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ORDINARY DIFFERENTIAL OPERATORS UNDER STIELTJES
BOUNDARY CONDITIONS(!)

BY
RICHARD C. BROWN AND ALLAN M. KRALL

ABSTRACT. The operator L,y = y’ + Py, whose domain is determined in part by the
Stieltjes integral boundary condition f§ dw(f)(r) = 0, is studied in £2(0,1),1 < p < co.
It is shown that L, has a dense domain; hence there exists a dual operator L} operating on
£3(0,1). After finding L; we show that both L, and L} are Fredholm operators. This
implies some elementary results concerning the spectrum and states of L,. Finally two
eigenfunction expansions are derived.

1. Introduction. The most recent works which are pertinent to this article are

those of Bryan [7], Tucker [22], and Vejvoda and Tvrdy [23], all of which discuss
systems of the form

¥ =ADx+50, [ dFO)x() =K,

or slight generalizations of the same. In addition Brown [4], Brown and Krall [6],
Brown, Green, and Krall [5], Green and Krall [11], and Krall [15], [16], [17] have
considered the differential operator L,y = y’ + Py in the Hilbert space £2(0, 1)
or the Banach space £7(0,1), 1 < p < o0, where its domain is restricted by a
boundary condition of the form

3 4xt) =,

or

3 40) + [ K@wax = o

In these papers an adjoint has been either defined or derived, and in some of
them eigenfunction expansions have been determined.

Further references can be found in the review articles by Whyburn [24] and
Conti [8] as well as the article by Halanay and Moro [12].

The purpose of this article is to discuss in £7(0, 1) the boundary value problem

y=y+Pm, UG =[ a0y =0,

where P is an n X n matrix valued continuous function, » is an m X n matrix
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74 R. C. BROWN AND A. M. KRALL

valued measure of bounded variation. The space £7(0,1) consists of all »-
dimensional vector valued functions defined on [0, 1] under the norm

w=[ f {3 oo} " a]”.

We remark without proof that £7(0, 1) has the usual properties associated with
other complex £? spaces. In particular, the dual of £7(0,1),1 < p < o0, is
isometrically isomorphic to .£2(0, 1), 1/p + 1/g = 1. Holder’s inequality remains
true: If f € £7(0,1) and g € £2(0, 1), then

fo sgai] < [ \sl1slde < 1st el

For a complete development of £? functions with values in a Banach space see
Lang [18] or Dinculeanu [9].

1.1. Definition. Let Dy,, 1 < p < o0, be the subspace of L££(0,1) consisting of
all elements satisfying

(a) y is absolutely continuous on [0, 1] (hence, in fact,y € £F(0,1) C £F(0,1));

(b) Iy = y’ + Py exists a.e. and is in L(0, 1).

1.2. Definition. We define the differential operator Ly, by letting Lo,y = ly for all
Y in Dy,.

1.3. Definition. Let U: Dy, — C™ be the operator U(y) = f§ dv(t) y(1). By D, we
mean the subset of Dy, satisfying U(y) = 0.

1.4. Definition. We define the differential operator L, by letting L,y = ly for all
yin D,

It is the operator L, which will be our primary concern.

At this point it is convenient to state some measure theoretic technicalities. As
indicated earlier, the boundary functional U is represented by an integral with
respect to a matrix valued measure ». » is understood to be a countably additive
set function defined on the o-ring of Lebesgue measurable sets in [0, 1] with range
in the space of m X n matrices over the complex field C. Clearly » can be
represented by an m X n matrix (»¥) whose components are complex valued
measures. By considering the components, many of the standard concepts of
measure theory can be extended to the matrix valued case.

For example the total variation [|»|| of » may be defined by ||»|| = sup;||»Y|. »
is of bounded variation if [|»|| < oo, which, following Tucker [22], we will assume
to be true.

If » and »' are two matrix valued measures, then » is singular (» L »’) or
absolutely continuous (v < »’) with respect to » if and only if ||¢|| L ||»’]| or
vl < [Iv]l.

In addition a matrix valued measure » will be singular (v L p) or absolutely
continuous (¥ < p) with respect to Lebesgue measure if and only if ||»|| L p or
vl < p

If y is an n X p matrix valued function and » is an m X n matrix valued



ORDINARY DIFFERENTIAL OPERATORS k63

measure, then y is » measurable or » integrable if every component of y is
measurable or integrable with respect to every component of ». For any
measurable set E in [0, 1], the integral of y with respect to » is given by

fo 00 = (£ fon08%0).

Such concepts sketched above lead to generalizations of the Lebesgue decom-
position, Radon-Nikodym and Hopf-Caratheodory extension theorems which
will be needed throughout the paper. Specifically, if » is a matrix valued measure,
then » can be uniquely decomposed in the form » = » + 5, where 3 < p and
3Y L p. (3 can be further decomposed in the form % = g, + ,, where both
y/ L p and 3/ L p, but g is continuous, while y, is atomic (supported by
points).)

There will also exist a unique m X n matrix valued function d/du such that for
each measurable set E

day
W(E) = [, g
We call di/dp. the Radon-Nikodym derivative of » with respect to p. It is an
elementary exercise to show that dy/du = (d%//du) where dy’/du is the scalar
Radon-Nikodym derivative of #/ with respect to .

Dinculeanu [9] states the following generalization of the Hopf-Caratheéodory
extension theorem:

Let 4 be an algebra of sets and X be a Banach space. Then every countably
additive set function of bounded variation m: 4 — X can be uniquely extended to a
countably additive set function of bounded variation m: S — X, where S is the o-
algebra generated by 4.

7 is the extension of m from o4 to . In our situation X is the space of m X n
matrices, and 4 is an algebra of intervals generating the Borel sets. m then can
be extended uniquely to a matrix valued Borel measure.

2. The density of D,. It is well known that the adjoint of an operator on a
normed vector space exists if and only if the domain of that operator is dense.
This occurs in our case if and only if the kernel of the boundary functional U is
dense. When this happens, following Krall [14], we say that the boundary
functional U is acceptable.

Our purpose in this section is to characterize acceptable boundary functionals
in terms of their representing measures. The results are stated in Theorems 2.6
and 2.8.

Relying upon the Lebesgue decomposition and Radon-Nikodym theorems, we
rewrite the boundary functional U(y) = f¢ dv(t) »(?) as

UO) = [} #0x0) + f) FOx0d
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where 3 and » are unique, 3 L », 3 L pand » < pon [0, 1], and dy/dp is the

Radon-leodym derivative of » with respect to p. If U is represented solely by a

singular measure, we say U is singular. Otherwise U will be said to be mixed.
We state several principles of functional analysis as lemmas.

2.1. Lemma. A linear functional on a topological vector space is unbounded
(discontinuous) if and only if its kernel is dense.

Proof. See Kelley and Namioka [13, p. 37].

2.2. Lemma (linear dependence principle). If ¢, f,, ..., f, are linear functionals
on a topological vector space, then ¢ = ;i N.f; if and only if M ker f; C ker ¢.

Proof. See Kelley and Namioka [13, p. 7].

2.3. Lemma (corollary to the Hahn-Banach theorem). If K is a closed subspace of
a normed (or locally convex) vector space, and if p & K, then there exists a
continuous linear functional ¢ such that K C ker ¢ and ¢(p) # 0.

Proof. See Royden [21, p. 190].
We also require the following two lemmas.

24.Lemma. Let fi, ..., f, be a finite collection of linear functionals on a normed
(or locally convex) vector space V. Then (N-,ker f; is dense in V if and only if every
linear combination 3;., \.f; # 0 is unbounded.

Proof. Assume (., ker f; is dense in V. Since

‘f"\lker Ji € ker ‘21 AfiCV,

ker 2., A,f; is dense in V. Hence, by Lemma 2.1, 31, A,f; is unbounded.

Conversely, assume that e that every nontrivial linear combination X[, A;f; is
unbounded, and that M-, ker f; is strictly contained in V. Let p € ¥\ Ker f,.
By Lemma 2.3 there exists a nonzero functional ¢ such that (M., ker f; C ker ¢,
which is impossible by Lemma 2.2.

2.5. Lemma. Let U: V — R™ be a densely defined operator on a normed (or
locally convex) vector space V. Let m, i = 1, ..., m, be the projection of R™ onto
its ith coordinate space. Then ker U = V if and only if every nonzero functional
i1 Mim(U) is unbounded.

Proof. If m = 1, the conclusion follows from Lemma 2.1. Otherwise, since
ker U = ML ker 7(V), it follows from Lemma 2.4.

2.6. Theorem. If U is a singular boundary functional, then U is acceptable.

Proof. We consider two cases.
(1) Let n = 1. In this case since Dy, is dense if 1 < p < oo, according to
Lemma 2.1 it is only necessary to verify that U is unbounded. If we assume the
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contrary, then U has a unique bounded extension U on .£?(0, 1). By the Riesz
representation theorem, there exists an element g in £2(0, 1), 1/p + 1/g = 1, such
that

UO) = [ 8* OAD duCs).

This implies that dy = g*du. Hence 5 < p, which is impossible.
(2) Let n > 1, and let J = 3, \;;;(U) be a nontrivial linear combination.
By Lemma 2.1 it is sufficient to show that J is unbounded. Consider the subspace

D} ={y:y € Dy,;my = 0,k # j}.

That is, D/ consists of all elements in Dy, with zero entries except possibly for y;.
Then

w(UO)) = [ 3@ d ()

for all y € D’p. By part (1), 7(U) is unbounded on D] and hence on Dy,
Moreover, on an arbitrary set D)

JO) = N 0@ = [ 5,0 dn0,

when n; = 37, ;Y. If m; = 0 for all j, then J would be trivial on D, which
contradicts our assumption. Thus, for some j, n; is a nonzero measure. It is
obvious from the Lebesgue decomposition theorem' that n; L p. Hence, from
part (1), J is unbounded on D} and also on Dy,

Next we consider a mixed boundary functional.

2.7. Lemma. Let B and C be operators on a normed (or locally convex) vector
space V to R™ such that ker B = V, C is continuous, and B + C is densely defined.
Then B + C is acceptable if and only if

m m
‘El \m(B) = 0 implies El A#m(C) =0.

Proof. Assume that 32, A;7;(B) = 0 implies 3=, \;7(C) = 0. By Lemma
2.5 it is sufficient to show that an arbitrary sum /., A,m(B + C) # 0 is
unbounded. Suppose the contrary. Since

3 A +0) = 3 Na®) + 5 Am(),

we find that 3)/2, A;7;(B) must be continuous. By Lemma 2.5 again 3/~ A, 7(B)
= 0. By assumption this implies 3/~ \;m(C) = 0. Thus 37, A, m(B + C) = 0,
a contradiction.

The converse follows immediately from Lemma 2.5.
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2.8. Theorem. The following statements are equivalent:
(1) U is acceptable.

) If T Nm(f3 dg (1)) = O for all y in Dy, then Ity Nm(f3 dn(2) (2))
= 0 for all y in D,

Proof. Let By = f§ dy())(t) and Cy = f3 dn(2)y(¢) and apply Lemma 2.7.

2.9. Definition. Let v be an m X n matrix valued measure of bounded variation.
Let T be a set in [0, 1). By the kernel KT of v with respect to T we mean
Nerker »[0, 7].

With the idea of the kernel of a measure it is possible to give an elegant
characterization of an acceptable boundary functional.

2.10. Theorem. Let T be everywhere dense in [0, 1]. Then U is acceptable if and
only if K% C K1

Proof. It is sufficient to show that the condition stated is equivalent to the
second statement in Theorem 2.8. Let

3 am(f) as00) = 0
imply
§, ’we( h dsz(t)y(t)) =0,

and let ¢ be in K%. Then *[0,7]¢ = 0 on a dense set T. Let ¥ = 3., o, A(}})(?)
be an arbitrary C" valued step function with ends in T. If J, = [a,, b,;], then

i w0 0s = 3 at vt

k k
= g:l of v} [0,b,]¢ — E:l of 3*[0,a,]0 = 0.

Since T is dense in [0, 1], the step functions ¥ are dense in £7(0,1) and also in
DOp' Thus

fol V@agt@e =0

for all y in Dy,. This can be rewritten in the form

S o f) anv = o,

where ¢; is the ith component of ¢. By assumption this implies

S om [ 00 =0,

which may also be rewritten as
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1
[, 7 @a e = 0.

Since this holds for all y in Dy, it holds for all y in Dy, with support in [0, 7].
Moreover these elements are dense in £F(0,7). These observations imply
#*[0,£]¢ = O for all #in T, or that ¢ € KJ.

Conversely, suppose that K3 C KJ%. Then %*[0,7]¢ = 0 implies #*[0,7]p = 0.
If

g A [, dy()y(e) = 0,
then

Sy oaror =o,

where A = (\;,...,\,). This implies (repeating the arguments above) that
5*[0,£]A* = O for all z in T. By assumption, this implies #*[0,/]A* = 0 for all ¢ in
T, which in turn implies that

é A fo' dy()x(t) = 0.

2.11. Corollary. If K5 = O, then the boundary functional U is acceptable.

3. The adjoint of L. In this section we turn our attention to the construction of
L3, the adjoint of L, lying in £(0,1). For this purpose we will require a
technical measure theoretic result depending upon the Hopf-Carathéodory
extension theorem (see Royden [21, p. 257]).

3.1. Lemma. (1) If T is everywhere dense and contains {1}, then the kernel of v is
invariant with respect to T. That is, if T and T are two everywhere dense sets
containing {1}, then KT = KT

(2) Let T be everywhere dense and contain {1}, and let v and v' be mutually
singular. Then KL, C KT N K.

Proof. (1) Let o4, be the algebra generated by the interval [0, 7], where ¢ is in
T'. Suppose that ¢, in C" is in KT but not in K;7'. Then »¢ defines a nontrivial
vector valued set function 7 on o#;- which may be uniquely extended to a measure
7 on the smallest o-algebra B’ containing 4. Because T” is dense, B' = B, the
Borel sets in [0, 1]. Because of uniqueness 7 is the measure »$ on B. But by the
same reasoning, 7 is also the unique extension of v¢ restricted to <#p. Since T
contains 1, ¢ is trivial. This contradiction shows that K7 C K. By interchang-
ing T and T, we find K7 = KT.

(2) Let ¢ be in KT,. Then »[0,7]¢p = »'[0,]é. As in part (1), the set functions
v¢ and ¥'$ agree on o4 Therefore their unique extensions to B agree. But this
contradicts the mutual singularity of » and »’ unless »¢ and »'¢ are trivial on A,
that is, unless ¢ is in KT N K.
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In view of Lemma 3.1 we shall write K, to indicate the kernel of » making no
reference to the underlying at 7, provided of course T is dense and contains {1}.

3.2. Definition. In £}(0,1),1 < q¢ < oo, let D3, be the set of absolutely
continuous functions z vanishing at t = 0, t = 1, such that I z = =z’ + P*z is in
£3(0,1).

3.3. Definition. We define the differential operator Lg, by letting L,z = If z for
all z in Dg,.

3.4. Definition. In £3(0,1), 1 < g < o0, let D} be the set of all elements z for
which there exists a vector (2) in the quotient space C™/K,, such that

(1) z(?) = e(t) — #*[0, £lp(z) where €(2) is absolutely continuous.

) I*z = =2’ + P*z + (dn/du)* ¢(2) exists a.e. in £3(0,1).

() 2(0 +) = —5*[0]¢(2), 2(1 ) = »*[1]e(2)-

3.5. Definition. We define the differential-boundary operator L; by letting
Lz =1*z forall z in D].

The principal result to follow in this section is that L, and Ly, 1 < p < oo,
1/p + 1/q = 1, are dual operators.

3.6. Lemma. The mapping n: D} — C"/K,, defined by n(z) = ¢(2) is a well-
defined linear operator.n(z) = 0 if and only if z is inD{; - The expression I* z is well
defined if and only if the domain of L, D, is dense in £} (0, 1).

Proof. Suppose that n maps z onto two elements of C"/K,s, ¢(z) and ¢,(2).
Then by condition (1) of Definition 3.4, z(¢) + 5*[0, fl¢y (2) and z(¢) + 5*[0, 7], (2)
are absolutely continuous. Subtracting, we find 5*[0, /](¢,(z) — ¢,(2)) is absolute-
ly continuous, which is impossible unless it is the zero measure. Therefore
1(2) — ¢,(2) is in K,p. That 7 is linear and onto is trivial.

Secondly, if z is in Do, and 2(f) + 3*[0, 7]¢(z) is absolutely continuous, then
5*[0,7]¢(z) is the zero measure, and ¢(z) is zero in C™/K,,. Conversely, if
#(z) = 0 in C™/K,;, then 5*[0,7}p = O, z is absolutely continuous and vanishes
at 0 and 1 by parts (1) and (3) of Definition 3.4.

Finally that /* is well defined if and only if D, is dense follows from Theorem 2.10.

3.7. Theorem. The differential-boundary operator Ly is closed, 1 < q < oo.

Proof. Recall that L] is closed if whenever lim;_ 2, = z(zx € D) and
limy_,o, L 2, = y, then z is in D and Lyz = y.

Now
2(5) = 2() = [, ek = z1)dE — #*[0,51(ze — 21)
= - [ L@ - 2)dE + [ P* - 2)dE
+ [*[0,5] — %*[0, s]lp(zx — 2,)-
Since

j: Li(z - z,)d§| < LG (e = 2Dl
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and

s
Ji P e = 2| < 1Pl - 2l

we find that z,(s) + [3*[0,s] — »*[0, s]J¢(z;) converges uniformly on [0, 1]. Since

z(1 =) = [1]¢(z) and 2,0 +) = —»*[0}¢(z¢), [1*[0,1] — %*[0, 1]]é(z;) and
*[0]¢(z,) converge. Further if we take g-norms on the inequalities above, we find

|- z,)d£| S ILg (2 = 2)llg

and

f P - 2pae| < 18l -

Thus the original equation yields

[z*[0,5] — #*[0, sTlé(ze —2)lly < Nlzie — zilly + 1P*llpllzic — 2,1l + L5 (e — 2)lls
which shows that the functions

F(s) = [2°[0,5] — [0, s]]e(zs)

converge in £2(0, 1) and thus also in measure. Thus there exists a subsequence
E,(s) which converges on a set T of unit measure. Clearly T is everywhere dense
and contains {1}. Thus, by Lemma 3.1, K%_,, C K%, and {¢(z,)} is a Cauchy
sequence in C™/K,. In other words, we have shown that a subsequence {¢(z,,)}
converges to an element ¢ in C™/K,,. Since

2a(®) = = [ L zdt + [ P 2dt + [210,5] = 2*10.5]10Czn)
and ¢(z,,) converges, we may take limits to find
26) = = [ yde + [ P*zdg + [1210,5] - 5*[0, 5]}
or

2(s) + *[0,s]p = —j:ydi +j: P*zd¢ + ¥*[0,s]o.

Since the right side is absolutely continuous, z satisfies the first requirement to be
in D;. Differentiating, we find

y=—2+ P*z + (dy/du)*¢ a.,

the second condition. The third condition follows trivially.
3.8. Lemma. (L,)* = Ly,, 1 < ¢ < oo.
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Proof. This is well known. For example, see Goldberg [10, Chapter VI] for a proof
with n = 1. His proof is easily modified to fit the present situation.

3.9. Theorem. (L})* = L,, 1 < p < oo.

Proof. If 1 < p < o0, then 1 < ¢ < o0. Consequently Dg, is dense in £3(0, 1).
Since Dg, C D}, (L})* is well defined.
First we show that L, C (L})*. If y € D, and z € D}, then

L) = (h L D) = [ OEHE) — L 20" )]s
= [ [0 + 76079 + (L 90)) #9] a5
= [ 19) + w [0, V() ds — [ 5[0, 516 ¥ ds
+ [ 1) + w10, Mo ds = [ (2710, sko2)]* ¥(s) ds
+f ‘;L;:(s)az)]'y(s) ds.

Since y(s) and z(s) + 1*[0,s)¢(z) = &(s) are absolutely continuous, the sum of the
first and third integrals is

e)Z5r = ¢(2)* [0, 1] (D).

The second integral may be written as

4" [ 2l0,517(5)ds.
Its value is
8(2)* 2[01(0) = ¢(2)* 1[0, 11(1) + 9(2)* [, dn(s)¥s).
The fourth integral is 0. Finally the last integral is
¥ ) EOH)ds.
Adding, we find

@22 - 052 = 60" [ f) 030 + [} Zomoas|
= 9()* [ dls)¥(s) = .

To show the reverse inclusion, let z € Dg,; then since D§, C D; and ¢(z) = 0
for such z, L§, C L}. This implies (L})* C (L3,)* = Ly,. This implies that the
domain of (L})" is in Dy,. For arbitrary z € D; and y € D,, the calculation in
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the first part of the proof shows &(z)* fi dv(s)y(s) = 0. Since ¢ maps D; onto
C™ (2) J3 dv(s)¥(s) = 0. Thus the domain of (L})* satisfies the boundary condition
and is in D,. Therefore (L})* C L, and the two are equal.

3.10. Theorem. If 1 < p < o0, Ly = Lj.

Proof. We consider two cases.

Let p > 1. Then D;, the domain of L} is dense, and £%(0,1) is reflexive.
Further L} is closed. It follows then that (L})** = L?. Since, by Theorem 3.9,
H=L,Ly=ILH" =L,

Let p = 1; since £5(0,1) € £1(0,1) for ¢ > 1, it follows that L, C L, and
Lt cLY=L}(1fo+1/r=1). Thus L¥z = [*z on some domain S S D}
N £2(0, 1). On the other hand, a simple calculation similar to that of Theorem
3.9 shows that LY C Lf, ie., that D} C S. Since D N £2(0,1) =DZ, S
= D}, and L = L.

4. Spectral analysis-expansions. Brown [3] has shown that, when 3 is purely
atomic, the operators L, and L; are Fredholm operators (that is, they have closed
ranges, finite dimensional kernels and deficiencies, and mutually orthogonal
ranges and kernels), and that when m = n there is only point spectrum.
Furthermore if » = 0, it is easy to show that the eigenvalues are isolated (see
[11]). Since the proofs behind these results depend in no way upon the nature of
the representing measures, they remain valid in our setting. In other words L, and
L; are Fredholm. When m = n, the spectrum of L, (and L}) consists only of
isolated eigenvalues. If A is not one of them, then L, — AI is invertible, the
resolvent being generated by an integral operator with a Green’s function as its
kernel. It is these facts we now wish to investigate in more detail. We emphasize
that throughout the remainder of the paper m = n.

In addition we need to assume that g is atomic at # = 0 and ¢ = 1, and that
%[0] = Aq, »[1] = A, are nonsingular matrices.

Eigenvalues. If we let Y(¢) be a fundamental matrix for the differential equation
¥ + Py = 0, then an elementary calculation shows that y{f) = Y(¢)e™ satisfies
Y + Py = M\y. Eigenvalues will then be the roots of

det (U(Y(9)e™)) = det ( fo : af) Y(t)e"‘) = 0.
If A does not satisfy the equation above, then

w0 = [ Gr@9) 1) ds
where
Gi(t,s) = Y(O)eMU(Y()eM) ' M(1,5)Y(s) 'e 2,

(%) In the sense that U, ¢ py ¢(2)* = C™.
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M(s) = [ ) YE)¥, 0<s<e<,

=-['a®)YE)", 0<r<s<i,

provides a solution to ' + Py — Ay = f which also satisfies U(y) = 0. Since G,
is bounded, the integral operator is itself a bounded operator on £7(0, 1).

4.1.Theorem. The spectrum of L, consists only of an infinite number of eigenvalues
A which can accumulate only at . The eigenvalues are the zeros of

det U(Y()eV) = det ( £ anto) Y(t)e"’).

The eigenvalues all lie in a vertical strip |Re N| < h. Within that strip, the number
of eigenvalues lying within the rectangle |Re\| < h, R<ImA<k+1, is
bounded by a number M which is independent of k. Finally, for any 6 > 0, there
exists a number m(8) > 0 such that

|det (U(Y(1)e))| > m(8)

for all \ within the strip |Re A| < h lying outside circles of radius 8 centered at the
eigenvalues.

Proof. Clearly if det (U(Y(:)e™)) = 0, then A is an eigenvalue with at least one
eigenfunction. Since det (U(Y(¢)e™)) is holomorphic in A, the eigenvalues can
accumulate only at oo. Further if A is not a zero, then A is in the resolvent set.

As Re A — +00, we note, due to the atomic nature of »(1), that

U(Y(0)eM) = 4, Y(1)er(1 + o(1)).

This is ultimately never singular since A4, is nonsingular. Similarly, as Re A
- —00,

U(Y(9)e™) = 4, Y(0)(1 + o(1))

which is also nonsingular. Thus the eigenvalues lie within some vertical strip
[Re A| < A.

Within that strip it is possible (see Green and Krall [11]) to transform
det (U(Y(9)e¥)) into an entire function of nonintegral order which, following
Boas [2, p. 24], has an infinite number of zeros.

Finally the estimates concerning the number of zeros within a rectangular
region and the minimum modulus of |det (U(Y(f)e))| are direct quotes from
Levin [19, pp. 268-269]. Only cursory inspection is necessary to see that the
function is almost periodic.

The spectrum of Ly also consists only of eigenvalues A, where A is an eigenvalue
of L,. Bryan [7] has characterized the eigenfunctions associated with them:
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4.2. Theorem. The spectrum of L; consists only of eigenvalues A where \ is an
eigenvalue of L,. The corresponding eigenfunctions are given by

20) = =Y @) e [" X v (s)dv* () 9(2)
where ¢(z) € ker U(Y(r)eM)*.
Proof. An elementary calculation shows that
—2 + P*z + (dy/dp)* ¢ = Az ae.
That z(¢) + *[0, t]¢(z) is absolutely continuous also follows from the formula, as
does the equation z(0 +) = —*[0]¢(2). Finally, we calculate
2(1 =) ==r*(1)'e? _/;I_ e~ X Y*(s)dv* (s) $(2)

= =1*(1)"' e MUY (D))" (2) + 5*[1]6(2)
= 5*[1]6(2).

Eigenmanifolds. 1f A is a multiple eigenvalue, then not only do we find
eigenfunctions, but also other related functions which generate what is usually
called an eigenmanifold. These are most naturally generated by examining the
poles of the Green’s function. They enter also as terms in an eigenfunction
expansion, first for the Green’s function, second for functions in D, and D;.

Since the results are almost identical with those found in [17] we quote the
results without proof.

4.3. Theorem. Let A, be in the resolvent set of L,, and let A, be an m-fold zero of
det (U(Y(2)eM)). Near A, let
Y(t)e’“ = '20 uj(A - An)ja
=
0
MEYE e = 3 ot =AY,

VYO = 3 U - A

Then the residue of G(t,5)/(A — Ag) at A, is

m=1 m=1-j m-1-j—k

-3 3 3 wUutQe— A"
j=0 k=0 =0

The elements u;, j = O, ..., m — 1, are in D; the elements v, k = 0, ..., m = 1,
are in D} and are functions of s alone. They satisfy
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(L, = MI)uy = 0,
Ly, =NDyj=wuy, j=1....,m—1L
Ly =NIw =0 ae.
(L} =MDy = vy aek=1,...,m—1.

{ul},"’_',I and {v, }7=y form linearly independent sets. For different eigenvalues, the
linear subspaces spanned by the sets {u;} and {v,} are mutually orthogonal. That is,

53 vewydp = 0.
Expansion of the Green’s function.

4.4. Theorem. Let the eigenvalues of L, be denoted by {\,),...,, where their orders
m and elements u;, U,, vy are dependent upon n. If \ is in the resolvent set for L, then

6 = 55 ST UM O/ = Ay,

Proof. Estimates similar to those found in [17] show that as |Re A| = oo, the
Green’s function approaches 0. If § [G\(2,5)/(A — Ag)]dA is computed around a
contour which approaches oo while uniformly avoiding the eigenvalues (as is
possible according to Theorem 4.1), then Cauchy’s residue theorem yields the
result above (see [15] or [17] for details).

Eigenfunction expansions. By using the expansion of the Green’s function two
eigenfunction expansions can be derived: one for elements in D, one for
elements in D;. In addition, Parseval’s equality for one element in D,, the other
in £{(0,1), or for one element in £7(0,1), the other in D, then follows
immediately.

4.5. Theorem. Let y be in D,. Then

m-1 m—l-j

) =— 21 2 w(OUpyjk f : up (5)y(s) ds.
n= l- -
4.6. Theorem. Let z be in D] . Then
m-1 m-l—
©=-3 3 2 U [, O

The proofs of these theorems are similar to those found in [17]. Likewise the
following also holds:

4.7. Theorem. If y is in D, and z is in £3(0,1), or if y is in £(0,1) and z is in
D/, then

o m—1 m—

fi #ran == 35 TS [N A Ou 0t Uy f) 0t O ds.

=1 j=0
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5. Selfadjoint systems. Under special circumstances it is possible for the
problem

1
Ly=y+Py, [ a0 =0,

to possess a type of selfadjointness when p = 2. The idea, due originally to Bliss
[1] and substantially extended by Reid [20], is that while the system and its
adjoint may not be the same, it might be possible for there to exist a nonsingular
transformation 7 which transforms one system into the other. Under T
eigenfunctions would be transformed into each other. Since the eigenvalues will
be the same however, they will all have to be real. In order for this to happen,
we introduce the continuous matrix R, mainly with the idea of rotating the
eigenvalues discussed earlier by 90° so that they are now bounded vertically and
can possibly lie on the real axis.

In order to apply the concept, we rephrase the boundary value problem and its
adjoint problem in a new matrix notation. We find, upon letting u(f)
= {5 dn.(s)y(s), that the problem

Y + Py = ARy,
fi 0y = [} (%) @y0a + [ st = o,
is equivalent to the problem

Y +PY =ARY, | "dv@) Y() = o,

where

=( _(? O _RO) _('&al)
r=() 2= (% o) #-(0 o) = = (3 2)

where g, and g, are matrix valued atomic measures, a,[0] = 7, ,[1] = I, but all
zero at all other points.
Similarly, the adjoint problem
-2 +P*z+ (Z—l'i)*¢(z) = AR*z ae.,
2(?) + 3*[0, f]o(z) is absolutely continuous,
20 +) = —*[0l¢(2), 2(1 -) = *[1]e(2),
is equivalent to the problem
-Z'+ P*Z = A\R*Z ae,
Z(?) + v*[0,£]®(z) is absolutely continuous,
Z(0 +) = —v*[0](Z), Z(1 -) = V*[1]®(2),
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where Z = (%), v = —¢(z) and ®(Z) = (::;). Note that now the measure ¥V is
singular. It contains no absolutely continuous part.
Symmetric systems. Let us now investigate the possibility of the existence of a
transformation 7 between these problems.
5.1. Definition. The system
1
Y +PY =ARY, [ dV()Y(s) =0
is symmetric if there exists a nonsingular matrix transformation of bounded variation
T such that under Z = TY the system is equivalent to its adjoint system
-Z'+ P*Z = \RZ,
Z(1) + V*[0,)®(z) is absolutely continuous,
Z(0 +) = —v*[0]2(2), Z(1 -) = V*[1]2(2),

Jor all eigenvalues .

Suppose that such a transformation 77 exists. If U is a fundamental matrix for
Y' + PY = ARY, then Z = TY satisfies the adjoint differential equation.
Substitution yields

-[7' - TP - P*TY = NR*T + TR|V.

If T is to transform eigenfunctions for all eigenvalues, then it is convenient to
require 7' = TP + P*T,0 = R* T+ TR

Since TY + V*[0,£]®(TY) is to be absolutely continuous, after substituting
Y(?) = Y(1) Y, where Y, is constant, we are led to expect the singular part of d7
should satisfy

dIOYO)Y% = —dV*()B(TY).
If Y is chosen properly, we can require ¥; = ®(TY) and
dI,(0) = —-dv*()y@™.

Further this differential 7, should be the same for all eigenvalues A.

Finally, since the Z boundary conditions at 0 and 1 imply Z(0 =) = Z(1 +)
= 0, we should require 7(0 —) = F(1 +) = 0. This can be further checked if
we use Green’s formula:

[lizr (v + 2Y) - (-2 + 2*Z)' Y]ar
= Z(1 HY(1) - ZO -)Y(0) + &* ') Y().

fZ=9Y,lY=Y +PY,I*Z = -2’ + P*Z, then
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[y @1y - ¢+@Y))* Yar

= Y*()T*(1 +)Y(1) — Y*(0)7*(0 —-)Y(0) + o* j;l dv() Y(2).

When A is an eigenvalue, the integral vanishes. The right side will entirely vanish
ifg91+)=90-)=0.

We can actually solve for the transformation 7. The eigenfunctions Y are
given by Y(f) = Y()Y,. As noted in §4, Bryan [7] has found that the eigenfunc-
tions Z are given by

Z0) = -4 O [ Y*©)dv* () 9(2).
Letting Z = TY, % = ®(Z), this implies

70 = -v* O™ [ ¥ ©dv VO™

Differentiation shows that when R*T+ TR =0, T’ = TP + P*T also
holds for all values of A. 7(0 —) = 0 is always true, and, when A is an
eigenvalue, 7(1 +) = 0. Inspection shows d (1) = —dV*()Y(z)~". Thus the
function 7 has the properties it should. We summarize:

5.2. Theorem. Let the function

IO = -y O [ YO dv O YO

be invariant for all eigenvalues A, and satisfy R* T+ TR =0, T = TP
+ P*T,dT, = —dVv*Y~, T(0 =) = 0, T(1 +) = 0. Then the problem

Y + PY = ARY, L' dV(s) Y(s) = 0

is symmetric.

Notice that this theorem is not an if-and-only-if statement. The reason for the
omission of the converse statement is the lack of certain algebraic formulae,
which were present in the work of Bliss [1] and Reid [20].

Selfadjoint systems.

5.3. Definition, Let S be the Hilbert space generated by the inner product

v.2) = [ z*ova,

where 7 = (}9).
5.4. Definition. Let D be the subspace of ¥ consisting of all elements Y satisfying:
(a) The first component y is in D,.
(b) There exists an element F in S such that lY = Y’ + PY = RF.
5.5. Definition. We define the differential operator L by letting LY = F for all Y
in D.
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5.6. Definition. We say that a symmetric system is selfadjoint under T (SAT) if
(a) T*R = R*T,
b)fe Y*dT,Y=0
Jorall Y in D.
5.7. Definition. We say that a symmetric system is definite if the only solution to

Y+PY=0 RY=0, L‘ dV(@ Y@ = 0,

isY=0.

Condition (b) of 5.6 is equivalent to the 7 boundary condition derived by Bliss
[1] and Reid [20] under endpoint boundary conditions. In the present context it
is a much stronger requirement; indeed all its ramifications are not completely
understood. It was inadvertently omitted from previous articles [5] and [16].

5.8. Theorem. For a symmetric, definite, SAT system the operator T*L is
selfadjoint. 0 is not in the point spectrum of L. L exists and is compact. (T* L)
is compact and selfadjoint.

Proof. Let ¥ and ¥; be in D and let LY = R, LY, = B. Then
* ! * * ! * *
(T* 2%, %) = [ B 9T (cK)dr = [[ 5 T* Kt

= - [ 5 orRa =~ [ (¥ + PY)dr

Integrating by parts, we find
(@28, 8) = - [ 5ag% + [ ¥ T%a + [ K[ - IPIKar
! *[y/ * 1 * *
= J, @*1¥s + PE)* Kt = [[(T*RE)* Kar

= [ (o* 2y g% = (%, 7* L),

This shows T*/ is symmetric. Since £ is definite, it possesses an inverse
generated by a square integrable Green’s function. Therefore since 7 is nonsin-
gular, J* £ possesses a compact and symmetric, i.e. selfadjoint, inverse. Conse-
quently T* £ is selfadjoint.

The eigenfunction expansion. The theory of compact selfadjoint operators in ¥
immediately implies the following:

5.9. Theorem. For symmetric, definite, SAT systems the spectrum of T* L consists
only of real eigenvalues, which accumulate only at oo. For each eigenvalue there
exists a finite number of eigenfunctions. If they are {Y}} }’i,, and if F is in 4, then

in the sense of the mean in 4.
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5.10. Corollary. Let { y;};2, be the first components of {(Y};Z,. If f is in £3(0,1),
then

L
in the sense of the mean in L2(0, 1).
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