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ISOTROPIC IMMERSIONS AND VERONESE MANIFOLDS
BY

T. ITOH (1) AND K. OGIUE (3)

ABSTRACT. An n-dimensional Veronese manifold is defined as a mini-
mal immersion of an n-sphere of curvature n/2(n + 1) into an {n(n + 3)/2 — l}-
dimensional unit sphere. The purpose of this paper is to give some characteriza-
tions of a Veronese manifold in terms of isotropic immersions.

1. Introduction. A Veronese surface may be characterized from a differ-
ential-geometric point of view as a minimal immersion of a 2-dimensional sphere
of curvature 1/3 into a 4-dimensional unit sphere. As a generalization of a
Veronese surface, a Veronese manifold is defined as a minimal immersion of an
n-dimensional sphere of curvature n/2(n + 1) into an {n + n(n + 1)/2 — 1}-
dimensional unit sphere.

The minimal immersions of a sphere into a sphere are completely deter-
mined by doCarmo and Wallach [2], among which a Veronese manifold can be
considered as the simplest one.

On the other hand, O’Neill [5] defined a notion of isotropic immersions.
The purpose of this paper is to provide some characterizations of a Veronese
manifold in terms of isotropic immersions.

2. Preliminaries. A Riemannian manifold of constant curvature is called a
space form. We denote by M™ (c) an m-dimensional space form of constant cur-
vature c.

Let M be an n-dimensional Riemannian manifold isometrically immersed in
M"*P (). Then the second fundamental form o of the immersion is given by
oX, Y) =VXY —V, Y and it satisfies o(X, Y) = o(Y, X).

We choose a local field of orthonormal framese;,***,e,,€,,.,°**s
€n4p in M**P(C) in such a way that, restricted to M, e, * -, e, are tangent
to M. With respect to the frame field of M"*?(2) chosen above, let co!,++~,
W', W't oo P be the field of dual frames. Then the structure
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equations of M"+P(%) are given by (3)

(PN)) do == wj AP, wh+wB =0,
22 dwf =— 2 wi Aw§ + Tt A W8,

Restricting these forms to M, we obtain the structure equations of the im-
mersion:

.3) w* =0,
24 dot=—2 iAo, wl+w]=0,
(2.5 dwli- -2 WA wf+ 9, Q= %Z Rl A .

From (2.1) and (2.3) it follows that 3 w®A w' = 0. Therefore by Cartan’s
lemma, we may write

(2.6) wf =2 hSwl,  h=h

The second fundamental form ¢ and h are related by a(e;, €;) = Zh €y 0T 0 =
Zha W R ® e,. The equation of Gauss is given by

@7 Jr = C(848; — 818,) + Do (ng Hg— h3hS,).

LetR; = ZRik)‘ and p be the Ricci tensor and the scalar curvature of M, re-
spectively. Then they satisfy

(28) R;= (@ —1)C8; + T (5ih — hhE)
(29) p=n(n—1)T+3 hghs — lol?,

where llo |l denotes the length of the second fundamental form so that llol?> =
2 hghg. In particular, if the immersion is minimal, then they satisfy

Q&) = )88, — X hchg kj?
(2.9),, p=n(@— 1)¢— lol?.

Let Ky = 2 (i hﬁl —hih%) (hﬁh‘,’; h;-",hﬁ). Then Ky, is a nonnegative
scalar on M and is a geometric invariant.
If we define A7, by

(3) We use the following convention on the range of indices unless otherwise stated:
4,B,CD =1,c,nn+1,cc,n+tp;ijkil=1+,n08=n+1,°¢°,n+p,
and we agree that repeated indices under a summation sign without indication are summed
over the respective range.
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2 i = dhiy — 3 Higof = 2 Wy + Lhjedf,
then from (2.2), (2.3) and (2.6) we have g, = h‘,?’ki. Let V' be the covariant dif-
ferentiation with respect to the connection in (tangent bundle) & (normal bundle).
Then it follows that V'o = Z h, o ® o/ ® w* @e,.
Let § = n~'Z o(e;, e;) be the mean curvature vector and H = 1§l be the

mean curvature. Then it is known that the second fundamental form of the im-
mersion satisfies a differential equation, that is, we have

LeMMA 2.1 [1]. If M is an n-dimensional submanifold immersed in
M"*P(¢), then

BAlol2 = 1v'0lP + Y hi AR
= IV'olP —Ky — 2 hHih G, + n(@+ H?)loI? —n®CH? + nHAH,
where A denotes the Laplacian.

3. Isotropic submanifolds. For a unit vector X, o(X, X) is called the normal
curvature vector in the direction of X. An isometric immersion is said to be iso-
tropic if every normal curvature vector has the same length at each point, that is,
the length of the normal curvature vector depends only on the point. In particular,
if the length of the normal curvature vector is equal to A (a function on the sub-
manifold), then the immersion is said to be A-isotropic. The following two lemmas
are due to B. O’Neill [5].

LeEMMA 3.1. An isometric immersion is isotropic if and only if {o(X, X),
o(X, Y)) =0 for all orthogonal vectors X and Y.

LEMMA 3.2. A M\-isotropic immersion satisfies
() <o(X, X), o(Y, Y)Y+ 2llo(X, Y)I? =22,
(i) (X, X), o(U, M)+ 24o(X, V), o(X, V)}= 0,
(iii) {o(X, Y), o(U, V)) + (o(X, U), o(¥, V))+ (a(X, V), a(Y, U))= 0, for
orthonormal vectors X, Y, U, V.

4. Isotropic minimal submanifolds. In this section we consider isotropic
minimal submanifolds immersed in a space form and give a characterization of a
Veronese manifold.

If M is an n-dimensional A-isotropic minimal submanifold, then it follows
easily from Lemma 3.2(i), (ii) that

@y 2 hghi; = %o + 202,

This, combined with (2.8),,, implies the following:
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ProPOSITION 4.1. Let M be an n-dimensional \-isotropic minimal submani-
fold immersed in M"*P(Z). If n = 3, then M is Einstein

Ry ={(n—1)T =% + 2)\?}5,)
so that \ is constant.

We shall prove several lemmas.

LemMA 4.1. If M is an n-dimensional isotropic minimal submanifold im-
mersed in M"*P(2), then

Ky = —_,_-2- lol® + 3 hahﬁh;,hg,.
ProoF. From (4.1) we have
@2 lol? = 3" hgh = ¥%n(n + 2\%.
The definition of Ky, together with (4.1) and (4.2), yields
43 Ky =2n"Vlol® — 23 n§hG n%hE.
On the other hand, Lemma 3.1 and Lemma 3.2 imply

> nEhe =22, Z hghs =0, 2 hghs + 23 KShG =0,
a

a

D) Z HhS + 22 hghg = N3,

PR +Zh +Zh,,,,,—
a

where i, j, k, I are distinct. Therefore we can see that

1
Zh?khglhf -2 > < ) hhi h%t"ﬁz)
i,j,k,01#
4.5) Z <Z h“h{’,h,,h,,) + Z(Z h“h%f;hﬁ)
l] 1# i#j a,
(3 4.
+ 2§<§h,,hﬂhghg +n\%;

L hGhhg = X <Z i >+ 32 (E ik >

i), k0% \a,8 ik,0# \ a,p
(4.6)
+ 22(2 hahghghg +Y Z hghﬁh;‘;h}; + n\%,
i#j\a,p i#j \a, B

where Zi'i' k1= denotes the summation over distinct 4, j, k, L It follows from
(4.2) and (4.6) that
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4
Ky =2101* + 3 ngnghind; — ngi—"i"?)

2llol| .
+ 2nghyneh,.  QED.

LeMMA 4.2. Let M be an n-dimensional isotropic minimal submanifold im-
mersed in M**P(¢). Then

2n
Ky= (}1"'2)———(_——) ol

The equality holds if and only if M is a space form.
Proor. From (4.1), -+ -+, (4.5), we have

2 8llgl*
K, = Zlolt —81al_ 4+ 37 <Zh“‘h°‘h 16 )
n n+ 2% kit \ap o

+3Y <Z hghS: h ) 2y <2 h;’;hghghg>

iLj, k¥ \ o, 8 t*]
-at 5[z h::h::>+ sz (£ i)
i#j \a i#j \a,p
gn +4), 14 _ 8lol* 8
T 5 ! wt 65 az‘:g hghEHERE
2
_ 2nllgl* ara _ >\2 3n3 4
+
T+ 2)2 6‘2 § ki 20— 2 —1) A

2nlol?

PEEDE=1)
The equality holds if and only if
> Hghgiky = 0, Thii =
a,p
@n
ha hOt = ___)L
Z 2m—1)
holds for distinct i, j, k, 1.
If (4.7) holds, then from (2.7), (4.4) and (4.7) it follows that

~ + 2)A2
e (= G325 oy~

so that M is a space form. Q.E.D.
We are now in a position to prove the following:
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THEOREM 4.1. Let M be an n-dimensional \-isotropic minimal submanifold
immersed in M**P(2), > 0. If

() n=3,

(i) A>0,

(i) Ky <@+ D)lol? + 2/(n + 2)lo 14,

(iv) the immersion is full,
then M is a space form of constant curvature nc/2(n + 1) and p = n(n + 1)/2 —1
so that M is immersed as a Veronese manifold.

ProoF. It follows from Lemma 2.1, Proposition 4.1 and Lemma 4.1 that

2
Iv'ol? = 2K, — —=lol* —nZlol?
(4.8) N npn+2

2 ~
=Ky — 2510l + Ky — 2ol — —2j 014,
On the other hand, assumption (iii) and Lemma 4.2 imply that K, <

(n?¢/(n + D)lolP. This, together with (4.8) and assumption (iii), yields V'c = 0
and

2~ ~
= hc 2 . _he 2 _2 4
Ky n+l"°” =T 1IIaIl +n+2lloll .
Hence
2 _nn—1)(r+2) ., _nr—1Dr+2) .2
lol? = Wm+D ° and Ky 2+ 17 ¢
so that

- 2n .

Therefore it follows from Lemma 4.2 that M is a space form. This, combined with
assumption (iv), Theorem in [3] and Theorem 1 in [4], completes the proof. Q.E.D.

5. Isotropic immersion of a space form into a space form. In this section we
consider an n-dimensional space form M"(c) immersed in M**P(2). The following
lemma is due to O’Neill [5].

LeMMA 5.1. If M"(c) is a Misotropic submanifold immersed in M"+P(?),
then

Q) 3leX, V)I2 +¢c—T =22,

) 2(c =) +A? =300(X, X), 0(Y, Y,

3) WX Y), 0(Z U).= 0(X, X), 0(Y, Z)) = (0(X, Y), 0o(X, Z)) = 0,
for orthonormal X, Y, Z, U. Moreover if —((n + 2)[2(n — D2 < ¢ —T < A2,
then p = n(n + 1)/2.
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From Lemma 5.1 we have

T k=02, 3L MG +c—T=22,
@ a

G 2e =)+ N =33 1S,
[¢]}

i =3tk = i =

a a

where all indices are distinct. It follows from (4.5), (4.6) and (5.1) that

(52 H =@n)" Y@+ 2\ +2(n— 1) — D)},

G3) lol? =n2H? —n(n — 1)(c — ?),

54 Ky = (2n/9){(n + 222 — (n — 1)(c — D) —2n/9)(n — 1)(A\2 —c +T)?
@9 - DO —c + D)2 + 20 — 27) —2m\8,

65 T hghihEns, = (2n/9)(n — D(A? — ¢ + T)?

+ @/9)(m —1)(A? + 2c — 20) + mA\*.
The following is easily seen.

PROPOSITION 5.1. If M"(c) is an isotropic submanifold immersed in
M"™tP(2), then M™(c) is a pseudo-umbilical submanifold in M™*P (7).

Finally we prove the following.

THEOREM 5.1. Let M"(c) be an n-dimensional compact oriented space form,
which is isotropically immersed in M**P(T). If

() O<H?®<Q2(mn + )/n)c—7,

(i) the immersion is full and p > 1,
then H2 = 2(n + 1)/n)c — T and p = n(n + 1)/2. Moreover M"(c) is immersed
as a Veronese manifold in some totally umbilical hypersurface of M"*+P(¢).

ProoF. Since H > 0 on M"(c), in view of Proposition 5.1, we can choose
€41 =H15 so that

(1)) hytt = Hoy.

Lets = Eﬁ>n+1h§hg = lol? —nH? = n(n — 1)(H?> —c + 7). Then, using
(5.6), we get
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YAs = BAlgl?2 — nlldHI? — nHAH

(%) = Iv'ol® + 2 hiAKG — nldHI? — nHAH
ZhaAha + Z+l(htlk)2 — nHAH + Z (h:;;cn 2
>n

On the other hand, using Lemma 2. 1 (5.4) and (5.5), we have

T hSARS = nHAH + n(Z + H*)lol —n*TH? — n?H*

(58)
-Q9)n - Dn+ D@ +2)(\2 —c + )2
Since
3
so N -e-= 50 - A Rl g s y e

it follows from (5.7) and (5.8) that

whs= 3 (h,,k)2+n(’c”+H’)s——ZML + 2 (')

>n+1 (” + 2)(’1 i*j
2n +1
= E (h )2 {_L) -7 ._H2} + hn+l
B>n+1 ik n + 2 n x§]( ik

Since M™(c) is compact, oriented and (2(n + 1)/n)c — ¢ — H? > 0, we have
(5.10) he=0 for>n+1 and AJ¥'=0fori#j

and
s=0 or 2 =Q(n+ D/n)c—7.

If s = 0, then M"(c) is totally umbilical, so that p =1, which contradicts the as-
sumption. Hence H? = (2(n + 1)/n)c — T, which implies that o I> and s are
constant. Since H > 0and s > 0, (5.2) and (5.9) imply —((n + 2)/2(n — ))A\? <
¢ —T <2 so that p > n(n + 1)/2. Moreover it follows from (5.7) and (5.10) that
z h}’}Ah?} = 0 which, together with Lemma 2.1, implies that V'o = 0. Therefore, by
Theorem in [3],p = n(n + 1)/2.

Furthermore it follows easily from V'o = O that the mean curvature vector
b is parallel. This combined with Proposition 5.1, implies that M"(c) is immersed
in some totally umbilical hypersurface of M"*P (%) as a minimal submanifold and
hence must be a Veronese manifold. Q.E.D.
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