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ABSTRACT. Quadratic expressions in a massive spinless free Boson field
are treated by an appropriate extension of the method of second quantization.
A certain class of these second quantized operators is shown to generate semi-
groups that act on a suitable scale of L,-spaces, obtained through the diago-
nalization of the field at a fixed time, in a particularly regular fashion. The
techniques are developed first in an abstract setting, and then applied to the
neutral scalar free field. The locally correct generator of Lorentz transforma-
tions for P(¢)) is studied in detail, and essential selfadjointness is shown.
These techniques are also used to solve explicitly the (wz)n model.

1. Introduction. We study quadratic expressions in a massive spinless free
Boson field. Since their commutators with the field operators are linear expres-
sions in the field, they can be treated by an appropriate extension of the method
of second quantization. We introduce and study this extension, and as an appli-
cation the locally correct generator of Lorentz transformations for P(¢),, intro-
duced by Cannon and Jaffe [1], is worked out in detail, and selfadjointness is
proved along the lines of the perturbation theory developed by Segal [11). we
also use these techniques to solve explicitly the (wz)n model.

We introduce the extension of the method of second quantization in an ab-
stract setting, and study the regularity and covariance properties of the operators
thus obtained ($ 3). An appropriate version (Theorem 1) of a theorem of Segal
[11, Theorem 1] is then proved for a certain class of these operators (54). The
semigroups they generate are shown to act on a suitable scale of L -spaces, ob-
tained through the diagonalization of the field at a fixed time, in a particularly
regular fashion. The Lp-scale will depend on the particular operator, but the
class of admissible perturbations will not only be independent of the operator, but
will be the same one used by Segal (11},

We then turn to formal quadratic expressions in the neutral scalar free field,
and show how they can be rigorously defined as second quantized operators (% 5).
The techniques developed are then used to study the locally correct generator of
Lorentz transformations for P(e), ($6). The free locally correct generator is a
quadratic expression in the field operators, and is thus obtained as the second
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quantization of an operator of a type that can be skew-diagonalized (Theorem 2),
and thus belongs to the class of operators to which Theorem 1 can be applied.
As the interaction locally correct generator is of the same form as the interaction
Hamiltonian, we obtain the essential selfadjointness of the total iocally correct
generator of Lorentz transformations. '

Finally, we study the (¢2)n model (§ 7). We solve this model explicitly by.
performing a mass renormalization, for arbitrary space dimension. This has been
done, using different techniques and formalism, by Ginibre and Velo (2). (See
also Rosen [6].) We explain the need for cutoffs, and show how they can be re-
moved, leading to the renormalized Hamiltonian acting on the physical Hilbert
space. This is done via a unitary renormalization of the cutoff Hamiltonian.

Segal has communicated to the author that he has a proof for the essential
selfadjointness of the locally correct generator of Lorentz transformations, using
his “‘calibrated theory’’ [12].

Part of the contents of this paper were contained in the author’s Ph.D. thesis
at the Massachusetts Institute of Technology. The author wishes to express his
gratitude to Professor Irving Segal, for having introduced him to this research,
and taken a continuing interest in its progress. The author is also in debt to
Niels Skovhus Poulsen, Wilbert Wils, Michael Lennon and Barry Simon for help-
ful discussions. The author wants to thank Niels Skovhus Poulsen for permission

to print his unpublished results.

2. Preliminaries. I. We shall use the convention that the inner product in
a complex Hilbert space is antilinear in the first coordinate, and linear in the
second.

1. If H is a given complex Hilbert space, the corresponding free Weyl process
(K, w, T, v) consists of

(i) a complex Hilbert space X;

(ii) a continuous map W from H to the unitary operators on K satisfying

the Weyl relations:
W(zW(z") = expi- (i/2) Im(z, 2" )W(z + 2", forall z, z' €K,

(iii) a continuous unitary representation U — I'(U) of the group of all unitary
operators on K, such that

(a) TWWEI(W)™ ! = wUz) for all U and =z,

(b) dT'(A)> 0 for any selfadjoint operator A >0 in H, where dl'(A)
denotes the selfadjoint generator of the continuous unitary one-parameter group
D), ¢ eR;

(iv) a unit vector v €X which is cyclic for the W(z) and such that W =

v for all U.
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The foregoing properties determine (K, W, I',v) uniquely, within unitary
equivalence. The selfadjoint generator of the continuous unitary one-parameter
group W(tz), t € R, will be denoted by ¥(2).

This definition is due to Segal.

III. For any operator H in a real or complex Hilbert space, D(H) will de-

note its domain.

3. Infinitesimal symplectics. Let H be a complex Hilbert space, and
(K, W, T',v) the corresponding free Weyl process.

Definition 1. A symplectic transformation on H is a bounded invertible real
linear operator T such that Im(Tzl, Tzz) = Im(zl, 22> for all z,, z, € K.

It is easy to verify that a bounded invertible real linear operator T is a sym-
plectic transformation if and only if iTi"! = (TH™!, where by i we denote the
operator multiplication by i on X, and T* is the transpose of T, i.e., Re(z,, Tzz) =
Re(T‘zl, z,) for all z), 2, € H.

Symplectic transformations come naturally into the context of quantum field
theory. If W is a Weyl map over H, i.e., W is a map from H into the unitary

operators on a complex Hilbert space, such that W(z)W(z' )= expi— (z/2)Im(z, z")
Wz+2z") forall z, z' € }(, it follows that if T is a symplectic transformation on
H, woT is also a Weyl map.

Definition 2. A symplectic transformation T on H is said to be unitarily
implementable if there exists a unitary operator U on K such that, for all z € K,
UW(z)U=! = W(T2). We will write T'(T) for any such U. I'(T) is determined only
up to a phase factor, which had been fixed for unitary operators U by requiring
v = v

Shale [13] has studied the group of symplectic transformations, and has de-
termined the class of unitarily implementable ones. T is unitarily implementable
if and only if T'T - I is a Hilbert-Schmidt operator (equivalent to (T!T)" — I
Hilbert-Schmidt).

Definition 3. A closed densely defined real linear operator S in H is called
an infinitesimal symplectic if it is the generator of a continuous one-parameter
group of symplectic transformations 'S, Incase S is the infinitesimal generator
of a continuous one-parameter group, then S is an infinitesimal symplectic if and
only if iSi~! = - St

Definition 4. An infinitesimal symplectic S is said to be selfadjointly im-
plementable if there exists a selfadjoint operator H in K such that e'H yni-
tarily implements etS, for all t € R, We will write H = y(S). We note H is de-

termined only up to a scalar. If the vacuum v is in the domain of H, we will

fix H by requiring (v, Hv) = 0, and write H = yO(S).
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Examples. 1. Let A be a selfadjoint operator in H. Then iA is a self-
adjointly implementable infinitesimal symplectic, and y,(iA) = d['(4).

2. Let K be a real linear self-transpose Hilbert-Schmidt operator on H, such
that iKi=! = — K. Then ¢*X is a continuous one-parameter group of unitarily im-
plementable symplectic transformations. By Theorem 4.2 of [13], there exists a
continuous unitary one-parameter group ¢'*!l implementing e!X, as every contin-
uous projective unitary representation of the real line can be made a bona fide
representation. Thus K is selfadjointly implementable. Actually, we can show
more. e’ can be exhibited explicitly, using the construction given in [13], and
the vacuum can be shown to be in the domain of H (see also Poulsen [4]).

3. Let § be an infinitesimal symplectic, T a symplectic transformation.
Then TST™! is again an infinitesimal symplectic. Moreover, if § is selfad-
jointly implementable, and T unitarily implementable, then the same is true of
TST=1!, and we can take YTST™1) = T(T)US[(T)~'. One particularly interest-
ing case is when § = /A, where A is selfadjoint.

Remark 1. Let (K, i, (, )) be a complex Hilbert space, i.e., } is a real
vector space, I is the operation of multiplication by i that makes H into a com-
plex vector space, ( , ) is the complex inner product. Let T be a symplectic
transformation on M. Then if j = T~ 1T, (x, y)p=(Tx, Ty) for x, y € H,

X, i< }T) is a complex Hilbert space, in which H is as before, j gives the
complex vector space structure, and ( , ), is the new inner product. Then if
S is a real linear operator on H such that TST™! is complex linear in H, 4, , )),

then S is complex linear in (K, j, (, )T)-

Proposition 1. Let A and B be selfadjointly implementable symplectics in
H, such that (A + B)™ generates a continuous one-parameter group. Then, if
WA) + YB) is essentially selfadjoint, (A + B)™ is selfadjointly implementable,
and y((A + B)7) = (Y(4) + y(B))~.

Proof. By the Lie-Trétter formula

AT | im (e(t/mA (t/n)Byn
n -0
and
LAt (AYRY(BNT | o (Glit/n) Y (A) it /)Y (BYyn,

n--00

Thus (A + B)™ is an infinitesimal symplectic, and for all z € H

Y (AVY BN (L) = solim (e'it/m)Y (A)(it/n)Y (BYyny(,)

7 — 00

- s-lim W((e(l/n)Ae(t/n)B)nz)(e(it/n)')’(A)e(il/n)'}’(B))n

7 —00

- W(lim (e(t/n)‘Ae(t/n)B)nz> [s_um (e(it/n)’)’(A)e(it/n)')’(B))n]

n—oo n — oo
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because both terms are bounded in norm, and W is strongly continuous. But the

last expression is just

W(et(A +B)-z)eit(’>’(A)+‘)’(B))-’

and thus (y(A) + ¥(B))™ selfadjointly implements (A + B)™.. End of proof.

Note. We have been somewhat careless in the proposition, as y(A), ¥(B),
and Y(A + B)7) are defined only up to a constant. What we mean is that given a
particular choice of y(4) and y(B), (¥(A) + ¥(B))™ is a possible choice for
y((A4 + B)).

Particularly useful is the following result, due to N. Skovhus Poulsen [4}.

Proposition 2 (Skovhus Poulsen). Let A be selfadjoint in H, B bounded
selfadjoint, K real linear self-transpose Hilbert-Schmidt infinitesimal symplectic,

z e X. Then the operators
YA) + YiB), y(A) + y(K), y(iA) + ¥(z), y(iAd) + y(K) + ¥(2)

are all essentially selfadjoint in any domain contained in the algebraic span of

the n-particle subspaces Kﬂ in which y(iA) is essentially selfadjoint.

Example 4. Let A be a selfadjoint operator in H, K areal linear Hilbert-
Schmidt infinitesimal symplectic on H. Then iA + K is a selfadjointly imple-
mentable infinitesimal symplectic, and the vacuum is in the domain of y(iA + K).
The statement follows from Propositions 1 and 2, with the remark that K = K, +
K, where K =JA(K - K?), K, =YK + K"), and K, is bounded and skew-trans-
pose, which together with being an infinitesimal symplectic implies K, is com-
plex linear, and thus skew-adjoint, and K, is a self-transpose Hilbert-Schmidt
infinitesimal symplectic.

Remark 2. In [4], Skovhus Poulsen shows that if S is a bounded selfad-
jointly implementable infinitesimal symplectic, then § = iA + K, where A is
bounded selfadjoint, and K is Hilbert-Schmidt. It is natural to expect the more
general selfadjointly implementable infinitesimal symplectic to be of the form
iA + K, where A is selfadjoint and K is Hilbert-Schmidt, but this is just not
true, as shown by the following counterexample.

Let e, be an orthonormal basis for }(, then X = ZaGB}(w where }(a= C
for all o. Let A be the selfadjoint operator given in H by A =X, Dal,,
where [, is the identity operator in }(a, and let T be the symplectic transfor-
mation given by T = X @ 7,, where T, is represented by the matrix

A 0

a

0 a-l

a
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relative to the decomposition C = R @ R, where A _> 0, and £ (A - 1)? < ca.
Then T is unitarily implementable. Let § = TiAT™ L. Then § is a selfadjointly

implementable infinitesimal symplectic, and § = 2a® S o where

0 A2

a a

AZ2 0

Thus, if we write §$ = iB + K, where 1B = (s - 1), K =%(S + sY), then B =
2. ®B, B,= aa()\i + A;z)la, and so B is selfadjoint, and

K=%,DkK,
where

0 AZZ A2
K =aa ,\-2 )\2 0 .
a T Ta

and so K is a self-transpose infinitesimal symplectic. But K is not necessarily
Hilbert-Schmidt, we can choose A and T such that K is unbounded. In fact, K
has discrete spectrum, and its eigenvalues are * aa()\jlz - )\i). We recall A =
1+¢t, where t,—0. Thus )\;1 ~ 1-1t,, for a large enough, and [)\;2— )\il s
4|t ). Thus, if we choose the a;’s and A;'s such that la A, = 1)| = oo, then
K is unbounded. In this case, we can also show that the vacuum is not in the
domain of y(S), for an appropriate choice of the a;'s and A/'s.

Remark 3. Another reasonable conjecture would be that if S is a selfadjointly
implementable infinitesimal symplectic, then S = TiAT™ !, for some unitarily im-
plementable symplectic T and selfadjoint A. But this is also not true. Recall
that S is of that form if and only if there exists a complex structure in H in which
S is skew-adjoint, or equivalently, in which 'S is a one-parameter group of unitary
transformations. In [8] (see also Weinless [14)), Segal gives a simple criteria
for that. e'S is unitarizable if and only if Im{x, e'®y) is a bounded function of
t forany x, y € H. Solet S =iA + K, where A is selfadjoint, and K is a self-
transpose Hilbert-Schmidt infinitesimal symplectic, and assume there exists y €
H such that Ay = ay, Ky =ky, a, k £ 0. Then S is a selfadjointly implementable

symplectic, but it cannot be of the form TiAT™!, because for any x €

Im(x, etSy) = e %e*Im(x, y),

and this is not bounded if Im(x, y) # 0.
The selfadjointly implementable infinitesimal symplectics S of the form
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TiAT™ ! or iA + K, K Hilbert-Schmidt, are easier to deal with than the general
case. In these cases, in addition to e’”S)W(z)e~ 1175 _ W(e?Sz), we can also

prove

Proposition 3. Let S be of the form TiAT™! or iA + K, where A is self-
adjoint, T symplectic, K Hilbert-Schmidt infinitesimal symplectic. Then, if
H = y(5),

e~ W2, W(z) _ (g 4 Y(sz) + 4 Im(z, Sz~
for all z € D(S).

Proof. For S = TiAT™!, it follows from Lemma 3.3 of Segal [9]. For § =
iA + K, we first notice that the left-hand side is essentially selfadjoint on
D(y(iA)) intersected with the algebraic span of the n-particles subspaces Kn, by
Proposition 2, and thus it is enough to show the formula holds in this domain.
With that, the proof is the same as that of Lemma 3.3 of [9], except that one should
use

-iW(z_ )

o 1W(2) it Li¥(z) _ itH -t i¥z)

’

where z_, = e~ !5z, instead of the similar formula used there. End.

4. Regularity of the action on an appropriate Lp-scale. In [11], Segal in-
troduced a perturbation theory appropriate to quantum processes, based on the

action of the semigroups e tH

on a certain scale of Lp-spaces, where H =dI[{A),
and A is a strictly positive selfadjoint operator, leaving H' invariant, where
H' is a real Hilbert space of which H is the complexification. We extend these
results for infinitesimal symplectics.

Let H denote the complexification of the real Hilbert space H', and let
(K, w, T, ») be the corresponding free Weyl process. Let A be any given self-
adjoint operator in H' such that A > e >0, and let us also denote by A its
extension to H as a complex linear selfadjoint operator. Let H = dl'(A). Let
R be a bounded linear operator on H' with bounded inverse, and such that
R'R — I is Hilbert-Schmide. Let T = R @ (R)™!, corresponding to H = H'& H".
Then T is a unitarily implementable symplectic transformation in H. Let H =

(T)H ()~

Theorem 1. There exists a weak probability measure | on H', depending
only on \Tl - (T'T), such that X can be identified with L (}( !, du), and

(1) e~ is a contraction in L (}( dp.) forall t >0 and 1< p<oog
(ii) for all p > 2 there exists t (p)> 0 such that, for t>t(p). e~ - is a

contraction from Lz(}( , dy) to LP(}{ , dw);
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(iii) if g is the isonormal weak probability measure on H',

! 1
ps[(lm) L, (', dg) = ,,e[Qw) LG, d).

Proof. We can assume T = |T|, i.e., R = |R|, because T = |T|0, where O
is an orthogonal symplectic, hence unitary, and thus T(0)dI(A(0)~! is of the
form d'(A'), where A'= OAO~! has the same properties as A.

We will use the real wave representation for (K, W, [, v) (see (11, 7). In
this representation X-= LZ(}( ‘, dg), where g is the isonormal weak probability
measure, and v is the function 1. We recall ([7], [13]) that in this representation
the tame functions over ' form a dense set in X, and we can choose I'(T) such

that
() Nx) = f(Rx)w(x) for all tame functions [

where w = \/du/dg, and p is the weak probability measure on H' defined by
[1) dulx) = [ [R50 dgle).

In particular, I'(T)v = w. Let Z be the unitary operator
z: L, dg) = L, dp), [ — ™t
Then Zw = 1, and we can identify K with L (', dp).

Lemma 1. Let Y = ZI(T). Then Y is a Banach space isomorphism from
Lp(}( !, dg) to Lp(}( !, dp) for all p €1, o).

Proof. (ZI'(T)fXx)=f(Rx), so

[1v1G1dut) = [17(R]? du) = 111 dgl).

End.
For an operator X in K, let us denote by X its representation as an oper-
atorin L,((", d), i.e. X = ZXZ~ 1. Then H = ZD(TH (1)~ 12~ = YH Y~ L.
4 —tH —tH,
Thus e~ H = ve
acts on LP(}( ', dg), so (i), (ii) follow from Theorem 1 of [11).

(iii) follows by Hélder’s inequality, from the following lemma.

0y=1 so e ™ actson L ,(H', dp) in the same way e

Lemma 2. There exists p, q > 1 such that w? € Lp(}( !, dg) and w™?e
Lq(}( ", du).

Proof. Let {el} be an orthonormal basis for it ! such that Re,=c.e, where
0<c.=1+A., SA2< . Such a basis exists, as R -1 is Hilbert-Schmidt. Let
1 1 1
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X, w, T, ») be represented as in Corollary 3.6 of [7). Then K is represented by
LZ(M)’ where M = (R, a’g)di'“’(: and LP(H ' dg) = LP(M)'

Let w(x) = Ve, expl- % (c? - Dx?} € L (R, dg). Then w(x)= D, w (x). Ve,
claim there exists p > 1 such that wiz(x) € LP(R’ dg) for all i, and Hwiznp < LY

where 7 is a constant independent of i. In fact,

’

5 P, 2 2 1 dx P
"wi”p =c, (fexp{_f(ci - 1x }exp{-—ixz} _(5;)_1_/2_.) .

1 2 2 dx 1/p
= ci<J-exp{— 5 (P(Ci -1+ Dx } PRy ) .

For this to be finite we need 1 + p(ci2 - 1) > 0. We have two cases:

(a) c; > 1. Then this is true for all p.

(b) ¢, < 1. Then we want p < 1/(1 - ciz)-
We notice 1/(1 - cl.z) > 1, hence if c; = min ¢, then 1/(1 - cz.z) >1/(1 - cg) > 1,
as ¢, > 0 follows from the compactness of R — I. Thus if we choose 1 <p <
1/(1 - cg), ||u/12”t7 < oo for all 7. Moreover

c2e 1/2p (1+2)%? >1xzp

wl||, = e 1+ plce? —1)7128 o [ ——
I ,“p Mo+ ple; <1+p(c _1) 1+p((1+)\i)2—1)

Let fO) = (1+A)22/(1+ p((1+ M2~ 1)). Then, by Taylor’s formula, f(A) = /(0)
+ [ OA+ % ["(A)A?, where 0 <A, <A if A>0, or A<A; <0, A<O.

But f(0)=1, /'(0) =0, and f“(A) is a continuous function of A and thus
there exists 7' such that |[/"(A\)| < 27" for A € lmin A,, max A ). Hence |f(A)] <
L+p'A2<e? A2 for A in this interval. Therefore

2 2
NN /20 A ,
lwill,<e * " =e T for n=1'/2p.

Thus szll < exp(n(Z, )\2))< N, so w ELD(}( dg) for some p> 1.
Slmxlarly, we can show w-“ €l (}( dg) for some r > 0, and this implies
w™? (}( dp). End of proof.
Remark 4. (iii) says that the class of admissible (for Theorem 2 of [111)

perturbations for H as in the theorem is independent of H, and is the same as

the one used by Segal [11].

Remark 5. It follows from the proof that e
(/, e=tHgy >0 if /, g > 0) in both L,(}', dg) and L,(H', dp).

Remark 6. Let }( = it (L >T‘1) (see Remark 1). Then T: H —
}(T is a unitary map, Tj{ =H', and 3‘( ~H'+ TiT~H'. Moreover, p is the

~tH has a positive kemel (i.e.,




448 ABEL KLEIN

1sonormal weak probability measure over the real Hilbert space }( =H' ¢, ) - V-
If (K | R ) is the real wave representation for the free Weyl process
over HT’ then K =L (]‘( dp) and Y: L (}( dg) — L (H dp) intertwines
(K, w, I', v) and (K WT, 1 vr) unitarily 1mplement1ng T: H =K, ie.
W (z)— Yw(T~ 1z)Y I for z e ', T (U)_ YI(T~'WT)Y~! for U unitary on
}(T’ and v, = Y.

TiAT™! is a skew-adjoint operator in }(T’ say = TiT~ B, B selfadjoint in
}(T‘ Thus

dl',(B) = YT ()Y~ = yH y=' = H.

It follows (1), (ii) hold as H = drT(B), and to prove (iii) it would have been
enough to show

N L (}(’ d)c N L LU, dw),
pé[l 00) pELL 00)

as we can invert the roles of g and p.

Corollary. In the case of the neutral scalar free field with mass m > 0, in
two dimensional space-time, if H is as in the theorem, P is any given real
polynomial bounded from below, and V() is the selfadjoint operator represented
by [:Ple(x)): f(x)dx, where [ € L,n L‘Z(R)’ {>0, H+V(f) is essentially
selfadjoint, and bounded from below.

Proof. Follows from the theorem, and from Theorem 2 and proof of Corol-

lary 3.3 of [11}. End.

5. Quadratic expressions in the neutral scalar free field and its derivatives.
Let H = L,(R™), m > 0. If C denotes the operator (m? - A4 in K, then, within
unitary equivalence, the neutral scalar free field ¢ with mass m, and its time

derivative ¢, are given, at time zero, by
&) =d(f, 0 =W(C™I,  ¢lg) = dlg, 0) = W(iCy),
for real functions [ € L (R”), g € D(C). We then have
[0, b = i, g L[y Bl = 0= [blgy)s Blg )™

or, symbolically, if ¢>(/) ~ [ex)f(x)dx, and zzﬁ(g) ~fq;:(y)g(y)dy, [e(x), «.a(y)] =
i8(x - y), lelx), ey)l=0= = [e(x), ¢(3)]. Time evolution is given by the free
Hamiltonian H, = dl“(cz)

Let Q be a real quadratic expression in e(x), o(x) and its derivatives,
e.g. 0x)=m 20(x)? + Ve(x)? + @(x)2. Let us consider the formal expression

H = [:0(x): {(x)dx, where [ is some real function. We want to make sense out

of H. All we really know about H are its commutation relations with ¢ and ¢>,




QUADRATIC EXPRESSIONS IN A FREE BOSON FIELD 449

or equivalently, its commutation relations with ¥.. Q being a real quadratic ex-
pression, i[H, ¥(z)] = W(Sz), where S is a real linear operator in H, and S must

be an infinitesimal symplectic, because

P(isi~12) = DO~ 120G~ = TGYlH, WG 200!
= ATHOHTG) ™, ¥(2)] = Y- §tz),

as DEOWEING™1) = ¥(iz). We know that if S is selfadjointly implemented by
$S), then ily(s), ¥(2)] = ¥(Sz), for z in the domain of §, as Y Y(z)e =17 (5)
W(e'®z). If moreover we require H to have zero vacuum expectation, which is
equivalent to Wick ordering the terms in the quadratic expression Q, we fix y(S)
by requiring (v, y(S)v) = 0. We are thus led to define H by y,(S), and thus ob-

tain H as a selfadjoint operator.

6. The locally correct generator of Lorentz transformations for P(¢),. The

locally correct generator of Lorentz transformations,
Mg, g,) =€Hy + My(gy) + M, (g,)s

where

My(g,) = % f:mqu(x)z + Ve()? + o(x)?%: g, (¥)dx,

M,(gy) = [:Plol): g, (),

€>0, g1, 8, € (R), 8, 8,20, P a polynomial bounded from below, has been
introduced and studied by Cannon and Jaffe [1). They treated the ((04)2 case,
and their results have been extended to («’2")2 by Rosen [5}.

Notice that €H, + Mo(gl) = Mo(f), where f=¢€+ g,. MO(/) is a real quadratic
expression in the field and its derivatives, so we apply to it the procedure out-
lined in the last section.

Formally, (M(/), $(b)] = —ip(Mp), (My(/), Bb) = ip((m?M, — VM, V)b),
where M, denotes multiplication by f, and V= d/dx. Recalling ¢(h)= w(c™ 1),
&(h) = Y(iCh), we have ilMy(f), Y(z)) = ¥(Sz), where S has the matrix represen-

tation

0o - C’l(sz/ - VM/V)C'l
cmC 0

if we write LZ(R) = RLZ(R) (23} RLZ(R), where RL, is the real L,.
Thus, S = 1A + K, where
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L o
A = , L=CM/C+C'l(m2M/—VMfV)C‘l,

(o v
K== , Y=CM/C—C'l(szf—VM/V)C”I.

We assume f=¢+g,, €¢>0, 0<g, € XR). It follows Y is a Hilbert-Schmidt

operator, because in Fourier transform space it is an integral operator with kernel

(m? + k2% (m? + pz)% —m? - kp ( |
Y(k, p) = - - gk~ p)
(m? + &)%(m? + p?)% !

where g,(k) = feikxgl(x)dx, and Y(k, p) is an L ,-kernel by Lemma 3.2.2 of
[1). Thus K is a real linear self-transpose Hilbert-Schmidt infinitesimal sym-
plectic. In case €¢> 0, M/ has a bounded inverse, and so CM/C is a real self-
adjoint operator, being the inverse of the bounded real selfadjoint operator

c- 1M/" =1, If e=0, CM/C >0, and we can take its Friedrichs’ extension.

In either case we obtain L as a real selfadjoint operator, and thus A as a self-
adjoint operator.

It follows (see $3) that S is selfadjointly implementable, and v € D(y($)).
We thus define MO([) rigorously by MO(/) = yO(S), as yo(S) is a selfadjoint op-
erator having the required commutation relations and zero vacuum expectation.

It also follows that MO(/) is essentially selfadjoint on any core for dI'(A) con-
tained in the algebraic span of the n-particles subspaces.

In particular, if €= 0, Mo(gl) is still defined as a selfadjoint operator. We
would like to notice that John Cannon has a nonpublished proof for that (private
communication).

We now want to show that M(g,, g,) =M (/) + M(g,), with f=€+g, ¢>0,
0<g; g, € SR), is essentially selfadjoint. By the Corollary to Theorem 1,
it suffices to show that Mo(f) satisfies the hypothesis of Theorem 1.

This will follow from

Theorem 2. Let X be a complex Hilbert space, and X' a real subspace
such that X = H' + iH'. Les

S = )
g* o

2

where a?, B%>e> 0 are selfadjoint operators in H*, such that B - a? is
Hilbert-Schmidt (or bounded, or trace class), and o{B? - a?) is densely defined.
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Then R = (aﬁza)%a"l is a bounded invertible operator in H', with a bounded
inverse, such that R'R - I is Hilbert-Schmidt (or bounded, or trace class).

If T=R & (R, TST~ 1= i(aB?a)%, where (aff2a)* is selfadjoint and
>e>0.

Corollary. The locally correct generator of Lorentz transformations for

P(¢), is essentially selfadjoint and bounded [rom below.
Proof of Corollary. M (/)= y,(S), where S has the form

0 _(L-Y)

L+Y 0

where L and Y are selfadjoint operators in H' v is Hilbert-Schmidt, and it is
easy to check that L-Y >¢>0, L+Y >e>0. As RR) (real functions in
&R)) is left invariant by L and Y, it follows (L - )4y is densely defined.
Thus S satisfies the hypothesis of Theorem 2, and so § =T~ VAT for a unitarily
implementable symplectic transformation T and a selfadjoint operator A > ¢ > 0.
Thus

yo(8) = T(D)~ 1l (A(T) - (T, dT(A(T)v).

The corollary now follows from the Corollary to Theorem 1. End.
Proof of theorem. One has first to prove existence of all the operators in-

volved, and this is handled with the help of the following simple lemma:

Lemma. Let A and B be closed densely defined operators with bounded
inverses. Then AB is a closed densely defined operator. If A and B are self-

adjoint, ABA is selfadjoint.
Proof. AB =(B=!A~1)~! so AB is closed and densely defined. In case

A and B are selfadjoint, ABA is the inverse of the bounded selfadjoint opera-
tor A=!B= 14~ 1 and hence selfadjoint. End.

It follows af2a is a selfadjoint operator, and it is obviously > €. Thus
R = (aB2a)%a~! is a closed densely defined operator, as D(aB?a) C
D((af 20)%) N D(a), and a~! is bounded. It also follows that R~ is closed
and densely defined.

It suffices now, to prove the theorem, to show that R'R - I is Hilbert-Schmidt
(or bounded, or trace class), as this also implies that R is bounded, by the use
of the polar decomposition for R, and that R™! is bounded.

But

RIR-1= OL‘1(0((3201.)'/’01,“1 _a~ Nat)lal.
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Recalling that if A > € > 0 is a selfadjoint operator, then for all z € D(A)

1 foo
A%z=—f dyy-%(y+A)"1Az
mJ o0
(Dunford-Taylor formula, see Kato (3, p- 282)), it follows that

1 roo
(R'R - Dz = ;IO dyy”o= Uy + ap?a)~ B2 - ad)aly + o)~ la~ 1z
1 foo
== [Tayyta Ny + aB?DT B - PNy + )71z,

for z € D(afB?aa~) N Dla*a~1) = D(a(B? - a?)), which is dense in H' by hy-

pothesis. As 82 - a?

is Hilbert-Schmidt (or bounded, or trace class), and

1o + a®= | < (y + €)1, it is enough to show that a~ 'y + aB2a)"'a is a
bounded operator for y > 0, norm continuous as a function of y, uniformly bounded
in norm for y near zero, and such that its norm is Oy~ 1) as y — . As

a~ Ny + aB?a)~ta=(a" Uy + aB?a)a)~! = (y + B2a?)~ 1, it suffices to show
that (= o0, 8) is in the resolvent set of B2a?, for some & > 0, and that

Iy + B2a?)~1| = 0(y~1) as y — c. Let z € D(B%a?), ||z|| = 1. Then

(z, Bzazz) =(z, (& + (B2 - a®Na’z) = (z, alz) + (z, (B - a?)z).

But
Kz, (B* - a®)a’z)| < |B? - &®|l[lo?z] = |IB? - a?||(z, a*z)".
Thus

Re(z, B2a’z) > (z, a’z) - [z, (B? - &*)o’z)|
> (z, atz) — [|B2 — [z, atz)t > -4 |B? - &%,

as (z, a%z) > 0. It follows it is enough to show that o{B2a?)C{w €C| Re w > &}
for some 8 > 0, where o{82a?) is the spectrum of 8202, as B2a2+ Y% ||B? - a?|?
will then be m-accretive, so ||(y + B2a?)~ 1| <(y - % [|BZ - a?|D)~ 1! for y >
%|B? - a?|? (see Kato [3, p. 279]). Actually o(B%a?) is even nicer, in fact
o(B2a?) C [€2, ), as shown by the following argument, due to W. Wils: If o' =
0 - 10}, then o'(B2ad)~"D=0"(a"?B~?) =0 (B~ la"2p"1)C(0, e ?], as
d"AB) = 0 '(BA) for bounded operators A and B, and a?, Bz >€e> 0. It follows
o(B2a?) Cle?, =), as o{A) = (6(A~1)7! for a closed densely defined operator
A with a bounded inverse, as A=A == AXA"1-4" DA,

To show R™! = a(a,Bza)' 174 is bounded, we repeat the argument used to

show that R is bounded. Using the appropriate polar decomposition for R~ 1

it is enough to show that R-YR~1) is bounded.
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As before,

RTMR1 -1 =oaB?0)"a- ala®)%a,

So

(R=UR™Y =Dz = %_f: dy y“%a(y + afla)ta(B? - aPaly + a)~laz

1 oo
_ ;IO dy y-‘/z(a-Zy + BZ)— I(BZ _ aZ)(a-Zy N az)"lz,

for z € D(a(aB2a)~1/2a), which is dense in H'. But a=?y + a?>a?>e¢>0,
a‘zy + ,82 > Bz >e€>0, for y >0, so both (a~ 2}' +a?)~ 1 and (a'zy + Bz)'l
are bounded operators for y > 0, norm continuous as a function of y, and uniformly

bounded in norm for y near zero. Moreover,

(@2y+a®)> inf W2y +AD > inf W2y 4D >2y%
)\ecr(az) Aele,00)

and o~ 2y + B2=a"2y + a?+ (B2-a?) > 212~ ||B? = a?||. Thus both
I(a=2y + a?)=1| and |[(a=2y + B~ 1| are O(y-l/z) as y — oa.

It follows R™(R~1! - I is a bounded operator, and thus so is R™L

If we let T=R & (R)™!, itis clear that TST~!=i(af2a)!/%. End of

proof.

7. Renormalization of a quadratic Hamiltonian. Let us consider the self-

interaction of the neutral scalar free field given by the interaction Hamiltonian
V=A f: o(x)?: dx.

The total Hamiltonian is then H = H, + V. Unfortunately, V cannot be defined
as an operator in K in any reasonable sense (see Segal [10]). The problem must
be reformulated. Physically, to say H is the Hamiltonian means that if ¢ is the
field, and ¢ its time derivative, then i[H, ¢(f, Nl = (,2’)(/, ). This commutator
can be computed, formally. It follows from the canonical commutation relations
that i [H, W(z)] = ¥(Sz), for z € D(S), where S is represented by the matrix

0 —(c?+2xC™?)
c? 0

in the decomposition H = RL(R") @ RL,(R™). If A >~ m?/2, it follows C* +
21> 0, and we can define D = (C* + 2)1/4. Let
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p-lc 0
T = 1
0 DC~

Then T is a bounded operator, and (D~ !C)'D~1C = CD~=2C = (1 + 2ACc~?)~1/2,
and D~ !C is thus seen to be bounded, using its polar decomposition. T is clearly
a symplectic transformation, but is not unitarily implementable, as 2\C~ 2 is not
Hilbert-Schmidt. This gives us some insight on the way H cannot be defined as an

operator in K, as

0 -D?
TST™! = = iD?.
p* 0

It follows (see Remark 1) there exists a complex structure in H which makes §
a skew-adjoint operator. Let 3‘(1 be this new complex Hilbert space. Then § is
selfadjointly implementable in the corresponding free Weyl process (Kl, W, Tyovy),
and, as T is unitary from }(1 to X, we can take Kl =K Wy=WoT, Fl(.):
(T - T"1), and v, = v. In this representation, § is selfadjointly implemented
by H_ =yo(TST™"). Let S_ =TST™' Then S _ =iD? and thus H_, =
dTl(D?). Analogously to the construction of the neutral scalar free field, we define
b (/)= ¥(p-1f), <2'f>ren(g) = ¥(iDg) for real functions [ € L (R"), g € D(D), and
we have i[Hm, qu(/)]" = g.bm(/), as desired. Thus we have been able to make
sense out of H, but to do so we had to make a renormalization that was equivalent
to a change of Hilbert space, and the need for this change came from the nonuni-
tary implementability of T.

The renormalized field is just the neutral scalar free field with mass
(m2+ 2012 as D = (m2+ 2X = A)/4. We have thus done a mass renormalization.

In the usual treatment, cutoffs are introduced. Their function is to make §
selfadjointly implementable, but they also make T unitarily implementable.

The space cutoff is introduced by defining

H() = Hy + A f Lo ()2 f(x) dx,
where [ is a real positive function, bounded and square-integrable. This cor-

responds to defining

0 -(c?+ 2AC'1M/C"1)
S() = )
c? 0

where M/ denotes multiplication by the function f. Analogously to the case
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without cutoffs, if A > - m?2/2, we define D(/)=(C*+ ZAM/)1/4, and from it con-
struct T(f).

A momentum cutoff is also introduced. It substitutes M,  for M/, where
the operator M,  is defined as having, in Fourier transform space, the integral
kernel i’Xc,(k)/”(k - p)fxa(p), where ia(k) =1 if k<0, and is zero otherwise. As
this is an L,-kernel, Mf,a is a Hilbert-Schmidt operator. Thus, S(f, o) =
i(C2+AC™ IM/'UC“ ) + K(f, 0), where

-1 -1
0 -acTiM, C

o Youly PN ont 0

K(f, 0) =

is a self-transpose Hilbert-Schmidt infinitesimal symplectic. It follows s(f, o)

is selfadjointly implementable, and we can set H(f, 0) = y(S(f, 0)). On the other
hand, T(f, o) is unitarily implementable, as cp(f, o)~ 2c = (c~Ip(}, 0)2c-H- 1=
(I +CUD(f, 0)2 - CcHC~ 11, and D(}, 0)? = C? is seen to be Hilbert-Schmidt
using the Dunford-Taylor formula, as in the proof of Theorem 2 (only here itis
very easy to see that the integrand is bounded, with Hilbert-Schmidt norm bounded
by an integrable function), and it is easy to see that if X is a Hilbert-Schmidt
operator, and I + X is invertible, then (I + X)=!1 =1+ Y, where Y is again Hil-
bert-Schmidt. It follows there exists a constant E(f, 0) such that [(T(f, 0))
(H(f, 0) + E(f, (T, oD~1 =y (T(f, 0)s(f, OIT(f, o)~ 1) = H(, @), as both
sides generate continuous unitary one-parameter groups implementing the same
continuous one-parameter group of symplectic transformations. The constant

E(f, 0) is needed to adjust the ground state energy of H(/, 0) to zero.

Similarly, the techniques of Theorem 2 also show that C~ D %(f) - CH)C™!
is Hilbert-Schmidt, if the number of space dimensions is < 3, so T(f) is unitar-
ily implementable, and it follows that S(f) is selfadjointly implementable, and
we can repeat the above procedure with S(f). But K(f) is not Hilbert-Schmidt
(see Remark 2).

To remove the cutoffs, we make first 0 — oo, and then [ — L. It is easy to
see that D4(f, 0) — D*(f) strongly in the domain of D4(/), as 0 — . As
D%(f, 0), D4(f) are uniformly bounded away from zero, we can use the Dunford-

Taylor formula to get DX/, 0) — D?(f) strongly in the domain of D2(f), as
.. tS(f, o) tSCf)
0 — oa. By a theorem of Trotter, e e

(tH(f, o) itH(f) tSCf) tS
HH T, ! ®r _, e ™" strongly, and

" strongly, so it follows

e 0 Similarly, e

itH(f) itH
e e, " serongly.
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