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ABSTRACT. Let F be a local field of characteristic zero and G a connected
algebraic group defined over F. Let G be the locally compact group of F-rational
points. One characterizes the group B(G) of g € G whose conjugacy class is rela-
tively compact. For instance, if G is F-split or reductive without anisotropic fac-
tors then B(G) is the center of G. If H is a closed subgroup of G such that G/H
has finite volume, then the centralizer of H in G is contained in B(G). If, more-
over, H is the centralizer of some x € G then G/H is compact.

1. Introduction. For a locally compact group G, Tits [12] has described
the subgroup B(G) of all elements in G which have precompact conjugacy classes
by introducing the concept of automorphism of bounded displacement (a.b.d.).
An automorphism a of G is an a.b.d. if the set {a(g)g™!|g € G} has compact
closure. It is easy to see that x € B(G) if and only if the inner automorphism
a, of G induced by x is an a.b.d.

Let F be a locally compact nondiscrete field of characteristic zero, G an al-
gebraic group defined over F and G the F-rational subgroup of G. Thus the group
G is canonically equipped with a topology of a locally compact group. For an
automorphism a of G defined over F, we say that « is an a.b. d. if the restriction
o, isan a.b.d. of G. In §2 we study the a.b.d of G in the spirit of Tits and
obtain a structure theorem for B(G). The main results are the following:

2.1. THEOREM. Let G be a connected algebraic group defined over F, G
its F-rational subgroup, o an automorphism of G defined over F and N the unipo-
tent radical of G.

() If ais an a.b.d. of G, then for any unipotent element n of G, a(n) =n
and for any torus T of G defined and split over F, at) =t forall t € T.
(i) If for any n € N, a(n) = n and if for any torus T of G defined and split
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over F,o(t)=t forall t €T, then ais an a.b.d. (Here N and T are the F-rational
points of N and T respectively.)

2.2. CorOLLARY. Let G and G be as in 2.1. Then
B(G) = n{ZG (T)IT is a torus of G defined and split over F} N Z;(N)

where Z(T) (resp. Zg(N)) denotes the centralizer of T (resp. N) in G, in particu-
lar, B(G) is closed.

2.3. CorROLLARY. Let G and G be as in 2.1. If G is reductive, then B(G) =
N {P|P is a minimal parabolic F-subgroup of G}.

2.4. THEOREM. Let G and G be as in 2.1. Suppose (i) that G is F-split or
(ii) that G is reductive with no F-anisotropic simple factors. Then there is no non-
trivial a. b.d. In particular, B(G) equals the center Z(G) of G.

In §2, we also prove that complex analytic linear groups or simply connected
complex analytic groups have no nontrivial complex analytic a.b.d. and so for
such groups, B(G) = Z(G) (see 2.8).

2.1 and 2.2 are the analogue of Tits’ results for real analytic groups while 2.3 is
another characterization of B(G) for reductive linear groups. 2.4 and the result for
complex analytic groups are analogous to various results of Tits [12] and Green-
leaf-Moskowitz-Rothschild [4].

Using techniques suggested in [4] and [10] we prove in §3 results for alge-
braic groups similar to those for semisimple analytic groups [10] and connected
locally compact groups [4]. The main theorem is

3.1. THEOREM. Let G and G be as in 2.1, then any finite central measure
on G is supported on B(G).

A closed subgroup H of a locally compact group G is called a generalized
uniform subgroup of G if the homogeneous space G/H of left cosets admits a finite
invariant measure. In §4 we prove results on the centralizer Z;(H) of H in G and
a compactness condition of G/H for linear groups all of which have an analogue
[4], [5] for connected Lie groups.

4.1. THEOREM. Let G, G be as in 2.1 and H a generalized uniform sub-
group of G. Then Z;(H) C B(G).

4.2. CorROLLARY. Let G, G and H be as in 4.1. Then the commutator
subgroup of Z;(H) has compact closure.

In [11] an example of a totally disconnected group G such that the com-
mutator subgroup of Z;(H) does not have compact closure is given. In the case
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that F'is a p-adic field, 4.2 proves the result for a class of totally disconnected groups.
As an analogue of Borel’s density theorem [1], we prove

4.3. COROLLARY. Let G, G and H be as in 4.1. Suppose that B(G) =
Z(G), then Z;(H) = Z(G). In particular, this is the case when G is F-split or
when G is reductive with no F-anisotropic simple factors.

4.4. THEOREM. Let G, G and H be as in 4.1. Suppose that H is the cen-
tralizer of some element x € G, then G/H is compact.

When F = R, 4.4 is a particular case of a theorem of Mostow [9, Theorem
7.1] and when F is p-adic, 44 is the analogue of Tamagawa’s result [13, The-
orem 1].

Finally, I would like to express my gratitude and appreciation to Professors
H. Jacquet and M. Moskowitz who gave much encouragement and generous help
throughout the writing of this paper.

2. The structure of B(G). Throughout this paper, F denotes a locally com-
pact nondiscrete field of characteristic zero, i.e. F is either the field R of real num-
bers, the field C of complex numbers or a p-adic field (i.e. a finite extension of
the field Q,). By an F-group we mean an algebraic subgroup G of GL(n) defined
over F where GL(n) denotes the group of n x n invertible matrices over an alge-
braically closed extension of the field F. By the unipotent radical of G we mean
the maximal (Zariski) connected normal unipotent subgroup N of G. It is well
known that N is defined and split (triangularizable) over F. By an F-split torus in
G we mean an algebraic subgroup T of G defined and diagonalizable over F. An
F-group G is said to be F-split or split over F if G has a maximal torus which is
F-split. We denote by G (resp. N, T) the subgroup of all F-rational points in G
(resp. N, T); in other words G = G N GL(n, F). It is known that G is Zariski-
dense in G. By a Borel subgroup of G we mean a maximal solvable connected sub-
group L of G. Any closed subgroup of G which contains a Borel subgroup is
called a parabolic subgroup. For the general theory of algebraic groups, the reader
is referred to [2] and [3]. Recall that an automorphism o of G defined over F
is an a.b.d. of G if the restriction o of Gisan a.b.d. of G, i.e. {a(e)g~ 1g€G}
has compact closure. An element x € G is bounded if the inner automorphism
a, of G is an a.b.d. and B(G) is the set of bounded elements.

§2 concerns itself with the proof of results stated in 2.1, 2.2, 2.3 and 2.4.

We begin our proof with the following lemma:

2.5. LEMMA. Suppose X, Y € M(n, F) are nilpotent matrices such that the
set {(exp tX) (exp — tY) |t € F} has compact closure. Then X =Y.
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PrRoOF. Since X and Y are nilpotent, P(¢) = (exp tX) (exp — tY) is a poly-
nomial in ¢ with coefficients in M(n, F). In other words each entry Py(t) of P(r)
is a polynomial in ¢ with coefficients in F. That the set {P(¢)|¢ € F} has com-
pact closure is equivalent to that each set {|P;(#)||¢ € F} is bounded. Hence each
P,(¢) is a constant and P(¢) is a constant matrix. Thus dP/dt = 0 and in particular

d
0=d_tP(t)|‘=° =-Y+ X

This proves the lemma.

We recall some facts about a torus. The group of all characters of a torus T
defined and split over F is the set of all group homomorphisms ¢ : T — GL(1).
Since T is F-split, all the characters of T are defined over F. Now T is isomorphic
to GL(1)" for some natural number 7, so we may write for each t € T, ¢t =
@y, -..,a,),a; € GL(1) and take the F-rational points T of T to be GL(1, F)".
The mappings o; : T — GL(1) defined by 0,(f) =a;,t€T,i=1,...,r, forma
basis for the group of characters of T. Therefore for each character ¥ of T,

v =11 o@m® = LI, 0

i=1
for some integers m(i).

We claim that if the set {Y(#)| ¢t € T} is bounded (with respect to the topol-
ogy of F), then Y(¢) = 1 for all t € T. Indeed, foreachi=1,...,r,lett=
(..., 1,a,1,...,1),a €FX, then we have y(r) = a*® and {&"la; EF*}
bounded. Therefore, for eachi=1,...,r, m(@) = 0 or equivalently ¢ = 1.

PROOF OF 2.1. Let T be the collection of all F-split tori T in G. If a is an
F-rational a.b.d. of G and T € T, then o(T) is again an F-split torus. Let
{vy» ..., v,} be a basis of F* consisting of simultaneous eigenvectors of a(T)
and w = Z]_, b,v; be a simultaneous eigenvector of T. We have for each s € o(T),
s@;) = Y, (), i =1,...,n,and for each t € T, t(w) = ¢(f)w where each ¥;,
i=1,...,n (tesp. ¢) is a character of a(T) (resp. T).

Since « is an a.b.d., the set

) {a)t ' tE T}

has compact closure and hence so does the set {a(f)t~!(w)| ¢ € T} of transforms
of w by elements of (1). Now for any ¢ € T, we have

o)t~ 1 (w) = ot~ V() ( Zb,-v,-) = Eb,-¢(t“)gb,.(a(t))u,.

Denote by ¢~ ! the map defined by ¢~ 1(f) = ¢(z~1). It is easy to see that for
eachi=1,...,n,¢"1-(¥;°0) is a character of T and that for b, # 0,
¢~! «(Y;o)is bounded on T. Hence for b; # 0, we have o1, Wca) =1 or
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#(t) = ¥;(a(?)) for all £ € T. Hence for all ¢ € T, we have
1) = )W = 2 bY@y, = Lb,o(t) (o) = ofr) (W),

Since w is an arbitrary eigenvector for ¢ and both ¢ and o(z) are semisimple, we
have a(t) = ¢t forall t € T.

Now we show that for any unipotent element g € G, a(g) = g (It follows
from this that « is trivial on N since « is defined over F and N is Zariski-dense in
N.) Let da be the differential of & and X be the nilpotent matrix in M(n, F)
such that exp X =g Then da(X) is again nilpotent. Since « is an a.b.d., the set

{a(exp tX) (exp tX)~ 1| t € F} = {(exp t da(X)) (exp — tX)| t € F}

has compact closure. So by 2.5, we have da(X) = X. Hence a(exp X) =
exp do(X) = exp X or a(g) = g Thus (i) is proved.

To prove (i) we show first that for any TE T,g € G, [a(g)g™ !, t] =1 for
all t € T. Since g~ !Tg is again a torus defined and split over F, we have, for all
teT,

g g = a(g™ 1) = a(g) ™ ttalg).

And so [a(g)g™ !, ] = 1.

Now let G=D-N and G = D+ N where D is a Levi F-subgroup of G. Let
P be a minimal parabolic subgroup of D and M be a Levi F-subgroup of P. Then
there exists a maximal F-split torus S in M such that M = Z,(S) and M/S is com-
pact (see [3, Corollary 4.16 and Proposition 9.3]). Hence there is a compact set
Cin M such that M = CS. By a theorem of Bruhat and Tits (see, for example,
[71), we have D = KMK where K is a compact subgroup of D. Hence G = KCSKN
and for any g in G, we have g = kesk'n where k, X' €K, c € C, s €S and n EN.
So

a(®)g™! = a(k)a(c) a(s)(kYe(m)n~ k'~ 1s~ e~ 1k
= a(k)a(c)sak k' ~ts~ e~ 1!
= akck") (kek)™ 1,
because a(n) = n and [a(k')k'~!, s] = 1. Hence the set {a(g)g~ | g € G} has
compact closure and the proof of 2.1 is complete.

REMARK. In the above proof, we note that the compactness of K and C
in fact implies that the set {a(g)g™ | g € G} is compact and hence closed. In
particular, if x € B(G), then the conjugacy class ', of x in G is closed. (In gen-
eral, for any x € G, T, is locally closed, but need not be closed.)

Let us prove 2.2:

Recall that x € B(G) <= a, is an a.b.d. of G. It follows from 2.1 that
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BG) = N Z5(1) N Zg(V).
TET

As Z;(N) and Z5(T), T € T, are defined over F, so is the subgroup
B= ) Zg(T) N Zg(N)
TET

and B(G) is exactly the F-rational points of B; in particular B(G) is closed. Thus
we have proved 2.2.
Proor of 2.3. Since G is reductive and

B(G) =N{Z,T)ITE T}=N{Zgz(D)IT is a maximal F-split torus},
it suffices to show that
N {Z5(T)IT is a maximal F-split torus} = M {PIP is a minimal parabolic F-subgroup}.

Now for any maximal F-split torus T of G, there exist two opposite minimal para-
bolic F-subgroups P and P’ of G such that Zg(T) =P NP and Zo(T) =PN P.
So N Zs(T) > N P. On the other hand for any minimal parabolic F-subgroup

P of G, there exists a maximal F-split torus T of G in P such that Z5(T) is a Levi
subgroup of P. Hence nZG(T) C N P and the proof of 2.3 is complete.

2.6. COROLLARY. Let G be a connected F-group and B be as above. Then
B is a normal F-subgroup of G with its unipotent radical central and every F-split
torus of B is central in B. If G is reductive, then B is also reductive and quasi
F-anisotropic (i. e. any F-split torus of B is central in B. See [3].).

Proor. Since B(G) is normal in G and since G is Zariski-dense in G, B is
normal in G. The unipotent radical U of B is a normal subgroup of G contained
in N and hence [U, B] = 1. The rest of the corollary is obvious.

REMARK. When B is reductive, B(G) is compactly generated [3, Theorem
13.4]. When B is not reductive, then in the case where F is a p-adic field, B(G)
is not compactly generated since F and hence the rational points U of U are not
compactly generated; while in the case where F = R or C, B(G) is compactly gen-
erated since in this case both the rational points of a Levi subgroup of B(G) and
U are compactly generated. In fact, B(G) is compactly generated for any con-
nected locally compact group G [5, Proposition 2]. Though B(G) is not neces-
sarily compactly generated for algebraic groups G, it is always an [FD]~ group
as shown in the following corollary. (A locally compact group G is an [FD]~
group if the commutator subgroup G’ of G has compact closure.)

2.7. COROLLARY. Let G be a connected F-group. Then B(G) is an [FD]~
group.
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PROOF. Let B be as above and let B =M. U and B(G) = M- U where M
is a Levi F-subgroup of B and U its unipotent radical. By 2.6, U is central in
B(G) and hence B(G) = M'. Thus it suffices to show M € [FD]~. To see this,
we observe first that M is compactly generated [3, Theorem 13.4]. Asa closed
subgroup of B(G), M is an [FC]~ group. Therefore by a result of Grosser and
Moskowitz [6, Theorem 3.20] that the class of compactly generated [FC]~
groups coincides with the class of [FD]~ groups, we have M an [FD]~ group
and this completes the proof of 2.7.

PROOF OF 2.4. Let a be an a.b.d of G. First we prove the case when G
is F-split. Let T be an F-split maximal torus of G and L be a Borel subgroup of
G that contains T. If we prove that a(g) = g for all g € L, then by a result of
Borel [2, Corollary 11.4, p. 263], we shall have o(g) = g for all g € G.

Now L=T-L, where L, is the subgroup of unipotent elements of L [2, p.
244]. By 2.1, we have a(g) = g for all g € T and for all unipotent elements
g € G and in particular for all g € L,,. Since a is defined over F and L, is Zar-
iski-dense in L,,, it follows that a(g) = g for all g € L,,. Thus a(g) = g for all
g €L and «a is the identity mapping of G.

Now we prove the case when G is reductive with no F-anisotropic simple
factors. Let H be the subgroup of G generated by the unipotent elements of G
and the elements of (N {T|T € T} and H be the Zariski-closure of H in G. Then
H is a closed F-subgroup of G [2, Proposition 1.3] and a = id on H. 1t is obvi-
ous that H contains every maximal connected F-triangularizable subgroup of G.
Hence (G/H )r is compact [3, Proposition 9.3]. But G is reductive with no aniso-
tropic simple factors, thus G = H and the result follows.

ExampLES. For a connected F-split group G, we know by 2.4 that there
are no nontrivial F-rational a.b.d. of G, but G, may admit nontrivial non-F-ration-
al a.b.d. For example, take G = G = Cx, then G is a (Zariski) connected alge-
braic group defined and split over C. The map a: G — C* defined by a(z) = z
for all z € G is obviously an a.b.d.; but a is not defined over C. However if we
regard C* as an algebraic group over R, then a is R-rational and is an a.b.d. of
C*. (Here G is not R-split.)

We note that Lemma 2.5 or rather its proof has another interesting corollary
in the case of complex analytic groups, namely:

2.8. PROPOSITION. Suppose that either

() G is a complex analytic linear group, or

(i) G is a simply connected complex analytic group.
Then any complex analytic a. b.d. of G is trivial. In particular, since inner auto-
morphisms are complex analytic, B(G) = Z(G).
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2.8 is a special case of [4, Theorems 10.5 and 10.6] where the following is
proven: If G is a complex analytic group with a faithful finite-dimensional real
analytic linear representation, then G has no nontrivial complex analytic a.b.d.
However, the present result is proven by considerably simpler means. We note
that if a complex analytic group is neither linear nor simply connected, then the
conclusion fails. For example, let H be the Heisenberg group

1 X z
{[0 1 y
0 O 1

For simplicity, we denote by (x, , z) a typical element of H. It is easy to see
that Z(H) = {(0, 0,2) |z € C}. Let I'={(0, 0, k + im) |k, m € Z} be a discrete
central subgroup of Hand G = H/T'. Simple computation shows that the commu-
tator subgroup [H, H] = Z(H). Hence [G, G] = Z(H)/T" is compact, and so G is
an [FD]~ group. In particular G is an [FC]~ group and B(G) = G. Therefore
any inner automorphism of G is an a.b.d. The present proof of (i) and (ii) re-
quires a to be a complex analytic automorphism as does [4, Theorem 10.6]. Sim-
ple examples show that the result fails for real analytic automorphisms of a com-
plex analytic group. However, in the case of [4, Theorem 10.5] it is sufficient to
consider only real analytic automorphisms. '

PrOOF OF 2.8. Let G be a complex analytic group and & be its Lie algebra.
Let a be a complex analytic a.b.d. of G and da be its differential. Since G is
generated by a canonical neighborhood ¥ of 1 in G and « is a homomorphism, it
suffices to show that a(g) =g forallg € V. \

Now for each g € V, there exists an x € ® such that exp x =g. Fort €C,
let

x,y,zEC}.

B(t) = a(exp tx) (exp tx)~! = (exp ¢ da(x)) (exp — £x).

Since a is an a.b.d., {8(¢) |t € C} has compact closure.

If G is linear, then each (i, )th entry §,,(¢) of (¢) is a bounded complex
analytic function on the entire plane. Hence by Liouville’s theorem Bii is a con-
stant. Since f(0) = J, it follows that f(¢) = (8;(¢)) = I for all # € C. Hence for
t=1,0(8) =g

Now let G be simply connected. Consider the adjoint representation Ad: G
— GL(®). The set {Ad(B(#)) |z € C} again has compact closure. So, as in the
linear case, each Ad(3(?));; is a constant and Ad(B(¢)) = [ for all # € C. Hence
{8(¢) It € C} C Z(G) and it is easy to see that {f(z)} is a subgroup of the con-
nected component Z(G), of Z(G). Since G is simply connected, Z(G), contains
no nontrivial compact subgroup [8]. Therefore 3(f) = 1 for all ¢ € C and in par-
ticular a(g) = g&.
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3. Layerings of G. We use the notations of §2. Let I1(G) denote the group
of inner automorphisms of G.

Recall that a measure u on a locally compact group G is said to be central
if u is I(G)-invariant, i.e., if u(a,A) = u(A4) for all a, € 1(G) and all Borel sets
A in G. The main object of this section is to prove 3.1 that any finite central
measure of G is supported on B(G). First we need the following technical result.

3.2. THEOREM. Let G be a connected F-group and G the subgroup of F-
rational elements of G. Then there exists a layering of G terminating at B(G),
i.e., a finite collection of closed 1(G)-invariant subsets G = Xy D X; D **+ D
X,,, = B(G) such that for each x GXi =Xip1,J = 0,1,...,m—1, there exists
a relative neighborhood V of x in X, with infinitely many pairwise disjoint con-

Jjugates.

It is easy to see that by means of simple inductive arguments 3.1 follows
from 3.2 immediately.

For detailed discussions of ‘layerings’ one may refer to [4]. The proof of
3.2 here differs from those of [4] and [10] for semisimple analytic groups and
connected locally compact groups mainly in the case when F is a p-adic field. We
show first that there exist layerings of G terminating at Z;(V) and at n Zg(T)
(T € T) respectively. Then by means of the following Lemma 3.3 adapted from
[4] and the structure of B(G) (see 2.2), we obtain a layering of G terminating

at B(G).

3.3. LEMMA [4, Lemma 2.2]. Let C, D be two closed 1(G)-invariant sub-
sets of a locally compact group G such that there are layerings G = Xy D *** D
X, =Cand G=Y,D +++ DY, =D. Then there exists a layering of G that
terminates with C N D.

34. LEMMA. Let F” be equipped with the topology induced by the norm
of F. Then for each x # 0 € F’, there exist an open neighborhood E of x in
F' and a sequence of natural numbers k, < k, < *** such that 8(})E are pairwise
disjoint where we set 8(i) = pk" with p > 1 any natural number if F = R or C
and 6() =1 /pk' with p equal to the characteristic of the residue field if F is non-
euclidean.

ProoF. We denote by |x| the norm of x € F". Let x # 0 € F”, then
[x] # 0. Let d be a real number such that 0<d<|x|. Theset E={x +y|yEF,
|l¥| <d} is obviously an open neighborhood of x. Now for any x + y € E, we
have

O0<x|-d<[|x|-pI<Ix+yI<Ix]+ IyI<I|x|+d
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Let k, be the smallest natural number such that
lx] +d <p*1(Ix| - d)

where p is the characteristic of the residue field if F is noneuclidean and p > 1
is any natural number if F = R or C.
For i 2> 2, we define k; to be the smallest natural number such that

P i=1(1x| + d) < p*i(Ix| - d).
Thus the 8§(7)E’s are pairwise disjoint since

sup 16¢G — 1)z| = 18G = 1)l sup lz] < p¥i-1(Ix| + d)
zZEE z€FE
< phi(x| - d) < 18()| inf Izl = inf 15()zl.
z€E z€EFE

3.5. ProrosITION. Let G be a connected F-group and N be its unipotent
radical. Then there exists a layering G = Xq O X; D *** D X,, = Zs(N) of
closed normal subgroups of G such that for each x € X; — X, ,, there exists a
relative neighborhood V of x in Xl such that V has countably many disjoint con-
jugates.

PROOF. Let N=N% D N1 D +++ D N™ = {1} be the central descending se-
quence of N. Then for each j, N/ is a closed normal subgroup of G and NiNT*+1
is topological isomorphic to F" for some natural number r. For eachj =0, ...,m,
define

X;={x€GI[Nx] CN}

Then we have that G = X, D X; D *** D X,, = Z;(N) and that X; OM,j=
0,....m Aseach X;/N is the centralizer of N/N/ in G/N/, so each X;/N' is a
closed normal subgroup of G/N’ and hence each X; is a closed normal subgroup
of G.

We show that the subgroups X; provide the desired layering of G. For
j=0,.. - 1,letx € X; - X;,,;since [N, x] is contained in N7 but not in
NItY there is an element u E N such that [u, x] € N/ = N'*1, As the map-
ping y +— [ y] from X; to N/ is continuous, it follows that there exists a com-
pact relative nelghborhood V of x in X; such that [4, y] € N/ = NI*1 for all
yE V since X, , is closed, we may suppose further that ¥V C X, — f Xt

~:G — G/N"*! be the natural projection and 7: X; — (V "~
be the continuous mapping defined by n(v~) =[u~, y~],¥ € X Since (N’)"'
is topological isomorphic to F” for some natural number r and n(x“’) #F1~
have, by 3.4, an open set E containing n(x~) in (V') and a sequence of natural
numbers k, < k, < +** such that E>( are pairwise disjoint, where 8(i) = p*/ if
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F=RorCand §@i)= 1/p%i otherwise. Shrink V' if necessary, so that n(V"~) C E.
Let W= W)~ N V~V~~! and W*% = {w” |w € W} (note here that W
is a symmetric neighborhood of 1~ in (V)~). Then we have

(1) for large i (i > i, say), (V™Y D . W* pairwise disjoint.

Indeed, since |1/(26())| — 0 as i — oo, W is compact and n(V"™) is a compact set
contained in the open set E, there exists an iy such that for all i > i,
(V™). w28@) C E Hence for all i > i,

VYD wh = vy . WHESOPO ¢ g56
are pairwise disjoint.

We claim that for i 2 i, wb Dyy=2W) are pairwise disjoint. We observe
first that every element in V has a unique ith root since exp,y is a bijection. Now
for any y € ¥, since [u, y] € N/*!, it is obvious that for any natural number i,
both [«, ¥]* and [u, y] '/ are not in M'*1; in other words, both n(y~)' and
n(~)'/* are distinct from 1~.

Next we prove that forally € V,i=1,2,..., we have

Q?) u~1/iy~u~—l/i = n(y~)l/i ~,
@) u™yun =)y
Consider any u,, u, ENandy € V, [u,, y] € N/ implies that [u,, [u,,¥]] €
N1 Hence [uy,y~1uy = u5 [uT, y~]. Therefore for any y € V and i, k =
1 2 2 1y
1,2,..., we have
[u~k/i’ y~] [u~l/i’ y~] - u~l/i(u~k/lty~u~—k/t:y~—l)(y~u~—I/iy~_1)

3
© = DN, ],

Applying (3) i — 1 times to the product [u~!/ y~1¢, we have [u~1/} y~]i =
[v~, y~] = n(»™), or equivalently, [u~'/, y~] = n(»~)!/{. Hence (2) follows.
Similarly applying (3) i — 1 times to the product [u~, y~]¢, we obtain (2").

Now suppose that there were k > i = i, such that u® D Vu—40) N
ub®)py~3() + &, Then there would be y,, ¥, in ¥ such that u®@y u=80 =
ub®y,u=5(¥) Hence by (2) and (2'), we would have

07Oy = 005 Py
or
107 Onp3) 2 ® =3yt e W) Nyl =

Thus there would be w;, w, € W* such that

107’ Owy = 05w,
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This contradicts (1). Hence the claim is proved and the proof of 3.5 is complete.

3.6. LEMMA. Let T be an F-split torus and , # y, be two characters of
T. Then there exists a to € T such that the norm |, (t,)¥,(tg) 1 | # 1.

PROOF. As mentioned in §2, we may assume that T = GL(1)", T =
GL(1, F)" for some natural number 7 and y(f) = Ma*“/) where t = (a,, ..., )
€T,i=1,2,and m(, j) are some suitable integers. Since ¥, # ¥,, there exists
aj, 1 <j <y, such that m(1, j) # m(2, j).

Letty=(1,...,1,8,1,...,1) witha; € F* such that lg;| # 1. Then
obviously wl(to)l,bz(to) 1= a}"(l'i)"”(”) has norm different from 1.

3.7. PrROPOSITION. Let T be an F-split torus of G. Then for any x €
G —Z(T), there exists a compact neighborhood V of x such that V C G — Z(T)
and V has countably many disjoint conjugates.

Proor. Since T is a torus defined and split over F, there exists a basis
Uy, .- .U, of F" such that t(v)) = y()v, tE€T,i=1,...,n, where each Y,
is a character of T. For each x € G, we have x(v;) = E’~'=1xijv,, i=1,...,n,
where each x;; is a function defined over F and x;; 5 is continuous. Now

XEZ,(N)=24T) = (xt),i (tx),,, t€T, 1<ij<n,
‘=’xi;'1’1(f) = ‘pj(t)xi]
=x; = 0 or X #0and ¢; = 'IJ;-
Therefore x € G — Z5(T) <= 13i, j such that Xy #0and Y, # 1]/,-. So if we set
J={GNIN<ij<n y;# wi} and U; ={x € Glx; # 0}, then it is obvious
that each Uj; is an open set in G and that
G- Zo(D) =U{U,1G N EJ}.

Now let x € G = Z(T), then there exists (i, /) € J such that x € U;. For
this fixed (i, j), let ¥ be a compact neighborhood of x in G such that V C
Let ¢, ¢’ be such that

0<ec=min |x;|< max |x;|=c"
XEV xEV
Since ¥; # n[/,-, it follows from 3.5 that there exists a to € T such that
19,(to) ¥;(to)"' | =a # 1. Also for any ¢ € T and any integer k, we have
(tht_k)ij = ‘pi(t)kxij‘pj(t)-k = (d"(t)‘»l/'(t)_l)kxij

and in particular, we have I(toxto "),,I =gF a“xl. So if we pick an integer k such
that a¥¢ > ¢’, then the sequence of conjugates Ven t'""Vt""‘" are pairwise dis-
joint since
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min  |x;| =a™**c > g = max |x;l.
X€V, 11 xE€V,,
3.8. PROPOSITION. Let G be a connected F-group. Then G O N Z4(T)
(T € T)is a 1ayering of G.

Proor. We recall that () Z;(T) (T €T)is a closed normal subgroup of G.
Now for any x € G - Z;(T), there exists a T € T such that x € G — Z5(T).
Hence it is easy to see that the proposition follows from 3.7.

It is now clear that 3.2 follows from 3.3, 3.5 and 3.8.

REMARK. In the proof of 3.5, if we define

X;={x €GN, ax)] CN,a€ B}

where B denotes the group of all F-rational a.b.d. of G, then it can be shown
that G = X, D *** D X, = Z;(N) is a layering of G with the additional property
that the X;’s are B-invariant. Also the 1-layering G 2 nZG(T) (TE€T)is B-in-
variant. Hence we can obtain a B-invariant layering of G terminating at B(G).

4. Applications. We use the notations of the previous sections.

First let us recall some facts in measure theory: Let G be a connected F-
group and G its F-rational points. Since F is a countable union of compacts, it
follows that G and the conjugacy class ', of x € G have the same property. Let
C, be the centralizer of x in G. As G/C, and I, are standard Borel spaces, the
canonical bijection : G/C,, — T, is a continuous Borel isomorphism. Further-
more, 7 is equivariant with respect to the left translation of G on G/C, and the
action of I(G) on I',. Thus (finite) left invariant measure on G/C, can be trans-
ferred to (finite) 1(G)-invariant measure on I', and vice versa. The latter measure
can be regarded as central measure on G supported on T,.

PrROOF OF 4.4. Since G/C, admits a finite invariant measure y, we may
regard u as a finite central measure on G supported on I',. Therefore by 3.1,
we have x €T, C B(G). As observed in the remark after the proof of 2.1, we
have ', compact. Now by standard Baire category arguments it is easy to see
that G/C,, is compact if and only if T, is compact (see for example [5, Lemma 1]).

PROOF OF 4.1. Let x € Zy(H). Then H C C, and the continuous surjec-
tion ¢ : G/H — G/C, induces a finite invariant measyre ' : p'(E) = (¢~ (E)) on
G/C,. Hence as in the proof of 4.4 we have x €T, C B(G) and so the proof of
4.1 is complete.

Since B(G) is an [FD] ~ group (Corollary 2.7) and since every closed sub-
group of an [FD] ™~ group is again an [FD]~ group, 4.2 follows immediately from
4.1. Also it is clear that 4.3 is an immediate consequence of 4.1, since Z(G) C

Z(H) C B(G) = Z(G).
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