p is a minimum, where

fi@) =1/ = z/2).

Let A = 1/||F|p, Fp=AF, and F (2) = (1/2)[(F(z) — A)/(1 — AFRy(2))]. The
function F; must then be a constant, and

1] _ |,] M@4/3) - 1)] _
‘F'<§)‘ B ’2[1 — N(4/3) { =1
In order to determine A we must then find the largest positive root of the
quadratic equation 2A/[3(1 — A2(4/3))] = *1 which satisfies |F(0)] < 1 or
A < 1. This yields A = ((13)!2 - 1)/4 = 65.... Thus F(z) = F(1/2) =
2M/(3 — 4N) =1, and F(z) = (1/N)[(z — N)/(1 — Az)]. It then follows that for
z €D,

Jiml/@ - mt V| S22 < 1(E22),

and so
i _1_
lim|lf = pa(f Ully = 5 = 1.53.....

6. The general case. We now consider the case where f is a function that is
continuous on a closed Jordan curve I' and meromorphic inside T'.

Letting § denote the interior of I' we have, by Riemann’s mapping theorem,
that there exists a function w = ¢(2) that is regular in  and maps Q conformally
onto the open unit disc D. Furthermore, since the boundary of € is T, a closed
Jordan curve, ¢ may be extended continuously. to I so that it will map T onto
the unit circle U in a one-to-one manner {3, Vol. III, p. 70).

The function f o ¢~! will then be meromorphic in D and continuous on U. If
we let {a;,a,, ..., a,} be the poles of fin {, then {a,,a,, . . .,a,} where a; = ¢(«;)
for i=1,2,..., m will be the poles of fo ¢! in D. Applying Theorem 1 to
fo ¢! on U we have

b
limlf o 6708) = pa(f 0 67, U)(w)m( ")

1 —aw

©)

_1 K ( W= )

_AH l_ij for|w|<l,
where A, K and the ¢;’s,j = 1, 2, ..., K, are as described in Theorem 1, and the
convergence is uniform on compact subsets of D.
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Theorem 3. Using the above notation,

it/ - oD I (220 )
80
AE<L—¢@)””€Q’

where the convergence is uniform on compact subsets of Q.

Proof. Let BE=p,(fc o ',U), Q,=p,(f;,T) for n=0,1,..., and R(w)
=i II5 v = )/ = gw).
If z € @ and w = ¢(z) we can write

lmw>mn@wnﬁﬂwﬂ|

(€)

‘R(W) —[fe¢7'(w) = EW)] H (1 = aaw>’
+ |Bw) — Q, ° ¢~ (W)|.

Consequently, our theorem will follow if it is shown that the sequence
{B — Q, ° ¢71}2, converges to zero uniformly on compact subsets of D. In order
to accomplish this we first prove that

(10) Hmilf = Qullc = lim|lfe ¢~ = Blly-

To this end, we observe that since ¢! is regular in D and continuous in
D + U, it can be arbitrarily approximated by polynomials on U. This follows
from Walsh’s theorem [4, p. 98]. Thus given any ¢ > 0 there exists a polynomial
S,, such that ||¢~! — S,, ||y < &, and given any & > 0, by choosing ¢, sufficient-
ly small we will have

feod™ = QueSully S Ifed™ —Queodlly+e
=|f = Qullr + &-
But Q, ° S,, is a polynomial of degree nm, so we have
Ifo o™ = Bully = IIf° 67 — Qp o Spllys

which then implies that

(n

hmilfe ¢~ = Blly = Jim|f — Qallr-

n—o

Similarly given any e > O there exists a polynomial r, such that ||¢ — r||p
< &3, and given any ¢ > 0, by choosing &; sufficiently small we will have

lf=Benlr = |If- Bodllp+e=|foo™' — By + &.
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Repeating our previous argument we obtain (10).

Now let us suppose that on some nonempty compact subset of D,
{B — Q, ° o712, does not uniformly converge to zero. Then since the sequences
(B}, and {Q, ° 7'}, are equicontinuous on each compact subset of D, there
exists a subsequence (P, — Q, °© ¢7!}2,, such that:

(i) {Py, }nzo converges uniformly on compact sets of D to a function L, analytic
in D,

(i) {Qx, © ¢~ '}, converges uniformly on compact sets of D to a function L,
analytic in D, and

(iii)
(12) ”Ll - L2 ”D > 0.
By (10) we have
Wf¢«w—uwnn(hww>ﬂ
(13) = ||[ f@) = L, ° ¢(2)] ﬁl <%)I "n
= ”[f°¢_l(w) (W)]H(l —aw)"D'
Now by (8),

I
Liw) = f¢ﬂm—mwn(wff)

Furthermore, by Theorem 1, L;(w) is the unique “analytic function of best
approximation” to fo ¢~! on D. This uniqueness together with (13) implies
L, = L, and thus our theorem follows.

7. Approximation to arbitrary continuous functions. Although Theorem 3 is not
in general applicable for an arbitrary continuous function f on a closed Jordan
curve I' (since fis not in general defined in the interior of I'), a somewhat weaker
version can be obtained.

Let ' and ¢ be as in §6. For a function f continuous on TI' let

p(£,T) = Jim|lf — pa(f, Dllr-

Theorem 4. Let f be continuous on T'; then given any € > 0 there exists a rational
function R of the form

Rw) =5 [H w=a, ”Lﬁ, ( 1w-_e,.civ )]
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such that: (i) |o(f,T) — ||R ° ¢|r| < & and
(i1) there exists a polynomial q such that ||(f — q) — R ° ¢||p < &.

Proof. If p(f,T) = 0 the theorem is true if we let R = 0. Thus we may assume
o(f; T) > 0.1t is well known [3, Vol. III, p.100] that if fis continuous on a closed
Jordan curve T, then there exists a sequence of rational functions that converge
to f uniformly on I'. In particular, there exists a rational function ¥ for which
If = Vlir < €/2. Moreover, V is of the form V(z) = o(z)/ T[], (z — a;)", where
o(2) is regular on I and in its interior and the a;’s lie in the interior of I'. Since
we have assumed that p(f,I') > 0 it will then follow that } has at least one pole
inside I if ¢ is sufficiently small. Let us thus assume that this is the case.

Applying Theorem 3 to V on T, let R*(z) be the limit of the sequence

{v@ - v fi ( ¢(Z)a_¢?z))’}

for z in the interior of I, where ¢ is as before and a;, = ¢(o;) fori=1,2,..., m.
The function R*(z) is then of the form

— . l’

i=1

where

ron = 411 (5=2)'] [ (+=2)]

Now for any pdlynomial pandforz €T,

V(2) = p)| = V(@) = f@)| + | (2) — p(2)|
&2+ |f(2) — p@2)l.

fIA

Similarly,

1f(2) = P2 = &/2 + [V(2) = p(2)|.

Thus |p(V,T) — p(f,T)| < & But p(¥V,T) = ||R o ¢|r so (i) follows.
The function (V — R o ¢) is continuous on I' and regular interior to I so again
by [4] there exists a polynomial g such that ||V — (R © ¢) — gl < &/2. Thus,

(f—@d—Redr = If = Vic+ V- (Re°o)—4lr
=e/2+e/2=c5
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and so (ii) follows.

Remark. If fand T are as in Theorem 4, and if one can find a sequence {R,};2,
of rational functions converging to f uniformly on I', and if one can calculate the
mapping function ¢ for the interior of I', then it is now possible to determine a
sequence of polynomials {g; };, such that lim;_, . ||f — g«|lr = o(f, ).
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