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A PROOF THAT K2 AND J2 ARE DISTINCT MEASURES(*)

BY

LAWRENCE R. ERNST

ABSTRACT.  It is proven that there exists a subset E of R    such that the

two-dimensional  T measure of E is less than its two-dimensional Hausdorff

measure.   E is the image under the usual isomorphism of Rx R2 onto R3 of

the Cartesian product of [x: -4 < x s 4| and a Cantor type subset of R2;   the

latter term in this product is the intersection of a decreasing sequence, every

member of which is the union of certain closed circular disks.

1. Introduction.   To any positive integers m, n with ttz < tz there correspond

several TTz-dimensional measures over R".   These measures were studied exten-

sively by H. Fédérer in [2].   Three of them are the rrz-dimensional Caratheodory,

J   and Hausdorff measures, which are denoted by &", Sm and Km respectively.

It is known that dmiS) < Jm(S) < KmiS) fot all S C R» and that CmiS) = 7miS) =

Hm(5)  if  ttz = 1,   ttz = tz, or  S  is  TTz-rectifiable [2, 2.10.6, 2.10.4].   However,

it was shown by G. Freilich [3l and E. F. Moore [4] that £ and H are distinct

measures over R ; more recently the author [l] established that C and J are

also distinct over R .

In this paper we prove (Theorem 5.4) that there also exists E C R3 satisfying

J   (e)< H (E).   A precise definition of E is given in §2, but roughly this set is

the image under the usual isomorphism of R x R    onto R    of the Cartesian prod-

uct of fx: -4 < x < 4! and a Cantor type subset of R ;   the latter term in this

product is the intersection of a decreasing sequence, every member of which is

the union of certain closed circular disks.

2. Preliminaries.   In general we adopt in this paper the notation and termi-

nology of [2j.   Presented in this section are additional definitions that we use.

Define p:R3- R3, a: R3^R3, t: R x R2- R3, p(x,, x2, x})= (xj,0,0),

a(xj, x2, xA= (0, x2 , xA, t(xj, (x2, xA) = ixx,x2,xA fot Xj,x2,x} eR.
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To define E first inductively define families Gn, Gj> G2,- • • of closed cir-

cular disks contained in R   = C by taking

G0 = ÍB(0, lA)],

Gn = [B[z + 0.99r exp(0.0277/U), O.Olr]: B(z, r) e Gn_v ¿ = 1,..., 100¡

for n >1;  then let E = t({x: -4< x < 4) x f|~=0 U Gß).

Let C=a(E), 7<   = }i({0¡ x S): S e G I.■* 77 77

For a > 0, « a nonnegative integer define

£(a, n) = \q-\C) n t({x: ß < x < ß + a] x S): ß e R, 5 e GJ.

If  S C E and diam qiS) > 0, then let

TjiS) = supfrz: t/(S) C T for some T e 7<n}

and take piS) to be that element of K   (Cj containing qiS).

For SCR3, a e R3 define £(S, a) = 5na_1ja(a)!.

Let S - T = {x - y. x £ S, y £ T] tot S, T C R".

Finally, for 0 ¡¿ 5 C R" let

hHs) = diam S,       h2ÍS) = ín/4)ídiam S)2    and

t2ÍS) = (rr/4) supi|(aj- 7>j) A (a2- fc2)|: aj, Tij, a2, £>2 e S].

These are the gauge functions used in defining   H  , K    and J   , respectively

[2, 2.IO.I-2.IO.3].

3.  Some lemmas.   We prove here several results for use in §5.

3.1. Lemma.   If D C Kn, 2 < card D < 51 and r]i U D) = n - 1, zierz fàere

exz'sf   A, B £ D such that

dist(A, B) > 10"2n(99 sin [(card D - l)0.0Lrl - 1).

Proof.   The conclusion follows from the observation that for some A, B £ D

the distance between the centers of A and ß is at least 10" "99 sin [(card D— l)0.0l77l

3.2. Lemma .    If AC E and diam qiA) > 0, then JOtaU)] < diam 71(A).

Proof.   For any integer 77z > 77(A) we let W    = KmC\{S: S n qiA)] 4 0 and ob-

tain our assertion by noting that a(A)C UWffl and ^seW   bl{S) < 10~2l,(   ' =

diam 71(A).

3.3.   Lemma.  HKc)>0.

Proof.   Consider any countable covering of C consisting of nonempty subsets of C

that are open in C and let W be a finite  subcovering. Since  {pis): S £ W] is a

«



A PROOF THAT K2 AND 3"2 ARE DISTINCT MEASURES 365

covering of C, and TnC 40 for any T e U°ljF,, it follows that 2S6B,10_27?<S)

> 1.  Using this result, Lemma 3.1, and the fact that card(r<^)+1n{T: TC\S4 0f)

> 2 for all S e W, we deduce that

£ h\S) > £ i0"27'^)-2[99 sin(O.Olrr) - l] > 0.99 sin(O.Olfr) - 0.01;
SeW SeW

hence K1(C)>0.

3.4. Corollary.  0< K2(E) <oo.

Proof.   We combine Lemmas 3.2, 3-3 and [2, 2.10.45].

3.5. Lemma.   If Ax e Cia, n), A2 e £(l02(n_,n)a., ttz), arz^ Bj is a nonempty

closed subset of A x, then there exists a closed subset B2 of A2 such that

(i) A2(B2)=104("-",)A2(Bj),

(ii) i2(B2)= 104{n-m)t2iBx),

(iii) K2iB2)=io«n-'"WiBl).

Proof. Let c. denote the center of A fot j = 1, 2. Let /: R —» R" be de-

fined by fix) - 10^(n-m)(x- Cj)+ c2 for x e R3. Let B2 = /(Bj). Then clearly

(i) and (ii) hold. Furthermore, since Lip /= 102("-ot) = 1/Lip(/-1), (iii) follows

from [2, 2.10.11].

3.6. Corollary.   If A e ¿(8-FT2", tz), Bj is a closed subset of A and A2(ßj)

> 0, rAerz rAere exists a closed subset B2 of E such that r/(B2) = 0 arza"

K2(B2)/A2(B2) = H2(B,)/A2(Bj).

3.7. Corollary.   If A e ¿(a, tz) then K2iA) = 10-2naK2(E)/8.

Proof.   We note that H2(S)= 10-4nH2(E) for S e ¿(8 • lO"2"^) by Lemma

3.5 (iii), and combine this with [2, 2.10.45] to obtain our conclusion.

4.  A key lemma.   Our main goal here is to prove Lemma 4.5 for later use in

the proof of Theorem 5.3.   Throughout this section we assume that A C F is such

that  qiA)= C, and -x e A fot all x e A, and let d= diam A.

4.1. Notation.   For a e 5 C E let

X(S, a) = ¡(a, v): u e f(S, a) - S, ve S - S,

\u Av\> (diamS)2 - 10-18 and \qiu) A qiv)\ < 10-9 diamS|.

4.2. Remark.   If a e S C E and ivx, v.¿) e XÍS, a), then \v-\2 > (diam S)2 -

2- 10"18 for /= 1, 2.

4.3. Lemma.   //aj, a2, Aj» A2 e   A, ivx   v2)= iax-bt, a2-b2) eXiA, ax),

and /=!  or j = 2, then
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G) |a(2a .) - a(z,.)| < 2 . 10"9,

00 ||a(2a.)|2-|aU.)|2|<10-8.

Proof.   It follows from Remark 4.2 that

2a..6.= |a.|2+|è.|2-H2<|a.|2+|c>.|2-a'2+2. 10"18.
;     ;    ' r      '7'      ' r   ~ ' y      ' 71

Furthermore, since  -a.,-b- £ A we have that |a.| < ay2,  \b] < d/2.   Together

these results yield (i) because

|2a. - v.\2 = \a. + ¿7.|2 = |a.|2 + 2a.. b. + |7>.|2 < 2 . 10"18.

We then deduce (ii) immediately from (i)  by noting that

||a(2a.)|2 - \qiv)\2\ < |a(2a.) + qiv)\ . |a(2a.) - qív¡i\ < HT8.

4.4. Lemma.   If ivl, vj) £ XÍA, a) for some a £ A, then

||a(7,1)|2+|a(7;2)|2-a'2|<3.10-6.

Proof.   From Remark 4.2, the inequality d< 10 and the definition of XÍA,a)

we obtain that

\pivy) . piv2)\2 < {d2 - |«Uj)|2][a-2 - |aU2)|2]

<[|p(z.j)|2 + 2. 10-18][|p(7,2)|2+2.10-18]

<|pUj).pU2)|2 + 5. io-16,

|[|a(7>j)| . |a(z;2)|]2 - \qivy) . qiv2)\2\ = \qivA A a(i72)|2 < 10" 16,

I», . v2\ = Kkjl • |f2P2 - |», A *2|2]* < 2« IO"8.

We then use these results and the fact that 1 < d < 10 to conclude that

IkUj^+laU^-a-2!

< \ti2 - líMV - \lív2)\2]-í\lívl)\ • |?U2)|]2|

< llp(^j) . p02)|2 - \qivy) . aU2)|2| + 6- 10-16

= |i*j . t/2| • |pUj) - piv} - t/t/j) • aU2)| + 6 . 10"16 < 3 - 10"6.

4.5. Lemma.  XÍA, a)= 0 ¡or some a £ A.

Proof.   Choose a, ß,y £ A satisfying a(a)= (0, 0.5, 0), qiß) = (0, 0.49, 0),

o(y) = (0, 0.4999, 0).   We will obtain our conclusion by showing that if there ex-

ist    («j, a2) eA(A, a), (z/j, vj e XÍA, ß), then XÍA, y) = 0.
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To prove this we first note that 0.98 < |a(2x)| < 1 for all x e A and then ap-

ply Lemmas 4.4, 4.3 (ii) to obtain that

(1) d2> |a(aj)|2+ |a(a2)|2-3- 10"6> 1.9603969,

(2) d2<\qivA\2+\qiv2)\2 + 3- lO"6 < 1.9604031.

Next take any o = iax,a2, a A e ¿;iA,y)- A, 8 e A, r = Ítx,t2,tA e ¿;iA,8)

- A.  To establish that ia, r) 4 XiA,y) we observe that if |a(2§)| < 0.9802 then

\\qio)\2+ \qir)\2 -a-2|>4.10-6

by Lemma 4.3(a) and (1), while if |a(25)| > 0.9998 then Lemma 4.3(a) and (2)

yield the same conclusion;   in either case (o~, r) 4 XiA, y) by Lemma 4.4.   On the

other hand, if 0.9802 < |a(2S)| < 0.9998, then Lemma 4.3(i) and the fact that qi8)

is not in any element of K2 nearest to or furthest away from the origin are used to

obtain that

|r3| > 10-2 sin(2 . 10_2Tr) - 2 . 10-4 > 4 . 10-4;

furthermore Lemma 4.3(i) also implies that |o"2| > 0.9997,  |o"3| < 2 • 10"-9;  con-

sequently (o-, r) 4 XiA, y) in this case either since |a(o") A qir)\ > 10     .

5.   Final results.   Our main conclusion is Theorem 5.4.   This result follows

principally from Theorem 5.3, which in turn depends on Lemmas 4.5, 5.1 and 5.2.

5.1. Lemma.   // A is a closed subset of E, diam qiA)> 0 and diam piA)<

[diam piA)]/3, then K2iA)< 2h2iA)/3.

Proof.   We use [2, 2.10.45] and Lemma 3.2 to obtain that K2iA)<

(z7/2)K1[p(A)]J{1[a(A)]< (77/2)H'[p(A)]diam piA)< 2A2(A)/3.

5.2. Lemma.   // A is a closed subset of F, diam qiA) > 0 and (diam A)   <

4 • l0-2Tl(A)/3, then H2(A)/A2(A)< 0.992.

Proof. By Lemma 5.1 we may assume that diam piA)> [diam piA)]/3 and

then by Corollary 3.6 further assume that rfiA) = 0.

Let d= diam A, W = Kx n |5: S HqiA) 4 0\. Define ifriS) = p[q~liS) O A]

for SeW.   Applying [2, 2.10.45] and Lemma 3.2 we then have that

(3) K2(A)/A2(A) < Ç Z ^^(^1[Sn?U)]  < 0.02 Z £&&■ •
~2SeW h2iA) Sew       d2

Let tz = card W.   Let ttz be the greatest integer not exceeding tz/2.   Define pix) =

0.99 sin (O.OIttx)- 0.01 for x e R.   Using Lemma 3.1 we deduce that if Sx,... ,

S2     is a sequence of distinct elements of W arranged in clockwise order, then
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(4) WlyJÍS)] + K1^ .+J] < 2(a-2 - {pím)]2)*    for z = 1,.. •, ttz.

Furthermore, by Lemma 3.1 there exists Se If such that

(5) K1lif,ÍS)]<íd2-ípín-l)]2YA.

At this point we divide the proof into several cases and subcases, in each of

which we show that K2ÍÁ)/h2ÍA)< 0.992.

We first consider the following two cases:

Case I.   72 = 3.   The desired result is obtained by first observing that (3), (4)

and (5) imply

K2(A)/7,2(A) < [0.04U2 - [p(l)]2)H/a-2] + [0.02U2 - [¿$W/d2]

and then maximizing separately both terms of the right-hand side of this inequality

with respect to d tot d> pÍ2). .

Case II.   n 4 3.   Define  /: R O [x: x> pirn)] -» R, fix) = Q.02nix2-[pim)]2)lA/x2

for x > pirn). We use (3), (4) and for n odd also (5) to obtain }i\A)/h2ÍA) <fid) and

further observe that the absolute maximum for / occurs at 2Apim) and / is in-

creasing on ¡x: p(77z) < x < 2   (Am)].   Then we divide the remainder of the proof in-

to the following three subcases:

Case II.A. 2 < 72 < 96 and 72 is even. Let g: R O jx:p(x/2) 4 0| —► R, gU) =

0.01x/p(x/2) whenever (Ax/2) 4 0. Our conclusion is obtained by noting that gin)

= f{2 pirn)], g has no relative maximum on j x: 2 <x < 96|, g(2) < 0.95 and g(96)

< 0.99.

Case II.B.   5 < 72 < 97 and 72 is odd.   Let g: R O [x: p[(x- l)/2] 4 0] -» R,

gix) =0.01x/p[(x - l)/2] whenever p[(x - l)/2] 4 0 and proceed as in Case ILA.

Case U.C.   72 = 98, 99, or 100.  We observe that /l(4/3)H] > fid) because

d< (4/3)H < 2hp(ttz), and compute /[(4/3)H] < 0.91 for n = 98, 99, 100.

5.3. Theorem.   There exists a nonempty closed subset M of E such that

(6) /2(A1)<H2(A1)-10-44H2(E).

Proof.   By Corollary 3.4 and the definition of H   there exists a countable

covering W of E consisting of nonempty closed subsets of E for which

0 < X h2is) <(i+ io-44)K2(e) < (1 + 10-44) £ K2U);
SeW SeW

hence there exists a nonempty closed subset F of E satisfying

(7) 0<7>2(E)<(1+10-44)K2(F).
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Furthermore, it follows from Lemma 5.1 and Corollary 3.6 that we may assume

77(F) = 0.

Next, let d- diam F.   We note that Lemmas 5.1, 5-2 imply  10 > d2 > 4/3.

Define /: R   —> R, ¡ixx, x2, xA = Xj for (xj, x2, Xj) e R3, and then let

Fj = [x: diam(F u |xi) = d, and fix) > fiy) tot some y e f (F, x)\,

F2 = ¡x: diam(Fj u jx¡) = d, and fix) <fiy) tot some y e f(Fj, x)¡,

F3 = F2n {x: pix) e pí^ÍF2, y)] fot all yeF2 satisfying \qix - y)\ < 10_44|,

F4 = {x: dist(x, C)<iHl[ÇiFy x)] + KllÇiFi,-x)])/4\,

F5={x: dist(x, O^K^F^ x)]}.

Applying Lemma 4.5 we choose a e F^ for which a(F4, a) = 0, and let

M=F5utx: 0<fix)-H1ÎÇiFya)]/2<l0-20,qix)eC and |a(x - a)\ < 10~22\.

We observe that since d < 10", clearly M C E.   Furthermore, to establish (6) it

need only be proven that

(8) t2iM) < 2A2(F4),

(9) A2(F4)<A2(F),

(10) K2(M)>2K2(F) + 3.10-44K2(F)

since the inequalities (8), (9), (7), H2(f) < H2(E) < oc and (10) then yield this

conclusion.

To obtain (8) we first define g: F^- F^—* F4- F 4 by gix) = p(x)/2 + a(x)

for x e Fj - F5 and observe that for xx, x2 e F? - F«

1*1 Ax2|

(11) = |2p[g(xj)] A a[g(x2)] + 2p[gix2)] A a[g(xj)] + a[g(x j)] A a[g(x2)]|

-(4|g(x,) Ag(x2)|2-3|a[g(xj)] A?[g(x2)]|2)^.

We next take any «j,a2 e M - M and consider the following two possibilities:

If «j, a2 e F5 - F5 then (77/4)^ A a2| < 2A2(F4) by (11).

On the other hand, suppose at least one of ux,u2, say zzj for the sake of

argument, is not in F5 - F..   Then ux = vx + wx, u2 = v2 + w2, where vx e

£iF5,a)-F5, v2e F^-F),  \wx\ < 2 • 10"20,   \w2\ < 2 . 10"20;  together

these relations yield
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|hj A a2| < \vj A v2\ + \vx A w2\ + \v2 A w x\ + \wx A w2\

(12)
<|i/j A tv2| + 6. 10_20diam F5<|vj A tz2| + 6 . 10-19.

Finally, using (11) and the fact that (g(vx), g(v2)) í A(F4, a) by the choice of a,

we find that

Ivj A tv2| <2(diam F)2 - 7 . 10"19

and combine this with (12) to conclude (8).

To deduce (9) we let 8 = diam F3, take any x, y e F. and observe that

K^iFy x)] +KI[rf(F3, y)] < max{2[52 - \qix - y)|2]*, Si.

We then use this relation twice, the second time with x, y replaced by —x,—y,

and also the inequalities 8 < d, d   > 4/3, to conclude that

(diam[¿f(F4, x) U £(F4, y)])2

< {KK&Fy *)] + VtfiFy y)] + K^Fj, -x)] + Kl\£{Fy -y)])2/l6

+ l^-y)|2

< max{52 - \qix - y)|2, S2/4| + \qix - y)\ 2 < d2.

To prove (10) we first note that clearly K2ÍF2)>K2ÍF) and that K2iFA =

2H2(F3) by [2, 2.IO.45].   Hence it suffices to show that

(13) K2(F3) > K2(F2) - 5 - 10-45H2(E),

(14) H2(M~F5)>10-43H2(E).

To obtain these last two inequalities, we fitst show that if a and ß ate end-

points of f(F2, a) and £(F2, ß) respectively, r > 0,  |a(a - ß)\ < r and

0 < \pia -ß)\ = min!|p(a - x)|: x e f(F2, ß)\,

then

(15) \pia - ß)\ < 2r.

To establish (15) we choose y e F2 satisfying |/3 - y\ = d, and pia - ß) • piß-y)

> 0, note that \piß- y)\ > 1/2 since d2 > 4/3, and then find that

d2>\a-y\2=\ia-ß) + iß-y)\2

> 2pia - ß) . piß - y) + 2qia - ß) . qiß - y) + \ß - y\2

> \pia - ß)\ -2r+ d2.
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We then deduce (13) by using (15) with r= 10~44 to obtain that E2~ Fj is

contained in the union of 2 • 10     elements of ÇÎ2 • 10      , 22), and combining

this with Corollary 3.7.

To prove (14) we consider any b £ F. with  |a(a- b)\ < 10 and apply

(15), first with r- 10~44 and then with r= 10"  2 to obtain that

WlCiFrtiil-mtiPy*)]

= WítiFy b)] -HKÇiFy a)] + HHfíFj, -b)] - KK£(F3, -a)]

SKKÇiF,, b)] - K1UiF2, a)] + KKí(E2, -/,)] - HKÇiFr -a)] + 8 . 10"44

<9- 10"22.

Consequently, Al ~ F? contains an element of Çi9 • 10"21, ll) and then (14) fol-

lows from Corollary 3.7.

5.4. Theorem. 3"2(E)< KHe).

Proof.   Given any 8 > 0 choose a positive integer 72 satisfying 10~2"+1 < 8.

Since E is contained in the union of 104n elements of £(8 • 10~2n, n), Theorem

5.3 and Lemma 3.5(ii), (iii) imply there exists a family Wj consisting of 104n

nonempty closed subsets of E of diameter less than 8 such that

(16) Z /2U)<H2(Uh'1)-io-44H2(e).
SeW{

Furthermore, since J2(E ~ UWj)< K2(E ~ \JwJ and K2(E)> 0, there also

exists a countable family W2 of nonempty closed sets of diameter less than 8

covering £ ^ U W.  for which

(17) Z   '2(S) < K2 (E - U Wj) + 5 - 10"45H2(E).
SeW2

Then Wj U W2 is a countable covering of E by nonempty closed sets of diameter

less than 5 which by (16) and (17) satisfies

£      i2(S)<(l-5.10-45)K2(E);

SeWluW2

hence J2(E)< (l - 5 • 10~45)K2(E).   Finally, this last inequality and Corollary

3.4 yield the desired conclusion.
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