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ON ENTIRE FUNCTIONS OF FAST GROWTH
RY
S. K. BAJPAI, G. P. KAPOOR AND O. P. JUNEJA

ABSTRACT. Let
® 1) = ngoa,,z""

be a transcendental entire function. Set

ME) = max 1), m() = max {Ia,,lrk"}

and
NE) = max {A,Im() = Ia,,lrx”}.

Sato introduced the notion of growth constants, referred in the present paper
as Sq-order A and Sq-type T, which are generalizations of concepts of clas-
sical order and type by defining

(**) A = lim sup (log[q]M(r)llog r
r—>oo

and if 0 < A < o, then

(**%) T = lim sup (log! ¥~ M)
r—rco

for ¢ = 2,3, 4, - - where loglo]x =x and log[q]x = log(log[q-l]x). Sato
has also obtained the coefficient equivalents of (**) and (***) for the entire func-
tion (*) when A, = n. It is noted that Sato’s coefficient equivalents of A and
T also hold true for (*) if n’s are replaced by A,’s in his coefficient equivalents.
Analogous to (**) and (***) lower Sq-order v and lower Sq-type t for entire
function f(z) are introduced here by defining

v = lim inf (log[q'M(r)Ilog r)
r—>c0
and if 0 < A < o then
t = tim inf Gogl " MY, q=2,3,4,---.
=00

For the case q@ = 2, these notions are due to Whittakar and Shah respectively.
For the constant v, two complete coefficient characterizations have been found
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which generalize the earlier known results. For t coefficient characterization only
for those entire functions for which the consecutive principal indices are asymp-
totic is obtained. Determination of a complete coefficient characterization of ¢ re-
mains an open problem. Further Sq-growth and lower Sq—growth numbers

for entire function f(z) we defined

5= tim P aos! T vy,

for q=2,3,4,:+° and 0 <A < o, Earlier results of Juneja giving the co-
efficients characterization of § and u are extended and generalized. A new
decomposition theorem for entire functions of Sq-regular growth but not of
perfectly Sq-regular growth has been found.

1. Let flz) = E:=oanz7\” be a transcendental entire function. Set the
following:

M()= M, )= max |fQ),  m(e) = m(r, /) = max {la, "™},
and

NG) = NE. £) = max (0, Im0) = lag™)

M(r), m(r) and N(r) are known as the maximum modulus, maximum term and
the rank of the maximum term, respectively, for f(z). It is well known that the
functions log M(r) and log m(r) are increasing convex functions of log r.
Further, it is known that N(r) is an unbounded, nondecreasing step function of
r with a left-hand discontinuity at jump points. The values attained by N(r) at
these points are called principal indices. We denote by {p(n)} the jump points
of N(r) and its range by {7\,,8}. Following Sato [9], we define

lq]
(l.l) A = lim suplo_g_]li(c)_
r—>o log r

and

la—1]pq
(1.2) Tﬂiggwk%rﬂ. 4=23,4," ",

where log!?)x stands for loglog* -+ (¢ times) x and (1.2) has a meaning
only when 0 <A <o, Sato [9] obtained the following coefficient characteriza-
tion for A and T.

THEOREM S. Let fiz)=Z,_a,2" bean entire function with the constants
X and T as defined jn (1.1) and (1.2), then

. n logld-11y
(1.3) A= llnm_’ﬁxp Tog a1
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and
T=1l Alnjoola—2110
(14) im sup la, |""log a

for q=2,3,4,-:-.

Note that, if instead of f(z) = Z;_,4,z", we choose the entire function
)= E;'::oanz}"', then Theorem S holds true if we replace n by A, in (1.3)
and (1.4). The constants A and T are, in fact, the generalizations of the no-
tions of order and type introduced in Valiron [13, p. 34]. We call these constants
Sato gth-iterate order and Sato gth-iterate type and, for simplicity, Sq-order A
and S -type T. Similar to S,-order A and S -type T we introduce the
following:

(1.9) v = lim inflo Al
r—>o0 log r
and

oo

We call these constants lower Sj-order » and lower S -type f. In fact, these
constants are generalizations of the concepts of lower order and lower type intro-
duced respectively by Whittakar [14] and Shah [11]. Whenever A = v, f(z) is
said to be of S -regular growth and if, in addition T =1¢, it is said to be of
perfectly S, -regular growth. In case » <A, flz) is of S-irregular growth. We,
further, introduce the Sq-growth number & and lower S, -growth number u
for f{z) by the following:
a by P BTN

TR 1} §
The purpose of the present paper is to investigate the coefficient characterizations
of the constants defined above. It will be seen that the results which we obtain
generalize and improve considerably the results contained in [1], [5], [10], [11],
etc. To avoid unnecessary repetition, we shall denote throughout the paper,

V) = Oun -xn)-‘log‘r"::l-

for the entire function f(z) = E;‘::oa,,zx".

a
ny
a

’ ‘p(nk) = ()\nk'l'l - )\nk)—IIOg

Rr+1

2. We shall need the following lemmas to prove our theorems in the follow-
ing sections. Lemmas 1 and 3 generalize the results contained in Valiron [13, p.
33], and Whittakar [14]. Lemmas 4—7 generalize the results contained in [7],
[10], [11].
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LEMMA 1. Let f(z) = E;’=Oanzh" be an entire function of S, -order A
and S,-type T; then

' log! 41 m(r) . logl?~1IN(r)
2.1 i —_— == ——————
2.1) lim sup Togr A = lim sup T

and if 0 <A <o, then
logl?=m(r)

2.2 =i .

(2.2) T hmes.up N S

PROOF. (2.1) and (2.2) follow in a straightforward manner by using the
following well-known results [13, pp. 31-32].

(23) m(r) < M) < m(r)[2N(r + r/N(P) + 1]
and
(2.4) log m(r) = log m(re) + :olv—%l ax.
LEMMA 2. Let (i) loglq‘ ! l<I>(Jc) be a positive increasing function of x;
y o logld gy
L)) lim fnf == =a (O0<a<).

Then, for each pair of positive numbers B,y satisfying the inequalities o < @;
o/f <y <1, there is a sequence x,, X5, ", X, —>  such that

(2.5) logli-2lgx) <xfF  (x] <x<x,).
This lemma is due to Whittakar [14] and so we omit the proof.

LEMMA 3. Let f(z) be an entire function of lower Sq-order v and lower
Sq-type t; then

[q-1] lq]
(2.6) v = lim inf__log NO) _ lim inf log'? m(r)
r—>oo lOg r P—>oo lOg r

and, whenever 0 < \ < oo,

log! 7~ m(r)
2.7 = lim i
2.7 t llpl inf —=——

where N denotes S,-order of f(z).

PrROOF. Let

[q-1]
@ = lim mfﬂl___f‘i(z)_,
r—>o0 og r
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Then, from (2.3) and (2.4) we have a <». Now, let a <. By Lemma 2, if
a<B,a/f <7y<1, then there exists a sequence R,, R,,***, R, —> o for
which

(2.8) logl?~'IN() <Blogr for R} <r<R,.

Take positive numbers 8, € such that y <86 <1, /6 <e<1 and write
S, =R} sothat R} <S¢ <S,<¥%R, (n>n,). From (2.4) we have for
these values of S,

(29) log m(S,,) < eN(S,) log S,
and
@.10) log m(S,) > log m(S%) + (1 ~ V(SE) log S, > = log m(SE).

Now by using (2.8), we have for these values of S,,,
S

@1 (-9topms,) < S gr <1 - 9 log s, expla?Ist,
n

Thus, from (2.8)—(2.11) we get
log M(S,)) < log m(S,) + exp[q‘”(ZS'n)B + o(1).
This implies that
2.12) log M(S,) ~ log m(S,,) if v> 0.
In the case when v = 0, (2.6) and (2.7) are obvious. Further, from (2.10) we
have
(2.13) log!?1m(s,) < (1 + o(1)) log! 4~ 1 IN(S ).
From (2.12) and (2.13) the result of the lemma follows.

LEMMA 4. Let fz) = E;‘;’:oa,,zx" be an entire function of lower S,-
order v; then for an arbitrary sequence of integers {R"m} from {\,} and
the corresponding sequence {a,,m} from {a,} we have

14 =1lim i lq-11] -1
(2.1%9) v=p h;ln_‘lgf )\nmlog )\"m—l [log Ia,,ml .

ProoF. If § =0, then (2.14) is obvious. Hence,let 0 < <oo, Then,
for given €>0,8> € and for all m =>mgy(e), we get

—Ap /(B—€)
(2.15) la”ml > [log[q—zl)\n 1] m
m-—

Define
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1
—€

@16)  logr, =7 logle=tl,  +p p>1,m=1,2,--.

Then, for Thm 1 <r< Tnp from (2.15) and (2.16) we get
log! 4 M(r) > 1ogl9—1] {\, logr+logla, I}
. lq-1] [¢-2]1B-¢ ,—p(B—¢€)
(2.17) > log {p exp Cae, e )

= (B + o(1))log r.

Thus, by taking the limit inferior in (2.17), (2.14) follows whenever 0 < <o,
In the case when B = oo, choose an arbitrarily large number 7 instead of

(B - €), and then following exactly as above, we get » = y. Since 7 is arbitrary,
it follows v = eo, This completes the proof of Lemma 4.

LEMMA 5. Let fiz) = Z,_ anz"" be an entire function of lower S,-
order v (0 <v <) such that {Y(n)} forms a nondecreasing function of n
for n>ngy; then v <a where

(2.18) a = lim inf A log _7\1" !
n-—s»oo log bnl

PROOF. Since {Y(n)} forms a nondecreasing function of n and f(z) is
entire, it follows that Y(n) > Y(n — 1) for infinitely many values of n. Choose
n>ny and Y(n—1)<logr < Y(n); then m()=la,I'" and NG)=A,.

It follows from Lemma 3, that

(2.19) N@) > expl?-1(w - e)log r)

forall r>re(e) and 0<e<y<oo Let lay |z ™ and 1a,,,2|z"'"2
(my, my > ny; Y(my — 1) >ry(e)) be any two consecutivehmaximum terms,
then m, <m, =1 andlet my <n<m,. Since la, Iz ™! is a maximum
term, we have

Np) = 7\,,,l for Y(m, — 1) <logr < Y(m,).
Then, from (2.19), we have for every r in this interval
Ay > expl?11((w - ) log r).
In particular,
NG) = Ny | > expl? 1 [(0(my) —C)p - )] -

where C = min [1, %(y¥(m,) — Y(m, — 1))]. Further, we have y(m,) =
Ym, +1)=---=yY(n-1) and so
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log lay | +10g la, I = 35 (o = Ay )0 = 1)

m=uo

(220) logla=11a, _,
<()‘n n —l)w(n—l)g(h _)\n _1)—'—n+C .

vV—€

This gives, on proceeding to limits, » <a, whenever 0 <wv <o, For v =0
it is obvious and for v = oo, it follows exactly on the same lines as above with
the same reasonings as in Lemma 4.

By combining Lemmas 3 and 4 we have the following which includes a
theorem of Shah [10] and Juneja and Singh [7] for ¢ = 2.

LEMMA 6. Let f(z) = E:=oanzh" be an entire function of lower S,-
order v such that {Y(n)} forms a nondecreasing function of n for n>n,,
then v = a.

0 A , ,
LEMMA 7. Let flz) = Z,_oa,z " be an entire function of lower Sq-

order v, then

M =N\, )log[q'”)\n
221 = Tim i m+1 m
@21 vy = e

m+l

for any arbitrary sequence of integers {\, }m y from {\,} and for the
corresponding coefficients {a,, } from {a } of f2).

ProOF. For 7y =0 or negative (2.21) is obvious, hence, as usual, first let
0 <7 <o, Then for all large m =>my(e) and 0<e <<, we have
C2) A, M ) logl?- ”7\,, >(-elogla, fa, |
Summing the inequalities obtained from (2.22) by replacing m by ngy, ny +
1,- -, k, weget

a,
(r-¢€)log < 2 O ) logla- ”x,,
g4 m=mg
(2.23)
[q-1]
<y, ~ Mng) log Any

Hence, from Lemma 4 and (2.23), we get y <wv. The case when y = o follows
on the same reasonings as those of Lemma 4. This completes the proof of the
lemma.

3. In this section we shall prove the following theorems:

THEOREM 1. Let f(z) = Z,_,a,2 n' be an entire JSunction of lower Sq-
order v, then
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G.1) = max ol {n,})
m
and
G2 v = max f({n,})
ny,}
where
A, logla=1ly,
. m m—1
(3.3) a({nm D= ]l'Ln_.lsf log Ianm I—l
and
-, ) logla—11)
(3.4) B({n,,}) = lim inf """;‘ ” "}a | “m
m=e 08 m' " Pm+1

For g = 2, the result (3.1) is due to Juneja [6] but the method of proof
given here is a different and more elegant one. It is pointed out here that the
characterizations (3.1) and (3.2)(!) are complete in the essence of the definition of
lower S, -order given in the present paper.

ProoF. From Lemmas 4 and 7, it is evident that

v 2 max a({nm})

(3.5) i)
and
(3.6) v > Enax B({n, 1

Now, consider the function g(z) = E°°___1anszh"‘ where {)\,,s} denotes the
sequence of principal indices of f{z). It is easily seen that g(z) is an entire
function and that f{z) and g(z) have the same maximum term and rank for
every value of r. So,by Lemmas1 and 3, S -order and lower S -order of g(z)
are the same as those of f{z). Hence, g(z) is of lower S, -order ». Further,
since Y(n,) forms a strictly increasing function of s, Lemma 6 applied to g(z)
gives

(3.7 v =a({ng}).
From (3.5) and (3.7), we get (3.1).
To prove (3.2), we observe that (2.6) gives
(-8 An, > expl?™ @ - )U(ny) - O]

(1) For q = 2, see [8]. However the result was also known to the first author for
q=2.
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where
C = min[1, %(¥(n,) — Y(ns_,))].
Now, by substituting the value of Y(n;) in (3.8), we get
- lg—-1]
0‘"s+1 A"s) log An
g o |
Taking limit inferior as s — o in (3.9), we get
(3.10) B({n}) = v.

Hence, from (3.6) and (3.10) we get equation (3.2) for f(z). This completes the
proof of Theorem 1.
The following corollary follows easily from the above theorem.

(39) s w-e -9

COROLLARY. If {7\,,3} denotes the sequence of principal indices of f(z) =
bl 0a,,zk" and p(n,) denotes the jump points of N(r), then
logla—1l )\"s
v = lim inf ——————
s»e log p(ny)

For q = 2, this corollary is due to Gray and Shah [3].
Sato’s result (1.6), which gives Sgq-order in terms of the coefficients of the
entire series flz) = Z,;_,a,2" may be written as

= max} oa*({n,,})
where

n,, logla=1ln
* =1 m m
o*({n,, 1) lim sup og lanml-l

and {n,} isasubsequence of {n} and {a, } is the corresponding sequence
of {a,} from f{z). Thus, our result (3.1) for the lower Sq-order is an analogue
of (1.6) for the case of Sq-order. Now, we investigate whether a result analogous
to (3.2) holds for the case of Sq-order also, i.e., a relation of the type

A= max *({n,,})
where "

- [q-1]
"m+1 )\"m) log An
log la"m/ a"m +1 |

m+1

B*({ny,}) = lim sup
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holds in the case of S, -order. Very simple examples show that this need not
hold in general. However in the next theorem, we obtain a result in this direction
which holds under some restrictions and at the same time generalizes the results
of Shah [10] and Bajpai [1] for 4 =2 and for ¢ = 3,4, 5,- - -, respectively.
These results are valid only when A, =n.

THEOREM 2. Let f(z) = E::_oa,,zk" be an entire function of Sq-order A
such that {Y(n)} forms a nondecreasing function of n for n 2= n,, then

Mns1 —A) 1°g[q- ”Rn-l-l

(3.11) A= ll'r'l‘l_’ﬂ.lp Tog la,/a, ]
PrROOF. Let
C Quarm M) loglt TN,
B= ll?_j';lp log la,, /a'”_ N

As usual, first let B> € >0, then for all n 2 ny(e), we l}ave
(3.12) B+ €)log la,/a,4 11> Apyq — Aog!I7HIN, L ).
Summing all the inequalities obtained from (3.12) after writing n= ny, ng +
1,---,m, we get
RTINS S PR 1™ Ll W

"=n°
(3.13)
~ N log!? ™ 0

From (3.13) we easily get
(3.14) =X

Conversely, when {y(n)} forms a nondecreasing function of n, then by
writing

log |ano/an+1| = O‘n0+l - J\no)‘l’("o) oo Qe — N0

we have

%, Ai1 " Ay | 4n
lo < Qit = MV = \——5 Jlog .
n+1 Y n+1 " An Ian+l
Hence, we get
Ant1 — A logla—thy,
3.15 =i .
(3.15) 8 h;n_‘ﬂlp log la,/a, | <A

By combining (3.14) with (3.15) we get (3.11). This completes the proof of the
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theorem. The case § = 0 is obvious and § =< can be treated similar to §> 0.
As a corollary to Theorem 2, we get the following result of Gray and Shah

[3].

COROLLARY. If {)\,,S} denotes the sequence of principal indices of f(z) =
E:=°a,,z)"' and {p(ny)} denotes the jump points of N(r), then

A = lim sup——-—"‘u .
s+o0 log p(ny)

THEOREM 3. Let f(z) = E;,":oa,,zl" be an entire function of S,-order N,
then

logla—1ly,
(3.16) v < Alim inf Toda=TT -
n—e 108 +1

Fu.rther, if fz) isof Sy-irregular growth and if v <u <\ then f(z) is ofkthe
form g,(z) + h,(z) where 8,(2) is of Syorder <u and h,@)= Z‘;’=oam zmp
satisfies the inequality P

3.17 v 2 u lim inf P

P J )"”pn

For q =2, this result is due to Whittakar [14].
PROOF. Let r, be the value at which N(r) jumps from a value < )\,,t
to a value > )\":"‘ 1- Then

logl?-11N(, - 0)
log r,

logl?=1IN(r, - 0) logla=11)
< l. . f N . n .
A gty logle-1ING, +0) <}\1121_’g\f log'?=tia .,

v < lim inf
f—>oo

This establishes (3.16). For establishing (3.17), let us define g,(2) = E'a,,zk" ,
where Z' denotes the summation over n, for which

(3.18) Qogla=21\ )™/ > g |,
Then g,(z) is of Sq-order <pu. Further, define

h@=f0)-8@) =3 a, 2™
p=0 P

where a satisfies the inequality complementary to (3.18). Hence
Mp
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lq-1]
lgg[‘”M(r) S log [log lampl + )‘mp log 7]
log r logr
log!? 1=\, Ji) logl?™tIN,, 4, logr]
> log r
Write 7, = (¢ 1og!9=212,, /%, then for r, <r<r,,,, we have

log! 1 M(r) log! ™! ])\"‘pm log!? ™,

p
(.19) log r log r >H logl?=1Ty, (1 +o(1)).
p+

1

Taking limit inferior in (3.19), we ultimately have (3.17). This completes the
proof of Theorem 3.

4. In this section we shall obtain the coefficient equivalents of (1.6) which
in particular will include the results of Basinger [2](?) and generalize a result of
Shah [11]. We note that. our characterization in terms of the coefficients of (1.6)
is not complete but is valid for a wider class of entire functions even when g =
2. We shall further obtain some relations involving type, lower type and coeffi-
cients of the power series which will generalize the results of Juneja [5] even for
q = 2. Thus, we prove the following:

THEOREM 4. Let f(z) = E:=oa"z’\" be an entire function of Sj-order \

then
AA "
(4-1) t 2 max lim inf lan | "m Iog‘q_zl m—1
fn} moe m ex
ProoF. Let {n,} be a strictly increasing sequence of positive integers.
Set

A
= g s ARy, (q-2] _"m-1
B=B({n,} = ll,r'rl) inf la”ml m log o

If B=0, then t =2 B is obvious. Let B> € > 0. Then for all sufficiently
large m, we have,

Ay /N
(42) (B- g2l N, _ [N} " <la |
Now Cauchy’s inequality and (4.2) give
A @AM, )1
“3)  r"m@-efoglt?N, [T <M()

(2) This result was also known to all of us even for q = 2.
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for all r and all sufficiently large m. Let us suppose that
A

"m

A

m—1

e\

A,
logP =12, logr+ log(B—¢) - -T'-"- logla-1!

Then, if
[q-1] lq-1]
log D + log 7\,,'”_ . Jex<Alogr<logD + log 7\,,m Jex
where D=¢/B if q=2 and D=1/B if ¢q=3,4,5,---, we get
44) logP>(Q, /N log[D(B- €)]> e log [DB - c)] expl9-21A/p,
Hence, from (4.3) and (4.4) we obtain

4.5) logl@=1) pr S {B log(e(B — €)/B) if q =2,
n B if g=3,4,5,---,
for all r=>ry(e). Hence

[q-1]
liminflo M =t=2B for q=2,3,4,--".
r—>oo

Since t = B({n,,}) for every sequence {n,,}, it follows that ¢ >
max {,,m}B( {n,,}). Hence the theorem.
As a corollary to Theorem 4, we get the following result which in particular
for ¢ = 2 is due to Basinger [2].

COROLLARY. Let f(z) = Ef;’:oa,,z}‘" be an entire function of S -order
A, such that

. . log[q-zlx"-l
L g, =8 C O
n
then

t > L lim inf la, "/ 10gla=212, /ex.
n—»oo

THEOREM 5. Let f(z) = 2:=oa,,z&" be an entire function of S,-order
N, such that {Y(n)} forms a nondecreasing function of n for all n>n,, then

.. AJA -
(4.6) £ <lim inf la, | Mn 10gla=21 fen.

For q = 2, this result is due to Basinger [2].
PROOF. First,let 0 <t <o, Then, from Lemma 3, for all 7> ry(e)
and t>¢€ >0, we have

4.7) log m(r) > expl9=21 {(t — e)}.
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A A
If 8y 2 "1 and g, z "2 denote two consecutive maximum terms of
fz), thenas {Y(n)} forms a nondecreasing function of n, we get, for n; <
n<n, -1, that

() VY — 1) =Y@my —2)=---=Y@n) ==Y,
and

A An
4.9 la, ™" = la, Ir 72 for r= eV (™,

Thus, from (4.7)—(4.9) we get
(4.10) 2, ¥(n) + logla,l = A, ¥(n,) + logla, | > expl?=2) {(£ — e)erV (M},
If B*= Ia,,l” *n logl9=21)\ /e then from (4.10) we get
4.11) B*>eM (")exp[% expl?=21 {(¢ - e)e™¥ (")}] log("'”% .
We note that the minimum value of the function
P(r) = logl?-2! :—;—r”‘ exp[% expl?=21 {(z - e)r"}]

n

is obtained by solving the following equation
q-2

4.12) M =N-e) I expl™! {t- et}
m=1

where the product II is understood to have a value one when q = 2. Let r,
be the value of », for which this minimum is attained. It is easily seen that

(-e)(1-o(1))exp(e(1)) if ¢g=3,4,5,---,
(t—-¢ if g=2.

From (4.11)—(4.13) for 0 <t <o, we get lim inf,_,,B*>t. In the case when
t =0, (4.6) is obvious, while if ¢# = oo, then (4.11)—(4.13) are obtained by re-
placing ¢ by an arbitrary large number #*, which ultimately by making ¢* —
oo, leads to lim inf,_,, B* = . This completes the proof of the theorem.

By combining the corollary to Theorem 4 with Theorem 5, we get the follow-
ing theorem, which in particular generalizes a result of Shah [11].

@13) P> {

THEOREM 6. Let f(z) = 2:=oa,,z’\" be an entire function of S,-order M,
such that

(i) {(Y(n)} forms a nondecreasing function of n, and

(ll) log[q-zlhn ~ ggﬁlq—zlxn"'l as n—
then t = lim inf, . la,|" "logl?=21), /ex.

Now we shall prove our main theorem of this section which is a coefficient
equivalent of (1.6) for all those entire functions for which the principal indices
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{A,} satisfy an asymptotic relation log["'“)\,,s ~ log["‘“)\,,s+ .+ Tt will be
of interest to see if this result holds without this restriction.

THEOREM 7. Let f(z) = E:___oa,,z’\" be an entire function of Sg-order X
and lower S,-type t, for which {\, } denotes the sequence of principal in-

k
dices. If log[""“)\,,k~log["‘2]>\,,k“, as k— oo, then

A
@.13) .= max {lim inf g, | "m logla-2] _"_"_'_-L} .
{ny) | m~= m e\

PROOF. Consider the function g(z) = E:=oankz’\"" where {Rnk} de-
notes the sequence of principal indices of f(z). It is easily seen that g(z) is an
entire function and that f(z) and g(z) have the same maximum term and rank
for every value of r. So, by Lemmas 1 to 3, it follows that f(z) and g(z) have
the same S,-order A and lower S -type t Since {?\nk} denotes the sequence
of principal indices it also follows that {y(n,)} is a nondecreasing function of
k. Thus, from Theorem 6, we get

A
= lim i Ming | ola=2] k=1
4.14) t = lim inf la, | log Y
But from Theorem 4, we have
A, ) 7\,,m_l
(4.15) t> maxdliminf lg, | ™ logla- ’—T .
o} e

Hence, from (4.14) and (4.15), we get (4.13) for f(z). This completes the proof
of the theorem.

THEOREM 8. Let f(z) = E:=oa,,z7\” be an entire function of Sq-order A\,
0 <A< ), Sqtype T and lower S -type t; then

(4.16) nR<t<T<Q
where
. ap | MAp=2,_y) lg-2 )‘n
Q = lim sup logle—21 2|
n—»oo dn__l A
a, |N -\, ) A, _
R =liminf|[—2""" """ ogla-2] 2L
n-»o an_l k

and

{exp [lim inf, . (\,— /A) — 1] if ¢=2,
1 if g=3,4,5--".
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For ¢ =2 and A, =n this result is due to Juneja [5].
ProoF. First,let 0 <R < Q <o, then for every € >0 and for suffi-
ciently large n = ny(¢) such that R > e >0, we have

AMAp=Ap_1) -
4.17) R-e<layfa, ,I""n "=V 1ogla=2I0, i1,

Q + > layfa,_,MNPn~ n=1) ogla-21y 1\
Writing (4.17) for m = ngy, ng + 1,- - -, n and multiplying together, we get
Qn =2y 1) log R-¢€) - Z Qo = Ay y) logl?= ”)\'",\"

<2Alog
(4.18) no—1

<log(Q + ¢) - E A = N l)log[""”?\)\l.

Now,if ¢=3,4,5,---, and n(f)=2A,,, if A,_, <t<\,, then

= £ O Ao tegle ) "”T‘-

m=n°
=Mg-1 logle-1] 7\"
+ 3 (]oglq—ll Anot _jogla-11 Mm=2 ),\m :
(4.19) =ng+1

~11 Mot An-1 -1) ¢ -
=), logl?-11 = * f}‘n “n(t)d logla-11 3+ Mgt log!?
°

7\,, Moy 7\n0+1 _ Ao-1
> -, logla-1! 1, ﬂ"‘,log[ o ”+7\ 0 ;
= A, logle=11 2L 1 o),

And, if q = 2, then for all n > ny(e), we have

420) >y 108 L4 Oy = D) + 00

> -\, log -)\-';\;l + A\, (logn + 1-¢€)+0(7,).
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Further,
n
= 3 O hpop gt 112
m=no
11 -
n
@421) > log“’“'%—log“'“‘hf-')km_l
m=no+l

—11 M -
= -\, logl? ”-i- + Ny log!? l])‘"o
An '
+[ " n@ydioge-k
Ano+l

where n(f)=2,_, if A,,_, <t<N\,. Then,if ¢=3,4,5,---

An
I= lq-11L
fx,,oﬁn(t)d logle=11

Wx,1 A
(4.22) = (J;\ + _[[\/.x.n ])n(t)d log(q- 1 ]%

no+ 1

< VA1~ Arg+1 A = VA, _
M2 1o 0 2N T Togl e QA1) )

and for ¢ = 2, we get
AIl
. I= n(?) “N 41)
(4.23) Lnoﬂ p dt<(), "o'“)

From (4.18)—(4.23) we get (4.16) whenever 0 <R < @ <o, In the case when

R =0, (4.16) is obvious. If R = oo, then (4.18)—(4.23) are obtained exactly as
above by replacing R — e by any arbitrary large number R*, which ultimately
leads to ¢ = o, In the case when Q = oo, then (4.16) is obvious. This completes
the proof of Theorem 8.

THEOREM 9. Let f(z) = E:::oa,,zk” be an entire function of Sj-order \
and Sy -type T such that {Y(n)} forms a nondecreasing function of n; then

4.29) {T<Q<eT, if q=2,
T=Q lf ¢I=3,4,5,“'-
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In the case when A\, =n and q =2, Theorem 8 is due to Juneja [5].
PrROOF. If T = oo, then (4.24) is obvious in view of Theorem 3. Let

0 < T <, Then, for every € >0, and for sufficiently large n = ny(e), we
have

A
(4.25) L logla, | < log (T + ¢) - logle =112
" e
Writing
n-1
108 lanl = l°g 'anol - Z O‘m-l-l - )\"Jlll(m)

m=n°
(4.26) > logla, | = (A, =\, W(1 = 1) (by hypothesis)

+ A" - k"o
= log la,,°| Trx__—i\n_-_l log 2

Hence, from (4.25) and (4.26), we get

an

n-1

D W a
l-11M A "o |2
(4.27) log(T +¢€) > log = + A, [logla <} loglan

)|

for all n = ny(e). By taking exponentiation of (4.27), we have

a A(An""no)/"n(hn"kn— l)

AMAp | _%n

(TH+ e)>la,,°| >

Ay

for all n = ny(e). Now, by taking limit superior, we ultimately get

NAp=Ap_1) A
(4.28) T > lim sup logla—2] -e-i- .

n—»co an_ 1

Thus, by combining (4.16) with (4.28), we get (4.24) whenever 0 < T < o, This
completes the proof of the theorem.

REMARK. It is evident from (4.16) that if logl9=21a,_, ~1logl?-21y,
and 0 <R =Q <o, then f{z) is of perfectly S,-regular growth, of Sq-order
A and S,-type Q. However the converse of this need not be true in general as
can be seen from the following example. If f{z) = e2? + ¢ then f2) is of
Sgorder, A=v=2, T=¢t=1 and R=0 while Q=0

5. In this section we shall prove some theorems involving the coefficients
of the entire series and growth numbers. It will be seen that these theorems gen-
eralize the results of Juneja [4] even for g = 2. Further, we shall also prove a
decomposition theorem for entire functions which are of Sq-regular growth but
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not of perfectly S,-regular growth. Such a theorem is not known even for
q=2.
THEOREM 10. Let f(z) = E;‘=oanzh" be an entire function of S -order

A, Sq-growth number u and lower Sq-growth number & such that Y(n) forms
a strictly increasing function of n, then

¢.) u=BQ and & = BR
Where B=X if q=2, B=1if ¢g=3,4,5,-++, and Q and R are de-
fined as in Theorem 8.

This theorem generalizes an earlier result of Juneja [4] which is valid only
when A\, =n and ¢ =2.

PROOF. Since {y(n)} forms a strictly increasing sequence of n, the
A, th term will be the maximum term for |z] =7, if and only if,

(5.2) NP =2, and m@) = la, b

for Y(n — 1) <logr < y(n). Then, for given € >0, and for sufficiently large
n 2 ny(e), we have

(5.3) m—€) <rrogle-2),
and
(5.4 (6 +e)>rMogla-2ly,

for all r satisfying Y(n — 1) <logr < Y(n). Then from (5.3) and (5.4)

km-e< Ia,,/an_ll’\/(h”-x"") logla=21y,,,
(5.5
6+ €) > lan+ l/anl7\/(7\rn+ 1~ log[q-‘&’])\n.

Hence on proceeding to limits, we get
(5.6) ML<BR and & > BQ.

Further, from (1.7) we have logl?—21n() < (u + ) for a sequence of values
r=ry, 1y, r, —> . Hence, (5.2), for n’s corresponding to these values of
r,’s, yields

logld=210, < (u + e < (u + )la,fa,, [N Pnt17),
This gives
¢.7) BR < .
Similarly, it can be shown that
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(5.8) BQ >6.
From (5.6)—(5.8) we get (5.1).

THEOREM 11. Let fz) = Z,_ 04,2 n be an entire function of S -irregular
growth, then t=u=R =0.

For q = 2, this result is due to Srivastava and Singh [12]. Proof of thls
theorem is easy so we omit it.

THEOREM 12. Let f(2) = E;’=°a,,zh" be an entire function of S,-order
A\, S, -growth number & (<), lower Sq-growth number p and Sq-type T,
and lower Sq-type t; then

logla—21a,
59
59 ”<8h£:n-»mf-l:g-t"_ﬂ)\_“

Further, if 0<t<n<T (<), then f(z) can be written in the form f(z) =
£,(2) + hn(z) where gn(z) is of S -order <\ and of Sj-type <n ifof S,
order N, and h,(2) = z_ ,,pz " satisfies the inequality

10‘127\
p+1

(5.10) t=n hm mf

PrOOF. Let 7, be the value at which N() jumps from a value < )\,,t to
a value > )\,,t,,_l. Then

logl?=2IN(r, - 0)

TR lirtr_l. glf ’)t\
10gl9=21NG, + 0) log!?~21N(r, - 0)
<lir£ sup ~ hm inf logla—21 N(r, +0)
logle—21,
<8t e

This proves the first part of the theorem. For proving the second part, let g,(z) =
Za,z *n where X' denote the summation over those n’s for which

(5.11) la,| < (nflog!a= 212, fexy*n/.

Then, gy(z) isof S, -order <A, and S -type <n if g,(2) isof Sj-order A
Define
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0 An
@) = @) =g, = X 0, 2 P
p=0

where a,,p’s satisfy the reverse of the inequality (5.11). If M(r, h,) =
max,, .l (2)l, then
A
-1 lq-1] n
log! =1 1M@, n,)) > 10g!? {la,,_Ir "P}
lq-21 My My 1)\"?
q-2]| 2 ——P i ela-11_2
2 log x log n o) log Y + )\”p logr

forall 7 and p. Let logr, =X+)\"llog[""]7\,,p/e)\, then, if 7, <r<
Tpi1s W get

1og! =1 IM(r, ) > logl? 2 [(X + 27 log mA, ],

€ Xr, . )M ogl?= 2 [(X + ™! log n))\,,p]
lq-2]
log ()\,,p+ . /eN)

From this we get

XA log! ™! )\”p
SO L)1 N M- Lo P
= lm Inf = L
e(X\ + log )¢~ XM im inf & P ifq=2.
P== Tnpia
By choosing

-Allogn if g=3,4,5,---,

X=
(1 -logn)/\ if ¢ =2,

~ we get (5.10). This completes the proof of the theorem.

6. We have seen in Theorem 11 that if flz) is of S -irregular growth then
lower S,-type is zero. In such a case it is natural to seek a constant p o<
v <p<A) for which

. logle=tiMey
6.1) hrrr_l’ inf - =4,

and A, is finite and nonzero. We shall call 4, to be S, -p-type for the entire
function fz) and whenever p = this constant will be called S -»-type. For
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q = 2, this concept is due to Srivastava and Singh [12]. Coefficient equivalent
of (6.1) is as follows:

THEOREM 13. Let f(z) = E:___oa,,zx" be an entire function of Sq-p-t:ype

A,, then

p’

A
D/Anm log[q'zl M 1
[

Ap = max <lim inf |a
]

{n,}{ ™ "'m |

provided the principal indices {)\"s} satisfy the asymptotic relation log[q‘”)\,,: ~
log“""’]?\,,s+1 as s— oo,

We omit the proof of this theorem as it follows on the same lines as the
proof of Theorem 7.

Analogues of Theorems 4 to 6 can also be obtained in terms of 4.
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