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ABSTRACT. The main result is that if {T(): ¢ > 0} is a strongly con-
tinuous semigroup of scalar type operators on a weakly complete Banach space
X and if the resolutions of the identity for T(f) are uniformly bounded in
norm, then the infinitesimal generator is scalar type. Moreover, there exists a
countably additive spectral measure K(°:) such that T(¢) = [ exp (At)dK(D),
for t > 0. This is a direct generalization of the well-known theorem of Sz.-Nagy
about semigroups of normal operators on a Hilbert space. Similar spectral repre-
sentations are given for representations of locally compact abelian groups and for
semigroups of unbounded operators. Connections with the theory of hermitian
and normal operators on Banach spaces are established. It is further shown that
R is the infinitesimal generator of a semigroup of hermitian operators on a
Banach space if and only if iR is the generator of a group of isometries.

1. Introduction. In this paper we study strongly continuous semigroups
{T(#): t = 0} of scalar type operators on a Banach space and extend some well-
known results about semigroups of normal or selfadjoint operators on a Hilbert
space. The main result (Theorem 5.3) generalizes Sz.-Nagy’s theorem about semi-
groups of normal operator [12, Theorem 22.4.2] or [19, §XI 3]. We do not
assume that the resolutions of the identity for the operators 7(¢) generate a
bounded Boolean algebra of projections; this is obtained as a result. If one assumes
this, a much simpler proof of the main theorem could be given. However, this
would be quite restrictive since in general the resolutions of the identity for two
commuting scalar type operators do not always generate a bounded Boolean
algebra of projections, even on a reflexive space (see [16]).

In §6 we extend a theorem of Foiag [11] on semigroups of scalar type
operators on a Hilbert space. In §7 we study the continuity of f{T(¢)), as a
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function of ¢, for a wide class of functions f. This gives a result on the continuity
of the resolutions of the identity for 7(¢) as a function of £ In §8 it is proved
that a strongly continuous semigroup of hermitian operators on a Banach space
has a self-conjugate infinitesimal generator 4 (i.e., i4 generates a group of isom
etries). This extends the theorem of Hille and Sz.-Nagy on semigroups of self-
adjoint operators on a Hilbert space [12, Theorem 22.3.1] or [19, §XI 2]. In
§9 we give a spectral representation for semigroups of unbounded scalar type
operators with real spectra. In §10 the Godement-Naimark theorem about unitary
representations of locally compact abelian groups is extended to the case of rep-
resentations by circled scalar type operators. It is further shown (§11) that the
functional calculus of Hille-Phillips-Balakrishnan and the fractional powers of
Yosida, defined for generators of uniformly bounded semigroups, agree with the
most natural definitions when the generator is scalar type.

In what follows X will be a complex Banach space with dual space X™*.
An operator in X will be a linear transformation (not necessarily bounded) with
domain and range contained in X. B(X) is the algebra of all bounded operators
on X. We shall denote the domain, spectrum, resolvent set, and resolvent (evalu-
ated at ) by W), o(T), p(T), and R(\; T) respectively. If T and S are
operators in X, we say that T is an extension of S (written T2 S or SC
T) if (T)D (S) and Tx = Sx for every x € I(S).

Our terminology concerning semigroups of operators will be that of [8,
Chapter VIII]. For definitions and results on spectral operators, we refer to
[8, Part III].

(1.1) DEFINITION. If T € B(X), the numerical range V(T) of T is
defined by

W(T) = {x*Tx: x € X, x* € X*, Ix*l = lIxl = x*(x) = 1}.

This is what is called “the spatial numerical range” in [6], and differs from,
though is closely related to, the numerical range defined by Lumer [14] via semi-
inner-products.

(1.2) DEFINITION. If T € B(X), then T is said to be hermitian if the
numerical range of T is real.

This notion was shown to coincide with the one previously introduced by
Vidav in [20], namely, that

II+itTl=1+0() as t—0, ¢ real

It is obvious that, on a Hilbert space, the hermitian operators are the selfadjoint
operators.

A family F of bounded operators on X is said to be hermitian-equivalent
if there is an equivalent renorming of X under which all the operators in F
become hermitian.
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(1.3) DEFINITION. Let A be a closed subalgebra of B(X) containing the
identity . Then A is said to be a V*-algebra if every operator T € A can be
written as R + i/ with R and J hermitian operatorsin A. A will be under-
stood to be equipped with the (Vidav-)involution *:R + i/ — R —il.

A theorem of Vidav [20] has been sharpened by Berkson, Glickfeld and
Palmer (see [6]) to the following form.

(1.4) THEOREM. A isa V*-algebra if and only if A isa C*-algebra
" under the Vidav-involution.

2. Semigroups with scalar type generator. We prove the equivalence of the
condition that the infinitesimal generator be of scalar type with the existence of
a certain representation for all the operators in the semigroup as integrals with
respect to one spectral measure.

(2.1) THEOREM. Let {T(t)} be a strongly continuous semigroup of oper-
ators on X. Then there is a countably additive spectral measure K(*) on the
Borel sets of the plane with

T() = [eMak(), >0,

if and only if the infinitesimal generator C of {T(t)} is a scalar type operator.
If this is the case, K(*) is uniquely determined as the resolution of the identity
for C, and each T(t) is a scalar type operator.

PROOF. The “if” part is Theorem 3.1 of [4]. To prove the converse,
assume T(¢) = feM dK(), ¢ > 0. Since T(1) is a bounded operator, the ex-
ponential function must be K(-)-essentially bounded. Hence there is a real num-
ber ¥ such that K({A: Re A>79})=0. Let 4 be defined by

nA) = {x: 'lll'T” fe n?\dK()\)x exists},

Ax = lim fe AKQ)X,  x € D(A),

n—>oco

where e, = {\: I\l <n}. Then A4 is a scalar type operator with resolution of
the identity K(:), and o(4) C {A: Re A<+v}. If u>4, then R(u;A4)=

S =N"1dKQ) by [8, XVIII, 2.11(h)].
On the other hand, if u is sufficiently large, then

R Oy = [ e #iT(pdt, x€X,
by [8, VIII 1.11]. Therefore
x*R(l‘; C)x = J.o"° fReA(y e(k—“)td(x*K()‘)x)dt’ x € X, x* € X*-
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An application of Fubini’s theorem gives

X*RQs O = x*[ 15 dk OO,

and hence R(u; C) = R(u; A), therefore C = A4. This proves the “only if” part
as well as the last sentence of the theorem.

(2.2) CorOLLARY. Let {T(t)} be a strongly continuous semigroup of
operators on X with scalar type infinitesimal generator C whose resolution of
the identity is K(*). Then S € B(X) commutes with every T(t), for t =0,
if and only if S commutes with every projection K(5).

PROOF. The “if” part follows easily from Theorem 2.1. Assume S € B(X)
commutes with every T(¢). Let u be sufficiently large so that R(u; C) =
Jo'e “IT(r) dt. Therefore S commutes with R(u; C), and hence with all the
projections in the range of its resolution of the identity. But R(u; C) =
St —2)"1dK(\); hence S commutes with all projections of the form
K({X\: 1/(u—2) €8}, ie., with every K(0) with u€o. But K({u})=0
since u € p(C); hence S commutes with every K(o). This completes the proof.

3. Semigroups of positive scalar type operators. A real (respectively posi-
tive) operator is an operator whose spectrum is real (respectively nonnegative). If
all the operators in a semigroup are real operators, then they are automatically
positive since a(T(2£)) = [o(T(£))]*> for every t=>0. We give a generalization
of the Hille-Sz.-Nagy theorem. This is proved for all Banach spaces (weakly com-
plete or not), and without any assumptions about the uniform boundedness of
the resolutions of the identity for the operators in the semigroup.

(3.1) THEOREM. Let {R(t)} be a strongly continuous semigroup of posi-
tive scalar type operators on X. Then the infinitesimal generator A is scalar
type with spectrum contained in some interval (— °°, wq,]. Moreover there is a
countably additive spectral measure G(-) defined on the Borel sets of the real
line such that

R = f_o:’ eMdGQ), t=>0.

G(+) is uniquely determined as the resolution of the identity for A.

PROOF. Let E,(:) be the resolution of the identity for R(f). Let n be
any positive integer, then

R(1) = R(1/n)* = fo “NGE 1, (N).
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Hence E;(8) = E,;,({\: A" € §}) for any Borel set § of the real line, therefore
Eyn(®) = E,(5™), and R(1/n) = A" dE, .
Let m be an arbitrary positive integer, then

R(mn) = RQUny™ = [NminaE (x),

By the strong continuity of {R(f)}, we get
R®O= [NdE,Q), >0,

E,({0}) =0, forif x € E,({0})X, then R(f)x = A’ dE,(NE,({0})x =0
for any ¢ >0, and hence by the strong continuity x = 0.

Define G(8) = E,(exp 8) for any Borel set 8. Thus G() is a countably
additive spectral measure since E,({0}) = 0. Moreover

wo
R@t) = f_“ rMdGQ), t>0,

where w, = log max o(R(1)). The same is obviously true for z = 0. It follows
from Theorem 2.1 that A is a scalar type operator, and that G(-) is uniquely
determined as the resolution of the identity for A.

(3.2) COROLLARY. With the same notation as in Theorem 3.1, let S €
B(X), then the following conditions are equivalent.

1. § commutes with R(ty) for some ty > 0.

2. S commutes with every R(t) for t=0.

3. S commutes with every projection G(6).

Proor. It follows from the proof of Theorem 3.1 that the range of G(*)
is the same as the range of E,o(- ), forany ¢y, > 0; hence (1) implies (3).
Other implications are obvious.

(3.3) CoroLLARY. Let {R(t)} be a strongly continuous semigroup of
positive scalar type operators on X. Then there is an equivalent renorming of X
under which all the operators R(f), t 2 0, as well as all the projections in their
resolutions of the identity become hermitian. If X is given as a Hilbert space,
the new norm can be chosen to be a Hilbert space norm, and hence the operators
R(@), t 2 0, become selfadjoint.

PROOF. Let G(-) be as in Theorem 3.1. Then, by a result of Berkson
[3, Lemma 2.3], there is an equivalent renorming of X under which all the
projections G(8) become hermitian. Hence all the operators R(f), E/(8) become
hermitian. The last sentence in the corollary follows from [15, Theorem 6].
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4. Polar decomposition. In the case of a Hilbert space, a semigroup {N(£)}
of normal operators can be written as the product of a semigroup of positive self-
adjoint operators and a semigroup of unitary operators. We prove here an analo-
gous result for semigroups of scalar type operators on a weakly complete space X.
First we prove a lemma establishing a “polar decomposition” for a single bounded
scalar type operator on a Banach space X. This decomposition was proved by
Foias [11] for scalar type operators on a Hilbert space by a proof valid only in
a Hilbert space. A bounded operator is said to be circled if its spectrum is includ-
ed in the unit circle {A: [\l = 1}.

(4.1) LEMMA. Let T be a bounded scalar type operator on a Banach
space X with resolution of the identity E(-). Then there are unique operators
R, U such that

(i) T=RU=UR;

(i) U is a circled scalar type operator;

(iii) R is a positive scalar type operator;

(iv) UE(0) = E(0)U = E(0).

The decomposition expressed by the double equality (i) is unique under (i), (iii),
and (iv), where (i) is the condition that U is only circled (not assumed to be
scalar type). Moreover R is uniquely determined by (i), (i), and (iii) only.

PrROOF. Let

R=[maE®, U= [uydEM,

where u(\) =N/I\| for A# 0, and «(0) = 1. Properties (i)—(iv) are then
easily verified.

To prove the uniqueness, let R, and U, be a pair of operators satisfying
@), (i)', and (iii). Since R; and U; commute with T, they commute with
E(8) for every Borel set 8, and hence with R and U. Let A be the full
commutative algebra generated by R, U, R; and U; and let = be the Gelfand
mapping of A. Then T=RU= fi’lﬁl. The spectrum of any operator in A
(viewed as a member of A) is the same as its spectrum if considered as a member
of B(X), since A is a full subalgebra. Thus R and R, are positive-valued
functions, while U and U, take values in the unit circle. Therefore R =
|71=R, and hence R —R, is quasi-nilpotent, but the commuting operators
R and R, are each scalar type. It follows from the uniqueness of the canonical
decomposition of spectral operators [8, Theorem XV 4.5] that R; = R.

If condition (iv) is also satisfied, then for any x € X,

T(U - U,x = UR(U - U, }x = UT - T)x = 0.
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Thus (U= U,)x belongs to the null space of T, which is the range of E(0).
Thus

(U~ Ux = EQ)YU - Upx =0,

by condition (iv). Therefore, U = U, and the proof of the lemma is complete.

REMARK. In [10, Theorem 5.2], Foguel obtained the above decomposition,
but claimed the uniqueness without condition (iv). The following counterexample
shows that this is false even if 7 is a normal operator on a Hilbert space, R
positive selfadjoint and U unitary.

(4.2) COUNTEREXAMPLE. Let X be 1* and let
T(xy, X5 X3, ** ) =(0,%5, X3,° "),

R=T U =1,

U2(x1’ Xg, X3, " ° ) = (axlv X2, x33 te ),

where « is any complex number with |a| = 1. Then T=RU;=UR, i=
1,2, T =R is positive; U, and U, are unitary.

Note that condition (iv) is automatically satisfied when T is one-to-one,
since E({0}) = 0 in this case.

(4.3) DEFINITION. Let T be a scalar type operator, R and U the unique
operators defined in Lemma 4.1. Then R will be called the positive part of T,
U the circled part of T and the decomposition T'= RU will be called the
polar decomposition of T.

(4.4) THEOREM. Let {T(¢)} be a strongly continuous semigroup of scalar
type operators on X having their resolutions of the identity uniformly bounded
in norm, and let R(f) and U(t) be the positive part and the circled part of
T(¢) respectively. Then

1. {T(O} Y {R®} Y {U(t)} is a commutative family;

2. each of {R(¥)} and {U(t)} is a strongly continuous semigroup;

3. there exists a countably additive spectral measure G(+) on the Borel
sets of the real line such that R(f) = feM dGQ\), t > 0.

Moreover if {T()} is of type w,, then {R(D)} is of the same type w,,
and G((— =, wo]) =1 '

PROOF. Let E,(:) be the resolution of the identity for T(f) and let
IE(8)I <M forall ¢=>0 and all Borel sets 8.

First we prove that T(f) is one-to-one for every ¢ 0 and hence condi-
tion (iv) of Lemma 4.1 is automatically satisfied for the operators 7(z). We will
prove this for 7(1), a similar proof holding for any ¢ If n is any integer > 1,
then
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T(1) = T(Un)* = [N'dE, , 0,

and hence E,(8) = E,,,({\ A" € 8}), for every Borel set §. In particular
E(0) = E,;,(0). If x €E,(0)X, then T(1/n)x =0 forall n>1, and hence
by strong continuity x = T(O)x =0, i.e., E,({0}) = 0.

Let F,(*) be the resolution of the identity of R(f) and let

so= [ oy N1 .

We begin by showing that S(¢) = R(¢) for ¢ rational. Note that for any positive
integer n, and any t =0, T(nt) = (T(?))" = (R())"(U(¢))" and an application
of Lemma 4.1 gives R(nt) = (R(¢))?, Unt) = (U(t))". Therefore

R(1) = R(Uny" = [NaF ),

and hence F,;(8) =F, In {\: \* € 68}, for every Borel set 6. Therefore if & is
any Borel subset of the set of nonnegative real numbers F; ,,(8) = F,({\:

A" € §}). But the same is true for the resolution of the identity of S(1/n) and
hence S(1/n) = R(1/n). It follows that S(m/n) = R(m/n) for any positive in-
tegers m and n.

Now we prove the existence of circled operators V(f) such that T(¢) =
S@OV() = V()S(t), and that {V(¢): t = 0} is a strongly continuous semigroup.
The uniqueness of the polar decomposition would then imply that R(f) = S(?),
V() = U@®). Let

e, =[1/n, ), X,=F )X, Xo= U Fi(e,)X.
n=1

Then X, is dense in X since F,(e,) —> I strongly. Also for any ¢ and any
positive integer n, S(£)IX,, is invertible, hence the range of S(f) contains X,,.
Thus S(f) is one-to-one with dense range, and thus V(f) = T(£)S(t)~' exists as
a linear operator defined on S(#)X, not as yet known to be bounded. We will
show that V() extends to a bounded operator (necessarily unique), also denoted
by W(¢). This is trivial for ¢ rational since then

V(e = T(OS(®)"'x = TOR@) ™ 'x = U, x ES(H)X.

If ¢ isirrational, let {#,} be a sequence of rational numbers with ¢, — ¢
Then (S(,))"'x — (S())~!x for x € X, since for x € X,

Ge) x=f  ATmaF,Q,  S@)'x= [  AT'dF, Q).

]

1/k

0o

1/k

Therefore T(t,)(S(¢,))” x — T()(S())"'x since {IT(z,)I} is bounded by
the Banach-Steinhaus theorem, and 7(t,) — T(f) strongly. Hence U(t,)x —
V(tx, x € X,. But, forany x € X,



SEMIGROUPS OF SCALAR TYPE OPERATORS 215

WU )l = " f u()\)dE,"()\)x" < 4Mlxl.,

Thus, by [8, II 1.18], U(#,) converges strongly to a bounded operator on X,
still called V(f) by abuse of language; moreover IV(f)l <4M.

Also V(f) commutes with E((8) for any s> 0 and any Borel set §,
since U(t,) does. It follows that V(f) commutes with T(s) and S(5), in
particular with S(¢). Hence

() = S@V() = V(©)S().

{V(®)} is a semigroup, for if x € X, ¢, s any positive real numbers, then
V(t + s)x = T(t + s)S(t + 5)~ 1x = T(OTE)SE)1S6) " x
= TE)WV(HS(E) ™ 1x = V(e)V(s)x.

Next we prove that the V() are circled. This is obvious for rational 2
If t isirrational, let #, be a sequence of rational numbers with ¢, — . Since
‘the operators U(t,) are circled, and U(z,) — V(¢) strongly, it is enough to
show that p(V(¢)) intersects each component of the complement of the unit
circle (by the argument in [4, Theorem 2.2]). Therefore it is enough to show that
0 € p(V(f)). Let s >0 be such that ¢ + s is rational. Then V(£)V(s) =
V(t +5) = U(t +s) is invertible and hence V(¢) is invertible since V(¢f) and
V(s) commute.

Since T(¢) = S(H)V(¢), and S(r), V(t) commute, the uniqueness of the
polar decomposition shows that for all >0

RG) =S50 = [NaF, 00, Uy = Vo).

We proved above that U(t,) — V(¢) strongly if {z,} is a sequence of rational
numbers, ¢, — t. The same proof now gives U(z,) — U(t) strongly for any
sequence {r,} with ¢, — ¢, and hence {U(#)} is strongly continuous. The
weak (and hence strong) continuity of the semigroup {R(#)} is evident.

Part (3) follows from Theorem 3.1. We have

1Tl < IROI HU®I < 4MIRDN,
and
IROI < U@~ 1T < 4MIT()N.

It follows that {R(#)} and {T()} are of the same type «w,. This ends the
proof of the theorem.

5. The main result. The special case where the operators T(¥) are circled
was considered by Berkson [4]. His result generalizes the well-known theorem
of M. H. Stone on unitary groups of operators on a Hilbert space (see [12, p.598]
or [19]). We will use Berkson’s result and hence state it here for convenience.
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(5.1) THEOREM [4]. If {U(t): — o> <t <o} is a strongly continuous
group of circled scalar type operators on a weakly complete Banach space X
such that their resolutions of the identity are uniformly bounded in norm, then
the infinitesimal generator B is a scalar type operator, and U(t) = [~ e dH(Q)),
where H(-) is the resolution of the identity for — iB.

We note that the corresponding result for semigroups (rather than groups)
of circled operators is a direct consequence of the above since every such semi-
group {U(f): t = 0} can be extended to a strongly continuous group satisfying
all the conditions above by defining U(f) = U(— t)~! for ¢t <O0.

The following lemma is needed for the next result.

(5.2) LeMMA. Let {T(t)} be a uniformly continuous semigroup of
scalar type operators on X. Then the infinitesimal generator C is a scalar type
operator. Let K(-) be the resolution of the identity for C and E/(-) the
resolution of the identity for T(t). Then the range of K(*) is the same as the
range of E, ) for t> 0 small enough, and hence

sup {IK@®)I: § € =} = sup {IE,5)l: 5 € Z},
for such t, where X is the class of Borel sets of the complex plane.

PROOF. We can take ¢ > 0) small enough so that I1T(¥) - Il <1, and
hence log T(f) =— Z,_,(I — T(¢))"/n is a (bounded) operator. It is well known
(sce, e.g., [8, proof of VIII 1.2]) that the infinitesimal generator C is given by
C=1t"1log T(¢), and hence C = ft~! log A\ dE,(A). Therefore C isa
scalar type operator with resolution of the identity K(:) given by

K@)=E,{\:t"11logr€S}, Bs€EZ.
Moreover, T(f) = exp tC, and hence
E(=K{}er€a}, aEZ.

This proves the lemma.
Next we take up the main theorem.

(5.3) THEOREM. Let {T(t): t = 0} be a strongly continuous semigroup
of scalar type operators on a weakly complete Banach space X, with the oper-
ators T(f),t = 0, having their resolutions of the identity uniformly bounded in
norm. Then the infinitesimal generator C is scalar type. There exists a spectral
measure K(-) on the Borel sets of the plane such that

T = [edk@), t>o.

K(-) is uniquely determined as the resolution of the identity for C.
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PrROOF. Let R(f) and U(r) be the positive and the circled parts of 7(¢)
respectively, and let M >0 be such that IE,(8)I <M forall >0, and all
Borel sets &, where E(+) is the resolution of the identity for T(f). The res-
olution of the identity for U(f) has its range contained in that of E,(-) and
hence the semigroup {U(f)} satisfies all the conditions of Theorem 5.1. There-
fore there is a spectral measure H(-) defined on the Borel sets of the real line
such that

v = [~ raHQ.
Moreover R(f) = [“%™ dG(\), where G(-) is a spectral measure defined on
the Borel sets on the real line, G((wq, *?)) =0, where w, is the type of
{T(#)}. Let A and iB be the infinitesimal generators of {R(¢)} and {U(2)}
respectively. 4 and B are scalar type with resolutions of the identity G(*)
and H(-) respectively. Since each U(s) commutes with all R(¢), ¢t = 0,
Corollary 3.2 implies that U(s) commutes with G(c) for every Borel set a.
Another application of 3.2 implies that G(a) commutes with H(B) for any
Borel sets a and §.

Let e, =[-n, n] andlet X, = G(e,)H(e,)X. Then X, is invariant
under T(f), R(?), U(?) and their resolutions of the identity. U,—,X, isa
dense linear manifold in X since G(e,) and H(e,) both converge strongly to
I, and are uniformly bounded. Let S, denote the restriction of S to X, for
any operator § in X with 1(S) D X,,. Therefore {R,(D}, {U,(0)}, {T,(O}
are uniformly continuous semigroups of scalar type operators on X, with in-
finitesimal generators A4, iB,, C, respectively. Moreover T,(f) =R, (1)U, (),
so C, =A, +iB, for all positive integers n. It follows from Lemma 5.2 that
C, is a scalar type operator. Let K, (-) be its resolution of the identity.
Therefore )

C, = [naK,00, B, = [raH,m,
4,= MG, T, (0= [HaK,m.

Hence A4, and B, are scalar type with real spectra. Since C, =4, +iB,,
we get, from [3], that

4, = [ReNdK, ) and B, = [ImAdK,Q0.
It follows that

G (@) =K, (@ xRy), HB=K,RgxB),
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where a, B are any Borel sets of the real line R,. Therefore K,(a x f) =
G,()H,(B). By Lemma 5.2, the range of K,(-) is equal to the range of E,(¢)
for ¢t > 0) small enough. Hence

sup {IK,(Ml: n=1,2,3,- -, 7 aBorel set} <M.

For each 7€ 2, define K(m) on U;-,X, by K(mx =K, (m)x, x €
X,,. First we show that this is well defined. Suppose x € X, N X,, and n <
m. Then

K, (@ % B) = G@HP)X,,, and K,(@ x B) = G@HPB)|X,.

By standard measure-theoretic results we can show that X, is invariant under
K, and K, (8)IX, =K,(5), for any Borel set §. We will show that K(n)
extends to a bounded projection, still called K(m), that K(-) is a countably
additive spectral measure and that K(-) is the tensor product of G(:) and
H(-) in the sense that K(a x B) = G(a)H() for any Borel sets «, § of the
real line.

Let X, =U;-,X,. If 7 isany Borel set and x € X,,, then x € X,
for some positive integer n, and IK(m)xll = 1K, (m)xIl <Mlx|l. Therefore K()
has a unique extension to a bounded linear operator, still called K(w), with
IK(m)l <M. 1t is routine to see that K(m) is a projection, that K(m N §) =
K(mMK(6) and K(n U 8) = K(m) + K(8) — K(m)K(8) for any Borel sets §, .
One can easily show that K(a x f) = G(a)H(f) for any Borel sets a,  of the
real line. To show that K(-) is countably additive, let {m,} be a disjoint
collection of Borel sets in the plane and let 7 = {J,—,m,. If x € X;, then

K(mx = Ki(ix = 20 Ki(mx = 2 K(m,)x.
: n=1 n=1
Therefore

K(mx = X K(m,)x, for x€X,.
n=1

An application of [8, Theorem II 1.18] shows that Z_,K(m,) converges strong-
ly to a bounded operator which is obviously K(m).

Since G((wg, @) = 0, then K((wq,*°) x Ry) =0, and hence Jetr dKkQ®)
is defined and bounded on X. But

TO)IX, = [e™dK,0) = [ fe"‘dK(X):”X,,.

Hence T(¢) = fe' dK(\), t = 0. It follows, by Theorem 2.1, that the infinites-
imal generator C is a scalar type operator with resolution of the identity X(-).
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The uniqueness of K(-) follows also from 2.1. This ends the proof of the
theorem.

REMARK. The problem can be easily reduced to the Hilbert space case if
we assume that G(*) and H(-) generate a bounded Boolean algebra of pro-
jections E. This is the case if in particular we assume that the resolutions of the
identity, E,(-), generate a bounded Boolean algebra of projections, or if X is
one of the spaces L, (1 <p <) since in such space any two commuting
bounded Boolean algebras of projections generate a bounded Boolean algebra of
projections as shown by McCarthy [17]. Let A and (W be the algebras gener-
ated by E in the uniform and weak topologies respectively. X can be equiva-
lently renormed so as to make all the operators in € hermitian as shown by
Berkson [3]. We suppose such a renorming is carried out. A becomes a com-
mutative V*-algebra, and hence (I, the weak closure of A, is a commutative
V*-algebra as shown by Palmer [18, Corollary 2.9]. It follows (see [5, Theorems
3.1, 3.2]) that there is an isometric *-representation ¢ of (U onto a von Neumann
algebra of operators on a Hilbert space Y, and the restriction of ¢ to any
bounded subset of ( is bicontinuous in the weak-weak and the strong-strong
operator topologies. Now ¢(G(-)) and ¢(H(:)) are two commuting spectral
measures with values in B(Y), and hence can be “amalgamated” in the manner
of Berberian [1, §11]. If F(-) is their “amalgam,” then ¢~ (F(-)) gives the
required spectral measure K(-).

(5.4) COROLLARY. An operator A in a weakly complete Banach space
X generates a strongly continuous semigroup of scalar type operators with uni-
formly bounded resolutions of the identity if and only if A is scalar type and
a(A) lies in some left half plane {\: Re A < w}.

REMARK. We cannot replace “scalar type” by “spectral” in Theorem 5.3.
The following example shows that there are strongly continuous semigroups of
spectral operators with resolutions of the identity uniformly bounded (or even
generate a bounded Boolean algebra), but the infinitesimal generator is not spec-
tral, even when the underlying space is a Hilbert space.

(5.5) ExaMPLE. Let X =L,[0, 1], and forany x € X, t >0, let

x(t +59), t+s<1,
TER)s) = {o,( ) t+s>1.
Therefore T(¥) =0 for =1, and {T(¢)} is a semigroup of operators, nil-
potent for ¢#> 0, hence spectral for = 0. The resolutions of the identity for
all the operators T(t) (¢ > 0) are identical and trivial, namely E,(§) =1 or O
according to whether 0 €8 or not. The semigroup is strongly continuous, for
if x is a continuous function on [0, 1] (and hence uniformly continuous),
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and 0<¢<1, then
S N (eid _ 2 1 2
1Tt - xI? = L Ix(s + 1) - x(s)Pds + f; | x@Pds

The first integral converges to 0 as ¢ — 0 by the uniform continuity of x;
the second integral is < ¢ sup {Ix(s)|: 0 <s < 1}, hence converges to 0 as
t— 0. Hence T(f)x —x, as t—> 0, for x continuous. But the continuous
functions are dense in L, [0, 1], and {7(#)} is uniformly bounded. Therefore
T(Hx —x, as t— 0, forall x€L,[0,1] by [8, Theorem II 1.18]. Thus
the semigroup is strongly continuous at 0, and hence strongly continuous every-
where (see [12, Theorem 10.5.5]).

Since T(t) =0 for ¢>1, we have

lim 108 @l _ _
t—>o0 t
Therefore, the semigroup is of type — o, and the infinitesimal generator has
empty spectrum. The generator cannot be spectral since a spectral operator has
nonempty spectrum (see [8, XVIII 2.1 and 2.2]).

6. Normal operators on Banach spaces and a theorem of Foiag. In [11],
Foiag proved that any strongly continuous semigroup {T(#)} of scalar type op-
erators on a Hilbert space, having their resolutions of the identity uniformly
bounded, is similar to a semigroup {N(f)} of normal operators. We give a similar
result for weakly complete Banach spaces and show that it reduces to Foiag’
result in Hilbert spaces. First we define a normal operator on a Banach space.

(6.1) DEFINITION. A bounded operator on a Banach space X is said to be
normal if it is a scalar type operator with all the projections in the range of its
resolution of the identity hermitian.

This definition differs from Palmer’s [18], but is equivalent to it in weakly
complete spaces, and in general any operator normal in the sense of 6.1 is normal
in the sense of Palmer (see [18, Theorem 5.1]). According to his definition a
bounded operator T is normal if and only if T=R + i/, where R, J are
hermitian, and {e'™R: -0 <t <o} U {e/: — o0 <t < o} is contained in a
commutative V*-algebra.

(6.2) THEOREM. Let {T(¢)} be a strongly continuous semigroup of scalar
type operators on a weakly complete Banach space X, with their resolutions of
the identity uniformly bounded in norm. Then X can be equivalently renormed
so that every T(t) becomes normal. Moreover, if X is given as a Hilbert space,
the new norm can be chosen to be a Hilbert space norm.

PROOF. From Theorem 5.3, we get T(f) = fe* dK(\), where K(:) isa
strongly countably additive spectral measure. Therefore X can be renormed so
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as to make K(8) hermitian for every Borel set § [3, Lemma 2.3]. If X isa
Hilbert space, the new norm can be chosen to be a Hilbert space norm [15,
Theorem 6]. Since the range of the resolution of the identity for T(f), for any
t = 0, is contained in the range of K(-), the result follows.

(6.3) COROLLARY (Fo1A§’ THEOREM). If {T(¢)} is as in Theorem 6.2,
and if X is a Hilbert space, then {T(t)} is similar to a semigroup {N({)} of
normal operators, i.e., there exists a regular positive selfadjoint T € B(X) such
that T(f) = A~ N(H)A.

PrRoOOF. Let |:| be the new Hilbert space norm under which the projec-
tions K(§) are hermitian, and let {-,-) be the inner product compatible with
this norm. The original norm and inner product are denoted by -l and (-, *)
respectively. Let B be the bounded operator defined by (Bx, y) = {x, y).
Therefore B is positive selfadjoint in the original norm, for the numerical range
of B is W(B) = {(Bx, x): Ixll =1} = {Ix|?: lxll = 1}, which is positive. It
is also obvious that B is invertible. Let A be the positive square root of B,
hence (x, y)} = (4x, Ay).

If & is any Borel set, then AK(5)4~! is selfadjoint in the original norm
since its numerical range is given by

WAK@G)A™Y) = {(AK(E)A ™ 1x, x): Ixl = 1}
= {(K@®)A™'x, K@)~ 1x): |47 x| = 1},
which is the (necessarily nonnegative) numerical range of K(5) with respect to

the new norm. Let N(f) = AT(f)A™!, therefore N(t) = feM* d(AK()A™Y)
which is obviously normal.

7. A perturbation theorem.

(7.1) THEOREM. Let {T(t)} be a strongly continuous semigroup of scalar
type operators on a weakly complete Banach space X, with the operators T(t)
having their resolutions of the identity E,(*) uniformly bounded in norm
by M>0. Then f(T(t)) — f(I(ty)) strongly, as t — t,, for every bounded
Borel function f such that the closure of its set of discontinuities is an E ,o(- )
null set.

PrROOF. Let x € X, and let f be a function satisfying the condition
above. The result to be proven amounts to showing that the function ¢ —
AT(H)x is continuous at #,. Since this is a function between metric spaces, it
suffices to prove that f(T(z,)x — f(T(t,))x whenever the sequence {¢,}
converges to .

First we prove the result for continuous functions f. By the principle of
uniform boundedness, there is a K >0 such that IT{p)I <K, and IT7)I<K
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for all n, and hence all the spectra o(7(t,)) and o(7\(#,)) are contained in the
disk D= {X: I\l <K}. Let K(-) be the resolution of the identity for the
generator C of {T(f)}. Then thereis ahalf plane m = {\: Re A < w,} con-
taining D, such that K(m) =1 Let g be a bounded continuous extension of
fID to all of the complex plane. g(exp ¢,\) — g(exp ty\) pointwise for A €
@. Since g is bounded, the bounded convergence theorem for vector measures
gives

f g(exp t,\)dKQ¥ —> j g(exp toNdKQ),  x € X.
Comparison of the resolutions of the identity now shows that

Jetexp 1,0 = g(T(,) = ATC,)),

for n=0,1,2,---. This proves the theorem for continuous f.
The proof of the theorem in the general case can now be based on the ar-
gument of [8, Theorem XVII 4.3].

(7.2) COROLLARY. With the same notation as above, if E,o(ba) =0,
then E,o(a)x = lim,_,,oE,(a)x for every x € X.

(7.3) COROLLARY. With the same notation as above, the functions t —
Re T(¢), and t — Im T(t) are strongly continuous.

8. Semigroups of hermitian operators. We show that a strongly continuous
semigroup of hermitian operators on a Banach space X has a self-conjugate gen-
erator A (see definitions below). This generalizes the Hille-Sz.-Nagy theorem.
We follow Palmer [18] in making the following definitions.

(8.1) DEFINITION. An operator R is said to be self-conjugate if iR gen-
erates a strongly continuous group of isometries.

This definition agrees with the usual definition of selfadjoint operators on
a Hilbert space via the well-known theorem of M. H. Stone on unitary groups
(see [12, p. 598] or [19]). Also in the case R is bounded, R is self-conjugate
in the above sense if and only if R is hermitian (see [6]).

(8.2) DEFINITION. An operator R is said to be symmetric if the set

{x*Rx: x € I(R), x* € X*, Ix*I = lxll = x*(x) = 1}
is a subset of the real line.
This definition agrees with the usual one on a Hilbert space.

(8.3) THEOREM. If {T(9)} is a strongly continuous semigroup of hermi-
tian operators on X, then the infinitesimal generator A is self-conjugate. In
particular A is maximal symmetric.
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PROOF. We start by showing that A is symmetric. Let x € D(4), x* €
X* with Ix*I = lxl = x*(x) = 1. Then x*T(¢)x is real for every ¢=>0, and
hence x*Ax = lim,, (x*T(t)x — 1)/t is real, i.e., A is symmetric. Since A is
also closed and densely defined, it follows from [18, Lemmas 3.1, 3.2] that 4 is
either self-conjugate or else its residual spectrum contains at least one of the non-
real half planes. But o(4) is contained in some left half plane {A: Re A < w,},
thus A is self-conjugate. It follows again from [18, Lemma 3.2] that 4 is
maximal symmetric. This ends the proof of the theorem.

If X is weakly complete, then a strongly continuous semigroup of hermitian
operators consists of scalar type operators.

(8.4) THEOREM. Let {T(¢)} be a strongly continuous semigroup of oper-
ators on a weakly complete Banach space X. Then {T(t)} is a hermitian-equiv-
alent family if and only if every T(t) is scalar type with real spectrum.

PROOF. The “if” part is established in Corollary 3.3 and is valid in arbitrary
Banach spaces. To prove the “only if”” part we notice that for any ¢ > 0, the
operators ()", n=10,1,2, -+, can be made simultaneously hermitian since
(T(?))" = T(nt). Hence T(¢) is scalar type by [3].

REMARK. The “only if” is not valid in all Banach spaces as shown by the
following example.

(8.5) ExaMPLE. Let X =1_, and for each ¢t >0, let T(¢f) be the
operator represented by the diagonal matrix diag(e’, e'/?, e”/3,- - - ). Thus
{T(®)} is a uniformly continuous semigroup with generator 4 =
diag(1, 1/2, 1/3,- - - ). Each T(¢) is hermitian since if r is a real number, then

I+ aT(Hl =11 +ire'l=14+0() as r— 0.

However, no T(f), except T(0) =1, is spectral (see [9]).

REMARK. Unlike the Hilbert space case, there is a self-conjugate operator
A on a reflexive Banach space X that generates a semigroup which does not
consist entirely of hermitian operators. Indeed, if A is any bounded hermitian
operator which is not scalar type on a reflexive space X (see [14]), then A
generates the semigroup {e*™:t>0}. If e™ is hermitian for every ¢ >0,
then e is scalar type for every ¢#>>0 by Theorem 8.4, and A is scalar type,
a contradiction.

9. Semigroups of unbounded operators. In [7] Devinatz extended the
Hi]le-Sz.-Nagy theorem to semigroups of unbounded selfadjoint operators on a
Hilbert space. Here we extend this result to semigroups of unbounded scalar type
operators with real spectra on a Banach space. This gives an unbounded version
of Theorem 3.1.
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(9.1) THEOREM. Let {T(t): t > 0} be a family of scalar type operators
(possibly unbounded) with spectra on the real line. Suppose {T(f)} satisfies the
following conditions.

() T(t +5) C T(OTE), ¢, s>0; .

(i) For every x € 5o I(T()) and every x* € X*, the function
t — x*T()x is continuous.

Then there exists a unique spectral measure E(-) on the Borel sets of
[0, ) sach that T(t) = fA' dEQ\). Moreover, (\;o(T(D) is dense in X.
There is a projection P € B(X) such that T(t)x — Px (as t — 0), for every
x € Ny o T@)).

PROOF. Let E(-) be the resolution of the identity for T(1) and F(-)
be that for 7(1/2). It follows that

(1) C (T = [ N2aFQ).

But T(1) is scalar type; so we must have equality. This implies that o(7(1)) is
nonnegative, and a similar argument shows that o(7(¢)) is nonnegative, for every
t=0. Also E(8) = F(\/G), or equivalently F(o) = E(a?), where § and a
are any Borel sets included in [0, ). Therefore

T0) = f N aEQY,

since the operator defined by the integral is scalar type whose resolution of the
identity agrees with that of 7(1/2). Similarly

T(1/n) = fo “AURGEQ).
It follows from property (i) that
Tn/n) C QU™ = [ X" I"aEQ).

Again we must have equality.

Let S(2) = J;°A dE()); then we have proved that T(z) = S(#) for all
rational ¢ > 0.

Let e, = [0,n], X,, = E(¢, )X, X.. = U, -, X,,. Hence X, is dense in
X, every X, isinvariant under S(¢), for ¢ >0, and S(9|X, is bounded,
for ¢ > 0. To prove the same for 7T(f), let >0 and choose a rational number
s>t, and x € X,. Hence

x € D(S()) = DT € AT - HTH) S DTE).
Moreover if x* € X* belongs to the annihilator of X,,, ie., x*(X,) =0, then
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x*T(Hx = lim {x*T(s,)x: s, rational, s, — t}
= lim {x*S(s,)x: s,, rational, s, — t}=0.
By the Hahn-Banach theorem, T(f)x € X,,, i.e., X,, is invariant under T1(¢).
Moreover T(f)IX,, is closed, everywhere defined, and hence is bounded by the
closed graph theorem. To show that T(£)|X,. = S(t)IX,,, let x € X, hence

x € X, for some positive integer n, and let {z,} be a sequence of rational
numbers with ¢, — ¢. Therefore

x*T(ex = 111-12. x*T(t,
= ,Elm x*S(t x = x*S(rx, x*€X*.

Therefore T(f)x = S(f)x. To prove that T(¢) = S(f), first suppose that x €
(S(r)), then E(e,)x — x, and

T (e, ) = SOF(e,)x = [ NaBQx

— fo = NEQUx = S(t)x:

Since T(¢) is closed, it follows that x € I(T(¢)), and T(¢)x = S(¢)x; thus
T(t) D S(f). But since both T(f) and S(f) are scalar type operators, we must
have T(¢) = S(?).

The uniqueness of E(-) follows from the fact that if 7(¢) = j: N dGQY),
then G(-) is necessarily the resolution of the identity for T(1).

n,>OD(T(t)) is dense in X since it obviously contains X,,.

Let P = E((0,%9) =I—E(0). If x €NNT(), {t,} is a sequence of
positive numbers converging to 0, and % denotes the characteristic function of
(0, ), then '

T, = [NaBQY — [eOdEQ)x = Px.
Therefore lim,_, o T(t)x = Px.

10. Circled representations of locally compact abelian groups. In what
follows we extend the Godement-Naimark theorem about unitary representations
of LCA (i.e., locally compact abelian) groups (see [13]). Here we assume that
the resolutions of the identity of all the operators generate a bounded Boolean
algebra of projections. It is conceivable that the theorem is true under weaker
assumptions, e.g., that the resolutions of the identity are only uniformly bounded.

(10.1) THEOREM. Let G be an LCA group and s — U(s) be a repre-
sentation of G in B(X), where X is weakly complete, and each U(s) is a
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circled scalar type operator with resolution of the identity E(-). Assume that
the projections Ey(8), for s € G, 8 Borel set, generate a bounded Boolean alge-
bra of projections E Then there exists a unique countably additive spectral
measure F(-) defined on the Borel sets of G, the dual group of G, such that

ve) = [,Gmarn,  sea

PROOF. A proof could be given by modifying the proof of the Godement-
Naimark theorem (see [13]), i.e., by basing the demonstration on an induced rep-
resentation of the Banach algebra L(G). Instead we shall show how the prob-
lem can be reduced to the Hilbert space case.

Let A and ( be the uniformly closed and weakly closed algebras of
operators generated by E respectively. Assume X is renormed (by an equiva-
lent norm) so that all the operators in E are hermitian. Then A becomes a
commutative V*-algebra, and hence, by [18, Corollary 2.9], Wisa V*.algebra.
It follows (see [5]) that there is a *-isomorphism ¢ of [/ onto a von Neumann
algebra of operators on a Hilbert space H, with ¢ bicontinuous on bounded
sets if both B(X) and B(H) are given the strong operator topology or the weak
operator topology. Therefore s — ¢(U(s)) is a unitary representation of G,
and by the Godement-Naimark theorem there is a countably additive spectral
measure K(+) defined on the Borel sets of G and taking values in the hermitian
projections of ¢(W) such that

H(U(s) = f@ & MdK(r), sEG.

Let F(-)=¢"1(K(-)), then F(-) isa countably additive spectral measure
defined on the Borel sets of G since ¢~! is strongly continuous on bounded
sets. Therefore

ve = [GMaFm,  s€G.

The uniqueness of F(-) follows from the fact that the Fourier-Stieltjes
transform of a (scalar-valued) measure determines the measure uniquely. Pre-
cisely if x € X, x* € X*, and F,(-) is any spectral measure satisfying the
desired conditions, then

JEMderF ) = x*Uiskx = [E M Faw),

for all s €G. Hence x*F,(8)x = x*F(8)x, for every Borel set § C G and
every x € X, x* € X*. Therefore F,(-)=F(-).

For the next result we need the following lemma which is probably well
known but no proof of which seems to exist in the literature. It is the converse
of a standard result.
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(10.2) LEMMA. Let K be a subset of an LCA group G, and let (x,v,)— 1
uniformly on K for every net {y,} which converges to 0 in G. Then K is
compact.

PrROOF. Given e >0, there exists a neighborhood ¥ of 0 in G such
that |(x, ) — 11<e, forall x €K, y € V. We can assume that V has a finite
Haar measure, for otherwise we can replace V by its intersection with a neigh-
borhood of O of finite measure. Let f= ky, the characteristic function of V.
Then f€ L'(G), and

e~ w0l = | f; G ey - [, e
<[ Em-ldy<ar), xek

where pu is the Haar measure on G. Hence |A(x)l = (1 — e)u(V), for all x €
K. But u(¥)>0 and f vanishes at infinity; therefore K is compact.

(10.3) COROLLARY. With the same notation as in (10.1), the representation
s —> U(s) is uniformly continuous if and only if F(-) is supported by a com-
pact subset of G.

ProOF. Let K =supp F(-). If K is compact, then (s, v) — (5¢, 7)
uniformly on K as s —>s,. It follows that

[emarm — [Goarm)

uniformly as s — s,. Conversely if the representation is uniformly continuous,
then for every € > 0, there exists a neighborhood ¥ of 0 in G such that
lU(s) -1l <e, forall sE€ V. But

ue -1= [ - 11dF),

hence

sup I(s, ) ~ 1 = U@ I, < WU)-11<e sEV,
yEK

where - Il denotes the spectral radius. Therefore (s, ¥) is continuous in s,
uniformly for y €K, and so K =K is compact.

11. Operational calculus. An operational calculus for infinitesimal genera-
tors A of strongly continuous semigroups was developed by Hille and Phillips
(see[12, Chapter XV]). This was defined for a certain class of functions f such
that f(4) is always bounded. Balakrishnan [2] extends the calculus to a bigger
class of functions and allows f{4) to be unbounded. This calculus also gives a
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definition for certain fractional powers of 4 which were developed independent-
ly by Yosida and others (see [21]). These two definitions of fractional powers
are equivalent.

On the other hand, there is a natural operational calculus for (not necessarily
bounded) scalar type operators developed by Bade (see [8, Chapter XVIII]). If
A = [NdEQ)\), then f{4) is defined by fl4) = [f(A) dEQ\), for any Borel
measurable function f,

It is the purpose of this section to show that the two calculi coincide for
scalar type operators A whose spectrum is included in a left half plane or, equiv-
alently, generate a strongly continuous semigroup.

First we give a very brief description of the Hille-Phillips-Balakrishnan cal-
culus. Let {T(z)} be a strongly continuous semigroup of type w, with infin-
itesimal generator A. It is desired that f,(4) should be T(#), for f,(\) = e
Accordingly, if ¢ is the Laplace-Stieltjes transform G of a measure u, ie., if
o) = A(\) = [ge du(f), then ¢(4) is defined by

#4) = [” T)duo).

This definition makes sense for the class S of countably additive measures on
the Borel sets of [0, ) for which

lull = fo “IT()ldlpl(e) < .

With I- 1l as a norm, and convolution as multiplication, S becomes a Banach
algebra. Hille and Phillips extended this calculus to a class of functions, larger
than {fi: u € S}, but we will not discuss this extension here.

To explain Balakrishnan’s calculus, let L be the closed ideal of S con-
sisting of measures which are absolutely continuous with respect to Lebesgue
measure. We shall not distinguish between measures in L and their Radon-
Nikodym derivatives (with respect to Lebesgue measure), as this does not lead to
confusion. If ¢ is a Borel function, let C, be the operator defined by

NCy) = {f€ L: ¢of =g for some g€ L},
C,f=g where ¢f =g

Let M be the set of all Borel functions ¢ for which T(C,) is dense in L.
For every ¢ € M, the operator ¢(4) is defined as follows. First define T(¢; 4)
by the equations

WT(; ) = {f(A)x: € DC,), x € X},
T(; Ay = §(Ax if ¢f =£, x€X.
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T(¢; A) can be shown to be well defined. ¢(4) is, then, defined to be the small-
est closed extension of T(¢; 4). It follows that ¢(A4) is a closed operator, and
is bounded if and only if ¢ = i for some u € S, and if this is the case, the
definition of ¢(A) agrees with the Hille-Phillips definition. So the Balakrishnan
calculus extends that of Hille-Phillips. The algebra M contains all polynomials
and certain fractional powers.

If A is a scalar type operator with o(4) contained in a left half plane,
and resolution of the identity E(-), then A generates a strongly continuous
semigroup {7(#)}, and the Balakrishnan calculus gives a definition for ¢(4), for
¢ € M. Moreover, the Bade calculus defines ¢(4) to be fo(A) dE(N).

(11.1) THEOREM. Let A be a scalar type operator with o(A) contained
in a left half plane {\: Re A < wg}, and resolution of the identity E(*). Then
the Balakrishnan and the Bade operational calculi ugree on M.

PROOF. ¢(4) will always denote the operator given by the Balakrishnan
calculus. First we consider the case ¢ = i, with u € S. Then

o) = [ X Ty du()

- I: ) o) AGTEQR)ANE),  x € X, x* € X*,

Fubini’s theorem can be applied to interchange the order of integration since e
is integrable with respect to the measure |x*E(-)x| x |ul. We have then

oA = [ sMdE*EN),

tA

4)
and
W)= ), 4y POVEQ).
Now let ¢ € M, and set B = [¢(A) dE(A). Let z € D(T(¢; A)). There
exist x€ X, and f and g€ L such that z = fld)x, and ¢f =2
T(¢; Az = §A)x = [2VAEQ)
= [oFQ0aEQx.

Therefore Bz exists and Bz = T(¢; Ay (see [8, XVIII 2.11]), i.e.,, T(¢;A4) C
B, and hence ¢(4) C B.

We will show that T(T(¢; A)) contains E(6)X, for every compact set 8§.
For every point A, with Re )\, <w, we can find f, € N(C,) with fo(Ag) #
0, for otherwise f(?\o) =0 forall fE€ D(C¢) which is dense in L, and hence
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AN) =0 forall f€ L. Let g€L,[0,), and set fir)=e '“g(t), then
FE L, due to the fact that Pad T(®l is a bounded function of # Therefore
8Ny — wo) =AN) =0, forall g€ L,[0,), which is impossible. Thus, for
every A, with Re Ay <w,, thereisan fy € L with fy(Ao) #0, and hence
fo never vanishes on a suitable disk 8, = {A: I\ =yl <¢€,}. Choose hy € L
such that llky — f,ll is small enough so that A, never vanishes on 8, and

ho € W(Cy); this is possible since T(Cy) is densein L. If x € E(§4)X, then

x = hy(A)y, where y =[5 o(ﬁoO\))" dE(\yx, ie., E(85)X C I(T(¢; A4)). If

& is any compact set, it can be covered by a finite number of disks with the
property above; hence

E@)X C WT($; 4)) S W9(A))-

To prove that B = ¢(4), let x € D(B), and put x, = E(e,)x, where
e, = {X: Nl <n}. Then x, € U(T(¢; 4)), x, — x, and ¢(4)x, = Bx, — Bx,
Therefore x € (¢(4)) and ¢(A)x = Bx, ie., B C ¢(4). Hence B = ¢(4).
This ends the proof of the theorem.

Fractional powers of an operator (—A) such that A generates a strongly
continuous uniformly bounded semigroup were defined and developed by Phillips,
Balakrishnan, and Yosida (see [21,IX 11]). If 0<a<1, then (—A4)* is
defined to be the negative of the generator of the semigroup {f"(t, a): t = 0}
given by

1, ax = j; " f, TG ds, for t>0,

70, a) =1,
where

1 J-a+i°° o
Py exp(zA — z%dz for A =0,
fr,ozo\) — |27 Jo—iw

0 for A0,

o being any positive number, and the branch of z* being the principal branch,
ie., Re(z¥)>0 for Re(z) > 0.

Let A be a scalar type operator with resolution of the identity E(-), and
spectrum contained in the half plane {A: Re A <0}. Then A generates a
strongly continuous uniformly bounded semigroup {7(¢)}, and the calculus des-
cribed above gives a definition for (— 4)%.

(11.2) THEOREM. With the same notation as above,

Ca= y © NEX).
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PROOF. T(f) = f,(4)¢™ dE(Y), and hence

x*T(t, o)x = J: J; ) i o) MGE*EQYX) ds,  x € X, x* € X*,

But If,'a(s)e‘"‘l S /f,o(8) foral s€[0,) and A€ o(4), since f,, isnon-
negative. Moreover [gf, ,(s)ds =1 (see [21, p. 262]), hence f,,a(s)e”‘ is

integrable with respect to d|x*EQ\)x|ds. So, Fubini’s theorem can be used to get
* 7 —

x*T(¢t, a)x L

(1) f o“ &N, o(8)dsd(x*EQ\)x).

Direct computation yields fg e"‘f,'a(s) ds = exp {~ t(— N)*}. Therefore
u _ o
0= [ ) exp &1 N} dEQ).

The generator ﬁa of the semigroup {f(¢, @): t > 0} is consequently given by
Ay =foy— N* dEQ\), and hence (—A)*=-4, = Jo(ayC=N* dEQ).
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