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LOCAL NORM CONVERGENCE OF STATES ON
THE ZERO TIME BOSE FIELDS(1)

BY
OLA BRATTELI

ABSTRACT. For a sequence of vector states on the Boson Fock space which
are norm convergent on the Newton-Wigner local algebras, conditions are given
which guarantee norm convergence on the relativistic local algebras also. These
conditions are verified for the cutoff physical vacuum states of the P(¢)2 field
theory, and yield a simplification of the proof of the locally normal property of
the physical vacuum in that theory.

1. Introduction. In the C*-algebraic approach to the P(¢), quantum field
theory, the existence of a physical vacuum is established by first studying the
ground states @ of the space cutoff Hamiltonian H(g). The states g 2re Fock
space vector states, so that o _(4) = (@, AQ ), where @ ¢ is a unit vector in Fock
space. It is then shown that @ e lie in a norm compact set of states on each of
the local algebras generated by the Newton-Wigner fields [3], [6]. Thus a sequence
of g’s can be picked out converging toward 1 such that the corresponding states
@, converge in the norm on the Newton-Wigner local algebras. In this paper we
present a simplified version of an argument due to Glimm and Jaffe [3, Chapter 4],
which shows that this sequence of vector states also converges in norm on the
relativistic local algebras. This argument is based on the fact that operators in
the relativistic local algebras can be approximated by operators in the Newton-
Wigner local algebras in a topology which is stronger than the strong operator.
topology, but weaker than the norm topology. The topology is defined by a norm
which is weaker than the usual operator norm, and the approximation is uniform in
a way made precise in hypothesis (%) of Theorem 2.1.

The fact that the sequence of w g converges in norm on the local relativistic
algebras implies that the limiting state @ is locally normal, and thus defines a
locally normal representation. By using this fact and the fact that the cutoff
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Hamiltonian H(g) locally defines a correct dynamics, it can be shown that the dy-
namics is implemented by a strongly continuous unitary group in the representa-
tion defined by w, and the existence of the Hamiltonian for the limit theory follows.
The details of this construction are in [3].

2. The general theorem. We will not consider the question of how states on
the Newton-Wigner fields shall be identified with states on the relativistic fields,
but simply assume that the states in question are vector states, given by the same
vector on both types of fields.

The notation is as follows; we indicate in parenthesis what the concepts cor-
respond to in the P(¢), theory.

Fisa separable Hilbert space (™ Fock space).

{?Ig }n is an increasing sequence of type I factors on F (~ local algebras of
Newton-Wigner fields).

¥ is a von Neumann algebra on F ("~ a relativistic zero time local algebra).

U 4 is a weakly dense sub*-algebra of U.

N, isa sequence of positive selfadjoint operators, such that N, is affili-
ated thh ?lo n ?Io-l (2[0 for n =1). This means that the spectral projections of
N, lie in ?IO ?Ig' 1 (2[0 , = the commutant of ?Io _p in B(H.)

{d_} is a sequence of positive integers such that 2.4, 1/2 o4,

Let N=2 d N, be defined as in Lemma 2.2.

E:¥%,— ?I: is a mapping.

{ is a continuous and strictly positive real function on R such that lim, _f (P)]
exists in R.

Assume that f and {dnl can be chosen such that

There exist constants K and K, such that lim, K =0
*) and [[{(N)E_ (x)f (N)|| < K|jx|| for x€¥U,,
17N G - E_ () (N)]| < K, lIx]| for x € U

Theorem 2.1. If {w } is a sequence of vector states in F such that
lLo,(N)<1 foralln and m,
2. {w } converges in norm on each 2[0

then {w"l converges in norm on U,

Proof. Let ¢ >0 be given. Let P be the spectral projection of N corre-
sponding to the spectral interval [0, 196~ 24 172}, and define P =II P . Since
I-P < ezd;/an/196 it follows from assumption 1 in the theorem that wm(l - P")

< ezd'l./ 2/196. Since all the projections P, commute we have that I -P =1~
np < En(l -P "), where the last sum is defined as in Lemma 2.2. Thus, by the

monotone convergence theorem,
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o, (1-P)< ; ©,(1-P)< ; T;gtzd;/2=& pr

Define positive linear functionals @ (+)=w,(P « P). Then for x € BF):
lo, () - 0f,®)| < |o,&U - P + |, - P)xP)|
< (@, e N oo (1 - P2 + (0,1 - PN Xo, (Px*xP))!/?

< 2,01 - PNV < /7.

Thus, as states on B(F):
(2.1) lop = w5l < e/7.
Define P n=i 1P, € ?Ig. We need other approximationsto w,, defined by
o ()= a)m(-ﬁ "’ T""). To estimate ||a>€"': - &%, | we observe as before that for
x € B(F):

0€n(x) - 0 )| = |0, (P, - PP, + Px(P, - P))| < 2lxllw, P, - P)'/2.
Since

n ©co ”n ]
P _P=-IIP,-IIP,= ( Ph> (1- II P‘\)
k=1 k=1 k=1 k=n+1

we have that:

mm(?n -P)< (‘0,..( ,,f.Il Pk>)1/z <‘°,,. (1 ) iil Pk))l/z
s (“m <l' k}il P a))m < ( :Z'j:ﬂ 0, (1- P,))m

o 1 2a172\2
< — €“d ,
_<k2 106 © “k )

=n+l
which tends to zero as 7 — 0. Thus, as linear functionals on B(F):

. €n _ €| = . .
2.2) iir:, lwé? - f || =0, uniformly in m.

P=1I1 P_ is contained in a spectral projection of N corresponding to the
interval [0, 2 196¢~ ld; l/zdn] =[0, 196¢~2). This is because |PNP| <
s d|PNP|<Z d|PNPI<Z, dﬂ196c'2 d;l/z. Since f is continuous and
strictly positive on [0, 196¢~?] there exists a >0 such that f(N) > 8 for A€
[0, 196¢=2]. Thus P < 8~1/(N) and since P.commutes with N it follows from
Lemma 2.3 that [|[PxP|| < 8~ 2||/(N)xf(N)|| for all x € B(F), and then by assump-

tion 3 of the theorem:
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(2.3) \PE,(x)P|| <8~ %Kl||x||  for xe¥U,,

(2.4) |P(x - E_(x)P|| < 872K, ||lx|| for xe¥,.

We make a sharper version of (2.3). Assume 7> m. Since U0 isa type I fac-
tor, there exists a tensor product decomposition ¥ - ?l ®F su‘ch that 2[2 =
%(3"1)9 152, see [2]. Since II}_, P, € ?I: and l];":’”l P, € ?I: , it follows that

HZ=1 P, =0,®1, H:__,Ml P, =1®Q, for projections Q, Q2 on 51, 5'2, and

thus P=0,® Q,. Since E_(») GQI:, itisa y 633(3"1) such that x = y ® I. Thus
IPE, (0P| =@, Q)6 @ NQ; ® 2, = 1Q1y2)) ®Q,|

= 112,52, 112, = 121¥2: 1l = 12, ® Ny @ N(Q, @ D|| = |P,E,&IF,|.
From (2.3) it follows that:
(2.5) IPE, ()P, || < 8 K||x| for x €%, and n > m.

Ve are now ready to prove the theorem. Let x € ¥, and assume m < k. We ap-
proximate o (x) by o$ME )z

lo,0) = HE, () < Jo,00) = )] + E () = ECE, G| + |SCE, () — SEHE, (]
= l(@; - §) ) + | (Pl - E,(DP)] + @ - M) (BE )P,

S ellxl/7 + 872K, x|+l - w18~ 2K] ]
The last estimate follows from (2.1), (2.4) and (2.5). By hypothesis (*) of the theorem,
m can be chosen such that 8"21(’" <¢€/7. By (2.2), k> m can then be chosen such
thae [|o5 - w‘i"‘“a'zl( <¢€/7 for all i. Thus:
(2.6) lo(x) - w$*(E,(x))| < 3€|lx||/7 for k> m and m large.
Thus, for large m:

Jo,(6) - 6] < oo - EHE, ()] + | WHE,, (%)) - f ME,, () + Jof HE,,(x)) - ()]
<3ellxl/7 + |(; - ) (BLE,,(IP)| + 3e|x|1/7

<6ell2l1/7 + |w; - )IERYSKllxl, by (2.5).

Thus it follows from hypothesis 2 that |w (x) -w,.(x)l <ellx|l forall x €%, pro-
vided i, j is large. By Kaplansky’s density theorem [2] this is still true for all
x € ¥, and the theorem is proved.

We now prove the two lemmas needed in the proof of Theorem 2.1.

Lemma 2.2. Let {An} be a sequence of positive, mutually commuting, self-
adjoint operators on a separable Hilbert space F. Then there exist a unique
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projection P on F commuting with all A, and a unique positive selfadjoint op-
erator A on PF such that

n n
A = sup ZAkng:i and sup (l/l, ZAk!ﬁ) =00
7 (k=1 n k=1
forall Y £0 in (1-P)F.
Proof. The existence of P and A is easily established in a common spec-

tral representation for {A n} in which each A_ is represented by multiplication by
some measurable function. The uniqueness follows from the fact that we have

PF - {¢| T @Yy, A;/2¢)<m} and (AY2y, AV ) - ‘::,(A;/M,A;/Z-p),

where i € D(A1/?) if and only if the sum to the right converges.
Ve remark that if f is a Borel function such that lim, . f (M) = a exists, we
define f(A) = f(AP) + a(l - P).

Lemma 2.3. Let A and B be positive, bounded operators on F such that
AB =BA and B<A. Then |B X B|| <||A X A for all X €B(F).

Proof. Let E be the orthogonal projection onto the closure of the range of
B. Then EA = AE, thus |AE X AE|| < |A X A||, and it is enough to prove ||BE X
BE| < |AE X AE|, i.e., we can assume E = 1. Then A~! exists as a selfadjoint
operator and A~ 1B <I. Thus, for X € B(F):

IB X B|| = BA='A x AA='B| <||BAY||A X Al|lA~B|| < ||4 X 4.

3. Application to P(¢),. Let F be the Fock space over L%(R?!) (see [4] for
explanation of the terms in this chapter and the results mentioned in the introduc-
tory remarks); let A(x) and A*(x) be the usual (configuration space) annihilation
and creation bilinear forms, and let

Bolx) = 271/ 2A%x) + AG)),  mox) = 1271/ AAMx) - AR)).

For f,,f,€ SR(R), define the time zero Newton-Wigner fields by

¢0([I) = f / l(x)¢0(x)dxa 770(/2) = ff 2(1)170(1) dx,

Then @(f,) + (f,) is a selfadjoint operator. Let p be the positive, selfadjoint
operator (-d?/dx? + m;‘;)l/ 2 on LARY). For f € 8;(R), define the relativistic
time zero fields by

S = dow=12f),  #(7) = polul/ ).

Let B be an interval in R and define
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?Ig(B) = z c; exp (l(¢o(/,) + "O(gi)))
i=1

c; €C, supp f;, gigBi,

UB)= {3 ¢, explilg(f,) + nlg,)

i=1

c;€C, supp f;, gigBi.

It follows from the commutation relations that ?Ig(B) and U (B) are *-alge-
bras. Let Y%B) and U(B) denote their weak closures. We will refer to the set
of U%B) as the Newton-Wigner local algebras and the U(B) as the relativistic
(time zero) local algebras.

U%B) has a simple algebraic structure, it is the von Neumann algebra
R(L%B), LXB)/LXR)) defined by Araki [1]. U(B) is a type I factor. If F(B) is
the Fock space over L%B) and Q.5 is the vacuum of F(~ B), F(B) may be
identified with a subspace of J:

¥B)=-FB)Y®Q sCcsFBYO®F~ B)N=-F

where § is the projection from the total, unsymmetrized *“*Fock space’’ 3" =
@7 _o LAR™ into the Boson Fock space F =% _ sN(R") It is easy to see
that U%B) leaves F(B) (under this 1dennf1canon) mvanant, and from the irreduci-
bility of the Fock representation it follows that U%B)E = B(F(B)) where E is
the projection from J onto F(B), and B(F(B)) is the algebra of all bounded op-
erators on F(B). Thus U°B) is isomorphic to B(F(B)) in a canonical way.

Since ui 172 transforms functions with compact support into functions with
unbounded support, no such simple characterization is possible for U(B).

WB) is the algebra R(u~1/2L%B), p}/2LAB)/LAR)) of Arakil1], and is a
type III factor. The reason for considering the relativistic local algebras is that
both the free and the P(¢) dynamics transform these algebras into themselves
with propagation speed 1. They can thus be used to construct local algebras over
space-time regions satisfying the Haag-Kastler axioms. The Newton-Wigner alge-
bras are not even invariant under the free dynamics. The reason for considering
these, is that they can be used to show convergence of the approximate vacuum. If
o, is the ground state of a space cutoff Hamiltonian H(g) in the P(¢) , theory
it is known that @ (N, p) < K where N, g =dl(xgu"Xp), 0<7<% and K isa
constant independent of g and of translation of B [6]. Relative to the decomposi-
tion ¥ = F(B) ® F(~ B) we have N, p= S(N,. g® DS, and N, g is positive with
compact resolvent [3]. Thus lw} is contained in a norm compact subset of the
dual of U%B) [3] and we can extract from {w } a sequence {w,} which converg-
es in norm on each U%B). We will show that the elements in ° 4C) for a bound-
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ed region C can be approximated by elements in U%B) in the sense of Theorem

2.1, thus fwni converges in norm on each WC). The limiting state w will there-
fore be locally normal, from which it follows that a Hamiltonian defining the P(¢)
dynamics can be defined on the representation of the local algebras (C) defined
by @ by the GNS-construction. We now turn to the proof of our main theorem.

Theorem 3.1. Let lw,} be a sequence of vector states on F such thar:

1. “’n(No.[m,m+l)) <K forn=1,2+++; m=0, 1, +2,+++, K €R is inde-
pendent of m and n.

2. For each bounded interval B CR, w, converges in norm on U%B). Then,
for each bounded interval B, w, converges in norm on U(B).

Proof. Let B be a fixed bounded interval. We will apply Theorem 2.1 with

Nm=N0.[m,m+l)’ m € Z and
, {1/|m|3 ifm;éoi )
S O fm=0) {mP

where the definition of {m} is obvious. Furthermore, we let I = U(B), ¥, = ¥ (B)
and ?I& = U%[-m, m)). Define the mapping E_:¥U,— ?Ig' by

E_ (2 ¢, exp ligpg(u=12f) + imput/ ’f,)))
i=1

= 2 ¢;exp b (X[, m)P™ AR i”o(X[-m.m)l‘ln/ -
i=1

Hypotheses 1 and 2 of Theorem 2.1 are fulfilled, so it remains to prove (*).
To do so we expand an element C € ¥, =¥ (B) in terms of creation and annihi-
lation operators [3]:

C= C

Cap= [ cagtiy %o Xarge - 1 %asPAMx)) - AMx JAlc g )+ - ALk gy iy -+ - it

where the kernel ¢ aﬁ(") is symmetric in the creation and annihilation variables
respectively. We will furthermore expand the (unbounded) operators C a8 in opera-
tors affiliated with the Newton-Wigner local algebras. By a slight modification of
the terminology in [3], a localization index L is defined as an ordered pair L =
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(L oL B) where L, and L g are sequences of nonnegative integers:

Lo=(eee k), kS Sy o2), L,3=(-..k£’l, kS kB, ...,

where 3> ki =a,27__ kf = f8. L corresponds to the annihilation of kf
particles and the creation of k:' particles in the region [7, n+ 1), =0, %1,
«+s. D(L) is defined as the number D(L) =Z%°___ |n|(k® + k).

For fixed L, let f z be a product of characterisitc functions of each of the
creation variables x, +o¢ X, where the function X[m,m41) OCCULS k; times. Let
g° be the symmetrization of / in the variables x, +++ x,. g% is then indepen-
dent of the choice of f* subject to the restriction above. Define gB in the cor-

responding way for the annihilation variables, and define
XL(xI seeXgy Xaiyr oty xa+/3)=80(x1 coe xa)g'B(xa+l, cee ,xa+B).

Then define, for x =(x,,+++, xa+B):

cag(®) = x, (e 4=

c"'ﬁ= fcﬁ AR)A(x) oo A¥x ) Alx, )+ 0 Alx, g)dx,

¢ 4 g= the operator Lzym (RA) — Liym (R% with kernel cﬁﬁ(x).
Then C 4=2; L! CﬁB where L!=a!B1/(I_ (2N (kﬁ!)), and the same
relation holds for ¢ aB(x)' The reason for the factor in front of C 2 8 is the follow-
ing: In the decomposition:

1= Z T z x[ml.mlu)("l)"'X[ma,man)("a)
ml=-“ masaeo

a function of the form /* occurs a!/Il_ (k1) times.

Let A be the set of localization indices, and let A n e the set of localiza-
tion indices L such that k: =0= kf for n<-m and n> m. Then it is clear
that:

E ()= XY LICtg C-E(0= X LICg.
a.ﬁ,LeAm a, ﬁ""‘Am

Thus, in order to prove hypothesis (*) of Theorem 2.1 it is enough to prove:

Proposition 3.2. Let f()) = e"Mkz, M eR*. If M is sufficiently large
there exist constants RZB such that 2, 5| RﬁB< oo, and L!Il/(N)C';‘Bf(N)}l <
RL JC, for all C ¥ (B).

Proof. To estimate ||f (N)C&B/ (N)|| we use an estimate on C 5‘/3 derived by
Glimm and Jaffe. It is based on the fact that the operators ;lt 172 transform a
function f € SR(R) with compact support into a function p*!/2f which is domi-
nated by const e “™0'*| for large values of the argument x. This leads to the
estimate
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(3.1) "c';ﬁ | < exp(K,(a + B) = myD(L))||C||
where K, is a constant dependent on the region B (3, Lemma 4.3].
Next we decompose the Fock space into the tensor product of Fock spaces
over the regions [7, n + 1) (see [5] for the definition of infinite tensor products)
00 {Q }

F-5 ® Fln,n+ D, -,

N=e 00

and write F[n, n+ 1) = @”_0 »,m Where 3" pm is the eigenspace of No.[m"“)

corresponding to eigenvalue m, i.e. F mm=Lsy m([”’ n+1)™). Let V be the set
of sequences A=(+++ A_;, gy A,++) of nonnegative integers such that

% A, <o, and define

n ==00
« le.}
=5 ® gn.xn for A€V,
nN==00

This is the set of vectors in Fock space which has A particles in the region
[n, n+ 1), n=0, £1,.++. The spaces 3"“ are mutually orthogonal and span F:
= ®xev A*

¥\ is aneigenspace of N=3_d N, lnunypy Of cigenvalues 2 d A . Czp

n nn
transforms J, = § ®, ?n’xn into § ®, ¥ ké k3 if Ief‘3 <A, forall 7, and

g
into {0} otherwise. Furthermore

ekl ﬁ AL \I/2 ((An — kB kf)l)mi
B 3(u,, - kf)!) O, - kB

ICEsI FAll = if k <A forall n

\ 0 otherwise.

This follows from the definition of the creation and annihilation bilinear forms
A*(x) and A(x). Since f(N)CL o f(N) transforms the mutually orthogonal spaces
ffl into each other, it follows that:

Il N)CEg/ ]| = sup I7 WNCEsf (N F, |

A€V

- ~ kB k)L
- Aef/utl:psx /<Zn d"()‘" k" ¥ k" )) “Ca.ﬁ“

172 (A - kB4 k“)g)l/z
n n n d A .
HK(A _kﬁn) ( M, - &By f(ZnI " ")
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Using estimate (3.1) and the explicit definitions of f and d, it follows that:
LI/ N)CEgr )]

< swp  alflexp (—M (E r%(ln -k )2))

revikben n in
572 %72
C@(Kl(a+ﬁ)-m02|nl(k:+kf))n{hn" O, k) }

exp (-4 (T ))ncn

n n}3 "

= {,f‘:f, (; k") e (' 7 (Z"Z 1113 ") <Z talk ))}
{2, Me= (2 L e+ - Tt
1 2o, I(e(-5 " e ()2 e i

=52, TGkA) . T C].

Proposition 3.2 now follows from the following two lemmas, since we may
choose Rﬁﬁ = S2T(kP)T(), and thus zaﬁ,_ R:B = SZ(Ekev T(k))2.

Lemma 3.3. S <eo,

Lemma 3.4. 2, ., T(k) <o if M is sufficiently large.

keV
Proof of Lemma 3.3. When at least one k, # 0 we have that:

(E e b3 -7 ()
son (2 1) (2 ) (B pt) - 7(E s
<ot (2 4) -5 (50 ) -3 ()

where K, is a constant. Define a function g: V— R by

g(k)=K€<§.kn)l -M(Z {1}3 ) (Z {ntk)
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To prove Lemma 3.3 it is enough to show that g is bounded above. By Hélder’s
inequality:

’ /
T b= T (a4 A 434 (Z {n;-skn)l 4 (2 {"u")a .
Defining x = (2, {n}=3 )14, y=(Z_{nlk )!/4 we thus obtain:

g(k) < Ktxl+€),3+3€_ Mx8/2 _ ”‘o)"/z’

and the last function of x and y is easily shown to be bounded above when
€<1/7.
Proof of Lemma 3.4. Define, for A> k> 0:

M1, & my\, ™o )
8(A)=elp(-§' {n'—ig)‘ +5[0&A+ (Kl+ —Z-)Ie—7|n|k.
A calculation shows that

1 my ™
::1’: gW <exp (k(-5+3103{n3—%logM+Kl+ 5 -70 |n|))

Thus, by choosing M large enough, we obtain

sup g(A) < exp (k(~ mg|n|/4 - 1)).
A2k

It follows that

TR X fI exp (k,,(- 223 |n| - 1))

NGRS N

Since 2 exp(-mg|n|/4 - 1) <eo this last infinite product converges, and the
lemma follows.
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