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ABSTRACT. A compact Hausdorff space and a real-valued function on this
space are constructed such that the function is not continuous on any dense
subspace. This solves the Blumberg problem. Some related results are
established.

In 1922 Henry Blumberg proved

ProposITION 1 [B1]. If X is a separable complete metric space and f: X = R
is any real-valued function on X, then there exists a set D which is dense in X,
such that the restriction of f to D is continuous.

DerinNiTION. Call a space Blumberg iff for any real-valued function f on X,
there exists a dense subspace D C X such that f| D (the restriction of f to D)
is continuous.

Recall that a space X is a Baire space iff no open subset of X is the union
of countably many nowhere dense subsets. In 1960 J. C. Bradford and C.
Goffman improved Blumberg’s result, establishing

PRrOPOSITION 2 [BG]. A metric space is Blumberg iff it is a Baire space.

The question arose: “Which Baire spaces are Blumberg?” and in particular
the Blumberg problem (probably due to Goffman): “Must every compact
Hausdorff space be Blumberg?”. Partial answers were given by R. Levy [L1],
[L2], and H. E. White [W2]. In fact, there is a non-Blumberg compact
Hausdorff space. An unusual feature of our example is that it is the disjoint
union of two spaces, one or the other of which fails to be Blumberg, depending
on whether or not the continuum hypothesis holds.

DEFINITION. A function f from a topological space X into a set Y is called a
8-fine function iff for each y € Y, f~!(y) is nowhere dense in X.
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LEMMA 1. Assume 28 = N, . Suppose X is a topological space in which first
category sets are nowhere dense. Let { f,: X = [0,1]: a« < w,} be a family of ¥,
8-fine functions on X. There exists a -fine function g: X —> [0, 1] such that for
any a < w;, {x: f,(x) = g(x)} is nowhere dense in X.

Proor. Let{yg: 1 < B < |} be a one-to-one enumeration of [0, 1]. Define
Ey= U{ fa"( yB): a < B}. Each Ej is first category, hence nowhere dense.
Define g: X — [0, 1] as follows:

8—1()’3) =((X-Eg) N U{E,;: a < B}) - U{g7'(%): « < B).

Clearly g is a well-defined function. We now show that g(x) is defined for
every x € X.

Claim #1. (Vx € X)(38 < &) (x € Ep).

PrOOF. If x € X, let fy(x) = yg. Since B > 1, x € Ep.

Claim #2. (Vx € X)({B € w: x & Ep}is unbounded in w).

PrOOF. Suppose {8 € w;: x & Ep} is bounded by y <. Define a
function ¢: o, — {0} = w; as follows. If 0 < B < v, then let Y(B) = 0. If
B>y, thenx € Eg = U{fa"(yﬁ): a < B}; hence let Y(B) = least a such
that x € £71( Yg)- ¥ is pressing down (regressive), so by the pressing down
lemma (see [Ju, p. 79]), there exists ¢y € w; such that [{ B: Y(B) = a}| = §;.
Thus we have B, > B, >y such that Y(8)) = ay = y{(B,). That is, x
€ f I yg)andx € f (yg,) so that yg = foo(*) = ¥p,. This contradicts that
B, # B, since our enumeration of [0, ll] was one-to-one.

By Claim #1 and Claim #2, for each x € X there exists a least ordinal 8,
such that x & Eg, but x € E, for some a < B,. Hence we have x
€ (X - Eg) N U{E,: @ < B,}. Therefore g(x) = yp, .

The function g is a &-fine function since for each B < w;, the set
U{E,: a < B} is first category and hence nowhere dense. We now show that
for each a < wj, {x € X: f,(x) = g(x)} is nowhere dense. If x € g X Vg)
then x € X — Egsox €& U{fa"l(yﬁ): a < B}. Therefore if B> a, then
Fopng o) =2 Let L={y e 011: ;') ng™ () # 2} [,
is countable. For each a < «, I = {y €[0,1]: @x € X)(£,(x) = g(x)
=y)}. So for any a<w,{x €X:f(x) =g} C{xeX:@Ay EL)
(L) =»}=U{f ~1(»):y € L} which is first category and hence no-
where dense.

LEMMA 2. Suppose X is an extremally disconnected completely regular Blum-
berg space and g: X —> [0, 1] is a 8-fine function. There exists a continuous 8-fine
function f: X — [0,1] and a set D dense in X such that f|D = g|D.

PROOF. Suppose g: X — [0,1] is a &-fine function. Since X is Blumberg,
there is a dense subset D C X such that g| D is continuous. As is well known
(see [GJ]), since X is extremally disconnected each dense subspace of X is C*-
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embedded. Hence there exists a continuous function f: X — [0, 1] such that
g|D = f|D.

We now show that fis a -fine function. Suppose there exists y € [0, 1] such
that f~!(») is not nowhere dense. Since f is continuous, f ~!(y) is closed and
hence contains an open set U C X. Therefore D N U is a dense subset of U
on which f is constant. This contradicts that f|D = g|D and g is a §-fine
function.

Recall that a 7-basis QU for a space X is a collection of nonempty open
subsets of X such that if ¥ is any nonempty open subset of X then there exists
U € U such that U C V. The 7-weight of a space X is defined as #(X)
= N, - minf{k: there exists a #-basis U for X and |%| = «}. The cellularity of
a space X is defined as c(X) = & - sup{x: U is a collection of pairwise
disjoint open subsets of X and || = «}. Let |C(X, Y)| denote the cardinality
of the set of all continuous functions from X into Y. |C(X)| represents the
cardinality of the set of all real-valued continuous functions on X. The
following lemma generalizes a result of [CH].

LEMMA 3 Let X be any topological space and let Y be a T, space. |C(X,Y)|
< 7(X ) W(Y), where w(Y) is the weight of Y.

PROOF. Let c(X) = k. Let B be a #-basis for X of cardinality #(X). Let Cbe
the set of all collections of < kelements of %. Let U be a basis for Y of
cardinality w(Y). Let § = {#: 8 is a function from®Linto €. Define a function
F: C(X,Y) — T as follows. F(g) is some function 6,: %— Csuch that 6, (U)
is a maximal collection of pairwise disjoint elements of % which are open
subsets of g ~!(U). Since ¢(X) = «, g, € Fforeachg € C(X,Y)and so Fis
well defined.

We now show that F is one-to-one. Suppose f and g are two distinct
elements of C(X,Y). There exists an x € X such that f(x) # g(x). Since Y
is T, there is an open U € U such that g(x) € U and f(x) & U. It follows
thatx € U(G,(U)) and x & U(B (U)) so that 8 # 6, and F is one-to-one.

So we haveTC(X Y) < |9] = (X)cx ),

CoRrOLLARY [CH). If X is a regular space, then |C(X)| < w(X )C(X).

THEOREM 1. Assume 2% = N, . Let X be a topological space such that
(i) X is completely regular and extremally disconnected,
(i) 7(X) < Ny, and c(X) = 8y,
(iii) first category subsets of X are nowhere dense,
(iv) there exists a real-valued 8-fine function on X.
Then X is not Blumberg.

Proor. If X were Blumberg, then by (i), (iv) and Lemma 2, there would
exist a continuous 8-fine function f: X — [0, 1]. By Lemma 3 there are at most
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8% = & of these continuous §-fine functions. By Lemma 1 there exists a é-
fine function g: X — [0, 1] such that if fis any continuous &-fine function from
X into [0, 1], then {x: f(x) = g(x)} is nowhere dense in X. This contradicts
Lemma 2 so X is not Blumberg.

Let @ be the Boolean algebra of Lebesgue measurable subsets of [0, 1], and
let § be the ideal of null sets of ®. The reduced measure algebra is the complete
Boolean algebra %/9. Let St (®/%) be the Stone space of the reduced measure
algebra. As is shown in [Ha], St (%/9) is a compact T;, extremally disconnected
space in which first category sets are nowhere dense and which has weight
< 2% and cellularity &,

For each B € 9, let [B] denote the equivalence class of B mod 4. Let m
denote Lebesgue measure. Let @, = {[B] € ®/9: m(B) = 1/n}. For each
[B] € %/4, let [B]* be the basic open subset of St (8/9) associated with [B].
For each f € “w, let N(f) = ﬂ{[B]}"(,,): n<w and [B]y, € ®,}. Let F
= {N(f): f € “w}. It is easy to see that |F| = 2% and UF = St (B/9). Let
{F,: @ < 2™} enumerate 7. For each a < 2%, let F, = F, — U{F: B < a}.
If {5:a<2%)}is a one-to-one enumeration of [0, 1], then g: St (B/9)
— [0,1] is a &-fine function, where g”(F;) = y,. Thus we get the following
corollary to Theorem 1.

COROLLARY. Assume 2™ = R,. St(B/9) is a compact T, space which is not
Blumberg.

We now turn our attention to LOTS (linearly ordered topological spaces).

DEFINITION. A collection C of open subsets of a space X is oblivious iff there
exists an open subset ¥ of X such that (Vx € V)(VE C €)(x € NE implies
Qopen W C V)(D # W C NE)).

THEOREM 2. If X is a Baire LOTS, then X is not Blumberg iff there exists an
open U C X such that

(i) U is the union of < 2™ nowhere dense sets, and

(ii) every countable collection of open subsets of U is oblivious.

ProoF. We shall first show necessity. Let X be a space and let U be an open
subset of X satisfying (i) and (ii).

By (i) we can assume that U is the union of x pairwise disjoint nowhere
dense sets, where k < 2%; let U = U{E,: a < «}.Let { 5: @ < «} enumer-
ate some distinct elements of R — {0}. Define f: X = R as follows: if
x€X-Uf(x)=0;ifx € E,, f(x) =y,

We now show that X is not Blumberg by showing that f is not continuous
on any dense subset of X. Suppose D C X is dense and f|D is continuous. Let
8 be the usual countable basis for R. Let & = {f~'(G) N D: G € §}. Since
f is continuous on D, @ is a countable open cover of D; hence for each
f~Y(G) N D € a, there exists ¥ open in X such that ¥z N D = f1G)
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N D. {V;: G € 8} is a countable collection of open subsets of X, so let
€= {J; N U: G € 8} be a countable collection of open subsets of U.

By (ii) C is oblivious on U, hence there is an open U’ C U such that if
x €U’ N Dand € = {J; N U: f(x) € G}, then there is a nonempty open
W C U’ such that W C NE'. Thus

wnDCNEenNnD=N{lpnNnUn D: f(x) € G}
=Un N{¥§ N D: f(x) € G}
=Un N{f"G) n D: f(x) € G}
=UNDN N{fG):fx) € G}

=UnDn ).

Now since x € U’ C U, x € E, for some a < k: thus f~'({f(x)}) = E,
which is nowhere dense. We have W N D C E, which is a contradiction since
W N D is not nowhere dense.

We now prove the sufficiency.

Claim #1. It suffices to prove: “if U is an open subspace of X with no
isolated points and there exists a countable collection of open subsets of U
which is not oblivious, then U is Blumberg”.

ProoOF. We shall assume that X is a Baire LOTS such that no open subset
U C X possesses both properties (i) and (ii), and show that X is Blumberg,
using the hypothesis in Claim #1.

We let f: X — R and show that there exists a dense subset D C X such that
f1D is continuous. Proceed by induction, defining open subsets U, and ¥ of
X and points y, of R. At stage 0, let U = X.

At stage a + 1, suppose U, is a nonempty open subset of X and U, is not
the union of < 2™ nowhere dense sets. Thus, there exists y_E R such that
U, N f71(») is not nowhere dense. Lety, = y. Let /, = int (f~'(3)) N U,.
Let Upyy = U, - F;.

At stage a if lim(a) (i.e. « is a limit ordinal), suppose that for all 8 < a, Ug
is an open subset of X. Let U, = int (N{Up: B < a}).

This induction can stop in only one of two ways. Let case #1 be that for
some ordinal a, int (N{Us: B < a}) = @. Let case #2 be that for some
ordinal a, U, is the union of < 2% nowhere dense sets.

In case #1 we have U{X — Up: B<a} dense in X. This means
U{Us — Upyy: B < ) is dense in X, hence U{%: B < o} is dense in X. So
we have U{J;: B < o} dense in X. Note that if we let Dy = 743 f’l(yﬁ)
then Dy is dense in ¥}, hence if we let D = U{Dg: B < a}, D is dense in X.
Also note that the sets Dy are pairwise disjoint and open in D. Hence f|D is
continuous since f is constant on each DB‘
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In case #2, since U, cannot possess both property (i) and property (ii), there
exists a countable collection of open subsets of U, which is not oblivious. U
has no isolated points since it is the union of nowhere dense sets. Hence we
may, but the hypothesis of the claim, assume that U, is Blumberg. That is,
there exists a dense set D; C U, such that f| D, is continuous. By an argument
similar to case #1 we can conclude that there is a dense D, C X — U, such
that f|D, is continuous. Thus D; U D, is dense in X and f|(D, U D,) is
continuous.

Claim #2. Suppose U is a Baire LOTS with no isolated points and there
exists a countable collection € of open subsets of U such that for all open
V C U there exist z € V and €' C Csuch that z € NE and NE’ contains
no nonempty open set. Then U is Blumberg.

ProoF. Let U and € be as above. Let € = {C,: n < w}. Each C, is the
disjoint union of open intervals; C, = U{l, 5: 8 <A,}. Let c* {I
<Ajn<ohLetef = {nonempty finite mtersectlons of elements of @*}

We now prove that G* is a- w-basis for U. Let (x, y) be a nonempty open
interval in U. It suffices to show that there exists € @* such that I C (x,y).

Since U contains no isolated points there exist pomts p, g, a b,andcin U
such that x < a < p < b < g < ¢ < y. By hypothesis we can let z € (p,q)
such that there exists {I,: m < w} C G}" such that z € N{I,: m < w} and
N{I,: m < w} contains no nonempty open set. Without loss of generality we
can assume that foreachm < w, 1, C I,.

We now show that for some m < w, I, C (x,y). Suppose that for all
m<w I, NU-=(xy) # 3. Since z € N{I,;: m < o}, for each m < w,

I, N (x,y) # . Thus, since {I,: m < w} is a nested sequence of intervals,
either (Vm < w)(y € I,,) or (Vm < w)(x € I,). Without loss of generality
assume (Vm < w)(y € I,,). Therefore, since each I, is an interval, we have
[zy] € N{I,: m < w}. Since z € (pq), D # (¢y) Clzy] € N{L,:m
< w}, which contradicts our choice of {,,: m < w}.

Now, for each finite subset F C w, let B = {I: I is the intersection of
exactly one open interval from each C, such that n € F}. Since each C,
consists of parwise disjoint intervals, the @f's are pairwise disjoint, and
@* = U{%p: Fis a finite subset of w}. Hence @}* is a o-disjoint #-basis for U
and hence U satisfies the criterion in [W1] for being a Blumberg space (i.e. U
is Baire and has a o-disjoint 7-basis).

By combining Claim #1 and Claim #2 we have that X is Blumberg.

A compact LOTS will be constructed which, assuming 2% > > R, will satisfy
(i) and (ii) of Theorem 2. To begin, the classical construction of k-Aronszajn
trees (see [Je]) is modified. Recall that a tree, (T, <;), is a well-founded
partial order such that for each x € T, £ = {t € T: t <y x} is well-ordered.
If a is an ordinal, T, = {x € T: x is order-isomorphic to a}. If a is an ordinal
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and k is a cardinal then T is a (a,k)-tree iff T = U{Z;: 8 < «} and for all
B<a|hl <k

LEMMA 4. There exists an (w,, (2%)*)-tree T, such that if b is a maximal chain
in T and if B is the least ordinal such that b N T = D, then the cofinality of B
is w.

Proor. Recall that an 7;-set is a linearly ordered set (X, <) such that if 4
and B are countable subsets of X and (Va € 4)(Vb € B)(a < b) then there
exists x € X such that (Va € 4)(Vb € B)(a < x < b). Let {Q, <) be the
canonical 7;-set constructed in [GJ] and (R, <) be its Dedekind completion
with endpoints O and 1. The same argument as for Lemma B in [Ju, p. 122]
shows that neither w, nor w; can be order-embedded in R and hence in Q. As
is shown in [GJ], |Q| = 2™. Let C = {x € R: x is the supremum of a
countabie strictly increasing sequence from Q). Let S = {0} U Q U C.
|S] = 2%,

The tree T will be constructed from well-ordered sequences of elements of
S which have endpoints. The order relation will be set inclusion, written <;..
If ¢ is a sequence with endpoint g, let * = q. Let ola + 1 be the sequence
consisting of the first « + 1 elements of .

The basic idea behind the construction of T is that we construct the tree
level by level, extending all subbranches at levels indexed by successor
ordinals or limit ordinals of countable cofinality. However, at levels indexed
by limit ordinals of cofinality w,, we only extend enough subbranches to keep
the tree “growing”; thus we keep the cardinality of each level at 2%,

We will proceed by induction on the levels of T using the inductive
hypothesis IH(g): suppose for every y < B and for every ¢ € T,

(@) if f (B) = wand {y,: 0 < n < w} is an increasing sequence of ordinals
cofinal with B such that v, = v, and for each n < w there exists g, € T, such
that g, |y, + 1 = g, with % =0 then there exists 7 € T such that for all
n<w,'r|};,+l—o and 7* = sup{s’: n < w} € C.

(ii) if cf (8) # wand ¢ € Q and ¢* < g, then there exists € T such that
™*=gandry+1=o0.

Let Ty = {0g)}.

In order to construct T, ; assume IH(B) for all B<alLletT,, ={r rhas
length @ + 2 and (36 € T)(rla + 1 = o and 7™* € Q and o* < 7*)}.

Claim. IH (a + 1).

PROOF. Lety < a+ lando € T,.Letg € Q such that o* < q.

If y = a, then IH (a + 1) follows immediately from the construction of
Tt

If y <aandcf (a) # w, let p € Q such that 6® < p < ¢. By IH(o) there
exists p € T, such that p* =pandply+1 =o0. By the construction of T,
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there exists 7 € T, such that ™ =gandrla+1=p Hencerla+1=0
and we have IH (a + 1) in this case.

If y < aand cf (0) = w, pick {y,: n < w} as a strictly increasing sequence
of ordinals such that y, = y and for each n > 1, v, is a successor ordinal and
sup{y,: n < w} = a. Pick {pn 1 < n< w} C Q such that, for all n < w,
Purl < Pyia < 4. Let py = o*. Let oy = 0. Since we have TH(B) for all
B < a, for each n > lplcko € T, such that of =p, and oly,_, + 1
= ¢g,_;. By IH(a), there exists p € T, such that for a11 n < wply,+1=g,
and p* = {sup p,: n < w} € C. Since Q isan n,-set p* < g. From the
construction of T, there exists 7 € T,,, such that 7™* = gand rla + 1 = p.
Thus 7y + 1 = ply + 1 = plyy + 1 = 65 = o0, and IH (« + 1) also holds in
this case.

In order to construct 7, where cf (\) = w assume IH(B) for all B8 < A. Let
b be a branch (i.e. a maximal chain) cofinal in U{T:a <A} and let
{a,: n < &} be a sequence of ordinals cofinal with A. Let p = sup{o*: o
EbNT;n< w}. Thus p € C and for all o6 € b, * < p. Hence each
branch cofinal in U{T,: a < A} can be extended in a unique way. Let

= {r: 7 has length A + 1 and there exists a cofinal branch
b e U{T,: a <A suchthatforala <A\, o €EbNT,
implies 7la + 1 = g and ™* = sup{c*: 6 € b N T ;2 < A}}.

Clearly this satisfies TH(A).

In order to construct 7; for cf (§) = w; assume IH(B) for all B < 8. We first
describe the construction of the sequence 7(a,0,9). Let a < dando € T,.
Let g € Q such that 6* < g. Let{g,,,: » < w} be an increasing sequence of
elements of Q, greater than ¢* which converge to g. Let {a,,;: » < w;} be an
increasing sequence of successor ordinals converging to é.

Inductively define a chain of elements {,: » < |} such that g, € T, and
o < g, as follows. Let 6, = o and ay = a.

Suppose o, € T, has been defined and 6 < g,,,. By IH (a,,,) there exists
%41 €T, “such that 01 = g,4; and g +1|oz +1=g,. Since g,.; < q,,2
o)1 < 4,42+ Suppose o, € T,, has been defined for all » < 7 and cf ()

= w. Pick o, = sup{a,: v < 17} By IH (a,) there exists o, € T such that
for ally <=, qla, + 1 =g,and o sup{o v < ). Smce Q is an n;-set,
0 < dp41-

Let 720:, 0,9) be that sequence 7 such that 7 has length § + 1, 7la, + 1 = o,
for all » < w;, and 7* = ¢. Let ; = {r(a,0,9): « < 8,0 E T, anquQ
such that 6* < g). Clearly this satisfies IH(8).

Let T = U{T,: a < w,}. T is a normal tree [De]. That is:

@ %] =1
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(i) (Va < ) (Vo € )31, E T ) # & o <pn &0 <71)

(if)) (Ve < B < @)(Vo € L)@ € T)(o <7 7)

(iv) (Va < w,)(if lim(a) then (Vo,7 € T,)(6 = # implies 0 = 7)).

By induction on a < w, it can be shown that (Va < w,)(|T,| < 2%). So
clearly T is an (wz,(2”°)+)-tree. No branch of T “ends” at an ordianl with
cofinality w (i.e. if b is a branch of T and B is the least ordinal such that
b N T; = &, then cf (B) # w). Also, if T has a cofinal branch b, of length w,,
then (cg:*: o € b} would determine an embedding of w, into S, which is
impossible. Hence, if b is a branch of T and B is the least ordinal such that
N b = &, then cf (8) = w,, and the lemma is proved.

Using Lemma 4 and modifying the “Souslin tree yields Souslin line”
construction in [Mi], we have

LEMMA 5. There exists a linear order {L, <) such that

(i) neither w, nor w5 is order-embeddable in L,

(i) if {a,,: m < w} and {b,: n < w} are subsets of L such that (Vm < w)
(Vn < w)(a,, < a,,41 < b,y < b,), then there exists three points x,y, z of L
such that (Vm < w)(Vn < w)(a,, < x <y <z <b,),

(iii) L is the union of an increasing chian of ¥, proper subsets each of which is
nowhere dense in the order topology.

ProoF. Let T be the tree constructed in Lemma 4. For each 7 € T,
let S(r) = {o: o is an immediate successor of 7}. For each r € T, S(r) = 2™,
so we can impose a linear order <, on S(r) to make S(r) order-isomorphic to
the n;-set Q in Lemma 4.

If b is a branch of T and a < w,, denote the element of b6 N T, if it exists,
by b% Define a linear order < on the branches of T as follows. b < c iff the
following condition holds: a is the greatest ordinal such thatb N ¢ N T, # &
and bNc¢N T, ={r} and b,,; <, ¢4 The next claim shows that < is
well defined.

Claim #1. If b # ¢ are branches of T, then there exists a maximal ordinal
asuchthatbN e N T, # &

Proor. It suffices to show that if lim(a) and for all B < a,b N c N T
# J,thenb N ¢ N T, # . Forall B < a, b? = ¢P; since b # ¢ we must
have @ # b N T, ={" and & # c N T, = {c*}. We have lim(a) and
b% = ¢*, hence since T'is normal, b* = ¢®and b N ¢ N T={0"Y+@

It is now clear that < is an antisymmetric total order on the set of branches
of T. A straightforward argument shows that < is transitive. Thus let L be the
set of branches of T so that < is a linear order on L.

Claim #2. Condition (i) holds for (L, <).

PrOOF. Suppose {b,: & < w,} embeds w, into L. We will inductively define
a branch 4 C T such that for each a < wp, [{y: b, N d N T, = F}| < N;.
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Letd,={r:6,NndN T, Q}"‘{yd“&b}

Let d° be the element of

Suppose d* is defined and |A | < ®,. We shall define 4**! as follows. Let

= {r € S(@*): @y < «))(r € b,)). Since o, — 4,] = 8y, |B| > 1.

Suppose |B| = &,. Since {b,: y < w,} is well-ordered by <, B is well-
ordered by <. . Hence B gives rise to an embedding of w, into S(d“); but
this is impossible since S(d“) is order-isomorphic to Q.

We must have | B| < §;. Since |[4,| < &8, |[{y: d € b,}| = &,, s0 we have
[{r: @r € S(d*))(r € b,)}| = R,. Since |B| < ¥, there exists T € S(d%)
such that [{y: 7 € b,}| = §,.

We claim that 7 is unique. Suppose there exist 7, r, € S(d*) such that
1 <pnand|{yiq €b}=8=|yneb}lyyE{y:neb ,)> then
forala € {y:qy €5 } < b,,. Since [{y: 5 e b,}| = R, this contradlcts
the fact that {b_: y < w;} 1 1s a well ordered sequence of type w,.

Since r is unique, we let d**! = r, and we have |[A,41] < 8 since

A1 = Ul B< U {y:a* @ b).

Suppose lim(a) and for all 8 < a, d” is defined and |4g| < N;. Since
@ <y, [U{dg: B <of| <&; hence |{y: (VB< )b, N Ty = @i
= N,. Thus, there must exist 7 € T, such that # = {df: B < a} Since T is
normal, 7 is unique; hence we can let d* = 7 and then

4] = 1Ufdp: B< o}l <8

We have defined an w,-branch d of T, which contradicts Lemma 4, s0 w, is
not embeddable in (L, <). The case for «j is similar.

Claim #3. Condition (ii) holds for {L, <).

ProOF. Let 4 = {a,,: m < w} be a nondecreasing subset of L; let B
= {b,: n < w} be a nonincreasing subset of L such that (Vm < «)(¥Vn < )
(a, <b,). For each n<w, let @, be the greatest ordinal such that
a,Nb,NT +#Zandlet{r,}=a,Nb,NT,.

We now show that for all n < w, 7, < 7,41 . We first show that 7, € a,,.
Suppose 7, & a,,;. Let B be the greatest ordinal such thata, N a,,, N Tp
# &. ancef € a, N T, , we must have B < a,.Leta, N a,,, N T = {o}.
Since a, < a,,, a B“ < affll Since B < a,, b’g+l = a’g'*{l so that df*!
<, a’%fl Therefore b, < a,,, whichis a contradlctlon Slmxlarly, T, € b,,+1,
sO that T, € @, N b,,+l Hence, by the definition of 7,1, 7, <7 74 -

Let a = sup{a n < w}. Suppose for some n < w, a = a,. Since
(Vn < w)(1, <7 T,41), we have (Vn < w)(a, < a,,). Thus, in thls case, we
have (Vj > n)(e¢; = a, and 7, = 7,). Let 4" = {a"""“l j>n} and B

{b""'+l j> n} We have A’ U B’ C S(r,), and for allp € A’and e € B,
p < o. Since S(r,) is a n;-set, there exists m, m, m € S(r,) such that for all
j>na Al < om <, m <, m <, b*1. So by picking branches x, y, z of
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T through =, m,, m, respectively we have that for all mn < w,a, < x <y
<z<b,.

Now suppose a & {a,: n < w}. Since cf (a) = w, there exists 7 € T, such
that for all n < w, 7, <;7. Let 4” = {p € S(7): @An < w)(p € a,)}. Let
B” = {0 € S(1): (An < w)(s € b,)}. A” and B” may be empty, but in any
case for all p € 4” and 0 € B”, p <, 0. Hence we can pick elements 7, m,
my of S(7) such thatforallp € 4” ande € B"wehavep <, m <, m, <, m
<, 0. By picking branches x, y, z of T through =, m,, m; respectively, we have
thatforallmn < w,a, <x <y <z<b,.

Claim #4. Condition (iii) holds in (L, <).

ProoF. For r € T, let U, = {branches b € L: 7 € b}. We will show that
each U, is open in the order-induced topology on L. Suppose b € U,, and 7
€ T,.Since Tisnormal, @ # b N S(r) = {6**'}. Pick p, 6 € S(r) such that
p <, bt <, 0; pick branches a, c¢ through p, o respectively. a <b
< cand (a,c) C U, so U, is open.

Let = {U,: r € T}. We will show that U is a basis for the order topology
on L. Let b € (a,c) C L. Pick 1 € T such that 1 € b,7 €Eq, and 7 € c.
Thus b € U C (a,c).

For each a < w,, let G, denote the open set U{U,: € T,}. We will show
that G, is a dense subset of L. Let U, be a basic open subset of L. If 7 € T,
for some B8 > a,then U, C G. If 7 € 7;3 for some B < a, then since T is
normal there exists ¢ € T, such that + <;0. Hence U, C U,, so U, N G,
# (. Thus G, is dense in L.

For each a < wy,let E,={b€L:bNT, =} If a<p,thenkE,
C Ejg. Since T has no branches of length w;, L = U{E,: @ < «,}. Each E,
is nowhere dense since G, is an open dense subset of L and E, = L — G, .

THEOREM 3. There exists a compact LOTS with the following properties:
(a) it is the union of R, nowhere dense subsets,

(b) any countable collection of open subsets of it is oblivious.

PrOOF. Let L be the Dedekind completion of the line L in Lemma 5. L is
a compact LOTS.

In order to show that L has property (a), note that as in Lemma 5,
L = U{E,: a < w,}. Since each E, is nowhere dense in L it is nowhere
dense in L, hence each E, is nowhere dense in L. Also if a < B, then E,
C Ej,. Each x € L is the supremum (or infimum) of &, elements of L, since
otherwise w, (or wy) would be embeddable in L, contradicting Lemma 5.
Thus, for each x € L, there exists a < w, such that x € Fa. Therefore
L = U{E,: a < w,}, the union of 8, nowhere dense sets.

In order to show that £ has property (b), let C be a countable collection of
open subsets of L and show Cis oblivious. Suppose x € Land {C,: n < w}is
a subcollection of € such that x € N{C,: n < w}. Since L is dense in L, for
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all n < w there exist a,, b, € L such that x € (a,,b,) € N{C;:j < n}, and
a,<a,,and b, < b,. Thusforallm,n< w,a, <a,, <b, <b,.
By Lemma 5 there exist w, y, z € L such thatforallm,n < w,a, <w <y
<z<b,, Thus @#Wwz) C N{a,d,): n<w} € N{C,:n<w}
Therefore C is oblivious and the theorem is proved.

If 2% > &), the compact LOTS in Theorem 3 satisfies conditions (i) and (ii)

of Theorem 2. Hence the following corollary.

COROLLARY. Assume 2™ > R,. The space L in Theorem 3 is a compact LOTS
which is not Blumberg.

THEOREM 4. There exists a compact Hausdor[f space which is not Blumberg.

PROOF. Let X be the disjoint union of St(%/9) and L. If X is Blumberg,
then clearly both St(®/¢) and L must be Blumberg. However, by the corollar-
ies to Theorem 1 and Theorem 3, regardless of the value of 2%, St(®/¢) and L
cannot both be Blumberg.

We shall now relate some miscellaneous results regarding Blumberg spaces.
Theorem 2 gives necessary and sufficient conditions for a Baire LOTS to be
Blumberg. By examining the proof, we notice that the following were proved.

THEOREM 5. If X.is a space such that

(i) X is the union of < 2% nowhere dense subsets, and

(ii) every countable collection of open subsets of X is oblivious
then X is not Blumberg.

PROPOSITION 3. If X is a space such that no open subset of X is the union of
< 2™ nowhere dense subsets, then X is Blumberg.

Proposition 3 appears in [W1] and it, together with Theorem 5, enables us
to tell whether some spaces are Blumberg. For example, consider the compact
LOTS L constructed previously. It is straightforward to show that nonempty
Gy's of L have nonempty interiors, and hence that L is not the union of < §,
nowhere dense subsets. Thus, by Proposition 3 and Theorem 3, we conclude
L is Blumberg iff 2% = ¥, . The following theorem was proved by White in
[W2], using the additional assumption: M=y,

THEOREM 6. A Souslin space (i.e. a nonseparable LOTS with cellularity 8) is
not Blumberg.

PROOF. As shown in [Ju], a LOTS with cellularity 8, has cardinality < 2%,
We can assume without loss of generality that the Souslin space, X, has no
isolated points. Thus by Theorem 5, it suffices to show that if Cis a countable
collection of open subsets of X, then € is oblivious. To this end, let
@ = {C,: n < v} where each C, is open. Since c(X) = ¥, each

C,= U{l: k< w)
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where each " is an open interval. Let § = {I: k < w,n < w}. Let§ = {finite
intersections of elements of 9. Thus |§| = N,.

Since X has uncountable 7-weight, there exist elements a, b, ¢, d of X such
thata < b < ¢ < dand (b,¢) # & and no element of § is included in (g, d).

Let x € (b,c). Since elements of § are intervals, if G € § and x € G, then
either a € Gord € G. Since 9 is closed under finite intersections, either
(VG € 8)(x € G implies a € G) or (VG € §)(x € G impliesd € G).
Hence, either a € N{G € 8: x € G} and (a,x) € N{G € 8: x € G}, or
de N{GES x € Gland (x,d) C N{G €6: x € G}.

Thus, if ¢ C € and x is an element of the nonempty open set (b, ¢) such
that x € N, then either F# (a,x) C N{GE S xEG}C NCor T
# (x,d) C N{G € 8&: x € G} C NC'. Therefore Cis oblivious and X is not
Blumberg.

The next theorem was proved by Levy in [L2], using the stronger assump-
tion: 2% = 28,

THEOREM 7. Assume cf(2™) > ;. The Dedekind completion Q of the
canonical ny-set Q in [GJ] is not Blumberg.

PrOOF. Since the 7;-set Q is dense in {, a straightforward argument shows
that every countable collection of open subsets of  is oblivious. Thus, by
Theorem 5, it only remains to show that 0 is the union of < 2™ nowhere
dense subsets.

As is shown in [Ju], neither w, nor «; is embeddable in Q; hence every
element of § — Q is the supremum or infimum of at most 8, elements of Q.
Since |Q] = 2™, we will enumerate Q as {g,: @ < 2%}. For each 8 < 2%,
let Eg={g,: a <B). Thus 0 = 0 = U{Ep: B < 2%} since cf(2%) > .

We now show that eac~h Ejg is nowhere dense. Suppose Ejg is dense in some
open interval (a,b) C Q. Therefore {q,: @ < B} is dense in (a,b); hence
{g,: « < B} is dense in Q N (a,b). Therefore {g,: @ < B} is an n;-set.
However, as is shown in [GJ], every 7,-set has cardinality at least 2%, which
gives a contradiction since 8 < 2%,

THEOREM 8. If 2™ = N, then BN — N is Blumberg. If 2> N, then it is
consistent with the usual axioms of set theory that BN — N be Blumberg. If
2™ > Ny, it is also consistent with the usual axioms of set theory that BN — N
be not Blumberg.

ProoF. The first statement was proved in [W1], using Proposition 3. The
second statement is also proved using Proposition 3 and noting that Martin’s
Axiom implies that no open subset of BN — N is the union of < 2% nowhere
dense subsets; see e.g. [Ta).

The third statement is proved using Theorem 5. We note that since
nonempty Gg's of BN — N have nonempty interiors, every countable collec-
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tion of open subsets of BN — N is oblivious. There are models of set theory
constructed in [He], in which 2% > 8; and BN — N is the union of < 2%
nowhere dense subsets.

Although Theorem 2 characterizes LOTS which are Blumberg spaces, it is
not a characterization of all Blumberg spaces. In [W1] it is shown, using
2% = N,, that the density topology on the real line is a Baire space which is
not Blumberg. However it is the union of 2% nowhere dense subsets, namely
the singleton sets. As well, it has a countable collection of open sets which is
not oblivious, since the density topology is finer than the usual topology on
the real line.

THEOREM 9. The Blumberg property is not preserved under perfect maps.

PrOOF. Let X be the compact 7, non-Blumberg space constructed previous-
ly. Let d(X) = k. Let Y be the discrete space of cardinality x and BY its
Stone-Cech compactification. Since Y is discrete, BY is clearly Blumberg, so it
just remains to show that there exists a perfect map from Y onto X.

Let D be a dense subset of X of cardinality k. Let f be a function mapping
Y onto D. Since Y is discrete f is continuous and thus has a continuous
extension F to BY. It is now straightforward to show that F: BY —» X is a,
perfect map.

Several open problems immediately suggest themselves:

Question 1. Is it consistent with the usual axioms of set theory that St(®/9)
be Blumberg?

Question 2. Are the uncountable products of the closed unit interval
Blumberg? In particular is [0, 1] Blumberg?

Question 3. If D is the two-point discrete space and k > w, is D* Blumberg?

Question 4. Is the Blumberg property preserved under continuous open
surjections?

Question 5. If X X Y is a Blumberg space, must both X and Y be Blumberg?
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