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ABSTRACT. In the first part we show that the decomposition of a bounded
selfadjoint linear map from a C*-algebra into a given von Neumann algebra
as a difference of two bounded positive linear maps is always possible if and
only if that range algebra is a “strictly finite” von Neumann algebra of type
I. In the second part we define a “polar decomposition” for some bounded
linear maps and show that polar decomposition is possible if and only if the
map satisfies a certain “norm condition”. We combine the concepts of polar
and positive decompositions to show that polar decomposition for a selfad-
joint map is equivalent to a strict Hahn-Jordan decomposition (see Theorems
224 and 2.2.8).

0. Introduction. In this paper we study bounded linear maps between C*-
algebras. We are particularly concerned with decompositions of such maps.
These decompositions are analogues of Hahn-Jordan and polar decomposi-
tions for linear functionals on C*-algebras. The study of positive decomposi-
tion of bounded linear functionals of partially ordered normed linear spaces
may be traced back to M. Krein [12] and J. Grosberg [6] around 1939. Later
Z. Takeda [18] worked out the same problem on the C*-algebra setting.
Recently some independent efforts were made to study the positive decompo-
sition for bounded linear maps between two partially ordered normed linear
spaces [20].

The major result in Chapter 1 is that the decomposition of any selfadjoint
linear map as a difference of positive maps into a given von Neumann algebra
is always possible if and only if that algebra is a “strictly finite” von Neumann
algebra of type I (see Theorem 1.4.6). In §1.1 we state and establish some basic
properties needed for the rest of the paper. In §1.2 we prove the sufficient part
of Theorem 1.4.6 in a special case when the range algebra is an abelian von
Neumann algebra (see Lemma 1.2.1). In §1.3 we construct examples to show
that “positive decomposition” is not always possible under varying conditions
of restrictiveness.
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In Chapter 2 we prove that the polar decomposition is possible if and only
if the map satisfies a certain “norm condition” (see Theorem 2.1.4). We give
examples of linear maps, some of which satisfy that condition and some which
do not. In §2.2 we combine the concepts of polar and positive decompositions
to show that polar decomposition for a selfadjoint map is equivalent to a strict
Hahn-Jordan decomposition (see Theorems 2.2.4 and 2.2.8).

The author would like to express his sincere gratitude to Professor Richard
Kadison for suggesting the research subject of this paper and kindly giving his
time for advice and discussion on all related subjects. The author would also
like to thank Professor Edward Effros and Professor Shoichird Sakai for many
valuable conversations and references relevant to this paper.

I. PosiTivE DECOMPOSITION OF SELFADJOINT BOUNDED LINEAR MAPS

1. Preliminaries. Throughout this chapter the notation is as follows:

@ C*-algebra;

R: von Neumann algebra;

B(®,,&,): the Banach space of all bounded linear maps from @, into @,;

®, ¥, A, ...: the elements in B(®,, &,);

@*: the dual space of @

®, 1, @, ...: the elements of @*;

R, : the predual space of R;

C(X): the C*-algebra of all complex continuous functions on the compact
Hausdorff space X;

I®: the C*-algebra of all bounded sequences;

M,: the C*-algebra of all n X n complex matrices;

M, ® @: the tensor product of M, and @

Unless noted otherwise, all algebras have an identity element. As to the
general theory of von Neumann algebras, we refer to [3].

1.1.1. DEFINITIONS. A linear map ® from @, into @, is called positive if ®(4)
is positive in @, for all positive 4 in €. We write ® > 0. For given ® in
B(@,,@,) we define ®* as a map from @, into @, by &*(4) = &(4*)*. If
® = @*, then  is called selfadjoint.

It is evident that [|®*|| = ||®|, and if ® is positive then it is selfadjoint. The
“*” operation is continuous in the norm topology on B(&,,@,); hence the
subset of all selfadjoint elements in B(@,,®,) is a closed subspace denoted by
B, (®,,@;). When @, = @, = @, B,, (@) is a (real) closed subalgebra of
B(@). The subset of all positive elements in B(@,,&,) is a closed positive cone
in B, (&;,@,) denoted by P(@,,@,).

M, ® @ can be regarded as the algebra of all » X n matrices with their
entries in @ For each ®:&;—> @ induces @ =id, ® ® from M,
® @ into M, ® @, where id, is the identity map of M,, and for T in
M.Q® @.with T = (T.). .(T) = (®(T)H).
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1.1.2. DEFINITION. A linear map ® from @, into @, is called completely
positive if ®, is positive from M, ® &, into M, ® &, foralln =1,2,3,....

Stinespring has characterized completely positive linear maps from &, into
B(3C). We state some theorems below. For their proofs, we refer to [17] and [1].

1.1.3. THEOREM (STINESPRING). Let ® be a completely positive linear map from
@ into B(3C). Then there exists a *-homomorphism ¥ from @ into B(K) and
a bounded linear transformation V from I into K such that for A in @,

O(4) = V*¥(4)V,

where K is the completion of pre-Hilbert space I ©O& (the algebraic tensor
product) under the inner product norm

(2 X ®A4;, 2y ® B,.)@ = % (B(B] 4,)x,.5).

1.1.4. THEOREM. When either @, or @, is commutative, then any positive linear
map from & into @, is completely positive.

1.1.5. LEeMMA. If @ > 0 in B(Q,, &,) then ||®| = ||®(1)]|.
Proor. It is proved by Dye and Russo [4] that

”QH = SupU:uniLary in@l "(D(U)”‘

Given any fixed unitary element U in @,, ® can be considered from C*(U)
(= the C*-algebra generated by U and U*) into &, and C*(U) is commuta-
tive. Therefore, ® is completely positive (by 1.1.4) and ®(-) = V*¥(-)V
where ¥ is a *-homomorphism, ¥ is a bounded linear transformation from
underlying Hilbert space I, of &, into (3(, ® C*(U))-completion defined as
V(x)=x®]1 (by 1.1.3). So

VIR = @(1)x%) < el l1xI.
Hence |V < @), Thus for 4 € C*(U),

o)l = I7* vl < IV IVl = 1774l < el 4]

Therefore ||®(V)|| < |®(1)] and ||@|| = ||®(1)]. QE.D.

Let B,, B, be two Banach spaces, B © B, the algebraic tensor product of
B, and B,. Denote by B, ®, B, the projective tensor product of B and By, i.c.,
the completion of B,® B, with respect to the norm “A” defined as follows [7,
p. 28]: for x in B, ® B,,

n
i=

Iy = inf{ %, lail 18]
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1.1.6. THEOREM. B(@,R) = (2 ®, R, Y. e ®) Ry is the projective tensor
product of @ and the predual R, of R. The isomorphism here is also an isometry.

Note. This theorem is very useful and it also gives insight into the structure
of B(@ R). But the positive cone (the (real) subalgebra of all selfadjoint
elements) in (@ ®, R, )* corresponds to the completely positive cone, instead of
positive cone, in B, (€, R).

1.1.7. LEMMA. Let @ ® R, be the completion of @ © R, under a given cross
norm “T”.Then there exists a linear map ¢ from (€ ®p R*) into B(@, R) such

that f € (@ @ Ry)" = «f) with |l < Ifllp-

Proor. Define «f) by «(f)(x)(y) = f(x ® y) where x € &,y ER,. In
this way, «(f)(x) appears as an element of the dual space of R,, i.e., as an
element of R. Clearly «(f) is a linear map from @ into R; and

"L(f)" ||xl|<ll;l||)’||<l ll(f)( )(}’)l ||x||<l;|ﬁ'||<l ”f”r ”x ®y”r
Sup X < .
||x||< l,lllyll "f”r” gl "f"r

Also ¢ is linear and ||| < 1. Q.E.D.
The notation above is adapted from papers by Lance [13] and by Effros and

Lance [5].

1.1.8. LEMMA. There exists a linear map ! (it turns out to be the inverse of
in 1.1.7) from B(@,R) onto (& ®, R*)* such that Y @) < ||®] for @
€ B(@,R).

ProoF. Define i~} by
-1 n n
A@(E men) = 5 00

for x; € @, y; € R,. We observe that

[@( 2 5 02)| = | 2 2600] < ol 3, Il

Hence

-1 n n

A@(Z o] <ol 3 5o
= =

Hence ¢~ !(®) can be continuously extended to @ ®, R,, and Il (@)

< |lo]. QED.
PROOF OF THE THEOREM. It is clear that « and «~! are inverse to each other;

therefore we have established an isometry between B(@, R) = (@ ®, R, ).
Q.E.D.
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1.1.9. DEFINITION. A selfadjoint map ® from &, into @, admits a positive
decomposition if there exists a bounded positive linear map ®* from @, into @,
such that ®* — @ > 0. In this case, we say that ® is positively decomposable.

l 1. 10 REMARK. By a nuclear linear map ®: @ — @, we mean ®(4)

21 Nf(A)U, where fs are in @ (the dual space of &), U;s are in @,
w1th Ul = Ilfll lforalli=1,2,...,and 32, |\ = a < 0. If @ is
a selfadjoint nuclear map, ® = 7. A f, O U,. (We write f,© U, for the map
A4 - fi(A)U,.)

o o
© = 3 (4~ Nf) © U — 4ff + M) 0 U
(2) . . .
+12(>\}cj}c+)\fk)®Uk+(>\ - NSO Ug
where A;, AL, £7, f, UL, Ui are the real and imaginary parts of A, f;, Uy
respectively. Each of the two summations in (2) is selfadjoint. The selfadjoint-

ness of ® implies the second summation in (2) is a zero map, and consequently
® can be expressed as

3 r d i
oU - b, O U,
kgl 8k k k§l k k
where
g = Ol =N b= (L + N
with gf = g, by = b and
2 ||8k” 2 2 |}‘k| 2 ”bk” 2 2 l)\kl

Then each of g, by, (U7, Uf) (k = 1,2,3,...) can be decomposed as the
difference of two positive functionals (elements) and ® becomes

@=) 3 8 0 (U)" +7 0 (U) - 8 0 (U)" ~ b © (U

g -

- S g oW +gf o) -by o U)" -bf o (U)

=1

By straightforward calculation we see each of the two summations in the
above equation has norm less than 8a. This shows that ® is positively
decomposable.

2. Lemmas. In this section we establish a positive decomposition for
selfadjoint linear maps with certain kinds of range algebras.

1.2.1. LEMMA. Let ® be a selfadjoint bounded linear map from a C*-algebra @
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into an abelian von Neumann algebra C(X): then ® admits a positive decompo-
sition, i.e., ® = ®* — &, where ®*, ®~ > 0, with ||®*| < ||®|.

PRrOOF. Let § be the family of all partitions of unity {g;li € I} on X with
nonredundant supports {V} for {g;}, i.e., U;cpe; ¥ # X for any fixed j. We
can pick x; in Uj in such a way that g;(x;) = §; foralli,j € I

Next, for each I € §, we define a map =;: C(X) — linear subspace
generated by {g;|i € I} by m(f) = 3,c; f(x;)g; and observe the following:

(i) m; is a linear map and, for f > 0 in C(X), m(f) = ;e f(x;)g; = O.

i) 7(1) = Sies8 = 1, 50 lial; = 1.

(iii) m, o @ is a selfadjoint linear map with ||z, o ®| < ||®].

Consider ¢;(4) = ®(4)(x;) for each i € I. It is clear that the ¢;’s are self-
adjoint linear functionals of @ with [lg,]| < [|®]| for alli € 1, i.e.,

lp(A)] = [2(A)(x)] < le()I < [l ll4]l.

Hence we have ¢, = q) — @; where (p;" , ; are positive linear functionals of
ewith llg; | = llg Il + llg7” Il

(m; ° ®)(4) = Q(A)(X )g; = 21 7 (g — 9 (g

for all 4 € @ We define <I>, of @ into C(X) by 4 > I, ¢ (4)g;. It is
evident that <I>,+ is a positive linear map; thus

I 1l = lor @ = || 3, o g

= * g Al =
| 2 01| < 11| 3, & = 1

and also that ®; > m 0 ®.

Now consider B(@, C(X)), the Banach space of all bounded linear maps
from @ into C(X), which is isometrically isomorphic to [€ ®, C, (X ¥ (the
dual of the projective tensor product of @ and the predual C,(X) of C(X)).
Compactness of X implies that for any given fin C(X), xoin X and e > 0, we
can find J; in § such that x; lies in a support ¥ of g; but notin U, e, Vi
and | f(x) — f(x)l < e for all x in ¥ . Thus we "have

7 ()x0) = S0 = | Z, F)aiCx0) = J )| = 1) = Sl <&

where x; € ¥, . Therefore we can select a net {m|I € & C 8} convergent to
the xdentlty map on C(X) in B(C(X), C(X)) under the pomt-weak*-topology
On the other hand {®; | € §'}is a bounded subset in (€ ®, C, (X ))*. Hence
it must have a cluster point ®* under the weak*-topology with ||<I>+ I < @l
Finally we show that ®* > 0and ®* — & > 0. For any 4 > 0in &, x,
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€ X and & > 0 we can find [ in ¢ such that [® (4)(x,) — ] (4) (xp)] < e.
This inequality and @ (4)(x,) > 0 imply that ®*(4)(x) > 0. Therefore
®* > 0.In addition, @] (4)(x) — m ¢ ®(4)(x) > Oforalld > 0in@ x € X
and I € §. This implies that ®*(4)(x) — ®(4)(x) > 0 for all 4 > 0 in
@, x in X.

1.2.2. LEMMA. Let ® be a bounded selfadjoint linear map from a C*-algebra @
into M, ® C(X) where C(X) is an abelian von Neumann algebra; then ® admits
a positive decomposition.

Proor. Each 4 in M, ® C(X) is an n X n matrix (a) with entries ;
€ C(X),i,j=1,...,n Let{e, ..., e,} be the canonical orthonormal basis
for @ and w; the linear functional on M, defined by w;(T) = (Te;, €) = 1;
when T = (t;) fori,j = 1,..., n. Each «, induces a map ®,from M,
® C(X) into C(X) by

4 € M, ® C(X)) B (4) = q’k’(i E ® al)

n

bhj=

where A = (a;) and {e;]i,j = 1,2,...,n} are the usual matrix units of M,
Note that @, is a linear map from M, ® C(X) into C(X) forallk, I =1,...,
n with [|®, ]| < llwgll < 1. For each x; in X induces a pure state of C(X) by

@y, (f) = f(xo) and
1B () ()] = (@ ® 9 )] < g ® @, |l 14]
= llogl lloy, Il 141l = 1141l
Set
V2 (e +eg)  k<H,

Ay =) o k=1,

| (1/2i ) ey — e k>1,
where e;,’s are the usual matrix units for M, and

(D + Dy)(A), k<l
Y,4) = | 9,.4), k=1
(/i) @y — Op)A), k>

Since @,,(4) = ®, (4%), Y, is selfadjoint and [|¥,,|| < 2[|®,|l. Thus

B(4) = klz'; A ® B @)
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By Lemma 1.2.1, ¥,(®(4)) = ¥ (4) — ¥;(4) where ¥}, ¥ are positive
linear maps with ||} || < [|[%, o ®||. With 4 in @, let ®*(4) be

HZI [4d ® ¥} (4) + A ® ¥g(4)]

where A;, (4;;) is the positive (negative) part of 4, in M,. It is easy to see that
@™ is positive, @+ > ® and

l*1 = 18+ @) < 3 2123zl + I4z1) < 4r*l8l.  QED.

1.2.3. COROLLARY. Every selfadjoint linear map from & into M, (= M, ® C)
admits a positive decomposition.

1.2.4. DEFINITION. A finite type I von Neumann algebra R is called strictly
finite if R = X,c; @R, where R; is of type I, and Sup;¢; n; < +00.

1.2.5. LEMMA. If R is a strictly finite von Neumann algebra of type 1, then any
selfadjoint linear map ® from & into R admits a positive decomposition.

PrROOF. Let R = 3,c; ®R,; with R; of type I, and Sup;c;n; = k < +o0
and =, be a projection map of RontoR;(i €1 ) We may assume ||®| = 1.
Since R, = M, ® C(X)), by 1.2.2 7 o (I> being a selfadjoint linear map, is
ma_)onzed by a posmve linear map & : @ - R; with ||®] || < 4n? < 4k?
< +o0. Thus 3;¢; ®®;', denoted by tI>+, is a positive linear map from @into
R and ®* > & with ||<1>+u < 4k? < +. QED.

In the following we will develop a somewhat more general version of
Lemma 1.2.2 by replacing the range algebra, a commutative von Neumann
algebra, with a commutative 4W*-algebra, i.e., C(X), the C*-algebra of all
continuous functions on a Stonean space X.

1.2.6. DEFINITION. A compact Hausdorff space X is called Stonean if for
every open set U in X the closure U of U is open.

We state basic facts about Stonean spaces needed in this section without
proofs (they can be found in [2, pp. 66-77]). First of all, the most frequently
used example of a Stonean space is the Stone-Cech compactification of a
discrete set D, denoted by B(D). Let X be a compact Hausdorff space and X,
be X with the discrete topology. We can always embed C(X) into C(B(X,)) as
a subalgebra with the same unit.

1.2.7. DEFINITION. Let X be a compact Hausdorff space. C(X) is called
injective if C(X) is an injective object in the category consisting of “objects”
such as C(X)’s, where X is compact Hausdorff and “morphisms” are *-ho-
momorphisms between C (X)’s.

1.2.8. THEOREM. Let X be compact Hausdorff space. Then C(X) is injective if
and only if X is Stonean.
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Proor. The proof can be found in [2].

1.2.9. COROLLARY. Let X be Stonean. Then there exists a projection map from
C(B(X,)) onto C(X) of norm 1.

ProOF. Since C(X) can be embedded into C(B(X,)) as a subalgebra with
the same unit, the identity map id can be lifted to C(B(X})). It is illustrated
below:

A
) === == === CEK,)

t embedding

ax)

Since A is a*-homomorphism and preserves the unit element, A is of norm 1.
Q.E.D.

1.2.10. COROLLARY. Let ® be a selfadjoint linear map from @ into C(X), where
X is Stonean. Then ® admits a positive decomposition.

PrOOF. We may embed C(X) into /*(X,), the C*-algebra of all bounded
functions on the set X with discrete topology. Again, every element in /% (X)
has a unique extension to an element in C(B(X;)). Thus we have an
embedding ,: I®(X;) - C(B(X;)). By Lemma 121, & =& —&,,
where @, ®, are bounded positive linear maps from @ into /®(X,). By
Corollary 1.2.9 there exists a projection map A of norm 1 from C(B(X,)) onto
c(x).

——————— C(ﬁ(Xd)) Q) « === - - cpex,)
I”(X,)
\ TLI Ao, o,
x) a
i=1,2

Hence ® = Ae® = Ao ® — Ao @), where A o @, A o ®, are two posi-
tive linear maps from @ into C(X) with [|A o &l < ||®,]l, i = 1,2. QE.D.

3. Counterexamples. In this section we shall exhibit several examples in
which positive decompositions for certain selfadjoint linear maps with range
algebra other than strictly finite von Neumann algebra of type I fail to exist.

1.3.1. ExampLE 1. This is derived from O. Lanford’s example. It shows that
if 3 is a separable infinite dimensional Hilbert space then there exists a
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selfadjoint linear map from B(3() into itself which does not admit any positive
decompositions.

1.3.2. LEMMA. For integer n > 1 there exist Ay, ..., A, € My, such that
()4, =4;.

)] AiA; + A4 = 28,.1.12...

(3) tr(4;) = O; tr is the trace function on M,,.

@) IfA € Myand A = 3 a,A,, then |l A|| < 2722 |o;])"2.

Note. These A;’s actually generate a Clifford algebra [14].
PrOOF. Let

01 1 0 10
H_(l o)’ J"(o —-1)’ 1"12'(0 1)'

Wesee H* = H,J* =J H =1=J%* HJI +JH = 0. Let
A1=H®I®;‘_'_l‘®l,
A2=J®H®I®;‘;i®l,

Ak=J®;c;i®J®H®I®;;;(®I, 3Kk
Hence A} = A;, A7 =1, and tr(4,) = 0. If i # j, A,A; + A;4, = 0. If 4
= 3 o4,

A*A4 + 44" = % T d;A; + § % A;A;
= g @[ 4,4 + A4, = iz.}a,.&}(280)1.

Thus
M < |4*4 + 44*| =23 oy and 4] < 223 |[)"*. Q ED.
1.3.3. Let ¢y, ..., 9, be positive linear normal functionals on B(3) with
orthogonal supports and ||¢;|| = n~Y2, We define ®,: B(3C) = M,, by
n
®,(4) = 2}1 ¢,(4)4;, A € BX).

Then

2 < 2\ v2f < -1 N\ _
o0l < 22( £ In@F) " <272( 3 a7 = 224,
= =
So @, is selfadjoint with ||®,]| < 1/2. Now we construct a counterexample by
setting
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o) = 3 0 8,4) (€ BX).

Then ||®,]| = Sup, [|®,]l < /2. Next we show that there is no positive
element @ in B(B(3()) such that ® — &, > 0.

Suppose ® is a positive linear map from B(3) into itself such that
® — @, > 0. We can find a family of orthogonal projections {£: n = 1,2,
3,...}in B(3() whose range spaces are {3(,.: n = 1,2,3, ...} respectively with
dimension 2". We may suppose that M,, operates on J(,,. Let

d'(4) = él ®ED(4)R, A € BX)

Since ®y(-) = 2,2, ® () and BY'()B, > BDy()B = B,(-), &’ > By. We
may assume the range of disin 3,7, ®M,,.

For a fixed n, let E; be the support of ¢, i =1,...,n; then RLO()P,
(denoted by ¥,()) > ®,() and Y (E) > ®,(E) = |l o |l4; for all
i=1,...,n Foreachi = 1, ..., n we can choose an orthonormal basis for
3C,» as the set of unit eigenvectors of 4; such that the diagonal of 4, has half
of its entries +1, and half of them —1. (Note that if T and S are n X n matrices
and T 2> O then each diagonal entry of T is real and nonnegative, and that if
T 2 S each diagonal entry of T is not less than the corresponding diagonal
entry of S.) But ¥ (E;) > ll(p, ll4; and the positivity of ¥,(E;) implies that
tr(¥ (E;)) > 2" ||<p, | + 2"!. 0, where ||g;|| terms arise from +1 eigenvalues
of 4;, and 0 terms arise from —1 eigenvalues of 4,. Hence

wg,) > (%3 E,.)) - 3 w(w,E)
> zz"-’uqo,n— z"‘ nV2 = 12,
So
15,01 > (1/2") (%) > @™'/2"n"? = (1/2)n"2.
But
1]l = Sup I | = Sup [, (DIl > Sup }x2 = co.

Therefore ® is unbounded.

1.3.4. ExampLE II. In this second example we exhibit a selfadjoint linear
map with its range algebra an abelian C*-algebra, but not a von Neumann
algebra, which fails to admit a positive decomposition. This shows that in
order to have all selfadjoint maps from @ into C(X) admitting a positive
decomposition, X cannot be any arbitrary Hausdorff compact space, and it
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seems that X being Stonean is necessary. This example is a modification of one
which is due to Samuel Kaplan and Ulrich Krengel [11].

(1) Let X, be the one-point compactification of the set of natural numbers
and C(X;) be the Banach space of all real continuous functions on X;,. Define
®: C(X,;) = C(X,) as follows: for each f € C(Xp)

(@f)(n) = f(n) = f(n + 1),
(®f)(w) =0  (w is the point at infinity).

For f > 0in C(X,) and fixed ny, we consider f,,o(n) = f(n) for all n in X,
except f, (ny + 1) = 0. Hence f, < f. For any positive linear map ¥ of C(Xp)
into itself if ¥ > & we have

HJ)rg) > ¥ rg) > ) ()
= f;,o(”o) - f;.o(”o + 1) = f(ny).

So we have ¥(f)(n) > f(n) for all n.
(2) Let {X,} (n = 1,2,...) be a sequence of copies of X,

X, = (X0 Xm0 0o s X e X} (1=1,2,...),

>, X, be their topological sum and let X be the 1-point compactification of
s X,. We may picture X as follows:

X = X1 Xm2 """ Xpm Xpw

X1 X2ttt X Xy
X1 X120 " Xm Me

Let{Y,} (n = 1,2,...) be a sequence of copies of N,

Yn={ynl”"’ynm"°‘} (n=l,2,...),

>, Y., be their topological sum and Y be the 1-point compactification of
3, Y,. Define ®: C(X) = C(Y) as follows: for each f € C(X),

(Qf)();lm) = f(xn,m) —f(xn,m+l)’
(@)(x) = 0.

To see that ®f is continuous of Y, that is, that it is continuous at y, let a
positive ¢ be given. Then there is an ngy such that, for n > ny, |f(x,,) — f(x,)|
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< ¢/2 for all m. Thus |f(x,,) = f(X, 1)l < e for all m and n > ny. Also
we may choose my such that, for n =1,...,ny and m > m,, |f(x,,,)
= £, )l < &/2, whence | f(x, ) = f(%, m+1)| < & Thus, for all y, ,, outside
the finite set {3, ,,ln = L,...,ng,m = 1,...,mg}, [(®f ) (3, )| < e

Finally suppose thereis ¥ > 0 and ¥ — @ > 0. Let e, be the characteristic
function of the subset X, of X. From (1) we have ¥(e,)(3,) > 1. Therefore

00 = ¥( £ ) > (2 %)

k
= 3 Ue)(n) > &

for any positive ingeger k. This shows the unboundedness of ¥.

4. Main theorem.

1.4.1. DEFINITION. A von Neumann algebra is called positively decomposable
as a range if every selfadjoint element in B(@, R) admits a positive decompo-
sition.

In §2 we proved that all strictly finite type I von Neumann algebras are
positively decomposable as a range. We show in this section that these are the
only positively decomposable von Neumann algebras as a range. We state a
theorem proved by W. Arveson [1] without giving the proof.

1.4.2. THEOREM (ARVESON). Let X be a separable Hilbert space and 0 — &,
25 @, be an exact sequence, where ® is completely positive. Then any completely
positive linear map ¥, from @ into B(3C) can be lifted to a completely positive
map ¥V, of @, i.e., the following diagram commutes:

B0O
AN
h N
?, \‘{’1
N
N

b N

where all maps in the above diagram are completely positive.

Note. A C*-algebra @ satisfying the condition that for any given exact
sequence 0 — @Og@,, where @ is completely positive, and a completely
positive linear map ¥, from &, into @, ¥, can always be lifted to a
completely positive linear map ¥, on @, such that ¥, = ¥, o ®, is called
injective.

1.4.3. DEFINITION. If E and F are projections in a von Neumann algebra R,
we write E ~ F when there is an element U in R such that U*U = E, UU*
= F. We write E < F (E < F) when there is a projection Fy in R such that
E~Fand [ < F(FRy < F).
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Infinite case. Let R be an infinite von Neumann algebra. In this case there
is a proper subprojection E, of I such that I ~ E, i.e., there is a partial
isometry U in R such that U*U = 1, UU = Ey, and I — Ey = E; # 0.

Consider E, = (UE,)(UE, )* which is equivalent to (UE,)*(UE,)
= E, U*UE = E, and E,, E, are orthogonal since E, < E, and E|, E; are
orthogonal. Let

E, be (UE,)(UE,)* ~ (UEy)"(UE,) = E,,
E; be (UEk-l)(UEk—l)* -~ (UEk—l)*(UEk-l) =E

Observe that E, ~ E; ~Ey ~+++ ~E ~ -+ and {E|i=
l,...,k, ...} are mutually orthogonal.

Let R be the strong-operator closed *-algebra generated by {E,, E,, ...,
E,, ..., UE|} by R,. Observe that R, is *-isomorphic to B(JC) where JC is
a separable Hilbert space having E; as a 1-dimensional projection. We show
that R is not positively decomposable as a range. We may assume that
B(3C) C R. Suppose R is positively decomposable as a range. Suppose that ®
is a selfadjoint map from @ into B(J(C) that is not positively decomposable
(see 1.3.1, Example I). Then & is a map from @ into R and & = &% — &~
where ®*, & are positive bounded linear maps from & into R. By Theorem
1.4.2 there is a completely positive linear map ¥ from R onto B(J()
extending the identity embedding of B (J() into R. Hence

D=Vod=VY0" -0 )=Vod*—¥od,

where ¥ o ®* and ¥ o &~ are bounded positive linear maps from & into
B(30). This contradicts the choice of ®. Therefore R is not positively
decomposable as a range.

Type 11, case.

1.4.4. LEMMA. fo___l ®M,, can be embedded into any given type 11, von
Neumann algebra R.

ProoF. Each type II; von Neumann algebra contains a hyperfinite factor.
We can decompose the identity projection I as sum of countably many
orthogoanl projections {B|n = 1,2,...} with each P, the sum of 2" orthogonal
equivalent subprojections {E,,ili =1,...,2"}. The *-subalgebra generated
by {E,li = 1,...,2"} and those partial isometries among them is *-isomor-
phic to M,.. Hence we have an ultraweakly closed *-subalgebra *-isomorphic
to 2:0-1 @ Mzu. Q.E.D.

It is not difficult to see that X,_, ®M,, is injective. However, this will
follow from the following more general lemma.
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1.4.5. LeMMA. If {@\: X € A} is a family of C *.algebras, then Ty, D @, is
injective if and only if each &, is injective.
PrOOF. Assume that {€,: A € A} are all injective. Given

2 ©a,

AEA
\IIO
0 > ao (p ’Gl

(all maps are completely positive linear maps). Let P, be the projection of
Siea @ @, on @,. Then, for each A,

a,
P*T “sow
ZEBTaA Ny
v, RN
0——ad, —2 @,

Py o ¥, can be lifted to ¥, on €, and 3, ® ¥, is a lifting of ¥ on @,.
Conversely assume that 3, . @ @, is injective. Given a completely positive
map ¥, of & into &,.

a, ASA U X
N\
\W,
‘I/O ‘IJO \\
AN
0—— @, —2—@, 0 e, ——a,

¥, can be regarded as a map from &, into ), @ @,. As such, it can be
lifted to ¥, on @,. Hence P, o ¥, lifts ¥, (with range in @,). Q.E.D.

Now we show any type II; von Neumann algebra R is not positively
decomposable as a range. Suppose the contrary, and let ® be a selfadjoint
linear map from @into 3, _; @ M,, that is not positively decomposable. As ®
maps into R, ® = & — @~ where ®*, &~ are two positive bounded linear
maps from @ into R. Let ¥ be a completely positive linear map from R onto
2.=1 © M,, extending the identity embedding of 2,=1 ®M,.into R (by 1.4.3
and 144). Then ® = ¥ o ® = ¥ (&' — @) = ¥ o ®* — ¥ o &~ where
¥ o &%, ¥ o @~ are bounded positive linear maps from @into 3, _, ®M,,.
This contradicts the choice of ®. Therefore R is not positively decomposable
as a range.
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1.4.6. THEOREM. A von Neumann algebra R is positively decomposable as a
range if and only if R is strictly finite of type 1.

ProoF. Because of Lemma 1.2.5 and two case studies in this section it is
sufficient to show the following to complete this proof:

If R is of finite type I, but not strictly finite, we can embed 372, M, into
R. But this follows from the definition of nonstrictly finite type I of R. Then
we can have a selfadjoint linear map @ from @ into 3>, M,, that is not
positively decomposable, and subsequently that is not positively decomposa-
ble as a map with range R. Q.E.D.

1.4.7. CONCLUDING REMARK. As to the question “What are those selfadjoint
positively decomposable linear maps from € into an infinite or continuous type
of von Neumann algebra?”, it is still not completely answered. Consider R to
be a hyperfinite factor containing an increasing sequence of type I, factors M,
with n, < +o0 (p = 1,2,3,...) containing the identity of R such that the
strong-operator closure of U -1M, is R. Let ¥, be a completely positive linear
map from R onto M, extcndlng the identity embeddmg of M, into R. For any
given selfadjoint lmear map @ from @ into R it is clear that \I; o @ is positively
decomposable, i.e., ¥, o @ = &F — &~ But || @, || may increase to infinity as
p gets large. If {|](I>+ Ir p=1, 2 .} 1s bounded there is a cluster point @, of
{®:p=12,. } under the pomt-weak*—topology on B(&,R). It y1elds the
des1red positive decomposmon for @, ie., ®* > ® with

[@< Su o]

As an example of this, the nuclear selfadjoint linear map can be viewed as one
linear map with a uniform boundedness condition on {||®; [|: n = 1,2,...}.

Although we know that the subspace of the nuclear selfadjoint linear maps
is dense in B_, (@, R) under point-weak* topology [16], we suspect that the set
of selfadjoint linear maps with a uniform bounded condition is far from
encompassing all selfadjoint positively decomposable maps. Studying the
closure of all selfadjoint nuclear maps under some topology finer than point-
weak* topology may shed light on what constitutes the family of all positively
decomposable selfadjoint maps.

I1. POLAR DECOMPOSITION

1. A theorem of polar decomposition. In this chapter, the notation of Chapter
I applies.

2.1.1. LEMMA. Let ® be a bounded linear map from @ into @,. Then ® is
positive if and only if @ © (1) = Supyy<; lp ° ®(4)]| for all pure states @ of &,.
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PROOF. Suppose that g o &(1) = Supj <1 lp o ®(4)| for all pure states ¢
of @,. This implies that [lp o ®|| = |p o ®(1)| and p o @ is a positive linear
functional on @,. Since this is true for all pure states ¢ of &, ® is positive.

Conversely, suppose that & is positive; then ¢ o ® is a positive linear
functional of & for all pure states ¢ of @,. Hence ¢ o ®(1) = ||¢ o ®|| for all
¢, ie, ¢ o (1) = Sup < lp © ®(4)| for all pure states ¢. QE.D.

Note. In the above lemma when @, is one dimensional, we have the known
necessary and sufficient condition for @ to be positive. That is, “®(1) = ||®|”.

2.1.2. DEFINITION. Let @ be a positive linear map from & into @,. The left
kernel of @ is the set = {4 € @,|®(4*4) = 0} denoted by kerg, .

Note that 4 is in kery, if and only if A4 is in the left kernel of ¢ o @ for each
state @ of &,. Thus kerg is a norm-closed left ideal in @, the intersection of
left kernels of positive linear functionals ¢ o ® on &, where ¢ runs through
states of &,.

When & is a positive linear map from a von Neumann algebra into a C*-
algebra @, continuous in the ultraweak topology in R and norm topology in &,
kery, is a ultraweakly closed left ideal in R. There is a unique projection P’ in
R such that RP’ = kerg . We call (P =) 1 — P’ the support of ®. We have
®(4P) = ®(A4) for all A in R. ® is said to be faithful if kery = 0.

If ® is a map of & into @,, we write ®. U for the map A — ®(UA), where
Uis an elementin @, V. ® for the map 4 — ®(4V) and V.®. U for the map
A - ®(UAV).

2.1.3. DerFINITION. Let @ be a bounded linear map from a von Neumann
algebra R into a C*-algebra @. ® is said to admit a polar decomposition if there
exists a partial isometry U in R with U*U = E, UU* = Fsuch that ®. U is
a positive linear map (denoted by |®|) with its support E and |®|. U* = ®.

When @ = C, we have the usual polar decomposition for all ultraweakly
continuous linear functionals (see §1.14 in [15]). In the following we exhibit a
necessary and sufficient condition for a linear map ® from R into @ continuous
under the ultraweak topology in R and norm topology in @ to admit a polar
decomposition.

2.1.4. THEOREM. Let ¢ be an ultraweak-norm continuous map from R into @.
Then @ admits a polar decomposition if and only if there is an element V in (R),
(the unit ball of R) such that ¢ o ®(V) = Supy4<1 |9 © ®(A)| for all pure states
@ of & In the following proof we refer to this condition as the “norm-condition”
and say that V is “norming” for ®.

PrOOF. Suppose that ® admits a polar decomposition. Then there is a
partial isometry U in R such that ®.U (= |®|) is positive. By Lemma 2.1.1
this implies that ¢ o |®|(1) = Supy <1 |9 °|@|(4)] for all pure states ¢ of &
Hence
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po@U) = S!lllp lp o ®(UA)| > I|S;Ilp lp o ®(UU* B)|

= "Sﬁlp lp o|®|(U* B)| = "Sltlp lp o ®(B)|

> o &)

This establishes the norm-condition for &.

The proof of the sufficiency of the norm-condition is of the same spirit as
the proof of the polar decomposition for ultraweakly continuous linear
functionals.

Let S be the subset of (R); consisting of all elements ¥ in (R), that are
norming for ®. Then S is nonnull and ultraweakly closed, hence, ultraweakly
compact. Moreover S is convex. By the Krein-Milman theorem [19, p. 362], S
has an extreme point U,. We claim that U, is also an extreme point in (R),. If
Uy=3(V, + Vy), V}, V; €(R),, then ®(Up) = 3(®(V) + ®(V,), and for
all pure states ¢ of @,

a, = ¢ ° () = (e > (K) + ¢ o &(K)).

By the norm-condition a,, > lp o ®(¥)| for i = 1, 2, and all pure states ¢ of
@. Thus

a, < H{lp o @) + lp o @K} < Hag + a} = a,.

Hence a, = ¢ © ®(¥) for i = 1,2 and all pure states ¢ of @ Therefore
V; € S,i = 1,2, and, since U, is extreme in S, we have U = { = };. Hence
¥ is extreme in (R), and I is a partial isometry [8].

Now we define |®|(4) = ®(U,4) and verify that |®| > 0. In fact, for any
pure state ¢ of @,

¢ o |®|(1) = 9o &) = Sup |pe (4)| > Sup [po &(LyA)|
lali<1 l4li<1
= Sup |po[@|(4)] > |p o|@I(1)].
l4l<1
Hence ¢ © |®|(1) = Supy4y<; lo °|<I>|(A)l and |®| is posmve by Lemma 2.1.1.

Suppose |®| has support E. If E’ = Uy Uy and F' = U, U, then
[@|(1 - E") = |2|(1) — |2((E") = ®() — (LE")

= ®(U,) — B(Yy) = 0.

Hence 1 — E’ < 1 — Eand E < E’ by the definition of support E of |®|. Let
U be UyE; then U*U = EUy UyE = EE’'E = E, and ®&U) = ®(LE)
= |®|(E) = |®|(1) = ®(Y). Thus U is norming for ®. Note that ®.U
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= ®.UyE = |D|.E = |®|. Thus ®.U = |®| and the support of |®] is the
initial space of the partial isometry U.

Finally we prove |®|. U* = ®. The proof here is a modification of a proof
given by Kadison [10] in establishing the polar decomposition theorem for
ultraweakly linear functionals. It is sufficient to show that ¢ o |®|.U™*
= @ o ® for all pure states ¢ of @& For a projection E in R acting on a Hilbert
space X let Cp be a projection onto a closed subspace of IC spanned by
{Ax|]4 € R,E(x) = x}. Clearly C, commutes with all elements in R. It also
commutes with all elements in the commutant R’ of R. Hence Cy is in the
center of R, and E < Cg. Cg is called the central carrier of E in R. Let Q be
I-Cp_g(< E)and F = UU*. Then

Q = QEQ = QU*UQ = (UQ)* (UQ).

Since C;_pC;_p =0 (see [9, Theorem 1]) we have I- F<I—-C,_g
= Qand I — Q < F. Hence,

(U - @)U - Q) = U -QUU*U - Q) = (- Q)F(I- Q)
=1-9.

Set ¥V=UQ+ (I—-Q)and W= U*(I — Q) + 0. We observe that V*V
=1 = W*Wand W*V = U. Define ny(4) to be ¢ o ®(W* 4V). Note that

(1) = @ o (W*V) = g o ®(U) = Sup |p o (4)|
llalli<1

> Sup |po ®(W*AV)| = |ingl.
i<t

This implies that 7 is a positive normal linear functional on R. Let R acting
on ¥ be the universal normal representation of R (the direct sum of all

representations induced by the normal states of R), and let ng/ln,l| be w, R
with z a unit vector in IC, where w,|z(4) = (4z, z) for all 4 € R. Note that

@ o ®(4) = g o QW WAV*V) = qy(WAV*) = [Ingll(4V* 2, W*2).
So we have
ol = @ © ®(U) = lmo | (UV*2, w*2).
Since ||V*z|| < 1, we have, by Schwarz’s inequality,
L luv*zw*z|l < IV*zll iw*e] < 1.

Thus ||V*z|| = ||W*z|| = 1. Furthermore, we consider 7(4) = ¢ o |®|(4)
which is also a positive normal linear functional of R. Hence we have
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@ o (12].U*)(4) = (p o [2))(U*4) = (p > D)Y(UU*4)
= (¢ ° D)(FA) = lnoll(4V*2, FW*2)
for all 4 in R. In particular,
gl (UV*2, FW*2) = o o (|0]. U*)(U) = ¢  ||(U* V)
=g |Q[(E) = @ o &) = noll.

This implies that (UV*z, FW*z) = 1. And by Schwarz’s inequality we have
1 < |lUV*:||||[FWw*z|| < |[FW*z]| < 1. Hence |FW*:z|| = ||[W*z|| = 1.
Because F is a projection we have FW*z = W*z. Therefore

¢ o (12].U*)(A) = lInoll(4V*2, FW*z) = |lno||(4V*2, W*2) = (9 ° B)(4)

for all 4 € R. This is true for all pure states ¢ of @& Hence |®|. U* = ®.
Q.E.D.

Let ® be as in Theorem 2.1.4. For each pure state ¢ of @& ¢ o ® is an
ultraweakly linear functional on R. Since (R), is ultraweakly compact, the set
S, of elements T in (R); such that (p o ®)(T) = |lp ° || is nonnull. The
norm-condition says M, S, # & for all pure states ¢ of & This condition is
not easily satisfied, as some examples will show.

We give several examples of bounded linear maps, some which admit polar
decompositions and some which do not.

2.1.5. ExampLESs. (i) Let ® be an ultraweak-norm continuous linear map
from R into @ If there is a ¥ in (R), such that (V') = ||®||L,, where 1, is the
identity element in @ then, by straightforward computation, the norm-
condition is satisfied (and V is norming for ®). Hence such a ® admits a polar
decomposition. In particular, if ® is a linear isometry of R onto itself, there is
an element ¥ (in (R),) such that ®(V) = I.

(ii) We construct a bounded linear map ® from M, into C({1,2}) for which
the image of (M,), does not contain ||®||,, where 1, is the identity function on
{1,2}. Nevertheless ® admits a polar decomposition.

Let {x;,x,,X3,%,} be an orthonormal basis for €% Let B, (B,) be the
projection in M, with range space generated by {x;, x,} ({x3,x,}) and P, be the
projection in M, with range space generated by x;, i = 1, 2, 3, 4. We define
two partial isometries U (U;) as follows:

[o o] 0lo
y=|(1o0| . UL=|10
01] 90 0ol?

with initial space U*U; = R, (Uy Uy = RB) and final space U U*
= B4 (U, U = B). Let ¢ be the positive linear functional on M, defined by



DECOMPOSITION OF LINEAR MAPS 107

@(4) = tr(R, AR ,), where tr is the trace function on M,. Let (R.¢.R)(4) be
®(RAPR) and define 7, 1, by
Ul =<p.Ul*, "72=(11’-'P°1f)°U2*-

It is clear that {p,Uj} (B.9.R,U;}) is a polar decompsotion for 7 (n,),
and ||| = 2, [[n,|l = 1. We define a linear map ® from M, into C({1,2}) by

eA)(1) = n(4), 24)(2) = n,(4),
and observe that ||®| = max{|ln; ||, [, |} = 2. For4 € M,,

.U A)(1) = (Y 4) = ¢(4),
3. U (4)(2) = (Y 4) = (B.9.B) (U5 U A)
= (B.9.R)(Uy 1h4) = (B.9.R)(4).

Hence ®. U is positive and it has U* U, as support. Also note (®.U}). u*
= @. Suppose that there exists a ¥ in (M), such that ®(V) = 2k;
then [®|(U* V) =2L. Let W be U*V (€ (M,)), and let W’ be
(W + W*)/2. Then 21, = |®|(W’) < |®|(J). But

[9|(1)(2) = n(4) = B.¢.R)I) =1,
2L (2) = |8|(W)(2) = 2.

Thus no such ¥ exists.

(iii) An example in which the norm-condition is not satisfied.

If X is a set consisting of a finite number of points, say, 10 points
{x15...,%0), I3 is a commutative von Neumann algebra. Since / is finite
dimensional, the weak-operator topology on /j is identical with the norm
topology. Let ® be a map from /j into itself defined by

o(f)(1) = f(1),
o(f)n)=f(m)—f(r-1), 2<n<10

Then @ is linear and ||®|| = 2.

We show next that for any fixed f in /§ with ||f]] < 1, there exist an
integer n; with 1 < n; < 10 and an element g; in /|5 with || g/|| < 1, such that
(f)(n) # |2(g)(ny)| (so that f is not norming for ®). We observe that

f(10) = &(£)(10) + f(9)
f9) = o(f)(9) +/ ()

f@2) = o(f)2) + f(1);



108 S.-K. J. TSUI

hence
10

£10) = 3 9(7)(n) +£(1)
Since || f|| € 1and —1 < |f(10)| < 1, there must be an integer n,2 < n <
10, such that ®(f)(n) $ 2. We define g, by

gln—1) = -1,
gj(nj) =1,
gf(n)=0, n—1#n#n,1<n<10.

Since
‘I’(gf)(”j) = gj(nj) - gj(nf_ D=1-(-1)=2
it follows that

() () # Blg)n) = 2.

2.1.6. COROLARY. Let R be a von Neumann algebra acting on a Hilbert space
%, and ® be a bounded linear map from R into B(3(;). If ® admits a polar
decomposition with |®| completely positive, then there exists a norm preserving
extension of ® to B(X,) into B(3,), ie., there exists a A mapping
B(3C,) into B(3C,) with ||A]| = ||®|| and A|R = .

PrROOF. Let {|®], U} be a polar decomposition for ®, and assume that |®| is
completely positive. By 1.4.2, |®| extends to a completely positive linear map
A’ on B(X,). We claim that ||A’|| = |||®|]|. Choose ¥ and ¥ as in Theorem
1.1.3 such that A'(4) = V*¥(4)V, 4 € B(). Then [A'] < [V*IIVII
= [|[V*V|| = |A’(%)|l. Since J; € R it follows that [|A’]| < |||®]]l. If we let
A = A’.U*, then A|R = ® since A|R = |®|.U*. Moreover [|A] < [|A']]
= |[|@]l| = [|oll. QE.D.

2. Uniqueness of polar decomposition. The norm condition says that the
existence of a polar decomposition is guaranteed by the existence of a partial
isometry U which is a common partial isometry in the polar decomposition for
all ultraweakly continuous linear functionals ¢ o ® (¢ a pure state of &). This
makes it plausible that the polar decomposition, if it exists, is unique. We
prove this in Theorem 2.2.2. A lemma is needed. Let @ be an ultraweak-norm
continuous linear map from R into &

22.1. LEMMA. Let ® = ¥.U, ¥ > 0, |U| < 1, and |lp o @] = [lp o ¥||
for all pure states @ of @ If there exists a V in (R), such that ®.V
> 0and |lpo ®.V|| = ||lp o ¥|| for all pure states @ of @, then ®.V = V.

Proor. It suffices to show g o @.V = ¢ o ¥ for all pure states ¢ of @ Let
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R acting on % be the universal normal representation of R. Then ¢ o ¥(4)
= |lp o ¥||(4x,x) for all 4 in R, where x is a unit vector in IC (Note that if
0=|po¥| =|pod|,thenpo®. ¥V =¢o ¥ =0. We may assume that
lp o ¥|| # 0.) Hence,

llp o ¥|(UVx,x) = @ o T(UV) = ¢ o &(V)
=g¢o(0.7)(1) =g @.V],

since (p © . V) is a positive linear functional. Thus (x, V* U*x) = (UVx,x)
= 1. By Schwarz’s inequality we have x = V* U*x. Thus, for 4 € R,

(o @.V)A) =9 ®(V4) = (po ¥.U)(VA) = (p > ¥)(UVA)
= |lp o ¥ll(4x, V* U*x) = [lp o ¥[(4x,x) = (¢ > ¥)(4). QED.
2.2.2. UNIQUENESS THEOREM OF POLAR DECOMPOSITION. Let ® be an
ultraweak-norm continuous linear map from R into @. If ®. U = ¥, ¥. U* = @,

and ®.V = A, A.V* = ®, where ¥ and A are positive and have supports
E = U*U, E' = V*V respectively, then ¥ = A and U = V.

Proor. For any pure states ¢ of @

lpe @l =loe¥.U* < llpe ¥l =lpe@.Ul<lpe l;

hence |lp o ®|| = [|p o ¥||. For the same reason |jp o ®|| = |lp o A||. By
Lemma 22.1, ¥ = A because [po ®.U|| = ||p o A|l. Consequently, E
= E,ie, U*U = V*V.

Next, we show that U = V. Let W = U™* V. Since the initial projection of
Uand Vis E, we have EWE = W.

V(W) =¥(U*V) =Y. U*¥V)=0(F)=o.V(1) = A(l) = ¥(1) > 0,
W) =¥ = W) = ¥(),
Y(W*W) = ¥(V*UU*V) = Y. V*(UU*V) = dUU*V)
=0.U(U*V) = Y(U*V) = ¥(W) = ¥(1).
So,
Y(W - E)*(W—-E)) = ¥(W*W - W*E — EW + E)
= Y(W*W) - Y (W*E) — W(EW) + ¥(E)
= ¥(1) - ¥(W*) - ¥(W) + ¥(E)
= ¥(1) — ¥(1) — ¥(1) + ¥(1) = 0.
Since ¥ is faithful on ERE, we have W—E =0and W = E = U*V.
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V is an isometry on the range of E, so is U. Since E = U*V, V = U.
Q.E.D.
Let @ be in B(@,@,) and U;, U be in @. If ® > 0, then U.®.U* > 0.

2.2.3. CoROLLARY. If {|®|, U} is the polar decomposition of ®, then |®*|
= U.|®|.U* and |®*| = ®*. U™ with support UU*.

Proor. For 4 € R,
o*(4) = o(4*)* = [|0]. U*(4*)]* = |o|(U*4%)*
= |9|(4U) = |®|(U* UAU) = U.|®|. U*(UA).

Let F be UU*, the final projection of U. Since U.|®|.U* > 0 and
U.|®|.U*(F) = |®|(U*FU) = |®|(U*U) = U.|®|.U*(1), hence F >
support of U.|®|.U*. If F/ < F (F' is a projection), then

U*XFUL U*FU=U*U=E
and

U.|®|.U*(F) = |®|(U*F'U) < |B|(E) = U.|®|.U*(1)

since @ is faithful on ERE. Thus F = support of (U.|®|.U*) from unique-
ness of the polar decomposition, |®*| = U.|®|.U*, and ®* = |®*|.U.
Moreover, ®*. U* = |0*|.UU* = |0*|.F = |®*|. QED.

We can combine the polar decomposition with positive decomposition to
obtain

2.2.4. THEOREM. Let ® € B, (R,®). If ® admits a polar decomposition, then
® is positively decomposable, i.e., ® = &, — ®,, where ®,, @, are positive linear
maps. Furthermore, ®, and ®, have orthogonal supports and |®| = ®; + @,;
20l < |l and |2, ]l < ll2Il.

As a part of the proof we derive a lemma of independent interest.

2.2.5. LEMMA. If ® is a selfadjoint linear map admitting a polar decomposition,
then the partial isometry U in the polar decomposition is also selfadjoint.

PROOF. By 222 and 223, since |0*|=|®,® = |®|.U* and @
= |®*|.U, we have U* = U. Q.E.D.

PrOOF OF THEOREM 2.2.4. Let {|®], U} be the polar decomposition for ®.
Since U? = U*U = UU* = E, the spectrum of U is contained in {-1,0, 1}
so that U = E; — E, where E,, E, are two orthogonal projections. Note that
if the spectrum of U = {0, 1} (or {—1,0}), then U (or —U) is E, the support of
|®|; and @ is positive (or negative). By 2.2.3 we have

(1) 0] = |0*| = U.|®|.U = (E, — E,).|9|.(E; - E,).
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But U? = (B, - E2)2 = E, + E, is the support of |®|; thus
Equalities (1) and (2) imply that

E,.|®|.E, + E,.|®|.E;, = 0 and || = E.|®|.E, + E,.|9|.E,.
Hence

E .|®| = E,.(E,.|®|.E) + E,.(E,.|®|.E;) = E,.|0|.E; = |®].E; .
Similarly
Ey|®|= E,.|®|.E, =|9|.E,.
Hence
® = |0|.U = |9|.(E, - E;) = E,.|9|.E, — E,.|®|.E,,

where E;.|®|.E, and E,.|®|.E, are positive linear maps with orthogonal
supports E;, E, respectively. Also ||E;.|®|.E;|| < |||®|]| = ||®]| fori =1, 2.
The proof is complete. Q.E.D.

2.2.6. DEFINITION. Let @ € B, (R,&).® is said to be Hahn-Jordan decom-
posable (or to admit a Hahn-Jordan decomposition), if there exists two bounded
positive linear maps ®,, ®, in B, (R,&@) with orthogonal supports such that
o= -9,

2.2.7. THEOREM. If ® € B, (R,&) and ® is Hahn-Jordan decomposable, then
® admits a polar decomposition. Furthermore, if E| and E, are the pair of
orthogonal supports in the decomposition, then |®| has support E, + E, and
® = |®|.(E, — E,) is the polar decomposition for ®. With ®, = ®.E, and ®,
= —-0.E,, ® = ¢ — O, is the Hahn-Jordan decomposition of ®.

ProoF. Let ®; — @, be a Hahn-Jordan decomposition for @ with orthogo-
nal supports E;, E, for ®;, ®, respectively. For a projection P in R we have
(Ql + Qz)(P) = 0 if and OnlyifQI(P) =0= Qz(P), i.e., PEl = PE2 = (.
Hence @, + ®, has support E; + E,. In addition, E; — E, is a partial
isometry with initial and final projection (E; — E2)2 = E, + E,. We have
(1) (¢l+q)2)'(E]—E2)=®]°El_¢2‘E2=q)l_®2=q)’

Q‘(El - Ez) = ((I?'l - ¢2)’(El - Ez) = q)l.El + @2.E2
2)
= ¢l + @2.

Equalities (1) and (2) imply that {®, + ®,, E; — E,} is the polar decomposi-
tion of ®. Finally,
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and
—Q'Ez = (_(I)l + @2).E2 = Qz.Ez = (Dz. Q.E.D-

2.2.8. CorROLLARY. If ® € B, (R,®) and ® admits a Hahn-Jordan decompo-
sition, then ® admits a unique such decomposition.

Proor. From 2.2.7, |®| = &, + ®, and ® = &, — ®,. Hence ®,, @, are
uniquely determined by ® and |®| which is, in turn, uniquely determined by
®. Q.ED.

REFERENCES

1. W. B. Arveson, Subalgebras of C*-algebras, Acta Math. 123 (1969), 141-224. MR 40
#6274,

2. W. G. Bade, The Banach space C(S), Lecture Notes Ser., no. 26, Mat. Inst., Aarhus Univ.,
1971. MR 44 #4500.

3. J. Dixmier, Les algébres opérateurs dans lespace hilbertien, 2nd ed., Gauthier-Villars, Paris,
1969.

4. H. A. Dye and B. Russo, 4 note on unitary operators in C*-algebras, Duke Math. J. 33
(1966), 413-416. MR 33 #1750.

8. E. Effros and E. C. Lance, Tensor products of operator algebras (to appear).

6. J. Grosberg and M. Krein, Sur la décomposition des fonctionnelles en composantes positives,
C. R. (Doklady) Acad. Sci. URSS (N.S.) 25 (1939), 723-726. MR 1, 338.

7. A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer. Math.
Soc. No. 16 (1955). MR 17, 763.

8. R. V. Kadison, A representation theory for commutative topological algebra, Mem. Amer.
Math. Soc. No. 7 (1951). MR 13, 360.

9, , Isometries of operator algebras, Ann. of Math. (2) 54 (1951), 325-338. MR 13, 256.

10. » Normal states and unitary equavalence of von Neumann algebras, Lecture notes,
Univ. of Pennsylvania, March 1972.

11. S. Kaplan, An example in the space of bounded operators from C(X) to C(Y), Proc. Amer.
Math. Soc. 38 (1973), 595-597. MR 47 #7505.

12. M. G. Krein, Propriétés fondamentales des ensembles coniques normaux dans l'espace de
Banach, C. R. (Doklady) Acad. Sci. URSS (N.S.) 28 (1940), 13-17. MR 2, 315.

13. E. C. Lance, On nuclear C*-algebras, J. Functional Analysis 12 (1973), 157-176. MR 49
#9640.

14. S. Lang, Algebra, Addison-Wesley, Reading, Mass., 1965. MR 33 #5416.

15. S. Sakai, C*-algebras and W*-algebras, Springer-Verlag, Berlin, 1971.

16. H. H. Schaefer, Halbgeordnete lokalkonvexe Vektorrdume. 11, Math. Ann. 138 (1959),
259-286. MR 21 #5135.

17. W. F. Stinespring, Positive functions on C*-algebras, Proc. Amer. Math. Soc. 6 (1955),
211-216. MR 16, 1033.

18. Z. Takeda, Conjugate spaces of operator algebras, Proc. Japan Acad. 30 (1954), 90-95. MR
16, 146.

19. K. Yosida, Functional analysis, Academic Press, New York; Springer-Verlag, Berlin, 1965.
MR 31 #5054,

20. A.W. Wickstead, Spaces of linear operators between partially ordered Banach spaces, Proc.
London Math. Soc. (3) 28 (1974), 141-158. MR 48 #12150.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PENNSYLVANIA, PHILADELPHIA, PENNSYLVANIA
19104

DEPARTMENT OF MATHEMATICAL SCIENCES, DAKLAND UNIVERSITY, ROCHESTER, MICHIGAN
48063 (Current address)



