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w-COHESIVE SETS
BY
BARBARA F. RYAN(1)

ABSTRACT. We define and investigate w-cohesiveness, a strong notion of
indecomposability for subsets of the integers and their isols. This notion says, for
example, that if X is the isol of an w-cohesive set then, for any integer n,
Y+2Z2= ({) implies that, for some integer &, -(X;k) < Y or Z From this
it follows that if f(x) € Ty, the collection of almost recursive combinatorial poly-
nomials, then the predecessors of f(X) are limited to isols g, (X) where
g(x) € T). We show existence of w-cohesive sets. And we show that the isol of
an w-cohesive set is an n-order indecrmposable isol as defined by Manaster. This
gives an alternate proof to one half of Ellentuck’s theorem showing a simple alge-
braic difference between the isols and cosimple isols. In the last section we study
functions of several variables when applied to isols of w-cohesive sets.

1. Introduction. Let E denote the nonnegative integers, P(E’) all subsets
of E, A the isols, and (o) the recursive equivalence type of a C E. Let J be
a fully effective map from |J E” (n € E), one-one onto E. For a € P(E),

n >0, define

o™ = {(@,,"++, a,) €Eala; >+++>q) and (:) = J@™).

For X € A, let (¥) denote (J((%))) where (@ = X. Anisolated set « is
called cohesive if for all r.e. sets ), there is a finite set § C a such that either
(@—-B) Cw or (¢ —pB) CE — w. In this paper, we investigate the following
stronger notions of cohesiveness.

DEFINITION. For n > 0, an infinite set a C E is n-cohesive if for all r.e.
sets w, there is a finite set $ C a such that either (“',;ﬂ) Cw or (";5) CE-w.
DEFINITION. A set a C E is w-cohesive if a is n-cohesive for every

integer n € E.
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It is clear that if a C E is n-cohesive (w-cohesive) and B is recursively
isomorphic to « then @ is also n-cohesive (w-cohesive). Let A, be the col-
lection of all isols of w-cohesive sets.

In §2, we show the existence of w-cohesive sets, and in particular show that
any infinite set of integers has an w-cohesive subset. We also show that if « is
n-cohesive then (‘") € P, - §,,, the n-order indecomposables (Manaster’s sets
P,, S, are defined in §2). Thus we have a very simple method of constructing
n-order indecomposable isols, where n is a finite ordinal. Unfortunately our
techniques do not seem to extend to the transfinite case. Now if we take X € A,
then (X)€ P, -5, forall n>0. So we have a “uniform” procedure for con-
structing finite indecomposable isols. Using a more general technique than ours,
Ellentuck in [3] proves the following restatement of the last result: There is an
X € A such that (ff) € P, - S, forall n>0. By showing that the same
statement is false in the cosimple isols, he has a simple algebraic difference between
the two theories.

We also investigate how a function of an isol in A, can be decomposed.
Let T, = the collection of all almost recursive combinatorial polynomials of one
variable, i.e. a function f: E — E isin T, iff there is an integer k¥ =0 such
that, for some finite string of nonnegative integers ¢y, ¢;,***, ¢,,, f(x + k) =
Z c(%). Let f) be the canonical extension of f to the isols. (For a discussion
of combinatorial functions, almost recursive combinatorial functions and extension
procedures see [S] and [6].) For f, g € T, define f <g if thereis h € T,
such that f + h = g And define an equivalence relationon T, by f ~ g if
there is an integer & >0 such that f(x + k) = g(x + k). Then Theorem 3
says that the only predecessors of f, (X), where f € T, and X € A_, are isols
of the form g, (X) for some g €T, with g < f Since g < f implies that
8AX) < fr(X) for all X € A, it is always the case that an isol of the form
8A(X) is a predecessor of f,(X). Theorem 3 says these are the only predeces-
sors of fr(X) if X E€A,.

It is easy to show that any w-cohesive set has a subset whose isol is univer-
sal. This allows us (in Theorem 4) to define amap 6,: T, — A which pre-
serves addition and composition, and such that f~ g iff 6,(f) = 6,(g), and
6,(T,) isanidealin A.

Let T; = the collection of all almost recursive combinatorial polynomials
f(x;) of the variable x;. Let T, = the collection of all finite sums of functions
in UT; ( €E). T, is closed under addition, composition and predecessor. In
§3, we extend Theorems 3 and 4 of §2 to functions in T,.

Theorem 3 does not hold if we allow product terms in our functions. For
example if f(x;, x;) = x;°x, and X;, X, € A, then in general the prede-
cessors of f) (X;, X,) are not restricted to isols of the form g, (X,, X,) for
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some g < f. §4 gives a characterization of the predecessors of f,(X;,***, X,))
where f is an arbitrary almost recursive combinatorial polynomial and X,, X,,
X;,+ -+ is a “universal sequence” of isols (see §8§3 and 4 for definitions).

2. Basic results.

LEMMA 1. For any n and any infinite subset « of E, a has an n-cohe-
sive subset .

PROOF. Let w,;, w,,*** be alist of all r.e. sets. We will construct a
sequence ay 2 a; 2 a, D+ of infinite subsets of a such that, for any

i>0,
@ @
) Cw; or CE-uw,.
n n

Let &, = a. Suppose we have «; Then

J"[(:i) N wH_,] and J"[(zi) n (E"'-’i+1)]

are partitions of af.") into two disjoint sets. By Ramsey’s theorem [7] «;
has an infinite subset 7y such that either

() @
¥ c J- l[(n’) n w,.H] or ¥™ U 1[(,:) neE- wi+l)]'

Therefore (}) C w;pq or () € (E — w;4y). Let @, =7. Now, for each
i €E, choose x; € o; different from xg,**+, x;_, (since each «; is infinite
this is always possible). Let 8 = {x,li € E}. Then B is an infinite subset of a.
We claim B is n-cohesive. Suppose w is any r.e. set. Then there isan i
such that w = w;. Let B’ = {x;|j >i}. Then B’ C o;. We chose @; such

that either
C w; or CE-w
n n

Therefore, (‘3;) C w; or (el') CE-w,. Since ' =B~ {x;,°°°, xi_;}, B
is n-cohesive.

LEMMA 2. Any infinite subset of an n-cohesive set is n-cohesive.
ProoF. Follows directly from the definition.
LEMMA 3. If a is n-cohesive and m < n, then a is m-cohesive.

PrOOF. We need to show only that a n-cohesive implies a (n — 1)-cohe-
sive. Suppose « is n-cohesive but not (n — 1)-cohesive. Then there is anr.e.set w
such that, for all finite subsets 8 of a, (®°~%) & w and (f‘,:f YVEE-w. Let A=

n-—1
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J Y (w) x E. Let w; = J(A4). Then w,; isr.e. Suppose there is a finite sub-
set B of a such that ("‘;ﬂ) C w,;. Then (a - g™ C A. Let xo be the
smallest element of (a — ). Then it follows that [a — (B U {x,})] (n-1) ¢

J~}(w). Therefore,
(a -6~ {xo})> co
n-1 -

Similarly if (%,f) C E - w,.
COROLLARY 1. If a is n-cohesive then (o) € A.

ProoF. If a is n-cohesive then o is 1-cohesive or cohesive and hence
isolated.

LEMMA 4. If X is the isol of an n-cohesive set then Y + Z = (X) implies
that there isa k € E such that (*;*)<Y or (X;}) <z

Proor. Clear from the definition of n-cohesive.
In [4] Manaster defines a sequence of triples (P,, S,, I,) as follows: I, =
{X|X is finite}. For ordinals a >0,

Pa={X|X=Y+Z =yve U I,vzZe U Ia,}

a'<a a'<a

Sa={X]X=Y+Z/\Z$ U L

a'<a

a'<a a'<a

=>(EIV)(’:IW)[Z= viwave U L, Anwé U Ia,]}.

I, is the ideal generated by P, U S,. It can be shown that a < = P, C Py,
sa c_: Sﬁ’ Ia g IB; Ua'<a+l Ial = Ia; Pa n Sa = Ua'<o: Ialo

In the following theorem we consider only (P,, S, /,) where a is finite.
Elements of P, — S, are called n-order indecomposables.

THEOREM 1. If X is the isol of an n-cohesive set then (X) € P, — S,
and X" €1, - S,,.

PrROOF. We prove the first part of the theorem by induction on n. If
n=1 then X is the isol of a cohesive set and therefore X € P; — §;. Assume
the theorem is true for m < n — 1. Suppose (if) = Y + Z. Then by Lemma 4,
thereisa k € E suchthat (¥;*) <Y or (¥;%) < Z Since

(- (22 +CNazd) v (2 ()
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z<()ED G D) e (Y -n+()
r<()GI) GG (i) -p ()

Since X is the isol of an n-cohesive set, X — k is the isol of an n-cohesive set.
Then, by Lemma 3, X — k is the isol of an m-cohesive set for 1 < m <n-—1.
By the inductive hypothesis,for 1 <m<n-1, (x;, k) €P, -5, CP,CP,_,
C1I,_,. Since I,_, isan ideal

X -k k k
k(n_1)+---+(n_l>(X—k) +(n)e I_,.

Therefore, Y € I,_, or Z € I,_,. Therefore, by definition of P,, (¥) € P,,.
By inductive hypothesis (,%,) € P,_; = I,_,. And, for any integer 7, r(,,X,)
< (ff). It is shown in Theorem 8.1 of [4] that for any Z € I, there is a finite
m such that any linear decomposition of Z includes at most m isols of P, - §,.
Hence (X) ¢ I,_,. Since

either

or

X

-5, =P n)eP,,—S,,.

»— U Ioz:Pn,_In-l’ (
a<n
It is clear that the function x”™ is an almost recursive combinatorial poly-
nomial of the form, x” = ¢,(}) + ¢,_;(,%;) + *** +¢;x + ¢c5. By the first
part of the theorem,for 1 <i <n, (’,‘) € P, -8, CI,. Therefore, X" €1, - §,,.

THEOREM 2. If « is an infinite subset of E, then « has a subset
which is w-cohesive.

PrOOF. By Lemma 1, there is a sequence a 2 @; 2 * -+ of infinite sets
such that a,, is n-cohesive. For each n, choose x, € a, different from x,,
*e*,X,_y. Let B = {x,In >0}. Claim B is w-cohesive. Forany n, § =
g0, x,_1} UB' where B’ C a,. Thus B’ is n-cohesive. Therefore B is
n-cohesive.

COROLLARY 2. There is an isol X such that (X) € P, ~ S, forall
n>0.

LEMMA 5. Any infinite subset of an w-cohesive set is w-cohesive.
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ProoF. Follows from the definition of cw-cohesive and Lemma 2.

THEOREM 3. If f(x) ET,, X € A, and Y < f,(X), then there isa
g(x) €T, such that g\(X)=Y and g < f.

PROOF. First suppose f(x) = (). Inducton i. If i=0,then f(x) =1
and the theorem is true. Assume the theorem is true for i — 1. Suppose f(x) =
(5)- Suppose Y < f(X) = (f). Then by Lemma 4, there isa kK € E such
that either (¥;7%) < Y or (¥7%) < (¥) - Y. In the first case, ¥ = (X7%) + Z
where Z < () = (*7%) <r(;X,) for some integer ~ Then Z=2Z, + + -+
+ Z, where Z; < (*,) foreach 1 <j <r. By the inductive hypothesis, for
each 1 <j<r thereisa gj(x) <(;Z;) suchthat g;,(X) = Z;. Let gy(x)
=(*7%) and g=g, +g + ***+g,. Then gx) < f(x) and g(X) = Y.
In the second case, (¥7%) < (¥) = Y implies that ¥ < (¥) - (¥7%) and
then the rest follows as above.

Suppose f(x) € T; and Y < f,(X) then there exists k¥ € E such that
fe + k) =2, ¢;(F) forsome n, ¢y,***,c, €E and Y < fH(X) <
fAX + k) =2y c(}). Then

Y=3 ¥ Y; 0<is<nl1<j<gc)
i
where Y, < (f) for 0<i<n and 1 <j <c¢; Therefore,for 0 <i<n
and 1 <j < ¢y, there exists g;(x) € T; such that g;;, (X) = Y;;. Let

g=Y Y & 0<i<n1<j<c)
i

Then g, (X) =Y.

In [2], Ellentuck defines the notion of a universal isol. It is easy to see that
his definition is equivalent to the following: an isol X is universal if for any pair
of almost recursive combinatorial functions f and g, f,(X) = g,(X) implies
that there is an integer k such that for any x =k, f(x) = g(x). We want to
show that any w-cohesive set has a subset whose isol is universal. Modify Ellen-
tuck’s method of showing the existence of universal isols [2] by replacing the set
of integers E with an arbitrary infinite set & C E' and topologize P(a) as he
topologizes P(E). Then Lemmas 1, 2 and Theorem 1 of [2] go through routinely
to give the following lemma.

LEMMA 6. Any infinite set of integers has a subset whose isol is universal.

THEOREM 4. There isamap 0,: T, — A such that forany f, g €T,
M) f~g iff 6,(f) =6,(s),
@ 6,(f(@) = fr0,(e)s
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(3) 0, (f+8)=06,(f) +6,(9),
4) 6,(T,) isanidealin A.

PrROOF. Choose a set « which is w-cohesive. By Lemma 6, a has a sub-
set B such that X = () is universal. Define 0,: T; — A by 6,(f) =
FAX). If f ~ g then f)(X) = go(X) since X is infinite. Hence 0,(f) =
6,(8). If 0,(f)=0,(g) then f~ g since X is universal. Parts (2) and (3)
follow directly from the fact that the extension procedure preserves both com-
position and addition of functions. Part (4) follows from part (3) and Theorem 3.

Let T be the set of all equivalence classes in T,. Since “~” preserves
addition in T, we can define addition in TJ* by [f] + [¢] = [f +g],and
[f] < [g] ifthereis [n] € T} suchthat [f] + [A] = [g]. Then T} is
an ideal.

COROLLARY 3. T{ under addition is isomorphic to an ideal in A.

3. Functions in T,,. We want to extend Theorem 3 to functions of more
than one variable. Let S be the collection of all almost recursive combinatorial
polynomials, i.e. f(x;,**,x,) €S iff f isan almost recursive combinatorial
function such that for some integer %,

LI = . . xl LRCI ] xn
fley koo, x, tH)=3 c,l,...,,n(il) <‘n)
with all Cij,e+e,i, = 0 and only a finite number of them nonzero and, for all
i<k
f(j’ xz,‘..’xn)9".: f(xl9...’xn—1’ j)e S.

Then T, is the subset of S consisting of all those functions which do not in-
volve product terms. Theorem 3 easily generalizes to functions in T,.

THEOREMS. If f€T, and X;,***,X, €A and Y<f,(X;,***, X,)
then there is a function g € T, such that Y = f)(X,,***,X,) and g < f.

PrOOF. Since f €T, f isof the form f(x;,***,x,) = fi(x;) +°+°
+ fu(x,) where fi,*, f, €ET,. Y <[fp(X;,**+, X,) implies Y = Y; +
*+++ Y, whereeach Y; < f;5(X;). By Theorem 3, Y; = g,(X;) for some
& €T, and g; < f;. Hence g=g, ++-+g,.

We can define an equivalencé relation on T, (or S) just as we did on T,.
That is, for f, g €S, f ~g iff f(e;+k, >+, x, +k)=g(x, +k, >, x, +k)
for some integer k. Let T2 be the set of equivalence classes in T., and define
+ and < ason Tf‘. In order to extend Theorem 4, we need an analogue of
Lemma 6, to give us a “universal sequence” of isols.
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Let X = (P(u))* where p is an arbitrary infinite subset of E. Denote a
vector (@;, @,,**9) € X by a Let @ = collection of all vectors a = (o,
@y, **) € X such that (1) all the sets «; are finite and (2) except for a finite
number of coordinates, the sets a; = &. For § C E, let ||| denote the cardi-
nality of 8. If &, B € Q, define N(a, B) = {§: a C £ £ NG = @}. The col-
lection N = {Ma, 8): a, 8 € Q} forms a basis, and X with the topology in-
duced by this basis is easily shown to be a complete metric space. Then by the
Baire Category Theorem, if a set A C X is of the first categroy (i.e. the countable
union of nowhere dense sets) then X — A4 is nonempty. We will use a straight-
forward generalization of Ellentuck’s techniques [2] to prove the following lemma.

LEMMA 7. Any infinite set of integers n has a sequence of subsets 8, 8,,
e+ such that forany f, g €S, if fr(8),°°, 6,) =gp(d) -, 6,0
then f ~ &.

PROOF. Let (f, g;) be a list of all pairs of recursive combinatorial func-
tions (of any number of variables) such that f; # g, For each i let ¢, ¥,
be recursive operators inducing f;, g; respectively. Let p; be a list of all one-
one partial recursive functions from E to E. Define H(yp, ¥, p) = {2 € X:

@(¥) C domain of p, and p[¢(£)] tIJ(E)} By a straightforward generahzatxon
of Lemma 2 of [2] to vectors we can show that each set H(y;, ¥;, p;) is no-
where dense.

Let o be a list of all vectors in Q. Define H(p, ¥, p, &) = {§ U o,

§ € H(o, ¥, p)}. Since H(p, ¥, p, @) isjust a translation of H(y, ¥, p), it

is also a nowhere dense set. Let 4 = |J H(y;, ¥, p;, @,) union over all integers
i, j, k. Then A is the countable union of nowhere dense sets. Hence X — A4

#+ @ Let § € X — A. First notice that all coordinates of § are infinite. For
suppose not, i.e. suppose &, is finite for some i. Let f(x,) = x; and g(x;) =
15,1l Then f * g but ¢(8) is recursively isomorphic to Y(8) where ¢, ¥
induce f, g respectively.

Now we show that § satisfies our lemma. Suppose f, g € S, f # g, but
IAa@ oo, 6,0) = gp(®y),+++, 6,)). Since f, g €S, there is an integer k
such that f(x, + k,**+,x, + k) = fi(x;,***, x,) and gx; +k,***,x, +Kk)
= g(x;,**+,x,) for some pair of recursive combinatorial functions (f;, &)
Since f* g f;*g. For i=1,++,n,let o bea subset of §, with [loyll =
k. Then

a8y =apd, oo, (8, = a) = gia (8, —ay) e, B, —a,).

Hence there is a p; such that (6, —@a;,***,8, - @,,8,,,,***) €
H(p;, ¥, p). But then § € A, which contradicts the fact that § € X - 4.
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THEOREM 6. Thereisamap 0: T,, — A such that
1) f~g iff 6(f)=6(s),

(2) 0(f(g1s°° > &) = fa(B(gy), 0(82),°°*, 0(g,))s
(3 6(f+8) =06(f) +6(g)

4) 6(T..) isanidealin A.

PROOF. Let u be w-cohesive. Let &,, §,,° < be subsets of u, such
that X; = @), i=1,2,°+- form a “universal sequence” of isols. For
flxg,°*°,x,) €ET,, define 6(f) = fy(X{,***, X,;). Then properties (1)—(4)
follow as in the proof of Theorem 4.

COROLLARY 4. T2 under addition is isomorphic to an ideal in A.

4. Functions with product terms. In Theorem 5, we defined a map, 6, such
that 6(T,,) is closed under predecessors. In this section we want to investigate
the predecessors of isols in 6(S). That is, let u be a fixed, w-cohesive set. By
Lemma 7, u has a sequence of subsets, §,, 8,, 83,° ¢+ such that (X,, X,, Xj,
ce) = (6,), 6,), (63),° ) isa “universal” sequence of isols. Use this sequence
to defineamap 6: § — A by 0(f(x,,**, x,)) = fA(X;,***, X,). The
following lemma shows that 6(S) is not closed under predecessors.

LEMMA 8. If fE€S — T, then O(f) hasa predecessor U €& 6(S).

PrROOF. Since f(x;,***, x,) €S, there is an integer k such that
fley + ko, x, +K) is a recursive combinatorial function. Since

fGy,o,x,)€ T, f(x; +k,»++,x, +k) contains a term of the form

where for some 7 # s, i, =1 and i, = 1. Then the function

X
x,x,<(’;l’)m(i”) <SSOy + koo, x, + )
n

and (x, = k)(x; — k) < f(x,,***, x,). So we can restrict ourselves to prede-
cessors of (X, — k)(X; — k). Choose o, C 8, and oy C 8, such that [l =
flogll = & Let

B, = JUG, — o) x (6, —a)) N {(x, ) € E?Ix < y}]
and

By = JI(EG, — ) x 65— o)) N {(x, y) € E?|x > y}].
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Let U= (B), V=1(B,). Then U+ V = (X, — k)(X, — k). Suppose U, V €
6(S). Then there exist g, h €S such that 6(g) = U, 6(h) = V. Since

0(cx, = )G, — k) = (X, - )X, = k) = U + V = 0(g) + 0(h) = 6(g + ),
(x, —Kk)(x; — k) ~ g + h. Thusthereisa k' such that

G, + K)o + #) = glx, + K, x, + K) + h(x, + K, x, +K).

It is easy to check that if g(r, + k', x; + k') + h(x, + k', x, + k') =

(c, + k")(x; + k') then either g or h is of the form ax, + bx, t ¢, g, b,
¢ €E Suppose g is. Then U =aX, + bX, + c. From the definition of the
set B, it is easily seen that mX; < U forall m € E. Thus, in particular,
@+b)X,<U=aX, + bX; + c. Therefore, X, <X, +c. Since X, is
infinite and X, is w-cohesive, X; = X, + d for some d € E. However,

x, * x, +d Thus U€& 6(S).

Essentially what we did to construct the predecessor in Lemma 8 was to
divide the “rectangle” X, - X into two “triangles”, U and V. This is really
the only way we can get a predecessor of X, X, which is not an isol in 6(S).
Consider an arbitrary f € S. Then there isa k such that f,(X;,*-, X,,) <
Xy X, )¥. So we can restrict ourselves to predecessors of the form X‘l oo
X,n where X, ,--, X;, are from the fixed “universal” sequence of isols X,
X,,*++ and need not be distinct. We will show that essentially the only prede-
cessors of X,l (XK X,n which are not isols in 6(S) are obtained by taking the
“n-dimensional rectangle” X,-l s Xin and dividing it into n! “n-simplexes”.
Let py, py,***, P, Dbe the permutations on {1,-*-, n}, with p; the iden-
tity permutation. Let E, , = {(x;,* ", xn)|xpk(l)>- ce> ka(")} for
k=1,2++,n! and E, o = E" - UpL, E, . Let f = By x*++x8; )N
E,; and Y, = (B;). Then

X,-l °°°X,k =Y, +Y +eeet7Y,,.
Suppose Z < X; -+ X, . Then Z= Yo+ Yy +e+++Y,, whereeach Y, <Y,.
In the following lemma, we show that the only predecessors of Y, areisols U
such that either U or Y, — U is of “lower degree” than n.

LEMMA 9. Suppose U + V = Y,. Then either U or V is of the form
¢yZy +++++c,Z, where ¢|,***,c, €F and, foreach j =1,*++,n,
Zi<Xi XD D AREETED A

1 j—1 j+1 n

ProOF. First consider Y; = (B,). Notice 8, Cu™. If U+ V=7Y,,
then there exist digoint sets w,, w, C E" such that (J(w, N ;) = U,
J(wy N By =V and J(w,), J(w,) are re. Since u is w-cohesive, it easily



w-COHESIVE SETS 171

follows that there is a finite subset » of u such that either (u — v)™ C W,
or (u-v)"C w,. Assume the first case holds. Then u™ = (=)™ >
™ —w, DB, N w,. Therefore

By Nwy C By N [u™ = (u-1)™]
= By = (5 — W) xe e x By )
c Bil X oo oex 8'." —(8'., —y)xo..x(ain_p),

and clearly 8; N w, is recursively separated from its complement in 8,.1 Xeoo
x 8‘n - (8"1 - V) xesex (8in = v). Hence
V={(B, Nw, < Xpooo X — ()(,~1 —ky)eee (X,-n - k).

where k; = 8, N vll. Then clearly X oo X‘n - Xy — k) (X,.n -k,)
and hence V is of the desired form ¢,Z, +++-+¢,Z,.

Now consider Y,, for k > 1. Define q: E" — E" by q((x,,***, x,))
= (ka(l)’. .., xpk(?‘)_)’ Then q(B) C u™ and predecessors of Y, canbe
mapped into predecessors of Y, and the above argument for Y used.
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