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FIXED POINT ITERATIONS USING INFINITE MATRICES
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ABSTRACT. Let E be a closed, bounded, convex subset of a Banach
space X, f: E—E. Consider the iteration scheme defined by ;0 =x)¢€ E,

Xpe1= [(x"), X, =2 _0%aFp "2 1, where A is a regular weighted mean
matrix. For particular spaces X and functions f we show that this iterative

scheme converges to a fixed point of f.

Let X be a normed linear space, E a nonempty closed bounded, convex sub-
set of X, f: E — E possessing at least one fixed point in E, and A an infinite
matrix. Given the iteration scheme

@ %, =%, €E,
(2) En’_l=/(x")’ ”=0) 1)29"’9
n

it is reasonable to ask what restrictions on the matrix A are necessary and/or
sufficient to guarantee that the above iteration scheme converges to a fixed point
of [.

During the past few years several mathematicians have obtained results using
iteration schemes of the form (1)—(3) for certain classes of infinite matrices. In
this paper we establish generalizations of several of these results as well as
poimt out some of the duplication and overlap of the work of these authors.

An infinite matrix A is called regular if it is limit preserving over c, the
space of convergent sequences; i.e., if x €c, x, — I, then A (x)= zkanhxk-—v
. A matrix is called triangular if it has only zeros above the main diagonal, and
a triangle if it is triangular and all of its main diagonal entries are nonzero. We
shall confine our attention to regular triangular matrices A satisfying

“@ 0<a, <1, mk=0,1,2,:s
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n
G) 2 a,=1, n=0,1,2,...,

Conditions (4) and (5) are obviously necessary in order to ensure that x and X n
in (2) and (3) remain in E. The scheme (1)-(3) is generally referred to as the
Mann process, in the light of [13].

Barone [1] observed that a sufficient condition for a regular matrix 4 to
transform each bounded sequence into a sequence whose set of limit points is
connected is that A satisfy

6 lim Z la,,-a, R =0
n k=0

In [18] we posed the following conjecture:

Conjecture. Let f be a continuous mapping of [a, b] into itself, A a regular
matrix satisfying (4)-(6). Then the iteration scheme defined by (1)—(3) converges
to a fixed point of f.

The conjecture need not remain true if condition (6) is removed. To see this,
let A be the identity matrix, [a, ] = [0, 1], /(x)=1 - x, and choose x, = 0.

(Note Remark 3 following Theorem 8.)

The conjecture is true for a large class of weighted mean matrices (see, e.g.,
[8, p. 571 for the definition and basic properties of weighted mean matrices) as
we now show,

A weighted mean method is a regular triangular method A = (@, ) defined by

a,, =Pl¢/P where the sequence {p } satisfies p,> 0, p_> 0 for n> 0, P =
Ek iy and P — coas n — oo, It is easy to verify that such a matrix satisfies
(6) if and onlyxf ,/P, —0asn — oo,

Theorem 1. Let A be a regular weighted mean method satisfying (6), { a
continuous mapping from E = la, b] into itself. Then the iteration scheme (1)
(3) converges to a fixed point of f.

Proof. There is no loss of generality in assuming [a, b1 = [0, 1]. Any regu-
lar weighted mean method automatically satisfies conditions (4) and (5). Using
(3) we may write

) a4l = (pn+l/Pn+l)(/(xn) - xn) Xy
/P

Since x, /(x”) € [0, 1], we have, from (7), |::Ml - x"| <p —0

as n — oo,
One now patrots the proof in [6, p. 325] to establish that {x ni converges.
It remains to show that {x_} tends to a fixed point of f.

n+l’  n4l
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Fact. Let A be any regular matrix, f as defined above. If the iteration
scheme (1)—(3) converges, it converges to a fixed point of f.

Proof. Let x=1{x }, ¥ = {x }» y = lim x . By the continuity of f,
limn/(xn) = f(y). Since X, = f(x,) for each n, lim X = f(y). But A is a regue
lar matrix. Hence y = lim x = lim A ()= {(y).

A proof of the Fact also appears in [13], and, for arbitrary linear normed
spaces, in [4] and [16]. In [6] a more complicated and summability independent
proof is used.

One obtains the theorem of [6] by setting p, =1 in Theorem 1.

J. Reinermann [16] defines a summability matrix A by

n
app=Cp n (1 —cj), k< n,
(8) j=k+l
=c_, k= n,

=0, k> n,

where the real sequence {cn} satisfies (i) €= 1, (ii) 0< <, <1forn>1,and
(iii) Ekc & diverges. (It is easy to verify that A is regular and satisfies condi-
tions (4) and (5). Actually Reinermann permits ¢, =1 in order to take care of
the identity matrix, but in all interesting applications the restriction ¢ <1 is
imposed.) He then defines the iteration scheme (1) and Xpo1= 2:___ 0%ai G
which can be written in the form

9) X,.0= (1- cn)x” + cnf(xn),
and establishes the following.

Theorem R1 [16, p. 211]. Let @, b€ R, a<b, E=1la, b}, f:E—E, f
continuous and with at most one fixed point. With A as defined in (8) and with
{cni satisfying (i)—(iii) and limncn= 0, the iteration scheme (1), (9) converges
to the fixed point of f.

The same iteration scheme has been defined independently by Outlaw and
Groetsch [15] and Dotson [4]. In fact, Theorem 2 of [4] is a characterization of
the method described by (8) and (i)-(iii).

Vith the choice ¢, = (» + 1)~ ! Theorem RI reduces to that in [13].

The matrix of (8) with {cn} satisfying (i)—(iii) is a regular weighted mean
matrix. For, set a , = pk/Pn’ k< n. Then pk/p,e+l = ank/a”’,”l =
Ck.(l - Chy 1)/Ck+1’ which can be solved to obtain

k
10) bp=cipo /Il W=c) k>0
j=1
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By induction one can show that P =p,/ l'[;;l(l - c;) for n> 0. Since zkc A
diverges, the product must diverge to 0. Therefore P, — o as n — oo and the
weighted mean method (N, pn) with p defined by (10) is regular. Also, each
b, > 0.

Conversely, let N, p") be a regular weighted mean method with each b, > 0
and define {c_} by

(11) c,=b,/P, n>0.

Then ¢, =1, and, since each b, > 0, 0<c, <1 forall 2> 0. Now from (11),
l-c,=P _ /P , whichleadsto P = po/II;.'=1(l - ;). Therefore b,/P, =

< ﬂ;.' =k+1(1 - c].) and A has the form (8). Moreover, Ekc i diverges because P —
% as n — o, Since ¢, = p"/Pn, the condition lim c = 0 is the same as

(N, p,) satisfying (6).

We point out, however, that even though the matrices involved are the same,
the iteration schemes (1)~(3) and (1), (9) are different. Scheme (1)-(3) takes
the form x = Az, where z = {xo, fCeg)y [G)), o0+ }; whereas (1) and (9) become
x=Aw, where w = {/(xo), f0))ye e }. In other words the first scheme uses a
translate of w. However, since f is continuous, it is easy to verify, using the
Fact, that each method converges to the same fixed point.

Therefore Theorems 1 and Rl are equivalent statements when f has exactly
one fixed point and {c_} satisfies (i)-(iii). Theorem 1 generalizes Theorem R1
to those cases where f may have more than one fixed point.

Because the iteration scheme defined by (1), (9) is notationally simpler, the
remaining theorems of this paper will be stated and proved in terms of a matrix A
defined by (8) with {c } satisfying (i)-(iii). The reader should be aware, how-
ever, that each of these theorems has an equivalent theorem stated in terms of a
regular weighted mean matrix (N, p") and a corresponding condition on {p n / Pn}.
The conclusions temain unchanged even though the f involved may not be
continuous.

Hillam [9] has shown the conjecture to be false and has established the fol-
lowing result, which is a slight generalization of Theorem 1.

Theorem H1 [9, p. 16). Let f: [0, 11— [0, 1], f continuous, A a regular tri-
angular matrix satisfying (4)~(6) and

n
lez-o lan+1.k -(1- %ni1 .k+l)ankl =<°(a"+l-"+1)'

If, in addition,



FIXED POINT ITERATIONS USING INFINITE MATRICES 165

uMB

n
Z |2, 16— (1=a, 0 g )el <o

then the iteration scheme (1)—(3) converges to a fixed point of f.

For an arbitrary Banach space X, continuity is not an adequate restriction
to guarantee convergence to a fixed point. Fixed point theorems have been
established for functions satisfying a variety of growth conditions. We shall
focus on five of these. Using the notation of [2] we shall call P, = {f\f is con-
tractive on E; i.e., [|[/(x) = /()] < |x-y|l for all x, y € X}, and P, =1{/|f is
strictly pseudocontractive on X; i.e., there exists a positive constant k < 1 such
that [|/(x) - /O < lx=y[1? + RIA-Px = A-Ny|* for all x, y € X

In [19] a number of definitions of contractive-type mappings are compared.
We shall consider two of the more’ general ones.

Let a, B,y be real nonnegative numbers satisfying a <1, B,y < %4. We
shall say that f: X — X satisfies condition Z if, for each pair of points x, y € X,
at least one of the following conditions is satisfied:

@ I - 7o)l < allx=yl,
Gi) (1) - f)ll < Bllx =GNl + lly =15 o

i) 1fe) - foll < yllx=1 + lly-7Gol).

Suppose, for each x, y € X, there exist nonnegative numbers g(x, y), r(x, y),
s(x, y), and t(x, y) such that

sup {glx, y) + r(x, y) + s(x, y) + 2e(x, Y= A< 1.
x,y€X

= {11 = fO < qlxs Y% = yl| + 7(x, Y% = £
+ s(x, Yy = fFON + lx, Yx = 7O + lly = FON

Let O = {f|f is quasi-nonexpansive on X; i.e., for each fixed point p of f in X,
I176) - f@)ll < llx-pli3.

Clearly P, C P, and, if f has a fixed point in X, P, CQ, but P, and Q are
independent. Usmg the example in [4], let X be the reals { defined by flx) =
(x/2)sin(1/x), 0<x <1, f(0)= 0. Then 0 is a fixed poiat of f, and it can be
shown that f € Q. To show that ¢ P,, pick x = 2/(4n + 1)m, y = 2/(4n + 3)m,
n>1. Now consider a function f defined by f(x) = (-x/a)+ 1, 0 <x<a,1/3<
a<Y%,and f(x)=O0fora<x<1. Then f€ P, with k= (1- a)/(l +a), but f¢0Q.

In [19] it is shown that Z is a proper subset of C. From [21]}, if f € Z then
/ has a fixed point in X. It is easy to show that Z C Q.

Definitions C and P, are independent. The f in Example 1 of [3] is not
continuous, hence f ¢ P,. The f, in the above example, which belongs to P2
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and not to Q, also does not belong to C.

Sets C and Q are independent. Define f by f(x)=0, 0< x <}, f(x)=Y%.
%4<x<1. Then f€Q,but /¢ C. On the other hand, if f(x)='4, 0< x<1/3,
fx)=0,1/3<x<1, then f€Cand[¢0Q.

Sets Z and P, are independent. Since Z C C, there exists an f€ P, f ¢z,
Example 1 of [3] also satisfies Z, but not pP,.

The most general theorem for a quasi-nonexpansive mapping on a strictly
convex Banach space is the following.

Theorem 2 [4, Theorem 3]. Let X be a strictly convex Banach space, E a
closed convex subset of X, f: X — X, f continuous, f € Q on X and {(E)C KC X
for some compact set K. Let A be defined by (8) with {c_} satisfying (i)~(iii)
and such that {cnl bas a cluster point in (0, 1). Then the iteration scheme (1),
(9) converges strongly to a fixed point of {.

For uniformly convex spaces we combine Theorem 5 of [4] with Corollary 1
and comment (ii) from [7].

Theorem 3. Let X be a uniformly convex Banach space, f: E = E,E a
closed convex subset of X, [ € Q with at least one fixed point in E, and 1-{
closed. Let A be defined by (8) with {cn¥ satisfying (i), (ii), and (iv):

3., (A=c,) diverges. If, in (9), {x”} clusters strongly at some p € E, then
()= py and {x_} and {Z } (defined by (2)) converge to p.

The following example shows that continuity is a necessary condition in
Theorem 2, and that I-f closed is a necessary condition in Theorem 3. Let X
be the reals, E = [0, 1], f defined by f(x)= Y%, 0< x < %, f(x)=1, Yh<x <1,
f()=3/4, and A the matrix defined by (8) with c,= afor n > 1, for some
0<a<1, f€Q and has Y as its only fixed point. Choose xy=1. One can
show that 3/4 < x,<1and x, innforalln>2.

Since condition (iv) on {c_} implies (iii), the theorem of [7] shows that, in
Lemma 2 of [16], one can replace the conditions: {c_}! in 7 and the convexity
moduli 8, chosen so that 2n3n diverges, by (iv) and still retain the conclusion
lim Ilf(xn) - xn“ = 0, Theorem 3 is therefore a gene;alization of Theorem 3 of
[16], with the hypothesis I-{ closed replaced by f 0 completely continuous for
some ny. Theorem 1 of [14] and Theorem 5 of [4] are special cases of Theorem
3.

By restricting the class of functions to Z, a stronger version of Theorem 3
can be proved.

Theorem 4. Let X be a uniformly convex Banach space, E a closed convex
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subset of X, [+ E —E, [ € Z. Let A be defined by (8) with {c,} satisfying (i),
(ii), and (iv). Then {x } of (1), (9) converges to the fixed point of f.

Proof. Theorem 1 of [21] shows that f has a unique fixed point in X. Call
it p. Forany x € E,

lx, 1 =2l <@ =c)llx, = pll + ¢, lIf (=) - o]l

Since ZC Q, |/tx )= pll < lIx, ~ pll. Thus {llx, - p|} in n. Also, [x —f(x )=
e, = 0)= () - o) < 2|l - pll. We shall assume that there is a number
a> 0 such that [x, - pll > a for all n.
Assume {]|x_ ~ f(x )]} does not converge to zero. Then there are two possi-
bilities. Either there exists an € > 0 such that ||x, - f(x )| > e for all n or
lim [, = /G )| = 0. In the first case, use the lemma of [7] with b= 28(e/|lx o - pl)
to get
Iy = 2 <1 = €01 = c B Gx, = ]
S,y =t =c,_ (0 =c,_ollx,, =8l = 1%, = plllbc, (1~ c)
< "xn_l -pll - ||xn - p“b(cn_ (1 —:cn_l) + c"(l - cn)).

By induction, a < ||x'w1 - ol < lxg - p||-||x" - pllb Ezgock(l-ck). There-
fore,

1+b c(l1=c)) <, -2l
a(+ ’E) Py Ck)..""o oll

a contradiction since {cn} satisfies (iv).
In the second case, there exists a subsequence such that limkﬂxn -f&=_ N =0.
e g k"R
If x ,x_satisfy (i) of Z, then
" ™

I, ) = s, S als, =%,

sallz, -/, k)ll + 7 (x,,k) AR Iftx,) ==, M
I/ (x"k) - f(x"l)" <ol - a)'l["xnk - /(xnk)“ + /(x”l) - x"z'“’

If x, ,x, satisfy (ii) of Z, then
k l

WG, ) = 1Ce, M < Blllx,, = £, N + 1, = £, I

If xnk, x"l satisfy (iii) of Z, then
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My )= 1 N <A, = 1N + Nz, =12, M

so that
11, )= 1x M <AL= 200" Mz, = G, M + D, = 1, I

Therefore {f(x, )} is Cauchy, hence convergent. Call the limit u. Then
k
limkx",c = limk/(x"k)= u,
For each &,

e = f@N <l =2 |+ D, = 1Gep M+ 7Gx ) = ()L

If xnk, u satisfy (i), then ||/(xnk) - f@l < “x"k -ufl. If x"k’ u satisfy (ii),
then ||f(xnk) - f)| < B[“x"k - /(x"k)“ + lu=f@)||1, so that

e = f@ < U ==, |+ L+ Bz, -1, N/ - B).

If x"k’ u satisfy (iii), then

175, ) = 1 <, = (@I + = 5, I
<HAx,, =N+ 17, ) = 1@ + = £, s

or

I, ) = f@I <AL -9)" "=, ! (e, W+ = (x,,k)H].

Hence u = f(u).

Since p is the unique fixed point of f, p = u. The two conditions limkxﬂk =
u=pand{fx, - pl}Lin n yield lim x_ = p.

It has been shown in [19] that the contractive condition of Kannan [11] is a
special case of that of [20]. Thus Theorems 2 and 3 of [11] are special cases

of Theorem 4 with ¢ = %. Theorem 3 of [12] is the special case of Theorem 4
with Cn =A, 0KAKI,

Theorem 5. Let X be a Banach space, f: X — X, f € C. Let A be defined
by (8) with {cni satisfying (i), (ii) and bounded away from zero. Then, if {xn!,
defined by (1), (9) converges to a point p, p is the unique fixed point of { in X.

Proof. For each n, Kol ~%p= c"(f(x") - xn). Since lim x, = p,

limnllxn\‘l - x"“ = 0, Since lcnl is bounded away from zero, lim"||/(xn) - xnﬂ =0,
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For f € C, writing ¢ for q(x_, p), and similarly for r, s, and ¢,

I7¢x,) = fO < gllx, = 2l + 7llx, = 1(x)I
+sllp = f@ + dlx, - FON + 1o = 1G s

e = 7@ <o =% I + x, = FGON + 11/ () = o
lx, = FON < lx, = eI + 1 (%) = f @

and

o =G < llo =%, + llx, = 7Gx Il
Therefore

1/ G = 1N <Ug + 5+ Dlx, = pll + G+ 5+ 2001, = fG I/ -5 - 0)
<ML =N, - ol + l1x, = FC)I;

ie., lim fGc )= f@). 11(0) = pll < /@) = [ DN + /Gx )= x Il + lIx, - pll. Hence
p = {(p). From [3], p is unique.

Since {c"} is bounded away from zero, 2c & diverges, and A is a regular
method equivalent to convergence. From the viewpoint of summability, Theorem
5 is a natural result. A special case of Theorem 5 appears in [11]. The following
result is the analogous one for functions in P,.

Theorem 6. Let X be a Banach space, f: X — X, [ € P,. Let A be defined
by (8) with lcn} satisfying (i), (ii) and bounded away from zero. Then, if {x”}
defined by (1), (9) converges to a point p, p is a fixed point of f.

Proof. Since f€ P, ||/(x")- l<a-+ \/k)“%,l - pll/@ - V&), so that
lim_ f(x )= f(p). As in the proof of Theorem 5, Iim"“/(x")- ",," = 0. Thus

/@) = ol <N/ (@) = fGe N + 1/ (x) = x| + llx, - #ll  and [(p) = p.

We now establish some results when X is a Hilbert space and f € C, P,, or
Q.

Theorem 7. Let H be a Hilbert space, { € C, f: E— E, E a closed convex
subset of H. Let A be defined by (8) with {c o) satisfying (i)-(iii) and ﬁc" <
1-A2. Then the iteration scheme (1), (9) converges to the fixed point of f.

Proof. From [3] f has a unique fixed point p € H. Let u, v € H, a, B any
nonnegative real numbers with a + 8= 1. Then one can expand and add the inner
products (@z + Bv, au + Bv)and (@(u-v), B(u-v)) to obtain the identity

law + Boll? = all«]? + Blll? - aBllu - |12
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Using this identity and (9), we have, for each positive integer 7,
a2) llxy,q -2l = W= lx, - ol + e /() = o2 = ¢ (1 = ¢ lIfCx,) - x|
Since f € C,
If(x,) - ol < qllx, = oIl + iz, = 7N + dllx, - £ + o = £,

i.e.,
17x,) = 2l <Ug + Dllx, - pll + rlx, = 16 ML/L - )
<Amaxiflx, - pll, Ix, = /(e I

For each 7 such that the maximum is [|x, - ||, we have, using (12),

Hx,,q = ol <@ =clx, =217 + ¢ ANz, = 212 = ¢ (1 = e IIf (x,) - = |2

For each 7 such that the maximum is [f(x )-x ||, we have
%01 = o2 < =-c)lx, - o> -cl-c,- M|\ (x,) - x”“z.
In either case, we have

Ix,,1 =217 <llx, = 217 = ¢, (1 = c, =MD /(x) - %, |12

The above inequality implies that {||x, - bl in n for all n sufficiently
large. Also, since {c} satisfies (iii) and ﬁ"c" < 1-A2, there exists a sub-

sequence {xnkt such that ﬁmk"f(",.k)- xnk“ =0,
I Ce, 3= 1, M <al=, M R LA G,
+ sllxnl - f("n,)“ + t[||xn,e -f (x"l)“ + "x"l - /(x"k)II].
I%,, - =, lll < ||x,,,e -flx, k)ll +|f (x,,k) -f(x, I)II +If (x,,l) - x,,l||,
Ix, =1 (x,,l)ll <=, l (x, h)ll +|If (x,,k) A

and
“"n, - /(xnk)“ < "xnz - /(x"l)ll ¥ “/(x”k) B /(x”l)“.

Therefore
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I/ (x”k) -f (x”l)“ <lg+r+ t)“x"k -f (xnk)ll
+(g+s+ t)llxnl - /(x"l)“]/(l -q=21)
-1
NN, = /s, Dt T, = 12,0

so that | /(xn ) is Cauchy, hence convergent. Call the limit z. Then
k

liink/(xnﬁ) = limkx"le =u,
17G) - all < 1@ = 7, M+ W1, ) - %, I+ 1%, - al.
Since f € C,

17 () - /(x,,k)" <qllu- x,,k" +rllu = f@) + S“x,,k - f(x,,k)“
+tf|lu- f(x”k)" + ||xnk - @]
Therefore
/@) -al <[ +q+u- xnkll +(1+ s)ll[(xnk) - x”k“ + t)u - [(xnk)“]/(l -1)
<@+ Mju - x"k“ +(1+ A)Il/(x"k) - xnk||+)t||u - /(x"ls)“]/(l =),

and f(u)= u. Since p is unique, u = p € E. Combining limkxn,c =p and
tllx,, = pl}l in # for all » large enough we get lim x = p.

Theorem 8. Let H be a Hilbert space, [ € P,, fE —E, E a compact, convex
subset of H. Let A be defined by (8) with {c } satisfying (i)-(iii) l_iE"cn =
c<1~k. Then the iteration scheme (1), (9) converges strongly to a fixed point
of f.

Proof. From [20] f has a fixed point in E. Call it p.

Since f € P,, there exists a number k, 0< k<1, such that if , v € E, then
1) = 1@ < lu=21? + RI(I=u = =)o’ Thus, if v=pand u=x,
||/(x ) - || < "x -bl%+ kl[x - fx )“2, and, substituting in (12), we obtain
I*,,1 -Pl|2< e, - oI? = c A= - B fG )= x |2

Since ¢, <1- k for all n suffxcxently large, and {c } satisfies (iii), the above
inequality yields {[lx, — pll}{ for all » sufficiently large and lim,[|f(x_ ) %, |[ =

0 for some subsequence {x }. Since E is compact, there exists a subsequence
of {xnk}, call it {x_} such that lim f(x )=lim x =u.

Using the triangular inequality and the fact that f € pP,,
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17G) = ull < NlfG) = f(x )+ [lx, = )]

<= |2+ BT = Pu= U= x 1714 + |15, - ul
<lu=x Il + VE(Qu = (@] + %, = G I + lIx,, = all.

Therefore [[/(u) - ull < [2flu-x_| + vklx_ - f(x )1/ -Vk), so that f(u) = u.
The conditions lim x = uand {"xn - u|}{ in n for all n sufficiently large yield
limnxn = U,

Remarks. 1. The theorem of [10] is the special case of Theorem 8 with
Cp= (n+1)"1,

2. A pseudocontractive operator is one satisfying (14) with k = 1. Theorem
8 cannot be extended to pseudocontractive operators, because they need not have
any fixed points. Even for those pseudocontractive operators with fixed points,
the present method of proof cannot be used. The interested reader may consule
[2] for a convergent iteration scheme for pseudocontractive operators [ satisfying
a Lipschitz condition and (/(x), x) < |lx||? for all x in S (0).

3. Specializing Theorem 8 to the reals, E = [, b], shows that condition (6)
is not necessary for the iteration scheme (1)—(3) to converge to a fixed point for
€ P,. A simple counterexample shows that the condition ¢ <1 - k is necessary.

4. Theorem 8 shows that, for compact sets E, the conclusion of Theorem 12
of [2] can be strengthened to strong convergence, without the assumption that U
is demicompact. The iteration scheme used there is the special case of Theorem
8with ¢, = 1-A, k<A<,

5. Theorem 10 of [9] is the special case of Theorem 8 with lim ¢ = 0.

Theorem 9. Let H be a Hilbert space, E a compact, convex subset of H,
f: E = E, f€Q with at least one fixed point p € E, and 1-f closed. Let A be
defined by (8) with {c"} satisfying (i)—(iii) and -l-i—m" c,=c<1. Then the itera-
tion scheme (1), (9) converges strongly to a fixed point of f.

Proof. Since f€Q, |f(x,)- pl%< ||xn - p||%. This inequality, along with
a2), gives |lx_,, - pI% < lIx, - o2 - ¢, A= lfGx ) - = |12

As in the proof of Theorem 8, one obtains a subsequence, say {xmf, of {x"!
which converges. The result follows by appealing to Theorem 3, since condi-
tions (iii) and Iim c_=c <1 imply (iv).

Remarks. 1. Theorem 3 of [16] and Theorem 3 of [17] treat mappings f € P,
and subject to additional restrictions, while the compactness condition on E is
replaced by E being closed and bounded.

2. Theorem 8 of [4] treats mappings f € O under the weaker condition that
E is closed and convex but with additional hypotheses on f.
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3. Theorem 2 of [15] is a special case of Theorem 9, since the complex
plane is a Hilbert space.

4. For E compact, Theorem 6 of [2] is the special case of Theorem 9 with
c, = A, for some 0< A<,

The first of the following two theorems generalizes Theorem 2 of [S]. The
proofs are omitted, since they are basically the same as those in [5].

Theorem 10. Let X be a linear normed space, f: X — X, [ € Q with a fixed
point p € X. Let A be any regular triangular matrix satisfying (4) and (5). Then
for any x € X, the iteration scheme (2), (3) generates bounded sequences {xn}
and {x_}.

Theorem 11. Let H be a Hilbert space, {: H — H, [ € P, with a fixed point
p € H. Let A be defined by (8) with {c } satisfying (i)-(iii) and m"cn =cy
c<1-k. Then for any x, € H, the scheme (9) generates bounded sequences
{x,} and (% }.

Theorems 6~9 and 11-13 of [2] can all be extended to the class of iteration
schemes defined by (1), (9) for any {c_} satisfying (i), (ii), and (iv). We simply
state these generalizations, since their proofs are the same as their counterparts
in [2] along with an occasional appeal to the theorem in [7]. In each of these
theorems the underlying space is a Hilbert space.

Theorem 12 [2, Theorem 6. Let f € P,, f: E = E, E bounded, closed, and
convex. Suppose f is demicompact. Then F, the set of fixed points of f in E, is
@ nonempty convex set, and, for any x, € E, {cni satisfying (1), (ii), and (iv), the
iteration scheme (9) converges strongly to a fixed point of { in E.

Theorem 13 [2, Theorem 7). Let f € P,, f: E = E, E closed, bounded, and
convex, and { has exactly one fixed point p € E. Then, for any x, € E, {cnl
satisfying (i), (ii), and (iv), (9) converges weakly to p.

Theorem 14 (2, Theorem 8). Let f € P, f: E — E, E bounded, closed, and
convex. Then, for any x € E and 1cn¥ satisfying (i), (ii), and (iv), (9) converges
weakly to p, and p is a fixed point of f in E.

Let x € H. Rpx is defined to be the closest point to x in E.

Theorem 15 [2, Theotem 9]. Let f € P,, [: E— E, E closed, bounded, and
convex. Suppose further that if p € OE and if p = Rg(f(p)), then p is a fixed
point of f.

Then [ bas a fixed point in E and, for any x, € E, {cn} satisfying (i), (ii),
and (iv), the scheme
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a3) x,=(=c)x _,+c Rplf(x,_))), =21

converges weakly to a fixed point of f in E.

Theorem 16 [2, Theorem 11). Suppose that E is uniformly smooth and, under
the bypotheses of Theorem 9 or 10 of [2), that { is a demicompact mapping of E
into H. Then the iteration scheme (1), (13) converges strongly to a fixed point
of finE.

Theorem 17 [2, Theorem 12). Let E be a bounded, closed, convex subset of
H, ftE —E, [€ P,. Then for x;€E, {cn} satisfying (i), (ii), (iii) and
mncn =c <1 -k, the iteration scheme (9) converges weakly to a fixed point

p € E. If, in addition, { is demicompact, then {xnf converges strongly to p.

Theorem 18 [2, Theorem 13]. Let f € P,, f: B(0) = H and satisfying the
Leray-Schauder condition. Let R: H — B (0), R a retraction. Then, for any
xo € B (0), and any y such that 0< 1-k<y<1, {c”} satisfying (i)—(iii) and
muc" =c < 1=k, the scheme

x,=(l-c)x, 1 +c RU x|, Uy =yl+(1=-y)f

n ne

converges weakly to a fixed point p € B (0). lf, in addition, { is demicompact,
then {x } converges strongly to p.

Comments. 1. Let f be the shift operator, E the unit ball in H. Let A be
defined by (8) with ¢, = l,c,= %, n>0. Let e & denote the kth coordinate
sequence. With x, = e, from (9), x, = 2'"2:=0(Z)e,“1 for all > 1. Thus the
sequence {x”¥ not only does not converge strongly, but it does not have any
strongly convergent subsequences. On the other hand, every g € H' is of the
form g(x) = (x, a) for some a € H. Also, g(x,)=2"" 2:8 O(Z)ah 1» SO that
lim g(x,)=0,and {x } is weakly convergent. This example shows that compact-
ness is a necessary condition in Theorems 8 and 9, and that weak convergence
is the best one can expect for a function in Pl’ 0, or P2 and E merely closed,
bounded, and convex.

2. It is a well-known result [8, p. 57] that if lim_ p /P =limc =c#0,
then the corresponding summability method is equivalent to convergence. Thus
Theorems 3 and 6, and the corresponding results quoted in [2] and [4] involve
iteration schemes where the matrix involved is equivalent to convergence.
Recalling the abundance of comparison theorems in summabilitytheory , one is
tempted to conjecture that most of the theorems of this paper are valid for any
regular method satisfying (4) and (5) and strictly stronger than convergence.
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However, the interlacing of the iteration in (2) and (3) precludes the use of
ordinary comparison techniques. Consequently each summability method, or class
of summability methods, must be investigated individually to determine if it will
bring about convergence to a fixed point of f when used in (1)~(3).
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