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SOME COMBINATORIAL PRINCIPLES

BY

JUSSI KETONEN

ABSTRACT. We extend some large cardinal axioms of Jensen to weakly in-

accessible cardinals. Related problems regarding the saturatedness of certain

filters are also studied.

1. Introduction and definitions. We shall generalize some notions considered

in R. Jensen [l]. Our notation and terminology conforms with that used in the most

recent set-theoretic literature. Thus, for example, small greek letters a, ß, • • •

are used to denote ordinals and |X| always denotes the cardinality of the set X.

The letter k always denotes a cardinal number. A subset X C k is Mahlo if it

intersects every closed unbounded subset of k. Most of the results in this paper

were obtained during the author's stay in S.U.N.Y at Buffalo. The author wishes

to express his gratitude to William Boos and Jack Silver for many helpful dis-

cussions.

The following concepts are of fundamental importance in this paper.

1.1. Definition. A regular cardinal k is subtle if for every closed unbounded

set C Ck, sequence (Sa|a < k) of sets so that SaC a (a < k), there exist ele-

ments a, ßeC so that a < ß and Sß na = Sa.

1.2. Definition. A regular cardinal k is ethereal if for every closed unbounded

set C Ck, sequence (S^la < k) of sets so that for a < k, \Sa\ = |a | and J(Ca

there exist elements a, ß e C so that

a<ß  and   \San     = |a |.

1.3. Definition. A filter F on k is A-saturated if there is no family

{Xa|a < Ai of subsets of k so that

a<ß<\ -»-Xa4 F and -(XanX^)eF.

1.4. Definition. (1) A function / on k is pressing down if, for every co<a<k,

fia) < a.
(2) A filter F on k is normal if every pressing down function on a set of

positive F-measure is a constant on a set of positive F-measure.
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1.5. Definition. For a regular k, O(k) denotes the following statement:

There exist sets (S a\a C k), Sa C a (a < k) so that for any X Ck the set

{a|X O a = Sa! is Mahlo.

Definitions 1.1 and 1.5 are due.to R. Jensen (see tl]). For more on saturated

and normal filters, see Solovay [3]. It is easy to see that Definition 1.2 is a

natural generalization of Definition 1.1; every subtle cardinal is obviously ethereal

and if k is ethereal, k is weakly inaccessible: For if r is a cardinal so that

k = r+, we can find r+ mutually almost disjoint subsets; i.e., a family {Sa|a < t*\

so that for a < ß < r+

\sansß\<r.

If k is subtle, k is actually strongly inaccessible: For if A is a cardinal so that

A < k < 2\ apply the definition of subtlety to the sequence (Sa\ct < k) where the

5a for a > A are distinct subsets of A. However, we shall show that certain large

cardinal assumptions imply the existence of nonstrongly inaccessible ethereal

cardinals.

A final comment on our definitions: If k is regular, O(k) holds if and only if

there is a family fT^X C k\ of Mahlo subsets of k so that for any a, X, X'C k

(*) a e Tx n Tx, —» X n a = X' n a.

For if (*) holds, we can define the Sfl in a unique fashion by

Sa = X n a  for some X s.t. cteTx

and if the (Sfl|a < k) are given, define Tx by

Tx = \a\X n a = SJ.

Hence, if OU) holds, \T \x C k\ is a family of almost disjoint Mahlo sets of

power.2K and the closed unbounded filter on k is not A-saturated for any A< 2K.

2. Ethereal cardinals. The following result gives a useful reformulation of

Definition 1.2:

2.1. Proposition. // k is regular, the follovAng statements are equivalent:

(1) k is ethereal.

(2) For any closed unbounded C Ck, sequence (Sa\a < k) so that Sa C a x a,

|5a| = |a|, there exist a < ß, a, ß e C so that

\Sa(\Sß\m\a\.

(3) For any closed unbounded C C k, sequences (5a|a<k), (Ca|a<k) so

that Sac a, |Ca| = |Sa| = |a|, enclosed unbounded in a there exist a, ßeC

so that
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aeCß and   \SaC\S^ = \a\.

As we shall see later, we can require a, ß to be regular cardinals < k in both

(2) and (3).

Proof. Obviously, (2) and (3) imply (1). To show that (1) implies (2), let

<f>: k x k —♦ k be a one-to-one function. Then the set

D = |a|cp"(a x a) C a|

is closed unbounded. Given C Ck, Sa C a x a we can then apply (1) to C D D

and <b"(Sa).

To deduce (3) from (1), let C C k, Sa, CaC a (a < k) be as in (3), and fa:

a —* a enumerate S a. Let

ta=\(8,fa(8))\8eCa}.

Then /a C a x a. We can apply (2) to the sequence (ta\a < k) with [a\a e C a

cardinal) as the closed unbounded set. □

We shall now investigate the 'size' of ethereal cardinals. The following

definition proves to be instrumental in this endeavor:

2.2. Definition. Let k be ethereal. A set X C k is big if for every sequence

(Sa\a < k) so that SaC a, |Sj = \a\ closed unbounded C C k, there exist a,

ß e C so that a < ß and

aeX   and   |SaDS^| = |a|.

2.3. Proposition. Let k be ethereal.

(1) // X C k is big, for every sequence (Sja C k) (Sa C a), closed unbounded

C there exist a, ße C n X so that a < ß and \SaC\Sß\ = |a|.

(2) // Y is big and XCY is not big, Y-X is big.

(3) // X is big, /: X —» k a pressing down function, then there is a cf < k so

that /-'({cfDn X is big.

Proof. (1) Given the S's, apply Proposition 2.1(2) to

!{0|x Sa if aeX,

{l|x5a if a4X.

(2) This obviously follows from (3).

(3) Suppose that for no f < k f-\\£\)nX is big. Let Cs, (sf|a<«) be

the offending sets in question. Let E be the diagonal intersection of C^'s; i.e.,

let

E = |a|V£ f <a -KxeC^I.
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For aerHlcfi) n X, let

Then, if a, ß e E so that a< ß and |5aO      = |a|, we must have /(a) =

/(ß)=f£ But then a, ßeC^: a contradiction. □

—   For an ethereal cardinal k, let FK be the filter of all subsets of k which

are complements of nonbig sets. Thus, by the above, F^ is a normal, /(-complete

filter. The following proposition will show in particular that FK is not the closed

unbounded filter.

2.4. Theorem. // k is ethereal, then

(1) k - M   is not big.

(2) // A is big, then M(A) is big, where

M(A) =f|a|A n a is Mahlo}.

Moreover, A - M(A) is not big.

(3) k is in the nth Mahlo class.

Here we define the Mahlo classes Ma by induction as follows:

MQ = {y|y regular!,    Ma+1 = M(Ma),    M^ = OiMa|a < A!    (A limit).

Proof of theorem. (1) Suppose that the set S = \a\a < k singular cardinal}

is big. By Proposition 2.3 (3), there is a regular f < k so that the set

X = }a < k\ cof (a) = f and a > 6

is big. For a e X, let Sa be a cofinal sequence of type f in a, and let

ta= fQ3, ii\ßeSa and   r, < ß < a}.

By Proposition 2.3(1) we can then find a, ße X so that a < ß and UaO^| =

|a|. Hence, SaO S ß must be cofinal in a. But this means that S ßC[ a is of type

a contradiction.

(2) Assume that A - M(A) is big. By (1) we can without a loss of generality

assume that A C MQ. For any a e A - M(A), let CaCa be closed unbounded so

that Ca n A = 0. Since A - Al(A) is big, we can find a < ß, a, ße A - M(A),

so that CaC\A = CßC\A = 0 and a e      by Proposition 2.3(1). But then

aeCßC\A: a contradiction.

(3) This follows trivially from (1) and (2). □

Open question. Can FK ever be k-saturated?

This obviously cannot be the case if, for example, we have k distinct normal

ultrafilters on k.

As a corollary, we obtain
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2.5. Proposition. // k. is regular, the following statements are equivalent:

(1) k is ethereal.

(2) For every closed unbounded C C k sequence (S a|a < k) s.U Sa<Z a has

cardinality \a\, there exist a, ß regular so that a < ß and a, ß e C and

\SanSp\ = a.

In case of strong inaccessibility, being ethereal coincides with subtlety:

2.6. Proposition. // k is strongly inaccessible, k is ethereal if and only if

k is subtle. In particular, if k is subtle and XCk a big set, for any closed un-

bounded C C «, sets SaC a (a < «) there exist a < ß so that a, ß e C n X and

s„ = SR n a.
a ß

Proof. For suppose that k is ethereal and X C k is big. Let

if/: UlP(a)|a</<! -.k

(here P(a) denotes the power-set of a) be a one-to-one function, and

f(S)d^ sup\tf,(A)\A CS] (S<k).

Given the sets C, Sa C a, let

D = {a <n\a eC a cardinal and VS: S < a —> f(S) < a\.

For a e D, let

ta = \<lASan8)\8<a\.

Apply Proposition 2.5(2) to the sets C, (rj a <k). □

R. Jensen and K. Kunen have independently shown that if k is subtle, C>(k)

holds. We shall generalize this remark to ethereal cardinals. There is, however,

an obvious restriction: If O(k) holds, then it is easy to see that 2^ = k. Here

2^ denotes the weak power of «:

2S = Ui2a|a<k}.

The above property may fail for some ethereal cardinals. However, we can prove

a weaker property, slightly reminiscent of property (*) of §1.

2.7. Proposition. // k is ethereal, then there exist sets Sa<Z a(a</<) so

that for every XCk o/ cardinality k the set

Px = |a| |X OSj = a, a regular cardinal]

is Mahlo.

Proof. Define sets Ca, Sa by induction as follows: Given Sß {ß < a), if

there is a set S C a of cardinality a and a closed unbounded C C a so that for

any ß,
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/3eC-|sns^<|/3|,

then set Sa = S, Ca = C for some such pair (S, C). Otherwise, set Sa = Ca = a.

Given X C k, if the corresponding set Px is not Mahlo, let C be closed un-

bounded so that

a eC— \X nsa\<\a\,    |Xna| = |a|.

Then for every a e C, a pair (S, C) as described above exists. Thus, for ß < a,

ß, aeC nMn

ßeCa^\SßnSa\<ß.

But this contradicts Proposition 2.1(3). □

2.8. Theorem. // k is ethereal and 2^ = k, then 0(k) holds.

Actually, the method of proof will show that if k is ethereal and there is a

family {X^|y < k{ of almost disjoint sets so that for every a < k the set Sa =

\Xy n a|y < k+| has cardinality < k, then there is a family of k+ almost disjoint

Mahlo sets.

Proof of Theorem 2.8. Pick one-to-one functions <f>a: P(a) —»#c (a < k) so

that the sets Xa = <p'a{P(a)) (a < k) are pairwise disjoint and X0 C (a, k). De-

fine a function p on the set X = Uf^ala< K^ by setting p = ct on Xa. Thus,

p < id on X. Given any set 5 C k, the set

Qs = {<pa(S na)|a</c|

has cardinality k and

p: Qs Ü k.
J onto

Also, for any y < k, S, S' C k

ye Qs n Qs, -» 5 n p(y) = S' n p(y).

Let us call a set S C k a tp-set if for some t C a < k

S ={<py(i ny)|y <a|.

Define sets JaCa inductively: Given the S @ for ß < a, if there exists a <p-set

Ka so that |SO      < |ß| on a closed unbounded set of ß's in a, let Sa =

such an S. Otherwise, let Sa = a. For X C k, let

Nx = }a| |QX n Sj = a, Sa a cS-set, a regular!.

Then, for each X C k the set j&|Qx n a contains a tp-set of cardinality o\ is

closed unbounded and therefore the set <V Y is Mahlo.
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Now if a e Nx n Nx> for some X, X' C k, both Qx O Sa and Q^, n ?a have

cardinality a. Since ?a is a <p-set, for some £ > a, i C cf:

Sa={ciy(/ny)|y<c5l.

Thus, both sets {y|X n y = t n y|, {y|X' n y = f n y! have cardinality > a. Since

these sets are initial segments, X O a = X' n a. We have established: For any

a </c,

a e ,VX n -Vx,     X n a = X' n a

O(k) then follows by the remarks of § 1. □

The following result (involving a large cardinal property) yields a wide

variety of nonstrongly inaccessible ethereal cardinals. It is clearly analogous to

the fact that every measurable cardinal is subtle.

2.9. Theorem. // k carries a X-saturated k-complete filter for some X < k,

then k is ethereal. In particular, if 2^ = k, O(k) holds.

Proof. For if k satisfies the hypothesis of the theorem, by Solovay [3], we

can find a normal X-saturated k-complete filter Tl over k. Then

P = {aI a regular cardinal! - X e 5l.

If k is not ethereal, let C, (Sa|aeP) be the offending sequences in ques-

tion. Let

XSfl= \ß\ße P and a < ß -»Sup^nS^) <S| (8<<x<k).

For aePnC, we can find an f{a)< a so that o        Thus> there is a

t?< k and a Y eft so that Y C P O C and / < tf on y. Let

y„ = }a e y|/3 < a and /3 e y    a e X^i.

Then, by normality of ft, yn e)l and for a, ßeYQ

a<ß-»Sup{SanSß)<(

a contradiction, since Y Q e ft and by another normality argument we can find an

77 < <? so that neSanSß for some a < ß, a, ßeY. □

3. Hie closed unbounded filter. It is a well-known open question whether

the closed unbounded filter on a regular cardinal k can ever be k+-saturated.

Kenneth Kunen [2] has shown that if for example the closed unbounded filter on

<Uj is &>2-saturated, then Solovay's 0+ exists. The following observation throws

out some other cases.
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3.1. Theorem. // 2K > k+ and k is regular and the set M = ,a|2lal = is

Mahlo in k, then there is a family of k* almost disjoint Mahlo sets in k.

In particular, if 2e°i > co2 and 2a= (Uj, the closed unbounded filter on cjj is

not co2*saturated. The same conclusion can also be made if tUj < 2eo< 2 1 < tu^.

(This follows from a simple modification of the proof of Theorem 3.1.)

Proof of Theorem 3.1. Let D be an ultrafilter extending the closed unbounded

filter s.t. D 3 M. If aeM, let

P(a) = iS><|a| + !.

For any S C k, define fs: M —» k by

/s(a) = least v s.t. S Ci a = S^.

Thus, P = \fs\S C k| is a family of 2K eventually different functions. Since P is

linearly ordered in the ultrapower given by D, there is a function /: k —» k so

that, for every a< k, f{ct) < \a\* and the set

P*={S|/S</ (modD)j

has cardinality > k+. Let

{^|0<v<aj={5^|l/</(a)|.

For S e P*, define a pressing down function ts by

(least v < a so that S fl a = tvn if such a v exists,

0 otherwise.

For S 6 P*, pick a Mahlo set Ms and an ordinal ys > 0 so that is = ys on Mc.

Let P**C P* be a family of power k+ and y > 0 so that, for each 5 e F**, ys = y.

Then {MS|S £ p**j ls the desired family of Mahlo sets.
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