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REPRESENTATIONS AND CLASSIFICATIONS
OF STOCHASTIC PROCESSES
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ABSTRACT. We show that to every stochastic process X one can associate
a unique collection (¢, ®,, T(¢), E(U), p*) consisting of a linear space ¢, on
which is defined a linear functional p*, together with a convex subset @, which
is invariant under the semigroup of operators 7\t) and the resolution of the iden-
tity {U). The joint distributions of X, there being one version for each ¢ € @,
are then given by

Py(X(t)) €Uy ene y X(ep +oeet2) €U ) = p EQU )T )+« EQUT(2))b.

To each ¢ contained in the extreme points &, of ®, and each time ¢ we find
a probability measure P}(®, -) on #,, such that T(z)¢=f¢++¢P;‘(¢, ay). P3
is the transition probability function of a temporally homogeneous Markov pro-
cess X* on @,, for which there exists a function f such that X = f(X*). We
show that in a certain sense X* is the smallest of all Markov processes Y for
which there exists a function g with X =g(Y). We then apply these results to a
class of stochastic process in which future and past are independent given the
present and the conditional distribution, on the past, of a collection of random
variables in the future.

Introduction. It is the purpose of this paper to find minimal algebraic and
Markov process representations of general stochastic processes and then to apply
these representations to what we hope will turn out to be an interesting class of
stochastic processes. The reader should note that our definition of a stochastic
process will not be the standard one. Indeed we will define a stochastic process
to be simply a convex set of probability measures on the sample path space which
is closed under conditioning on the past. There are several reasons for our doing
this. In the first place, a Markov process consists of a convex set of measures
on the sample path space, one measure for each initial distribution, and these
measures are closed under conditioning on the past. In the second place, suppose
that an observer is looking at some random phenomenon which at some initial time
is described by a particular measure on the sample path space. If a different
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observer were to come along at a later random time, the phenomenon he observed
would no longer be described by the original measure but by some convex combin-
ation of measures conditioned on the past. As a result we feel that it is best to
think of the stochastic process as the collection of all possible measures which
various observers might have to use to describe the phenomenon. Finally, we feel
that there is some reason to believe that every random physical phenomenon is
simply a temporally homogeneous Markov process in disguise. As a result, since
the Markov process is a convex set of measures closed under conditioning on the
past, we feel the original random phenomenon would also have this property.

Our first result is that to any stochastic process one can associate a unique
algebraic structure whose main component consists of a semigroup of operators
on a linear space. This association is well known in the case of temporally homo-
geneous Markov processes. The interested reader can refer to [6] to see how hit-
ting time distributions for general stochastic processes can be found, using the
algebraic representation, as the solution of an abstract Dirichlet problem.

Having defined a stochastic process and having constructed an algebraic
representation for it, we then concern ourselves with the problem of representing
the stochastic process as a function of a temporally homogeneous Markov process.
We feel that this problem is an important one. In the first place, once having re-
‘duced a stochastic process to a function of a particular temporally homogeneous
Markov process, we can then use the well-developed theory of Markov processes
to study the original ptoces's. In the second place, we feel that in nature stochas-
tic processes are Markovian and that the only reason we observe non-Markovian
processes is that we are not observing enough; that there is some other variable
which, taken together with ours, would make the process Markovian. For example,
the number of cancerous cells in the body, as a function of time, is probably not
Markovian. Yet one feels that thete is probably some other observable, such as
the amount of some substance in the body, which together with the number of
cancerous cells would form a temporally homogeneous Markov process. This other
observable would then be treated as the cause of the cancerous growth and its
regulation would then hopefully regulate the growth of the cancer. We feel that
finding a Markov process representation of a given stochastic process is equiv-
alent to finding what is causing the process to behave as it does. Unfortunately
one can find many Markov process representations of a given stochastic process.
The problem is to find the simplest. In [5] we gave a method for constructing
Markov process representations for general stochastic processes, but we did not
show that the resulting representation was the best. In this paper we have divided
stochastic processes into simple and nonsimple ones. We then order all Markov
representations for a given stochastic process, and show first that for simple
processes there is a unique minimal Markov process representation and that it is
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precisely the one constructed in [5]. We then show for discrete time stochastic
processes, whether simple or not, that the minimal Markov process representations
can be constructed using a variation of the construction used in [5]. Unfortunately,
this representation need not be unique for nonsimple stochastic processes.

Finally we introduce classes of stochastic processes which we call & pro-
cesses. These are generalizations of temporally homogeneous Markov processes
and include the basic Bush-Mosteller [1] model for learning. Their defining prop-
erty is that past and future are independent given the present and the conditional
distribution, on the past, of a collection = of random variables in the future. We
describe the algebraic representations of = processes and then construct explic-
itly the minimal Markov process representation for a particular example.

1. Definitions and statement of results. Let M =J(Q, F) be the space of all
finite valued signed measures on the measurable space (Q, F) of all functions @
mapping a subset T of [0, «) into a measurable space (§ ) where F is
the o-field generated by the events X(t)(w) = w(t) € U € 3 and where § is a sep-
arable compact metric space with Borel sets 2. Let T(¢), ¢ € T, be the semigroup
of linear operators on J defined by T(t)u(X(¢,) € Uy, +-- , X(t,) € U,) =
pXe+e)eUy, o, X+ t,)€U,); E(U), U€Z, be the resolution of the identity
on M defined by

E(U)u(A) = u(x(0) € U, A),

and p* be the linear functional on N defined by p*u = u(Q). We define a stochas-
tic process to be any convex subset @, of probability measures in Jl which has
the property that the positive cone which it generates is invariant under T(¢), t€ T,
and E(U), U € %, and closed in the weak* topology over the continuous functions
in the product topology of . We denote by ® the smallest linear space in M con-
taining @, and we define the algebraic representation of the stochastic process
®, to be the collection X = (®, ®,, T(2), E(U), p*). Clearly if ¢ €®D,, then we
can calculate the joint distributions of ¢ from the algebraic representation X
using the easily verifiable fact that

(X(2)) €Upyeeey X(ty 4 eee bt )€U )= p*E(Un)T(tn) -+« EWUT())p.

Two collections

X =(®, ®,, T(), EW), p*) and X=(®, ,, T(), EW), 5"

will be called isomorphic if there exists a one-to-one linear mapping y of ® on-
to & such that

@) )'(b.,, = (§+1

(i) yT()p = Ty &,
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(iii) yE(U)¢ = E(U)y &,

(iv) p*é = b*yp.

With this in mind we have the following theorem.

Theorem I. A necessary and sufficient condition that a collection X =
@, ,, T(2), E(U), p*) be isomorphic to the algebraic representation of a stochas-
tic process is that:

(1) ® is a linear space generated by the convex subset .

(2) T(t), t €T, is a semigroup of linear operators on ® with T(0) = I.

(3) E(U), U € 2, is a family of linear operators on ® which is a resolution
of the identity. That is to say,

EWuV)=EW +EV) if UnV=g, EUNYV)=EWUEWV) and E@) =1.

(4) p* is a linear functional on ® for which p*T(t)p =p*¢,
p*E(U n)T(t") oes E(UI)T(tl)qS is continuous under monotone limits in Uy, +-.,
U, and ¢ =0 whenever p*E(U,)T(z,) - -+ E(U)T(t})¢ =0 for all Uy, ..., U,
in 2 and tyyeorst, inT,

(5) The positive cone R D, is invariant under the operators T(t), t € T, and
E(U), U€S, and for each $€®,, p*p =1 and p*E(UT(z,) -+ E(U)T(t,)$ > 0.
Furthermore ®, is closed in the topology generated by the neighbourboods

N(‘: fp seey /m’ tp soey t")(¢)
- {;p: l [ oo [ Hgs +ens w)0" B )T ) -+ ElGu))T(t)) = )

igl,ooo, m}

where [y, ..., f, are continuous functions on &, tyyeceyt, arein T and €>0.

<e

For example, any temporally homogeneous strong Markov process will be a
stochastic process under the above definition. Indeed, if § is the state space,
then up to an isomorphism ® would be the set of all measures on 8, ®, would
be the set of all probability measures on 8, T(t) wuold be the semigroup of oper-
ators on ® defined by

(TWBNV) = [$(da)P (u, V)

where P, is the transition probability function, E(U) would be the resolution of the
identity on ® defined by (E(V)¢)(U) = ¢(UNV) and p* would be the linear func-
tional on @ defined by p*¢ = ¢(S).

A temporally homogeneous Markov process Y on a measurable state space
(7, B) will be called a perfect representation of the stochastic process X if
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there exist measurable functions f and 6 mapping J into & and the set P(T) of
all probability measures on J onto ®, respectively such that, for all m € 2,

Om(X(¢)) €U yeeey X(2)) €U )=P _Ifo¥()) €Uy eee,fo¥(r) el |

where P is the distribution of Y(¢), t € T, when the initial distribution is m. In
other words, the measures in ®, can be interpreted as being precisely those
measures derived from the temporally homogeneous Markov process Y with various
initial distributions. That is to say, any initial distribution of Y yields via f a
measure in @, and any measure in ®, derives from a particular initial distribu-
tion of Y. We will call a perfect representation measurable if there exists a
measurable subset J' of J such that 0 restricted to J' is a one-to-one mapping
of J' onto the set @, of extreme points of ®,. The set ?x of all perfect _
measurable representations of X can be partially ordered by letting Y’ <Y if:

(1) The state space (', B’) of Y'is contained in the state space (I, B)
of Y in the sense that J'CJ and B'CB, 7’is the restriction of f to Y’ and
@' is the restrictioneof 0 to P(T).

(2) For each b€ J\J" there exists a probability measure M(b, -) on J' such
that whenever a2 € J' and U is a measurable set in ', the transition probability
functions Qt and Q: of Y and Y’ are related by

Qifa, V)= 0@, U) + [g\g: Q (@ dBIM(B, U)

or, if the time parameter is discrete, by
0@, 1) =0,(a, V) + [, 4,0, (e, dOIM(s, ).

Intuitively, this means that Y’ can be obtained from Y by taking each state

be .‘T\.‘.T', splitting it into pieces and then assigning each piece to one of the

states in J ', where the proportion of b that is assigned to states in U is M(b, U).
If X=(®,d,, T(t), E(U), p*) is a stochastic process with a countable time

parameter T and if @, is a simplex, then we shall say that X is simple. When

X is simple it follows from Choquet’s theorem (see [5], [7]) that for each ¢ in

the set of extreme points ®,, of ®, and each ¢ € T there exist unique probability

measures P¥(¢, -) on ®,, for which

()¢ = fm ¥ Py($, &),

Since the probability measures P}(g, -) are uniquely defined and since T(s +¢) =
T(s)T(2), it follows that

PL# )= |, o,, Fs (b &P, )
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and so we construct a temporally homogeneous Markov process X* on ®,, with
transition probability function P¥. If we let f and 6 be defined by the equations:
E({f¢})p = ¢ and Om = [3  dm(de), then it follows from [5] that for each ¢ € @,

Gm{X(t;) €Upeve, X(2) €U Y=P {fo¥(t) €Uy oo, foy(e)eU L

We shall call X* the dual of X. Clearly X* is a measurable perfect representa-
tion of X.

Theorem IL. If the stochastic process X is simple, then X* is, up to an
isomorphism, the only minimal measurable perfect representation of X.

The reader should note that if X is a temporally homogeneous Markov process,
then X is simple and ®,, is isomorphic to the set of all probability measures
on & whose support consists of a single point. In this case ®,, can be identi-
fied with S and P’:, with this identification, is P,. In other words, X = X*.

If X =(®,d,, T(), EU), p*) is a stochastic process which is not simple,
then the above procedure might break down because P, t € T, need not be a tran-
sition probability function. However, we can get around this difficulty when the
time parameter is the nonnegative integers by defining the n-step transition prob-
ability function P} in terms of the one-step transition probability function P*.
Indeed, we know from Choquet’s theorem that to each ¢ € @, there exists a prob-
ability measure @y on @, such that ¢ = fp, ¥ Q4 (df). When Q can be chosen
so that for each measurable set U € ®,,, Q4(U) is measurable in ¢, we will say
that X is measurable. It follows that when X is measurable there exist prob-
ability measures P*(@, -) on @, for which

T¢ = f.++ '/’ P*((ﬁ’ d‘ﬁ)’ T= T(l)’

and for which P*(., U) is measurable for each measurable U in ®,,. We define
the dual X* of X to be the temporally homogeneous Markov process on ®,, with
one step transition probability function P*. It should be noted that when X is
not simple, X* is not the same representation that was obtained in [5]. Taking f
and 6 as before we have

Theorem IIl. If X is a measurable discrete time stochastic process, then a
necessary and sufficient condition that a measurable perfect representation of X
be minimal is that it be isomorphic to a version of X*.

If ®, consists of the set of all ¢ € ® for which
p*EW TG ) -+ EWUNT()$ 20, p¥p=1,

forall Uy, ---,U, in 2 and t;,---,¢, in T, then X will be called an outer
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stochastic process and its algebraic representation will be written as X =

@, T(2), E(U), p*) since in that case ®, is uniquely determined by ®, T(¢), E(V)
and p*. On the other hand, if there is a ¢, € ® such that ®, is generated by

the closure of the convex hull of the points E(U,)T(t,) - - - E(U,)T(¢;)d,, where
UppeersU,arein 2 and t5,---, t, are in T, then X will be called the inner
stochastic process of ¢, and its algebraic representation will be written X =
X(@y) = (@, T(1), E(U), p*, $y). To each inner stochastic process one can asso-
ciate the outer stochastic process X = (®, T(¢), E(U), p*). The reader should
note that &, is not in general equal to ®,, and X* is not in general equal to
X*. An example of this phenomenon is given in $7.

Suppose that E is a collection of bounded measurable real valued functions
on (Q, F) which includes the identity 1(w) = 1. An outer stochastic process X =
(@, T(), E(U), p*) will be called a E process if @, is the weak* closure of
the set of all ¢ € ®, for which, for any ¢t € T and A€,

$(A1F ) = $IATIX(), E@NENTF), € e Hl.

Note that F, is the ofield generated by X(u), u < ¢, £]() = é(w] ) where o} (x)=
olt + u) and A: = [w: w: € Al. Also E(¢) denotes the expectation using the
measure ¢.

Theorem IV. A necessary and sufficient condition that an outer stochastic
process X = (®, T(), E(), p*) be a B process is that X be isomorpbic to a
collection X = (®, T(¢), E(U), p*) where

(1) @ is a linear subspace of the set of all functions mapping 2 x B into
R which are such that, for each £€E, ¢(., ) is a measure,

(2) EW$(U, &) = gUV, &).

() p*é = (3, 1).

@) E@)(€1,(X) = ¢(U, &).

Note that if X = (D, T(n), E(U), p*) is a discrete time = process, then we
can define the nonlinear operators R(x), x € §, via

RS, & = E@NET,(X)|XO) = £)
and it then follows that
E@NEL, Ty (X(nt MIXW) = 57, -+, X(n) = %) = Rx) -+« Rlx,)$(U, &)

and so
B(X(0) €Uyy o=+, X(n) €U )

= f"o Pldx,, 1) f”x R(xg)(dx, 1) «+ J'U" Rlx,_,) ++ Rxo)dldx,, 1).
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In other words, X is generated by first picking a point x, according to the
distribution ¢(-, 1), then picking x, according to the distribution R(xg)e(-, 1)
and then x, according to the distribution R(x;)R(x()¢(.,1) and so on. The
reader can refer to [1], [3] and [4] for examples of stochastic processes similar
to the & processes defined here.

As an example, consider the discrete time = process where E =&, is the
set of all functions & of the form &(w) = I;;(X(1) (w)) where I is the indicator
of the Borel set U in R,. In this case 8 =R, and I is the Borel subset of
R, and so we can identify ® with the linear space of functions ® mapping
32 x £ — R, We will assume that all of the functions ¢ € ® are absolutely contin-
uous in their second varaible with respect to the Lebesgue measure on R, and we
shall simply write the derivative of ¢(U, -) with respect to the Lebesgue measure
on R, as ¢'(U, v). We will also assume that ¢'(U, -) € C*(R,) for each U€ X
and ¢ € ®. ¢'(y, v) will denote the density of ¢ with respect to the Lebesgue
measure on R, x R, when it exists. If ¢({a}, 8) =1 for some a €, then ¢'(z, v)
is tobe ¢'(S, u)lg a}(“)' Finally, let B be a bounded measurable function mapping
R,y x R, x R, — R, which.is a completely monotone function in its third variable
and for which B(x, y, y) =1 for all x and y in R,. It follows that there exist
probability measures a(x, y, -) on R, such that

B(x, y, 2) =f: e*talx, y, do).

Theorem V. Let X = (®, T, E(U), p*) be a Eo process with

TS, V) = - fv dv Iu du J‘:-‘%'[B(x. u, u+ v)¢'(dx, u + )]
Then:

) (R(x)¢p) (2, v) = - LA [B(x, u, u + v)¢'(x, u + )] / I * '(x, 2)dz.
dv 0
(2) The mapping
@ 8) = ¢, (U V)= [ e™t¥dv, acU,

=0, aéd U,

is a bijection of Ry x R, onto ®,, and f(a, b) = a
(3) X* bas transition probability function

. _ g -u(v+b)
P(a, b: U,V) = .fU du f(V-b)n[o ] e ola, u, dv).

(4) A necessary and sufficient condition that ¢ be a version of X (i.e.
¢ped,) is that forany 0 < x <y,
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(X(n + 1) < x, X(0)y e+ y X(n)y X(n+ 1)<y < X(n + 1) + X(n + 2))
- J; B, &) /7 B0, 6 )k

2, Proof of Theorem 1. The necessity of conditions (1) through (5) is clear.
To prove the sufficiency, suppose that X = (®, ®,, T(z), E(U), p*) satisfies con-
ditions (1) through (5). To each ¢ € ®, for which p*d =1 we get, via conditions
(¢)) througl} (5) and the Kolmogorov extension theorem, a probability measure
yé € where

yPX(2) €Upyeee, X(ty 4+ eeev2) €U )= p*E(Un)T(t") «os E(UT(t))b.
Clearly X = (®, &,, T(), E(V), p*), where & =@, T()yp = yT()p, E(W)ygh =
YE(U)$ and p*yep = p*¢ is a stochastic process. Furthermore, y is an isomor-
phism of X onto X. For example, y is one-to-one since y¢ =y implies that

P*E(UT(,) - -+ EWU)T(t,)(¢ - ) = 0 for all choices of Uj, -+, U, in Zand
ty,+++, ¢, in T and so, by condition (4) of Theorem 1, ¢ = ¢

3. Proof of Theorem II. We first show that < is indeed a partial ordering of
Py. Suppose that Y < Y'<Y". Then T CT'CT" and there exist measures
M(b, -) for each b€ T'\T and M'(b, -) for each beT"\T"’ for which

0, U)=0ifa, )+ | grag Q1@ @M, U)

and

03, V) = Q0ila, ) + [, 4, Q7lar dDIM'(, U).

”\S'Q
Setting M(b, -) =0 for b€ T'\T and M'(b, -)=0for beT"\J' gives us

0a, U) = Q';(a, U) +J.:T" “(a, db)M'(b, U)

o @
+ fyng ©ilas oG, U + [ 50 Ola, b [, \g M, doI(e, V)

= 0\, U) + [\ 5 0'(a, M5, V)
where

Wb, U) = M5, U) + M3, O) + [, \g &, dOMe, U).

Thus Y<Y'<Y" implies that Y < Y”. Since < is reflexive and antisymmetric, it
~ follows that (P, <) is a partially ordered system. Suppose that Y is a measur-
able perfect representation of X. Then Y is a temporally homogeneous Markov
process on some state space (J, B) with transition probability function P, and
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there are functions f and 6 mapping J into 8 and P(J) onto @, respectively
such that, for each m € P(J),

Gme(t,) € U], oy, X(l") € Unlg Pmiloy(tl) € Ul’ ooy /O Y(t") € U’}.

Since Y is a measurable representation of X, we know that there exists a mea-
surable subset I’ of I consisting of exactly one point from each of the sets
0-1¢,€e®,,. Foreach c€TJ,let m c be the probability measure on J,%
whose support is {c}. We know from Choquet’s theorem, together with the fact
that X is simple, that there exists for each c € I\’ a unique probability mea-
sure O _(-) on 9"’ for which

¢c =f3" ¢ch(db)’ ¢c = emc'
Let P, be defined by
Pia, )= Pfa, U) + [\ 5, P fa, db)Q,(0).

Then for any a€J’, we have

P*EW IT() -+ E(U)T(,) f:r ,P (a, db)
= [, P"EWT() - BW )T )8, P fa, db)
= [ XU €Uy eee, Xty 4 e v 1) €UDP (a, db)
=[5 Pa oY) €Uy ey [o¥l 4 e ) €U IP (a, db)
=Pm¢(f°Y(‘+‘1) €EUpseeesfoY(taty +eeest)el)

= (X(t+2) €Upyeee, Xttty 40t ) €U)
= p*BW )T ) - -« E(U)T()T(D,
* *
= p*E(U)T(e,) - -+ E(U)T(z,) f0++ Y P, (b, &)
Thus [g¢, P (@, db) = [3 W PH,, d)) and so
f g ¢,Pa, db) = f g B,P Ja, db) + f g0 é, [J' A P (a, dc)Q c(db)]

= [, Pl@ad + [o g [ fo ¢ch(db)] P (a, dc)
= [ $5Pfar dD) + [ g0 6P o do)
= [ #,Pfas b= Jo, VPG a0
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Since @, is a simplex, it follows that P, (s, db) = PX(,, dp,) and so X* = Y’
<Y. Since X* is a perfect representation of X, see [5], it follows that X* is the
only minimal perfect representation of X and the theorem is proved.

4. Proof of Theorem IIl. Since, for each m € P(d,),

(Om)X(0) € U, + -+, X(n) € U,) = p*E(U )T -+ EW,)TE(U X6m)
= P*EW,)T -+ EW,)TEW,) |, o, Yomaie)

*
- PEWT e EUYT [ o, Yo mlay)
= [, mapp EW T - EWTY,
I. uo
* *
- I/“uo mldy p*E(U )T ... EW,) f.“ ¥y P Wy )
* *
- f/‘ 1o, mldp I EW )T - -+ EU,)T J; 1y, ¥, P Wy &)
* *
- J’/ 1y, m(d) f‘ 1y, P*(gs i J0*EW T+« E(U,)Ty,
- Py, P* .
f/ -1y, mldfy) frlu, Wo» @) L“u. ey )
=P (foX"0) €Uy, -+, foX* ) €U)

it follows that X* is a perfect representation of X. Suppose that X* is not mini-
mal. Then there exists a subset ®,, of ®,, and a probability measure M(¢, )
for each ¢ € <I>++\<I>.:+ such that the temporally homogeneous Markov process X'
on <I>.,'.+ with one step transition probability function

P, ) =P¥g, )+ [ PYg, dIMY, )
N0y,
is a perfect representation of X. That is to say,

OmX(2)) €Uyyeeey X)) €U ) =P (f'0Y(t) €Upyeee, f'0¥(t ) €U)

where /' and 0’ are the restrictions of f and 6 to ®,, and P(®/,) respectively.
Let ¢e¢++\¢;+- Then

p*EW )T «+« EWU)TEWU)X0m)
- m( ) P'( ) ) s Pl( ’ )
I,.-xuo 4o f;'-‘u, Yoo ¥ f/"l”.. Vo1 B,

-f mld oW, (X(©0) € Uy, -+, X(n) €U,)
Il-luo

= [y mdbp EW T « s EW,)TEW W,
,' = uo

= p*E(U )T +++ EW,)TEW,) I/ 1, Yomldy).
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Since this holds for all choices of n, Uy, ..., U o it follows that

¢= f,,_,uoww)-

But p€®,, and ¢ ¢/’ =V, C D, \®;, and so we have a contradiction. Thus
X* is minimal.

On the other hand, suppose that Y is a measurable representation of X. Then
there exists a measurable subset T’ of T consisting of exactly one point from
each of the sets 0~ 1¢, pe®D,,. For each c€T, let m o be the probability mea-
sure on (7, B) whose support is {c}. Since X is measurable we know that for each
c €I\J"’ we can find a probability measure Q () on J’ which is measurable in
¢ and which has the property that

¢c = .[3" ¢ch(db)’ ¢c = omc'
Let P’be the one step transition probability function

P'(a, U) = Pla, U) + f

T\ P(a, db)Q,(U).

Then for any a€J' we have |
P EWT -+« EW,)TEW,) [ ¢, Pla, db)
= Is p*EW )T « .. E(U )TEW )¢, Pla, db)

= [5 8, (X©@ €U, -, X(n) € U_) Pla, db)
- Py, ©YO) €Ugy oo, [oY(n) €U,) Pla, db)
=P_(foY() €Uy -+, foYn+1) €U)
a
= (X(1) €Ugy +evy X(n+1) €U ) = p*EW )T « - EWU()T,.

Since our algebraic representation is reduced we can conclude that T¢, =
fg¢bP(a, db). Hence

Jq 8P @ a0 = [, 6,Pa, ab) [, 4, [ Jage Plas dc)Qc(db)]
= [5 8, Plar @) + [, [fg, ¢ch(db)] Pla, do)
= [0 $, P @) + [\ 5, b, Plas do)
= fg ¢, Pla, db) = Tg,,.

Since J' C®,, we conclude that Y'is a version of X* and the proof is completed.
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S. Proof of Theorem IV. To prove the sufficiency, suppose that the stochastic
process X = (®, T(¢), E(U), p*) satisfies the conditions (1) through (4). To show
that X is a = process, we must show for all A€F, pe®, and t€ T that

(AT F ) = ¢lA]| X(0), E@NE; 1T ), £ B

But for any choice of Uy, «--, U, in Zand sp, .-+,
(k) = EWUL)T(s,) - - - E(U,)T(s,)¢, we have

$X(sy +-evs, JeU,

man 10 T, letting

)

9"')x(sl+“‘+$m+$

+n m+l

€U IX(sy+eeens Vel o0y X(sy) €U,

= p*Wlm + n)/p*m)
Y(m)
=p"EW, IT(s, Ve EU, TG )| —o|.
+ + m+1’ S my1 [P*¢’(m)]
Using (4),
¢(m)(u, f)
2" yim)
Eq eyl 15 (X (O]
)
E(¢)[E;“1

= Efyim/p* pm} € 1y (X O]

+"-+smIU(x(sl Fooee+ sm))9 X(sl) € Ul, *ecy X(sl F oo+ Sm) € Um]

d(X(s)) €Uy evey X(sy+oeets ) eU )

= BQIE, o5 TyKsy oot s, DIXs)) €Uy, oees Xlsy eoebs,) €U )

u+sm

Thus

+
¢(Asl+°"+$m|x(sl) € Ul’ Tt X(sl oot sm) € Um)

=glA? | E(@)E?

$l+"‘+$m $1+°"+sm1U(X(sl LR & Sm))'

X(s)) €Upsy ooy X(sy +eeets Vel ), £€F, UeZ]
or
$(AFIF,) = SIAT IE@NET, KXW F), E€B, Ue3)
= $IAT 1, (XWVEWNE | F,), € €8, U el
= ¢[AT | X(), E@NE|F ), €€ B

and so X is a E process.
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On the other hand, if X = (®, T(:), E(U), §*) isa 2 process, then (®, T(2),
E(U), $*) is isomorphic to (@, T(¢), E(U), p*) via the mapping ¢ — ¢ where
(1) @ is the set of all functions ¢ mapping = x & into & defined by
HU, &) = E(PN£1,(x(0)), $ e d.
) T, £) = E@) € }1,(X@).
(3) E(V)$(U, £€) = ¢V, £).
(4) p*é = ¢(S, 1).
Clearly T(t) is well defined on ® since if $ = gz, then ¢ =y since X isa B
process. Also one clearly has

p*EW )T )+« EW TG
= @X(t)) €Uyy eoey Xty +-0e 4 2)) €U )= F*EW )T ) -+ BT
and so the isomorphism is proved.

6. Proof of Theorem V. We first note that T satisfies condition 4 of Theorem
IV since if &= 1,(X(1)), thea

E(g)&1,(X(0)) = E(g)1,(X(),(X(0)) = 6(X(0) € U, X(1) € V)
= p*EWV)TE(U)¢ = EV)TEW)$(S, §) = TEW)S(V, §)

= "f: dv [V du f: % [B(x, u, u + v)E(U)¢'(dx, u + v)]

= “f: dv .[V du fU % [B(x, u, u + v)¢p"(dx, u + v)]

= J, au [, ¢'ax 0 = 80, ) = 410, &.

Thus X isa &, process provided that ®, is closed. We will show this later.
Part (1) of the theorem is obvious. To prove part (2), we note that

TE(U,) -+« TE(U)$(U, V)

=(-1)" fvdv fudufu ...J;] g-B(x”’ vy v+ 1)
n 0 ov
d

v

d
Blx,_ys %, % +u+70) 5;3(::"_2, ERRTE RN RS ) PP

d ’
’%B("o' Xp Xyt x vur )P (drgy xp+oee b x v u v 0)dxg oo dx,

and so a necessary and sufficient condition that ¢ € @, is that p*¢ =1 and for
all U, Ug, -+, U,
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p*EWITE(W,) + -+ TEWy)$ = TE(U,) - -+ TEW)$LU, &

o = (1)n=1 fu du fu IUO%B(::"_I. %, x"+u)%8(xn_z. X,_q+x,+0)
n

g Blxg, %y, xl+---+xn+u+v)¢'(dxo. Xy +eeetx +uddey eoode, 20
u

or equivalently that

1)"-? IUO g; Blx,_y» %, %, + 1) %B(xn_ 2Xpa1Fnay t X+ W)

---aiB(xo. Xpp %y oo+ x +u)p (dxg, Xy +eee b x, +u) 20
u

Letting ¥, = +++ =x, = u =0 we see that a necessary condition that ¢ € D, is
that for all nonnegative integers n,
[-9/9x1"¢'(U, %) > 0.

Thus ¢'(U, ) is a completely monotone function on R,. Conversely, if ¢'(U, -)
is a completely monotone function, then it is clearly in ®, since the completely
monotone functions are closed under products and the operators — d/dx. It follows,
therefore, that ®,, consists of the functions

¢a,b(U, V)= fv ", aeU,
ao, a ¢ U,

and so the proof of part (2) is complete. Part (3) follows, letting a,(q, y, U) =
a, y(U — b), from the fact that

f‘: e~ P(a, b; U, d) =f;°_[;°¢§m(u, v) Pla, b; d&, dn)
= (Tan,b)'(U, V) == fu %B(a, u, u + v)e~ b+ gy
- fu_g; [ e+ sa(q, o, dp) da
= fu f: (b + ple=b+Mu+da(g. 4, dn) du
= fu f: rle"""‘e"'"’"ab(a, u, dn) du

= f: e'"”l[b’w)(n) fu e~"a,la, u, dn) du
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which implies that
P(a, b; U, V) = an[b.oo) fu e‘""ab(a, u, dn)du

= =u(7 +b)
f v du f( V—bynl0 00 © ala, u, dp).

To prove part (4), we assume first that ¢ is a version of X. Then for all
0<x<y

&(X(n + 1) < x|X(0) = x5 ++ =y X(n) = x, X(n +1) < y< X(n + 1) + X(n + 2)

" xdx Blx, EIRTE SRR SRS RELY- L€V A rx,"z)dx 2

nlJ v-x 10";.42

-9
(l) Io ,.;,1,",,, l;‘ 2B(x,,» Xpl? X1 % n+2 ¢(dx x + +xM2)dt"

j: Blx, x, .1 y)g; Blx, 1o xp %, +y) oo @'ldxg, x; +o0e b x + Ydx,

d
I: Blx, x,,10 ) 3 Blx,_yo % %, +9) eoe @'ldg, x) + oo b x +y)dx,
X y
= fo Blx,, x, 1 y)dx"“/fo Blx, Xt Vidx, ;.
On the other hand, suppose that

Xz + 1) <x|F_, X(n + 1) <y <X(n + 1) + X(n + 2))

- [iBG, b / [ Btx,y € ) .

Then
f: B(X(n), &, ) dé P(X(n+1)<x<y<Xn+1)+ Xz+2)|F )

I: B(X(n), &, y) d§= ¢X(n+1) <y <X(n+1)+ X(n + 2)'|ffn)

El¢(X(n + 1) <x <y < X(n+1) + X(n + 2)|3"n+1)|?"]
T TE(XG+ D <y <X(n+ 1)+ X+ 2|F, DIF )

fo s+ 2>y - &F , Xn) = Op(X(n + 1) = &IF,)
[ glxta+ 2>y - 65, Xla + 1 = O$(K(n + 1) = EIF,)

f¢(x(n+z)>y aF , X(n+ 1) = HG' (X + 1) = E1F ) it
f¢(x(n+2)>y - 8F 5 Xz + 1) = ' (X(n + 1) = €]F | )d§

Differentiating both sides of this eqaution with respect to x and then letting x=y yields
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_[ : $X(n+2)>y - EF , X(n+1) = OS'X(n +1) = §F ) df
=¢'X(n+1)=y|F ) I: B(X(n), &, y) dé.
Thus

f S X(n+2) >y - EF , Xn 4+ 1)=£8'(X(n + 1) = €1F ) i€

Y B(X(n), &, =
fo &y &' X(n+1) = ylf}'")

Differentiating with respect to x and then replacing y - x by x, , and x by
x,,1 yields the equation

¢X(n+2)>x, , ¥, Xz + 1) = X0

¢'X(n+1) = X0t xMzI?")
' Xn+1)= xn“l?n)

= B(X(n), Xnsl? Xnat + Xp42

or

&' (X(n +2) = xMZIX(O) =Xget0s Xn+D=x_,)

n4l

J Blx,, X %oy + B2 @' (X(n +1) = x at ",+le(°) =Xgy ey X(n) = x')
Ox,,2 + + + @' X(n + 1) = lelx(O) =gy ey X(n) = x))

It therefore follows by induction on n that

@'(X(0) = xgy +++, X(n) = x,)
= ¢'(x(0) = xo)¢'(X(l) = x| X(0) = x) -+ @'(X(n) = x| X(0) = xp, ooy X(n - D =x,_,)
= = 3'(X(0) = xg)"(X(1) = x, | X(0) = xg) +++ ¢'Xln=2) =x,_,1X(O0) = xgy +++, X(n-3) = x,_3)

. 58— B(X(n-2), x,_1» %,y +xn)¢'(X(n- D=x,_ +%,|X0)=xy e+, X(n-2) = x"-z)

X
n

9 ’
- Blx, g %,_1» %,y + £ )0 (XO) = xpy o o0y Xn =D =x o, Xn=D=x_;+x)

*pa2 P Xpy t xn)

J d
=Cnn éx—" B(xn- 2 Xpot? ¥pr t xn) ‘a_x" B(xn-y ¥pa2’

wd

™ B(xo, xp xl+...+x")¢'(x(0)=x s X(l)=xl+...+xn)
n

and so, comparing with equation (1) we see that ¢ is a B, process. Finally, we
note that @ is weak* closed since ®,, is weak* closed. That is to say, if
¢vam b, Sonverges weak* to ¢, then for any continuous function f mapping R, x
R, — R one has
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[o o 16 W E@ITEGNS, , -8, ;]

- I: _‘:ﬂ f(u, V)¢“m' bm(du, dv) —f: f : f(u, V)¢ ab (du, dv)

= f: fla, v)e-b"'vdv - I : {a, v)e-b"vdv —0.

Clearly this implies the existence of @ and b such that ¢, — 2 and b, — b and

¢a,,. bn ¢a, b~ é-

7. Example where X* £ X*. Consider the discrete time temporally homogene-
ous Markov process Y on {1, 2, 3} whose transition probability matrix is

- O O
o R =
o x o

and whose initial distribution is (0, 0, 1). Let 0 be the mapping of {1, 2, 3} onto
{1, 2} defined by f(1) =f(2) =1 and f(3) =2, and let p be the probability mea-
sure generated by Y on (Q, F) where Q is the set of all functions mapping the
nonnegative integers into {1, 2}. The reader can easily check that X(g) =

@, T, E(U), p*, ¢,) where

a ® = R3,
0 1 O
@ T=|0 % %|,
0 0
1 00 0 00
3) Ef1h={0 1 o], E@{2D=|0 0 o].
0 0 O 0 01
@ ¥ (xys %30 %) = %) + %, + x5,
(5) ¢0=(0, o, 1).
Furthermore,

o,,=1@1,0,0),(,1,0),(,0, 1)}
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and X(¢y)* is the temporally homogeneous Markov process on ®,, with transi-
tion probability matrix

01 0
0 % % .
1 0 O

Thus identifying 1 with (1, 0, 0), 2 with (0, 1, 0)_and 3 with (0, 0, 1) we see
that X(¢)* = Y. On the other hand, X* lives on ®,, ={(1, 0, 0), (-1, 2, 0),
(0, 0, 1)} and has the transition probability matrix

Y % 0

o o 1}.
1 0 0
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