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MULTI-DIMENSIONAL QUALITY CONTROL PROBLEMS
AND QUASI VARIATIONAL INEQUALITIES(Y)
BY
ROBERT F. ANDERSON AND AVNER FRIEDMAN

ABSTRACT. A machine can manufacture any one of n m-dimensional
Brownian motions with drift A;, PJ, defined on the space of all paths
x() € C([0, ©); R™). It is given that the product is a random evolution
dictated by a Markov process 4 (¢) with »n states, and that the product is P
when 8(f) = j, 1 < j < n. One observes the o-fields of x(¢), but not of 8 (?).
With each product P} there is associated a cost ¢, One inspects § at a
sequence of times (each inspection entails a certain cost) and stops
production when the state § = n is reached. The problem is to find an
optimal sequence of inspections. This problem is reduced to solving a
certain elliptic quasi variational inequality. The latter problem is actually
solved in a rather general case.

Introduction. Let 0(f) be a Markov process with n states and transition
probabilities p,;(#). With each state i we associate an m-dimensional
Brownian motion with drift A, i.e., a probability P> defined on the space Q of
continuous functions x(¢) from [0, o) into R™.

LetK,,...,K,_,, ¢;,...,c, be nonnegative constants and define a
function fby f(i) = ¢, if i=1,2,...,n. Let 7 = (1, 75, . . . ) be an increa-
sing sequence of “inspection times” and consider the cost function

n—1 0
K+ 3 K}[ > Io(f,)-j”

j=1 1=1

Ji(r) = B

n—1 oo
j(‘)nf(ﬂ(s)) ds + 2 2110(71)-j[r11+1f(0(5)) df} (1)

+ E»*
ji=1l=

Here E** indicates the expectation associated with the process (x(¢), 6(?))
when x(0) = x, 6(0) = i; more precisely, one can show that there is a
Markov process P?* on the o-fields of the functions (x(f), 8(¢)) such that
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P®*® coincides with P, as long as 6(s) = [ and E"* is the expectation
corresponding to P“*. In (1) it is understood that if §(r,)) = n then 1,,,, =
00, and Kily(;m; =0, f:',’ff =0if 1, = o0.

The concept “inspection time” means roughly that each set (7,,, < s)
(7,4, In 7) depends only on the information of the o-field of x(#), 0 < ¢ < s,
and on the knowledge of §(7) for 1 < j < h.

It is easy to see that J;(t) represents the cost incurred by

(i) inspection of 4 at times 7,, and

(ii) time spent in state k (provided ¢, > 0).

The cost in (i) is K, per inspection, provided that at the previous inspection 8
was at state /. The cost in (ii) is a sum of terms ¢, A,, where A, is the time
spent in state k.

The problem of minimizing the cost is a problem of quality control. The
special case where m = 1, n = 2 was studied by the authors in an earlier
paper [1].

The results in [1] consist of two parts:

(@) reducing the problem of finding a sequence of optimal inspection times
to a problem of solving a certain quasi variational inequality (q.v.i.);

(B) solving the q.v.i.

In the present paper we shall generalize (a) and ( 8) to any n, m.

In §1 we state the quality control problem in precise terms. In §2 we recall
some results of Shiryaev (Theorem 2.1) which assert that the process

pr) =P8 =/19] (1<j<n% =0(x(s)0<s<t)

is a solution of a system of stochastic differential equations whose coefficients
can be expressed in terms of the A; and the infinitesimal generator (g; ;) of the
6 process. Here p stands for the initial distribution of 8(0). We also give in §2
(Theorem 2.2) an explicit formula for the p}(#).

In the Appendix we give a derivation of the formula of Theorem 2.2. By
the same method we also give a new proof of Theorem 2.1.

In §3 we prove several lemmas on transformations of expectations E*~
with integrands which involve stopping times. These lemmas are needed in
the subsequent sections.

In §4 we write down the q.v.i.

n n—1
M,V (x,p)+ 2 cp; > 0, V(x,p) < K(p) + 2 piV(x,e),
Jj=1 Jj=1

n n—1
MxpV(x,p) + §|cjpj K(p) + glij(x, ej) - V(x,p)|=0 (2

for x € R™, p=(py,...,p,), Pi >0, Z7.,p; = 1; here ¢ is the jth unit

vector, K(p) is a suitable function such that K(p) = K, if p = ¢;, and M, , is




QUALITY CONTROL PROBLEMS 33

the infinitesimal generator of the (x, p) process. M, , is a degenerate elliptic
operator. We prove that if ¥ is a solution of (2) then

V(x,p) = inf J2 ()

where J?(7) = Ji(r) when p = ¢, We also obtain an optimal sequence of
inspections, defined as follows:

If at the /th inspection we find that @ = i, then the (/ + 1)th inspection is at
the first time when the process (x(?), p(?)) hits the set

n—1
{(x,p); V(x,p) = K(p) + glij(x, e,-)};

here p(0) = i and x(0) is the position of x at the /th inspection. In view of
Theorem 2.2, this optimal stopping rule can be expressed directly in terms of
the process x(?).

In §5 we consider other costs: (i) one which allows for the option of repairs,
and (i) a cost with a discount factor a, a > 0; that is, in (1) we replace f(s)
by f(s)e”* and Iy, K; by Iy, - Kie™*". Denote the optimal cost of the last
cost function by ¥, . The results of §4 extend to these two costs. In particular,
the q.v.i. for ¥, is the same as for ¥ except that M, , is replaced by M, , — a.
The results of §4 also extend to the case when the A; are functions of x.
However, when the A; do not depend on x then we prove that also the optimal
costs V, ¥, do not depend on x.

In §6 we assume that the A, do not depend on x and that A; — A
(2 < j < n) generate the entire space R™ (this is equivalent to the statement
that the elliptic operator M, corresponding to the p/(f)-process is nonde-
generate in the set p; > 0, Sp; < 1; it does degenerate, however, on the
boundary of this set). We then prove that the q.v.i. for ¥, = V,(p) has a
unique regular solution which coincides with the optimal cost ¥, ; the optimal
inspection rule stated above is then valid. We also show how to approximate
V, by solutions of partial differential equations.

In §7 we solve the q.v.i. (2) rather explicitly in the special case m =1,
n = 2 and general g, ;. '

We would like to thank A. Bensoussan, A. N. Shiryaev and S. R. S.
Varadhan for some useful suggestions.

1. The quality control problem. Let 8 () be a Markov process with n states
1,2,...,nand with transition probability matrix P(f) = (p,;(¢#)). We denote
its generator by Q = (g,;), so that P(¢) = e,

Let A, ..., A, be given distinct m-vectors and define a function g(6) by
g(i) = \;. We shall be working in this paper with the process (x(¢), 10))
which, formally, is given by

dx(t) = g(0(1)) dt + aw(t) (1.1)
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where w(?) is an m-dimensional Brownian motion. This process is called
random evolution and it can be constructed in various ways. We describe one
simple way:

Let Q be the measure associated with the standard Brownian motion w(?),
that is,

Q(w(0)=0)=1,
Qo[ w(t + s) eA|Q]=f L exp _L)’__M dy
d 4 (277S)n/2 2s

for any Borel set 4 in B (R™). Let R? be the measures associated with the

Markov process 8 (f). We take the processes 8 (7) and w(¢) to be independent

and, in fact, to exist in two different probability spaces Q" and £, respectively.
Let PY = Q x R®. Consider the process

7(1) = x + w(2) +f0'g(0(s)) ds (1.2)

with 8(0) = 4, and write X(f) = X, 4(?). Define

PO (%,4(1)) € Ay - -, Fg(ty) E A,y 0(1)) € By, ..., 0(t,) € B,,)
= P? (x + w(t) +f"g(0(s)) ds €Ay ..., x+ w(t,)
0
tm
+["8(8(s)) ds € 4,,0(1)) € By, ..., 8(8,) € B,,,), (1.3)
0
and extend P%* as measures on the o-field @ of (8 (x), w(x)), 0 < u < oo.

LEMMA 1.1. P®* is a Markov process with respect to the o-fields @ =
o((x(u), (1)), 0 < u < ).

PROOF. Set
G(x,0) = P% (%(t — s) € 4,0(t — 5) € B). (14)
We shall prove that
Po*[%(1) € 4,0(1) €B|Q,] = G(%(s), 0(s)). (1.5)
We can write
7(1) = 2(s) + (w(t) — w(s)) +]:g(0(u)) du. (16)

In order to evaluate the left-hand side of (1.5) we first evaluate
I =P g((5)) &2(w(r) — w(s)) g3(8 (1)) 24(0(1))| &,

where s < u < t and the g; are bounded Borel measurable functions. Using
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(1.3) and the Markov property of both w(z) and 8 (¢), we find that
I= P g,(%(s)) 22(w(t) — w(5)) 26 () (0 (1)|,]

=& (f(s))ﬁo(s)[ 8(w(t — 5))g3(0(u — 5))84(0 (¢ - 5))]
Setting

G (x,0) = P g,(x) g2(w(t — 5)) £5(8(u — 5)) 2a(0 (1 — 5))],
we then have
I =G (%(s), 8(s)).
The same kind of result holds also for linear combinations of functions of the

form g, g,858, By approximation, it therefore also holds for the left-hand
side of (1.5). Since

X(t—s5)=x+ (w(t —s)— w(0) +j(;’_sg(0(u)) du,

by comparing with (1.6), we see that the function G which is to appear on the
right-hand side of (1.5) is given by (1.4). This shows that P%* is a Markov
process with respect to @,.

Let  be the space of all continuous functions ¢ — x(¢) from [0, o) into R™
and let %,, & be the o-fields generated by x(u) for 0 < u < rand 0 < u <
o, respectively. We denote functions x () also by w and write x(f) = x(t, w)
= w(?).

Let Q" be the space of all right continuous functions 4 () from ¢ € [0, o)
into the set {1, 2,..., n} which have left limits §(+ — 0) for each ¢ > 0.
Denote by 3(, and IC the o-fields generated by #(u) for 0 < u < ¢ and
0 < u < oo, respectively.

In what follows we shall choose the random evolution model constructed in
Lemma 1.1 with the specific € and € which we have just defined. Since the

process %(?) is continuous, the measures P%* can be redefined as measures
P®*inQ X Q by

PO x(t, ©) € 4,,8(1,) € By, x(1, ) € A, 8(1) E B, ... |

= ﬁo’x[i(tl, w) (S Al’ 0([1) (S B]! x~(’2, w) € A2’ a(tZ) € BZ’ R ]'

Notation.

& = o(x(u),s <u<i), I = o((0(u), x(u)),s < u < 1),
("E = gf+0’ mf = %f+0, ("}.t = g?’ G-m'r = %?
Notice that %,, 9, are right continuous o-fields.

From Lemma 1.1 we deduce (using the Feller property) that the P%* form
a Markov process with respect to I,.
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Let ¢, be the shift operator, mapping Q into £:
o x(t) > (¢ + 5).

DEFINITION. A sequence 7 = (7, Ty, . . . ) 1s called a sequence of inspection
times if 0(7,,) = n implies 1, = oo for all/ > m, and

n—1
TN=0p Tye1 =Tw+ X Iy y = O 14(95,) (m > 1), (1.7)
=1

where o, and the o,,; are (finite valued) stopping times with respect to ¥,.
Each 7, is called an inspection time.
LEMMA 1.2. Each 7, | is a stopping time with respect to the o-field
Fi = (5, 0(71), - .., 0(1,)).

ProOF. The proof is by induction. Assume that 7, is a stopping time with
respect to %, _, ,. We shall need the rule:

A € G, implies ¢,_'(4) € F,,., ,
which follows by checking it first for cylinder sets (making use of the fact that
x(s + 7)is ¥,,, measurable). Taking 4 = {o,,,,, < t}, we conclude that
¢-r;l(om+l,l < t) € 6}”—1’"’

i.e.,

{om+l,1(¢'r,,) < t} € g;+fm'

Thus o, ,, (¢, ) is F,,, stopping time. Now, according to [7, p. 74}, if B, is a
right continuous increasing family of o-subfields of 9N, and 7 is %, stopping
time, then 6 + 7 is B, stopping time if and only if 6(¢;) is B, ; stopping
time. Applying this result with B, = %, we find that

m—1,

{Tm + om+l,l(¢'r,,,) < t} € Gfm-l,t
for all ¢+ > 0. Writing

n—-1

{(Tmer1 < 1} = U {(0(r,) = 1} N {'rm + 0pi1y(9;) < t},

it follows that {7,,,, < 1} € 9, ,.

CoROLLARY 1.3. Each 7, is OR, stopping time.

In the problem to be introduced below it seems natural to take 7,,,; as any
stopping time with respect to %,, ,. However, in order to be able to apply the
strong Markov property for suitable functionals we have restricted the 7, ,
to be as in (1.7).

Let K, ..., K,_, be positive constants and define a function K(8) by
K(i)) = K. Let ¢;, ..., c, be nonnegative constants and define a function
f(8) by f(i) = ¢c;. We now introduce the cost function
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Ji(r) = E™ ,
Jj=1 =1

K, + 2 K[ > 1,(,,)_,]

EIX

J=1 I=1

[506)ds +S $ hopm [ 106 ds] (8)

or, more briefly,
T = E[ 5. aren| KO() + [ 1(0(5) ds” 19)
=0 T

where 70=0, #(0)=i and 7= (7, 7p...,7,...) is a sequence of
inspections. It is understood here that if (r,,) = n for some m, then K (8 (7))
+ [7+f(@(s) ds =0if I > m.

In order to motivate the interest in (1.8), we take i = 1 and rewrite (1.8) in
extended form:

7Hn) = B K+ ["f(0()) ds

oot Ko+ [1(0(9)

+10(,2,_,[K, +f:f(0(s))¢s +... ]

+ 10(,2)_2[1(2 +f:f(0(s)) ds + ... ]

PR 10(,2)“_,[19_, +[:f(o(s))¢s+ ”
+ 10(,,)-2[19 +[710) &

+1‘,,(,,)_2[1<2 +f:f(0(s)) ds + ... ]

+1,(,2)_3[1<3 +f:f(0(s)) ds+ ... ] +.-.

+ 1,(,2,_,,_.[&,_, +f:f(0(s))a:v +... ”

+ o+ Ia(ﬂ)_’,_l[lg'n__I +f1nf(0(s))ds'

+1,(,2)-,,_,[K,,_, +j:f(0(s))ds +... ”] (1.10)
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Consider the special case where ¢y <¢; <---<¢, K;> K> -+ >
K,_; and p,;(1) = 0 if j < i. Then the cost J)(7) arises naturally in the
following model:

A machine is manufacturing a product 4, when it is in position M,
1 < i < n. The product A; is preferable to the product 4;,,. The machine
may shift at random from position M; to position M; (i.e., from §() = i to
8 (1) = j) only if j > i. In particular, the state M, is absorbing. The product A4,
is a Brownian motion with drift A,, which we designate by P. By looking at
the product (i.e., at the P>) one cannot tell the position in which the machine
is at present (i.e., the information in %, is only a partial information on 8 (?)).
In order to determine this position, one must actually check the machine
itself; the cost thereby incurred is K; if one has the knowledge that in the
preceding inspection the machine was in position M,.

Another cost incurred is due to the production of the less desirable
products between the times of consecutive inspections; the cost, per product
A,, is ¢; multiplied by the time of production. The functional J!(7) represents
the total cost incurred during a sequence of inspections. It is assumed here
that once the machine is found to be in state M, we stop production.

Denote by @ the set of all sequences of inspections and set

V,(x) = inf Ji (7).

We are interested, in this paper, in the problem of studying V;(x) and of
finding 7; € @ which minimizes the cost, i.e.,

Vi(x) = Jx(7)-

This problem is called a quality control problem or a quickest detection
problem.

2. The p-process. Let p be any measure on the space &, ie., p=
(pys...,p,) Wherep, > 0, 37_,p;, = 1. We set

pre =3 ppi
i=1
and
pi() = E”“'x[0(t) =j|?£] (1< j<n), 2.1

where E€ denotes the expectation with respect to the measure Q. For
simplicity we write

7(1) = pf(1).
Notice that p;(¢) > 0, 27_,p;(9) = 1.

THEOREM 2.1. The process (p,(¢), . . . , p,(t)) is a continuous strong Markov
process with respect to the o-field %,, and
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a1 = 3 ayni(t de + pj(x,- -3 M),(t)) O, (2

where w(t) is an m-dimensional Brownian motion adaptable to %,. If p, # 0 for
some i then p,-(t) # 0 for all t > 0, so that one can define y,(t) = p;(t)/p:(¥) for

Jj=1L...,i—=1i+1,...,n; the process (y,(£);...,y;— ,(t), D7 () N
y,,(t)) is a continuous strong Markov process with respect to %,, and

@ (1) = y; (O — N)- (dn — Ndt) + 2 yl(t)[ql,j - yj(t)ql,i] d, (23)
I=1
where
()= 3 Np() de+ A0, y() =1, 24)

This theorem was proved by Shiryaev in [9]; see also [6]. It may be noted
that the derivation of (2.3) from (2.2) and, vice versa, the derivation of (2.2)
from (2.3), (2.4) can be carried out by straightforward calculation using It&’s
calculus.

Later on we shall need an explicit formula for the p;(). We set

pi(t) =p/() whenp=(,...,0,1,0,...,0)
with 1 in the ith component. (2.5)
Defining
z,(s, t) = exp[(}\j = N)- (x(?) = x(s)) — %(P‘le -—|)\,-|2)(t - s)], (2.6)
we introduce the functions

=3 3 f ity €XP{ — ity } i,

P=0 (i,ypy ...\ ¥p)) "0

=y,
_/(; “ du‘h ‘Yzexp{ - qYluYI,Yz}q'Yp'Yz

= Uiy, — Uy gy ™ " Ty, _
. j(; 1~ % Uyp 1oy d“y,,,'exP{ ququJ}
q*/,.,/exP{ qj(t Uiy, =™ 000 T Uy iy, T ‘,.1)}
i‘/(u' Yy’ u‘ 241 7172) Z‘ ‘/2( 'Yl 7| Y2’ u‘»“(l + uY|“Iz + u7273)
: u( Uy T Uy, T 000 F L t) (1<ij<n), 7
where g, = — ¢,
Here we have used the following notation: 3, v, indicates the sum

taken over all y,, .. ., yp with each y, varying over 1, 2, . . ., n in such a way
that i# v, #F v, # - -« F v, F Y, %), ie, 7 Y4 for I=1,...,p
and v, # i, vy, # j. The notation
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o0
*
2>
p=0
indicates that if i # j then the summation is taken over p =0, 1,2, 3,...;
whereas if i = j, then the summation is over p= —1, 1, 2, 3,.... When
p = O there is only one integration on the right-hand side of (2.7) (generally
for any p the number of integrations is p + 1); the term in (2.7) correspond-

ing to p = — 1 (when i = j) is understood to be exp(— g¢;?).
THEOREM 2.2. The following formula holds:
. p(1)
pi(1) = ———, (2.8)
2 pi,l(t)
=1
and, more generally,
Pj“(’) = .2] Pip_i,j(t)/ [ 121 Pz (0, 1) kZI Pri(®) (29)
fu=p=(py...,pPn

One can verify (2.8) (or (2.9)) by showing that the functions given by the
right-hand side of (2.8) (or (2.9)) satisfy the stochastic differential system
2.2).

In the Appendix, however, we shall actually derive formulas (2.8) and (2.9).
The method used will enable us to also give a new proof of Theorem 2.1.
Unlike the method of Shiryaev, our method relies only marginally on the
stochastic calculus, and it can be adopted to any Markov process or chain.

3. Auxiliary results. As in §2, let p,(¢) = p/ ().

LEMMA 3.1. Let v be an %, stopping time and let h(x) be a continuous
bounded function in R™. Then

E**[ Iy - (x(1) ] = E**[ p(r)h(x())]- G0
PROOF. Suppose first that 7 takes only countably many values ,. Then

E#,x[lﬂ(f)-jh(x(f))] = %E#’x[If=’k10(’k)=/h(x(rk))]

= % E*[ 1., p(r)h(x(r))] = E**[ pi(1)h(x(7))]-

Consider now the case of general 7. Let 7,, be a sequence of countably valued
stopping times such that 7,, | 7 if m 1 co. Then (3.1) holds for 7 = 7,,. Taking
m — oo and recalling that p(¢), h(x(t)) are continuous and @(¢) is right
continuous, (3.1) follows.
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LEMMA 3.2. For any 9, stopping time ,

Ex| [T5(0(0) di] = E*| [TS cpy(e) . 32
aen {fogl%() } 62)
PROOF. It is clearly sufficient to show that

Eu,x[ fo o= dt} - E,‘,x[ fo "p(1) dt]. (3.3)

Consider first the case where 7 is bounded and with countably many values
r.. If 1 < T then

T T
E"”‘[f Ipy=; dt} = % E“”[If-rkf To()=j d’]
T Tk
T
=3 E"”‘[L-rkf E* [ Iyy-j19,] d’]
k Tk

= % E"”‘[I,-r,‘f:pj(t) dt} = E"”‘U;ij(t) dt].

Also,

T T
E#-x[j(; Iﬂ(f)-j dt:l = E”,x[L pj(t) dt],

so that (3.3) follows. The case of general 7 follows by approximation.

CoOROLLARY 3.3. Let 7 and t,, be stopping times such that t,,— 1 a.e. as
m — oo. Then, for any continuous bounded function h(x),

Jm - E¥*[ Loy h(X(7,))] = E*[ To=p(x(7))]- G4

Indeed, a similar limit theorem is true for the right-hand side of (3.1) (since
P;(1), h(x(2)) are continuous). Now use (3.1) to deduce (3.4).

COROLLARY 3.4. Let t be a predictable stopping time. Then
Pr*[0(r—0)=0(1)] =1 (3.5)

Proor. The predictability assumption means that there is a sequence of
stopping times 7,, such that 7,, < 7, 7,, 1 7 as m 1 0. It follows that 8(r,) —
6(r — 0) as m — o0. Applying (3.4) with A = 1 we then get

P¥[0(r - 0) =j] = P+[0(r) = j]. (36)

Since §(7 — 0) < 0(r), the set (9(r — 0) = n) is a subset of the set (8(1) =
n). Hence, by (3.6) with j = n, these sets are equal a.e.
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Next,
@(r—-0=n—-1)c@(r)=nu@()=n-1).

Since the set (8(7) = n) coincides a.e. with the set (8(r — 0) = n), we
conclude that ((r — 0) = n — 1) is contained in (§(7) = n — 1), up to a set
of measure 0. Applying (3.6) with j = n — 1 we find that the sets (§(7 — 0) =
n — 1)and (8(7r) = n — 1) are equal a.e.

We can now proceed step by step in this manner and establish (3.5).

LEMMA 3.5. Let T, = 7| + 0)(¢, ) where 7, is a stopping time with respect to
M, and o, is a stopping time with respect to %,. Then, for any bounded
continuous function h(x),

E*[ Iyir = doiry =1 (x(12)) ]
= E"’x[ Io(r.)-iEi’x(T')[ Tp(op=h(x(02)) ] ]
(1<ij<n). (37

ProoF. Consider first the case where o, has only countably many values r,.
Then

E¥[ Tyrp= oo+ axfe, ) =(X(T1 + 05(81))) ]

= % E"’x[Io(r.)-ila,(¢,,)=rk10(f.+rk)=1h(x("'1 + ’k))]- (38)

As easily seen, the sets (0,)(¢,) = r) and ¢, (o, = r,) are equal. By the
strong Markov property (as stated in [4]) of the (x, §) process we then have

E* [ Ty =g 360,= r Tptry 4 rp= 1 (x (71 + 1)) |

= E"”‘[Io(f.)=z[Ei”‘(")[1<az=rk)10(rk)-/'(x(’k))] ] ] (3.9)

Hence, the right-hand side of (3.8) is equal to the right-hand side of (3.7).

Having completed the proof of (3.7) in case 6, has countably many values,
we now consider the case of a general o, and let 0,,, be countably valued
stopping times such that o,, | 0, if m 1 co. Writing (3.7) for ¢ = 0,,,
T, = 7 + 03,,(¢,), taking m 1 co and using the continuity of 4(x) and the
right continuity of 8 (), assertion (3.7) follows.

LEMMA 3.6. Let 7, = 7, + 05(9, ), where 7, is a stopping time with respect to
O, and o, is a stopping time with respect to %,. Then
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EM| Iyipymi | S (0(s)) ds
0(r)=i
T

- E""‘[Io(,l)_,.E"’"(")[ fo “£(0(s)) dv] ] (3.10)

PROOF. Suppose first that 0, = T. Then, by the Markov property,

£ oy [T 1009 ]
- E#,x[ o=, T1(8(r, + 5)) ds]
= [ B loop=i S8 (r, + ) ]
= [ B oiepm B 50(5))]] 0

= £ty [0 |

We can next establish (3.10) when o, takes only countably many values and,
by approximation, by any o,.

4. Reduction to quasi variational inequality. Any probability measure p. on
the space @ is determined by numbers p; > 0,1 < i < n, such that 3p, = 1,
i.e., p; = p{i}. We shall write p = (p,, . . ., p,) and, for simplicity, identify p
with p.

We shall extend the cost function (1.9) to the case where E** is replaced by
E** (or EP* with p = p). But first we have to define a function K(p).

Consider the case where the Markov process 6 (7) goes only to the right, i.e.,

pij()=0 ifj<it>0. (4.1)
In this case we define

K(p) = 1(:'0+1 wherep = (pl’ e ’Pio’pi°+l’ M ’pn)

andp,=--- =p, =0,p, ., #0. 4.2)

In the case where the Markov process can go both to the left and to the
right, we assume that K, = K, = - - - = K, _, = K and define

K(p) = K 4.3)

These definitions make good sense from the motivation of the quality
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control problem given in §1 (following (1.10)), and they are also needed for
mathematical reasons.

We now extend the cost (1.9) to the case where the distribution of 8(0) is
the measure p = p:

JP (1) = E”"‘[K(p) + fo " £(8(s)) ds

# 3 oo KOG + [ 0@ &] | @9

We also define
= 1 P
V(x,p) Tlélfc; J? (7).

Proceeding heuristically, we shall derive a quasi variational inequality for
V.

Suppose we start from a point (x, p). We can make one of two choices:

(i) apply a stopping time 7, = 0, or

(ii) apply a stopping time 7, > 0.
The first choice entails an immediate cost K (p), and, if we proceed optimally
thereafter we incur an additional cost, 37 ! p;iV(x,e), wheree, = (0, ...,0,
1,0, ..., 0) with 1 in the jth component. Thus choice (i) gives

n—1
V(x,p) < K(p) + ;l V(% e). (4.5)

In case (ii), if we proceed optimally subsequent to 7,, we get

n

V(x,p) < EP fo [ > cpi(t) | dr

+ Ep,X[ V(x(71),p(7)) ]’

J=1

where the p;(¢) = p* (f) are defined in §2, with p = p. Proceeding as in [1), we
deduce the inequality

M,V (xp) + zl cp; > 0, (4.6)
j=
where M, , is the infinitesimal generator of the (x, p) process.
Finally, at each point (x, p), equality should hold either in (4.5) or in (4.6),
that is,

n

M, V(x,p)+ 2 cp;| =0. (47)

n—1
K(p)+ 2 pV(x,¢) — V(x,p)} 2

J=1

The system (4.5)«(4.7) is a quasi variational inequality.
The operator M, , is given by
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/=1 0x k=1 I=1
S %
AN— 2 A
“ Igl 1P1) 9p;9p;
n n a
+ 2 P,(A, > M’z) 5. V¥
Jj=1 I=1 /4
+ 3NVt S gup L (48)
I=1 J k=1 Pr

This formula, for a function u = u(p), follows from (2.2). For a function

u = u(x, p), formula (4.8) follows by noting (from the proof of Theorem 2.1)
that

w(t) = x(1) — fo 'é} Api(s) ds.

Formula (4.8) is actually valid also when the given drifts A; are functions of x
(since Theorem 2.1 extends to this case; the (x, p)-process is a Markov
process in this case, but not the p-process alone).

Later on we shall apply It6’s formula

EX[V(X(7)] - V(X) = E"[ fo "MV (X (s)) ds], (4.9)

where X (¢) is the process (x(¢), p(#)), M = M, , and 7 is an %, stopping time
with finite expectation. The standard assumptions on V are
V € C*(4), MV isboundedinA, (4.10)
where A is the phase space.
If X (¢) is a continuous Markov process with nondegenerate generator M,
then (4.9) is actually valid under the weaker assumptions:
V continuous in 4, V € WZ2(A), MV € L®(A) (4.11)
(see [2]). In our case, however, M is degenerate. We claim:

LEMMA 4.1. Formula (4.9) is valid if V € C'(A), DV € L®(A), MV €
L*>(A).

PROOF. Suppose first that 1 < m where m is a positive integer. Let M, = M
+ €A (A = Laplacian, ¢ > 0) and denote the corresponding solution of the
stochastic differential system by X°(r). The coefficients of the Brownian
differentials dw;, in the equations for X* converge to the corresponding
coefficients of dw; in the stochastic differential system for X, uniformly in
bounded sets (this follows, for instance, from [5, p. 129]). Employing the
martingale inequality we find that, for any § > 0,

P"[ sup |X£(t)—X(t)|>8]—>0 if & — 0.
0<t<m
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Hence, for a subsequence ¢ = ¢, | 0,
sup |X, () — X(¢)] >0 ae. (4.12)
0<t<m

Since M, is nondegenerate and V satisfies (4.11), we have
EXV(X*(n)] - V(X) = E"[j(; M,V (X*(s)) ds|.

Noting that M,V — MV uniformly as ¢ — 0, and using (4.12), assertion (4.9)
follows.
So far we have assumed that + < m. Now take any 7, apply (4.9) to 7 A\ m,
and take m 1 oo.
When the A; are constants the p-process alone is Markovian and its
infinitesimal generator M, is given by
M L3 A—3Sa) (A -3 0%u
Lu(p) = > 2 Pij( \i Igl zl’l) ( % 1;} Alpl) %, P,

4 du
+ 2 Gy, (4.13)
Let

4; = {(O,...,O,pj,pjﬂ,...,p,,)ER";

p>0,p >0, lz.p, = 1}. (4.14)
=J

If (4.1) holds and if the p(7) process starts at 4; then it remains in 4; for all
L

Observe that

if p; # O then p;(¢) # O for all¢ > 0. (4.15)
Indeed, this is stated in Theorem 2.1 (and it is also a consequence of Theorem
2.2). It follows that if (4.1) holds, then
K(p(1)) = K(p) as. PP~ (t > 0). (4.16)
Also, if p € A; then the process (x(¢), p(#)) remains in R™ X 4, for all7 > 0
(if (4.1) holds). Thus, Lemma 4.1 is valid, in this case, with 4 = R™ X 4 ;.

In case K(p) is defined by (4.2) (rather than by (4.3)), the function K (p) is
generally discontinuous in A, - Thus, we cannot expect V(x,p) to be
continuous in R™ X A, ;- However, since K(p) is continuous when restricted
to each 4;, we may expect ¥ (x, p) likewise to be continuous when restricted
to each R™ X A,.

Consider now the case where (4.3) holds and let

4" [(x’p);x €ER™p >0, 3 p = 1].

Jj=1

With a solution ¥V (x, p) of the q.v.i. (4.5)+(4.7) we associate a set
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n—1
S={(xp) €4 V(xp)=K(p)+ 3 pV(xe)|.

i=1

When V is a continuous function, S is a closed set.
DEfFINITION. We denote by o2 the hitting time of the set S by the
(continuous) process (x(?), p(#)) with p(0) = p and let 6. = o2 when p = e,.

Set
1

=05, 70 =75+ 2 I)-04(¢) (1 < m< o),
=1
™=, ...) (4.17)

THEOREM 4.2. Let V (x, p) be a bounded function in C'(A) with DV in
L*(A) and with MV in L®(A). Assume that V satisfies the q.v.i. (4.5)~(4.7)
a.e. and that the o, are finite valued for all p # e,. Then

V(x,p) = néll@l JE (1) = JE(7P), (4.18)

where 77 is given in (4.17).
PROOF. We first show that
JE(7) > V(x,p). (4.19)
By (4.6), Lemma 4.1 and (4.5),
E”"‘[ fo 'E} cp,(t) dt] > E”"‘[ fo MV (x(2), p(2)) dt]
= V(x,p) — EP*[V(x(01), P(o))]
n—1
K(p(ay)) + _21 pi(0))V(x(ay), ei)]'
Using Lemmas 3.1, 3.2 and (4.3), we conclude that
V(xp) < EN[ [r6w)a+ K(p)]

> V(x,p) — EP*

+ EP~

n—1
.gl Iy y=iV (x(1)), e,.)l. (4.20)

Of course, K (p) is the constant K, but we prefer to write it as K(p) in order
to make it clear later on how to extend the proof of Theorem 4.2 to the case
where K (p) is defined by (4.2).

Applying the inequality (4.20) with x = x(7)), p = ¢, 7, = 0,, and inser-
ting the result into (4.20), we get

n—1
V(x.p) < E™* fO" fO@) dt + K(p) + 2 Iyey=iE X

i=]

n—1
[ fo 2 f0()) dt + K, + gl Toop=iV (%(02,); ei)H'
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Applying Lemmas 3.5 and 3.6, we obtain

V(x,p) < EP*

n—1
[ 16@) dt+ K2+ 2ty

n—1
- ( [P10@) di + K+ 3 hyoi¥ (x(r2), ej))},
T =
which can be written in the form

n—1
V(x,p) < EP* 0" f(8(r)) dr + K(p) + gl 1,(,,)_,.( 1” f(0(0) dr + K,.)

n

—1
+ 3 EP [ IyryaiV (x(72)s €) ]

j=1
=I+J. (421)

This inequality is analogous to (4.20).

We proceed to evaluate J by using (4.20) with x = x(1,), p = ¢; and
T, = 03;. We then get an inequality analogous to (4.21), but the new term J
contains more of the terms which appear in JZ(7). Proceeding step by step,

we arrive at the inequality

V(x,p) < E**| K(p) +f0"f(0(t)) dt
m n—1 .
+ 3 S lmi( K+ [ SO@) ) [ + R, @422)
I1=1 j=1 L
where
R, = EP* "i' Igr,, )=V (X (Tisr), ej)]‘ (423)
j=1

Now, we have to prove (4.19) only for such 7 for which J?(7) < c0. Since
J?(7) consists of a finite number of infinite series (with positive terms), the
remainder must converge to zero. This implies that

oo n-—1

2> 21,(,)_,]-»0 if m — co. (4.24)

p=m j=|

EP*

Since V is a bounded function, we conclude from (4.23) that R,, — 0. Taking
m — oo in (4.22) and using the last remark, assertion (4.19) follows.
We next have to prove that

J? (%) = V(x, p). (4.25)
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Taking o, = ¢4 in (4.20) we obtain an equality. Similarly, we get the equality
in (4.21) (here we take 6,, = 0,). More generally we get the equality in (4.22)
(when 7, = 7f). Since R,, > O, it follows that the partial sums of the series
(4.4) (when 7 = 77) are bounded above by the quantity V(x, p). Since the
terms are all nonnegative, the infinite series is convergent. Consequently,
R,, — 0, and relation (4.25) follows upon taking m — oo.

REMARK 1. Theorem 4.2 means that the optimal stopping rule is to stop as
soon as (x(¢), p(?)) hits the set S, given that in the previous inspection § was
at state p(0) and x at x(0). In order to render this theorem useful, one should
express the optimal stopping rule in terms of the observable process x(¢). This
can be done by means of Theorem 2.2. We can now state:

The optimal stopping rule is to stop as soon as (x(t), p(t)), with p(t) defined
by (2.9), hits the set S, given that at the preceding inspection the distribution of 0
isp=(py,...,p,) and x(0) = x. Notice that, after the first inspection, 4 is at
a particular state, say i, and then p;(?) is given simply by pj‘ ).

REMARK 2. If (4.1) holds and K(p) is defined by (4.2), then the proof of
Theorem 4.2 remains valid provided we make use of (4.16), instead of (4.3).
Further, if initially p is in 4; (ie,p = (0, ..., 0, Pj>Pj+1s - - - > P,) and p; > 0),
then we have to impose the assumptions of Theorem 4.2 with 4 = R™ X A;.
The stopping set S is defined accordingly.

REMARK 3. In order that there exists at least one 7 in @ with J?(1) < oo, it
suffices to assume that the state n is absorbing, i.e.,

P[O(f) < n] >0 ift— co. (4.26)
(We then have, by the Markov property, P[0 () < n] < e~ * for some a > 0,
so that J?(1) < oo if 7=(7, 7,...) with 7, =) Condition (4.26) is
satisfied in case (4.1), and also in the case where
Gon =0, 4n,>0 fori=1,...,n—-1 (4.27)
In fact one can prove, in both cases, the stronger result
P[0(1,) =n]—>1 ifr, —>o0asasm— oo, (4.28)

where {7,,} is any sequence of inspections. Let us prove (4.28) in case (4.27)
holds (the proof in case (4.1) holds is a consequence of (4.26)).
Consider the function

f(1) = P[0(s) # nforall0 < s < ¢].
It satisfies f'(1) = — g ,f(?), so that
J(t) =e %" 50 ift— o0. (4.29)
For any inspection time 7,, we then have
P“"[O(t) = n] = P""[O(t) =n,7, > t] + Pi”‘[0(t), T < 1]
< P*[0(r,) = n] + P*[1, < 1], (4.30)
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since P™*[@(r) = n] = 1, by (4.27). Taking m — oo in (4.30) and using (4.29),
assertion (4.28) follows by letting # — oo.

REMARK 4. Theorem 4.2 and the previous remarks hold (with the same
proofs) also when the drifts A; are functions of x. However, when the A; are
constants, ¥ (x, p) is actually independent of x (see §5), and the q.v.i. for
V = V(p) becomes

n—1
V(pr) < K(p) + glij(ej), (431)

M,V (p) + 3 cp; > 0, (4.32)

Jj=1
where M, is defined in (4.9), and

n—1
K(p) + gl pV(e) - V(p)

[MPV(p) + él cjpj] =0. (433)

In case (4.1) holds (and the A; are constants), set

Vi(pis Piorr - >Pn) = VO, ..., 0,05Dists - -+ 5Pp) (4.34)
Then (4.31)(4.33) reduce to a successive sequence of simpler q.v.i. for
V,._l(P,._pP,.), Vn-z(Pn—z,Pn—an), R VI(PI’PZ’ e ’pn):

n—1
Vn—i(pn——i’ ¢ ’pn) < Kn—i + 2 p]I/j(ej)’ (4‘35)
Jj=n—i
M, .V i(Pu_ir--->P,) + 2 Gp; 3 0, (4.36)
Jj=n—i

n—1
K, . + 2 pr;(e/) - Vn-—i(Pn—i’ R ’Pn)

Jj=n—i

n

: [Mn—iVn—i(pn—i’ < ’pn) - . 2 ij_]} = 0’ (437)

J=n—i

where

l n n
Myt (Paip--P) =5 2 _pjpk(&— > .?\zpz)

d 92u z du
AN, - Ap )| =2 + D - 4.38
( T2 ’) B 2 W 4D

REMARK 5. The process (x(?), y;(1); 2 < j < n) where y;(¢) = p,(8)/p,(D)
(2 < j < n) is a Markov process and its generator 4, is given by
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1 & 1 n
Axyv(x’y) = 5 2 2 E k2= (j - >\l) (Ak ) ay ay
#3502 V.
J\J a);j x

Jj=2

n
+ 2
j=2

A - A) Ay + kél (@) — W1 V)i

ANty + -+ A0y, ] 8
MU Ay prraer %, " (439)

REMARK 6. The elliptic operator M, , is degenerate throughout the (x, p)
region A. Let

i=1

n
- {(p"""pn)’ pi >0, 2Pi= 1}.

In case the A; are constants, the elliptic operator M, is nondegenerate in B if
and only if the vectors A, — A, (2 < j < n) are linearly independent; this can
easily be seen from (4. 39) Thus if m > n — 1 and the A; are in “general
position”, then M, is nondegenerate in B. It does degenerate however, on the
boundary of B.

REMARK 7. When M, is nondegenerate in B, one can slightly improve the
assertion of Theorem 4.2 by requiring weaker regularity conditions on ¥ (p),
namely:

VeEeC(B), Vew*?B), MV eL(B). (4.40)

Indeed, these conditions already insure that 1td’s formula can be applied
for bounded stopping times (see [2]). By approximation one can then justify
the use of It&’s formula for any stopping time. A similar improvement is
possible in the case (4.1), (4.2).

REMARK 8. If for the solution ¥ (x, p) as in Theorem 4.2 the closure of the
set A \ § does not intersect the set p; = 0, and if p;; = O when i > 1, then the
o4 are finite valued a.s. Indeed, since

M, .p, = 2 9\P: = 4,,1P g1, >0,

i=1

1td’s formula applied to p,, integrated from 0 to o2, gives E?*o2 < oo.

5. Properties of the optimal cost.
5.1. Other cost functions. Suppose we modify the cost function Ji(7) by
including a discount factor a, a > 0, i.e.
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n— o0
Ji(r) = E¥ Ke ™ + ¥ 19-,2‘8_“”“10«,)-1}
j=1 Ti=

+ E**

n—1 oo
e (O (s)) ds + 2 3 dacr=s S e (0()) ds] (5-1)
Then the corresponding q.v.i. are the same as before, except that Mu is
replaced by Mu — au. The proof is essentially the same as in the case ¢ = 0.

Another generalization of the cost functions is when K; and f(i) = c; are
replaced by functions K(x), g(x)c; (so that f(8(s)) is replaced by
80(5(x(5)) f(6 (5))). In this case the q.v.i. remains unchanged except that KX; is
replaced by K;(x) and ¢; by g;(x)c;.

Consider next a quality control problem with option of repairs, that is, we
allow repairs immediately after inspection. Thus, if 8(7;) is at state / (/ =
2, ..., n)one is allowed to repair the machine by restarting at state 1, with
cost N,. (We assume, for simplicity, that no “partial” repairs are allowed.) We
shall write down the new J! just in the case corresponding to (1.10) with
n=3:

I (r, a) = E""[Kl +f0"f(0(s)) ds]

+ Iy =1

K+ [71(0(5)) as

+10(,2,-.[K, +f:f(a(s))¢s + ... ”

az(Kz +_/:2f(0 (5)) ds

+ 10(1'2) =2

+loy=a 0 ] F Dprpma ]) +(1 - a)

. (N2 + El,x(fz)

K, +f:3f(0(s))ds + ... ])}

a3(K2 +f7|12f(0(s))ds + )+ (1 — a3)

+ lyry=2

. (N2 + ELxG)

K, +f:zf(0(s))ds +... m

+ Ia(.,.l)_:; N3 + EI’X(‘rI)

K, +j(‘:2f(0(s))ds +... H, (5.2)
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where 0 < a; < 1 and %, = o,, 7, = ;. Similarly, one defines JX(r, a). We
are assuming here that if the machine is at state 3 then we must repair it. The
differential inequality (4.6) for V'(x, p) = inf , J?(7, @) remains the same,
but (4.5) is replaced by

V(xppp:) < K(pupy) +py min [aV(x e) + (1= p)(N; + V(x )]

+p2|:N3 + V(x, ez)]. (5.3)

5.2. JE(1) in terms of the (p, x)-process. We shall need the following
formula:

J? (1) = EP*| K(p) +f01' i cjpj(s) ds

J=1

o n—1 n
+3 3 pln)| B\ K+ [ 3 6pi(s) dsH . (54)
I=1 i=1 0 =1
PROOF. By (4.4),
J2(7) = B K(p) + ["f(0(5)) ds

o3 S+ [P el

I=1 j=]
(by Lemma 3.6)
= EP*| K(p) + fo " £(8(s)) ds
o n—1 ) oL
+ 85 - K+ [ 10 8]
=1 j=] 0

Applying Lemmas 3.1 and 3.2 to the right-hand side, assertion (5.4) follows.
Similarly to (5.4) we can write the cost function associated with (5.1) in the
form

J2 (1) = B K(pe™m + [ S ep(s) s

J=1

o0

n—1
+ 3 3 e, (n) B
I=1 j=1

[ Koo + foo,_ie—mélcjpj(s) ds”. (5.5)
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Let
Vo(x,p) = iélgZ JE (1), JF (1) defined by (5.5). (5.6)
53. V = V(p). We shall prove

THEOREM 5.1. If the A; do not depend on x then V (x, p) and V,(x, p) do not
depend on x.

PROOF. It is enough to prove the assertion for V.
Define v,: > by vy (wlf) = x + o(f). Then v,: ¥, -9, is a o-
isomorphism and
PP**Y (A) = PP (v, (A)) forany A € . 6.7

Indeed, it suffices to verify (5.7) for cylinder sets, and the verifications in this
case follows from (1.3).
From (5.7) we conclude that
EP**[F()] = EP[F(v,+)] (5-8)
for any integrable and %-measurable function F.

We note, by Theorem 2.2 and (2.9), that p;(#) depends only on the
differences x(v) — x(u) (0 < u < v < ?), so that, writing p;(¢) = p;(¢, w), we
have

pi(t, Yxw) = pi(t, w). (5.9)

From (5.4), (5.8) (with y = 0) and (5.9) we see that

Iz (r) = B

K@)+ [ 3 op)n)
n—1

o0
+ 2 2 Pi(Tv.)(Yx) Eixmm)(r)
I=1i=1

I<,- +j(;ol,ij$l ijj(s) dg}jl

= EPO

k(o) + [ 3 op(o) ds

co n—1 .
+ 2 2 pi(,".‘l)Ei,X(T,)+X

=1 i=]

K +f0°"’ S c2,(s) dv”,

j=1
where

() = 7,(¥,0);

here we have also used the relation

(7)) (1) = @(7,(7,w)) + x.
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Letting 6;; = o0;;7,, and using (5.8) (withy = x(7))), we find that
J2(r) = P K(p) + [ 3 epy(s) ds
0 ;=)

o n—1 .
+3 S p(A)EE)

I=1 i=1

K +j;6,..-jél cpi(s) ds”,

which, by (5.4), is equal to J?(7), where 7 = (7,, 75, . . . ). It is easy to check
that 7 is a sequence of inspection times, i.e., ¥ € @. Hence

J2(r) = JB(F) > int JE () = V(O.p).

Since 7 is arbitrary, we get V(x, p) > V (0, p). Similarly, one can show that
V (0, p) > V(x, p), and the proof of the theorem is complete.
Set EP = EPO E' = E'°,

THEOREM 5.2. If the A; do not depend on x then

V,(0,p) =i1;f E?| K(p)e™*® +f0e‘°" i cp;(s) ds
0 Jj=1

Jj=1

+ "i'e-“”p,-(o)V,, (, e,.)}, (5.10)

where 0 varies over all %, stopping times.

PROOF. From (5.5),

V, (0, p) = inf EP®
Ty

K(p)em +f01'e“"‘ él ¢p,(s) ds

j=
n—1 )

+ 2 e"*p,(r,)inf J;w(n’)], (5-11)
J=1 K

where 7/ is the sequence of inspection times beginning with o;,. It is easy to
see that, as 7 varies in &, (7}, ..., 7,_,) varies over the entire product space
@ X - -+ X @. By Theorem 5.1, we may replace inf,, Ji. (7)) by inf,, Jo(7))
in (5.11), and (5.10) then follows.

Formula (5.10) shows that ¥V, (0, p) has the form

[’}
V.@p) = int 7] [P (p(s) s + O] G1)

where § is any &, stopping time. Recall that p(f) satisfies a system of
stochastic differential equations with a Brownian motion that is nonanticipa-
tive with respect to %,. The functions f, ¢ in (5.12) are continuous and
bounded.
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Let

n
A0= [p=(pla'~-5pn);pi>09 2P‘=1}‘ (5'13)

i=]1

THEOREM 5.3. If K(p) = const and a > 0 then V,(0, p) is continuous in p,
P E A,

This follows from (5.12) by a standard argument, using the fact that the
p;(1), as solutions of a stochastic differential system, are continuous functions
in bounded times (in suitable norm) of the initial values.

REMARK. If the A; depend on x then one can prove the continuity of
V,(x, p) in (x, p).

We set

Va(P) = V4 (0, p). (3-14)
By iterating (5.11) we can express V,(p) as the infimum of a cost function
expressed only in terms of the p-process and the 7;, but this cost function is
rather complicated and will not be needed later on.
If we restrict the stopping times 4 in (5.10) to be stopping times which are
invariant with respect to translations of x(r), then by iterating (5.10) any
number of times / and letting / — oo we obtain

Vo(p) < Va(p) = inf J* (1), (5.15)
where
JP (1) = EP| K(p)e~on +f0"e-w D cp;(s) ds
j=1
oo n—1
+ 2 2 e~ *"p;(1))
I=1 j=1

.E?

n
Koo +j(;oue—w > cp;(s) dv”, (5.16)
j=1
and & is the subset of @ consisting of all inspections with o,,, which are
invariant with respect to translations of x(¢).

6. Existence and uniqueness of solution of the q.v.i. In this section we
assume that « > 0. We also assume that the A; do not depend on x and

the vectors A, — A, (2 < j < n) span the entire space R™. 6.1
We shall denote by — A4 the infinitesimal generator of the Markov process
(p(8), . .., p,_1(). For simplicity of notation we identify p =

(pls .. ’Pn—l’pn) (E,i'-lpi = 1) WIth (pl’ e ’pn—l)' Let




QUALITY CONTROL PROBLEMS 57

n—1
= {(p,,...,p,,_l);pi >0(1<i<n—1), 3 p<l}. (62
i=1
THEOREM 6.1. Assume that (6.1) holds and that K (p) = K (constant). Then:
(1) There exists a unique solution u = u(p) in Q of the q.v.i. (4.5)+(4.7) with
M replaced by M — a, such that u € C(SZ) and u € W22(Q) for any 1 < p <
0.
(i1) This solution coincides with V,(p), i.e., u(p) = V, (p).
(iii) Let S={p € Ay; V,(p)=K + 2"_,pJ V(e)}, and let of, = hitting
time of the set S by the process p(t) with p(0) = p. Assume that o2 < oo a.s. for
allp € Ay, p # e,. Define 77 by (4.17). Then

Va(P) =JE(T*) (P EAop #e,) (6.3)
If the #(r) process goes only to the right then the proof of Theorem 6.1

immediately extends to the case where K (p) is not a constant, but is defined
as in (4.2). In this case the sequence corresponding to q.v.i. (4.35)<(4.37), with

M,_; replaced by M, , — a (a > 0), has a unique regular solution
WYty -5 V).
PRrROOF. For any § > 0, let
n—1
Qs ={(P1s---sP1)ip; > 8, 2 p;<1-8}.
j=1
Given continuous f > 0and y > 0in &, consider the Dirichlet problem
Autoau+e'(u—y9)'=f nQ (¢>0), (6.4)
u=0 onadQ. (6.5)

Since 4 does not degenerate in Q;, this problem has a solution u = u, 5. The
solution is unique and is given probabilistically (see [3]) by

[ {row + Z2v0)

.exp{—fo' v(:) ds}e“" dt}, (6.6)

where % is the class of all %, nonanticipating functions v(?) with 0 < v(¥) <
1, and Tj is the exit time of p(¢) from Q5. In fact, the proof of (6.6) is easily
obtained after writing down It6’s formula for u,, exp[—at — [i(v/e)],
integrated from¢ = O to s = Tj,.

Recall that p(f) € Q for all 1 > 0 if p(0) € Q (since p,(0) > 0 implies
p:() > 0 for all ¢ > 0). Hence, if p(0) € Q then T; — oo as § — 0. It follows
that the cost E?[ - - - ] on the right-hand side of (6.6) converges, uniformly
inv € %, to the same cost with T replaced by . Thus,

! (T Te TR >
lim u,s(p) = u(p) = inf J*(v) (pED), (6.7)

4.s(p) = inf E?




58 R. F. ANDERSON AND AVNER FRIEDMAN

where

JP* (v) = E”

fow(f+ 'Etl/)exp{ —folf }e_a, dtl' 68)

The function u,(p) can be extended continuously into & by the right-hand
side of (6.7). (This follows using the continuity, in bounded times, of the
solution of the stochastic differential system (2.2).)

Notice that no boundary conditions are prescribed for u,, and the conver-
gence in (6.7) is generally not uniform in € (although it is uniform in compact
subsets of Q).

Now let & — 0. Setting, for any p € Q,

. ~ ~ [
o(p) =it J7 057 0) = | [*1(p()e s + 4(p(@))e~]. (63)
where @ is any %, stopping time, we claim that
lim «,(p) = u(p) uniformly in Q. (6.10)

By the standard elliptic theory, the function u, satisfies the elliptic equation
in (6.4) in the interior of Q. Let §, = exit time from the set {, < ¢} (, may
be infinite valued). Applying It6’s formula to u, (p(#)) between ¢ = 0 and
t=0 NTg N\ T(T < o0) we get

u(p) > J* (6, ATy NT) = CEP[e™*BAD)],
where C = sup ¢. Since f’(0£ NANTs ANT) > u(p), taking § >0, T — o0 we
conclude that »,(p) > u(p).

Next, for any stopping time 8, take v =0, =0if s <0, v=0, =1 if

s > 8. For any h > 0 we can then estimate, analogously to [3, Chapter III],

WP< (v5) = 77 (8)] < (e, h),
where

Bm (e, h) = mo(h),  lim no(h) = 0.

e—0

Since ¥, (p) < .i”""(vg), we deduce thatm(us — u) < 0. Together with u, > u,
assertion (6.10) follows.

LEMMA 6.2. If the first two derivatives of { are bounded functions then there
exists a constant C independent of 8, € such that, setting
Aus + au s = f5 in Sy, (6.11)

we have

1fiol S G o< C in Q. (6.12)

PROOF. Let w = (4,5, — ¥)™ /e. Then w takes its positive maximum in Q; at
some interior point p. At that point also u, ; — i takes its positive maximum.
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Consequently,

A(us — ) + a(us —¢) >0 atp.
From (6.4) we then obtain the inequality

w(p) < f(p) — AY(p) — o (p) < Co,
where C; is a constant independent of &, ¢. This implies the first inequality in
(6.12). The second inequality follows by applying the maximum principle to
Us; at the maximum point § we have Au,5 > 0, (¥,5 — ¥)* > 0, so that
u(p) < f(p)/a.
If (6.11), (6.12) hold then we can use the elliptic L? estimates in any

compact subset of {2, and conclude, after taking § - 0 and ¢ — 0 and using
(6.7), (6.10), that

u € Wk (). (6.13)
Next, (6.4) implies that Au, 5 + au,; < fsothat,asé —0,& -0,
Au+ ou < f ae.in . (6.14)

On any compact subset of the open set {p € Q, u(p) < Y(p)} we have
u.s < ¢ if 8, € are sufficiently small. Hence, by (6.4),

Aus + au 5= f

on such a set. Taking § — 0, ¢ - 0 we conclude that Au + au = f on this set.
Thus we have proved that

(u —Y)(Au + au — f) =0 a.e.in . (6.15)
We also have
u<y infl (6.16)

We sum up: if  is as in Lemma 6.2 then u is a regular solution, in the sense
of (6.13), of the variational inequality given by (6.14)—(6.16).
Let

n

n—1
f(p)=Zcp,  W(p)=K+ 2 2V (o) (6.17)

From (5.10) we see that
Va(p) = u(p), (6.18)

where u(p) is defined by (6.9) with f, ¥ given by (6.17). Applying the last
italicized statement we obtain assertion (i) of Theorem 6.1 withu = V.

In order to prove assertion (iii) of Theorem 6.1 it suffices to show that the
proof of Theorem 4.2 can be carried out with ¥ (x, p) replaced by V,(p). We
already know that V,(p) belongs to C(Q) N W22 (). This is actually
sufficient for establishing (6.3). Indeed, we just have to be a bit careful in
applying It6’s formula. We illustrate it in the derivation of (4.20). Here we

apply It6’s formula (see Remark 7 at the end of §4), integrated from ¢ = 0 to
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t = o, N\ Ty, where T = exit time from &, provided p is in ;. We then take
8 — 0 and obtain (4.20), provided p € £. By continuity, this relation holds for
p EQ.

It is now clear how to complete the proof that

Va(p) < JE(7), Va(p) =JE(T)

(the first inequality is, of course, already known); the second assertion
coincides with (iii). If 04 are not assumed to be finite valued then one can still
establish (6.3) by the above proof, provided in applying It6’s formula as
above we replace o, A\ T; by o, A T; A N and then take § -0, N — o0, and
continue in this manner step by step. Thus, if # is any regular solution of the
q.v.i. as in (i) then u(p) = J§(7) even when o4 may not be finite valued. This
yields the uniqueness of u, and completes the proof of Theorem 6.1. As a
by-product we have obtained

COROLLARY 6.3. Assertion (6.3) is valid even if the o are not finite valued
a.s.

It follows that the minimal sequence of inspections exists and the corre-
sponding stopping times g, , are invariant under translation of x(¢). Conse-
quently:

COROLLARY 6.4. If (6.1) is valid then, in (5.15), V,(p) = V,(p).

REMARK. We give another proof of (6.3) which is valid also for more
general Y (of p and V) than in (6.17). In fact, ¢ will only be required to be
continuous. We return to the function u defined in (6.9) and let

So={P €Q,u(p) = ¥(p))},
0;, = hitting time of the set S, given p(0) = p.

Assume that

g, is finite valued a.e. (for anyp # e,). (6.19)
Then

u(p) = E”[foé"f(p(S))e‘“‘ ds + tl/(p(é,,))e‘“"?]. (6.20)

The proof is as in [3, end of Chapter I11] with minor obvious changes.
Applying result (6.20) with f, ¢ as in (6.17), we get

Va(p) = E?

. - n n—1 o _
Ke— o +j(; e ™ 2 Cij(s) ds + zle o ,'(Tl)Va (ei)
=

Jj=1

(621)

We now iterate this relation any number of times /; taking / — oo, assertion
(6.3) follows.
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Approximation of V,. Define successively functions u* as follows: u*(p) =
u(p), where u is given by (6.9) with

n n—1

f(p) = Z]c,p,-, ¥(p) =K+ 21 pu*'(e),
J= J=

if k > 1,and

u(p) = E”[fwf(p(s))e"” ds|.
(i
THEOREM 6.5. As k 1 o0,

u*(p) | V,(p) uniformly inp € Q. (6.22)
PrROOF. Taking 6 — o in (6.9) for u = u' gives u' < u®. Next, by
induction,
uk+l < uk, (6.23)
We have
lim u*(p) < J§(7) foranyr € @. (6.24)

k—o0

The proof is similar to the proof of the corresponding result in [3, Chapter V,
cf. (3.19)].
We also have

lim u*(p) > V. (p). (625)

k—o00

Indeed, from the definition of #* and from (6.23),

u*(p) >igf E?| Ke

9 n—1
4 [ f(p(s))e = ds + 3 p(8)euk(e)|.
0 j=1

Iterating this inequality any number / of times and taking / — oo, we obtain
u*(p) > inf Jg (1) = V,(p) (by Corollary 6.4),

which, of course, implies (6 25).

From (6.23)(6.25) we obtain assertion (6.22) for each p € Q. Since u* and
V, are continuous in £ and since {#*} is monotone decreasing to V,, Dini’s
theorem implies that the convergence in (6.22) is uniform in Q; this completes
the proof of the theorem.

Theorem 6. 5 shows that V_(p) can be obtained as lim u*; each u* is
lim u*, and w* is a limit of solutions u); of a Dirichlet problem of the form
(6.4), (6 5).

7. Explicit solution of the q.v.i. in one case. We shall consider the special
case n = 2, with ¢, = 0, ¢, > 0, and general g;;, namely: ¢,, = — &, ¢, =
a, g, = B’, g, = — B’, where &’ > 0, B’ > 0; the special case 8’ = 0 was
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considered in [1]. Set

K=K, c=-———£—2——2, a=L2, B=—B—,—2.
s — A N~ A N~ A
Settingy = p,/p, and
Lu=3y% +|a(l+y)— (1 +y) + 1)_:_2)) }u’, 7.1
the q.v.i. (4.5)—(4.7) reduces to
LVv(y))+o/(1+y)>20 if0<y< oo, (7.2)
V() XK+ V(0)/(1+y) f0<y< oo, (7.3)
(LV(y) + 2 )(V(y) — K- @) =0 f0<y<oco. (74)
(1+y) 1+y
THEOREM 7.1. There exists a function V (y) in C'[0, o) and b > O such that
LV(y)+ /(1 +y)=0 if0<y<b, (1.5)
Vi) =K+ V(©O0)/(1+y) ifb<y<oco. (7.6)
The pair V (»), b is unique and, further,
LV(y)+co/(1+y)>0 ifb<y < oo, 1.7
V() <K+ K@0)/(1+y) if0< y<b. (7.8)

Notice that V is a solution of the q.v.i. (7.2)«(7.4) (V”(y) has a jump
discontinuity at y = b). Setting 7 = (7|, 7,,...) = 7' for i = 1, where 1'-1." is
defined in (4.17), with p = e,, and using Lemmas 3.1, 3.5, we see that

X 1 i
R, < CEV[LyG)=Ip(iy=1" * * Tp(z)=1] = C( 1+ b) =0

if m — 00. Consequently, J ((7) < oo.
PrOOF. We begin by solving (7.5) with b undetermined as yet. Dividing
both sides by y?/2 and multiplying by
@}

2(a = By)(1 +y) 2
exp{f 2 *1 +y

= exp(2[(a = B)lny + In(1 +») = (a/y + BY)]}
= y2a—2ﬂ(l + y)ze*Z(a/yH?y)’

we get

V(32 (1 + yyle /v

= — [T2cz% 71 (1 + z)e2e/5 40 gy, (1.9)
0
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where we have assumed that

V' (»)y* (1 + y)e 27+ 50 ify 0. (7.10)
Hence
b 1 1
V(b) — V(0) = — 2a/y+By)
& =70 fody YR (L)

-fy2czz"‘_2’3_l (1 + z)e~a/2%B2) gy, (7.11)
0

We now impose two conditions on V' (y) aty = b:

V(b)=K+ V(0)/(1+ b), (7.12)
V(b)) = —V(0)/ (1 + b)>. (7.13)
In view of (7.9), the second condition reduces to
Vo) _ _1 oXa/b+Bb) - f * 427221 (1 + z)e~2e/z-8 (7.14)
c b2a—28 0

and, in view of (7.11), the first condition is equivalent to

__ b [ 1 1 2a/y+B)
K=12-7(0) cfo b Tor
[262207871 (1 4 z)e¥e/ 2B dy, (7.15)
0

Substituting V' (0) from (7.14) into (7.15) we get

K _ 1 1 2a/b+80)
c b2a—23—l 1+ b

-fb dz 2227 2-1(1 + z)e~2a/7+B)
0

b 1 1
(& - e2a/y+8)
'/(; y 2a 2ﬂ ( 1 + y)z

[ dz 22247871 (1 + z)e~He/s+89 = H (b). (7.16)
0

If we solve (7.16) and then define ¥V in 0 < y < b by (7.9), (7.14) and in
b<y < o by (7.6), then (since (7.12), (7.13) hold) V is a solution in
C'[0, o0) of (7.5), (7.6). Conversely, any solution in C'[0, o) of (7.5), (7.6)
must satisfy (7.12), (7.13) and, consequently, it is given, for 0 < y < b, by
(7.9), (7.14) with b satisfying (7.16). We now claim:

there exists a unique solution b of (7.16). (7.17)

Once (7.17) is proved, the uniqueness assertion of Theorem 7.1 follows.
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In order to establish (7.17), we introduce the function

q(y) - yzal_zp eXa/y+B) j(;ydzzh—ﬂi—l(l + Z)e—z(a/z+ﬁz). (718)

Then
H(b) =2| —2— q(b) ~fba)' —L )| (7.19)
1+ o T (1+y)
Clearly
20 — 2
7@ = 132~ (252 4o & —p))a)
so that
5= 4(8) = b+ 2Bbg(8) ~ 204(b). (720)
Now,

[ * dz 27BN (1 + 7)o Mg 20/
0

1 fbdz 20— 28+1,— 26z _2_¢:e—2a/z+f‘dz 72a~2B,~2Bz,~2a/z
2a Jo z ()
= (by integration by parts) 51(-; b2a—2B+1g—2a/b+pb)

_.1 _ _ 2a—28,-2a/z+pz)
zaj;dz(2a 28 + 1 — 2Bz)z e

+fb dz z20—2Bp—2a/z+pz)
o

=1 [qu—ZB+le—2(a/b+Bb) —fbdz 720—2Bp—~Aa/z+B2)

0

b
+ 2/3[0 dz (1 + z)zl«'—”e-ﬂa/”ﬂz)].

1 1 a b - —Aa/z
q(b)=ﬂ[b_ bz_a-‘EEeZ( /b+Bb)j(; dz 722—2Bg~a/z+p2)

b
2B e2(«/b+ﬁb)f dz (1 + z)zz“‘zﬁe"z("/”p‘)]. (7.21)
0

p2a—28
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We now substitute g(b) from (7.21) into —2aq(b) on the right-hand side of
(7.20), and ¢(b) from (7.18) (with y = b) into 28¢(b) on the right-hand side of
(7.20), and obtain

2

b
1+5

"Ry — 1 2a )
q'(b) = 2,3[ Py e2a/b+pb

SPar+ A
0 Z

4+ 1 o2a/b+ o) bdz 22028, ~2a/z+p2)
b2a—2ﬁ o

> 0.
Hence ¢’(b) > 0. Next, from (7.19),

1
(1 + b)?

Hﬂ»=4ajﬁ?«w+T%;ﬂm— «m}
= (2b/ (1 + b))q'(b) > 0.

Thus H(y) is strictly monotone increasing. Since H(0) = 0 and, as easily
seen, H(b) —> o if b — oo, assertion (7.17) follows. It remains to prove (7.7),

(7.8).
Set
I(y)=K+V(©0)/(1+y)-V(»).
Then
= — O s 2B 240)
e (1+y) ro) (1 +y)? * (1 +y)

(2¢/ (1 +»y')(a(») - a(¥)) <0,
since ¢’ > 0. Noting that /(0) = K, /(b) = 0, we conclude that / () >0if
0 < y < b,ie., (7.8) holds.
To derive (7.7), note that
L/ (T +y)) = —(a— B)/ (1 +y).

Therefore

L(K+ A0 )+ d <

T+ ) T4y T4y 7 (@ B)a®)] >0

ify > b, since
b — (a — Bb)q(b) = 3b + 3 (b + 2Bbq(b) — 2aq(b))
=1b+ (b2/ 1+ b))q’(b) >0
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Appendix: Proofs of Theorems 2.1 and 2.2, If P! and P? are Markov
processes then the tensor product P! ®9 P ) is defined by the two
conditions: (1) it agrees with P! on %_; (2) its regular conditional probability
distribution, given %,, coincides with P2 ) a-€. These two conditions deter-
mine P! ®) P2, uniquely (see [9]). We have

P} ®) (4 1 B) = [ B(os'(B)) P (A1)

if 4 €%, Be %/ Using this rule one can prove the associate law for the
tensor product

We also have, for any Markov process P,,
Px ®2 Px(s) = Px' (A'2)

We denote by P} the Markov process on (2, ¥,) corresponding to m-
dimensional Brownian motion with drift A.
We now define functions P, ,:

Px(0() = j; x(r) € B)

’ t
2 . j‘; d“i,y,exP{"‘Ii“i,y,}

t—u; ' _
j(; 7 duh Yzexp{ q7|u‘I|:Yz } q‘Yh'Yz

E= Uy = Uy g™ 00— Uy,
Bl wr2 Wiy —_
Yo 71+|exp{ q71u71»7l+l }anYln

F Uiy T Uy T T Ty, _
j(; l i " duwexp{ qv,,uY,J}qv,,J
’ exp{ q!(t - ui:TI - u’thz - qu—b’Ip - uYali)}

PN ®, P )@ M2

LA +“7| 12PX(“‘ v, F 'lz)

® - @Untuymnt -ty 0 Pra

Uy Fity oyt +"r/1/+| x(y + ety )

® .. ®:.::I Iz’;;ldpp’?(-"i.n*' .. +u’PJ)(-x(t) € B)’ (A'3)

where ¢, = — g;; and B is any set in % (R™). Here we used the same
summation notation as in §2. However, the term in (A.3) corresponding to
p = 1 (when i = j) is understood to be e “%'PM(x(t) € B).

We shall show later on that the P;, are the transition probabilities of the
random evolution given in Lemma 1.1.

To motivate definition (A.3) we observe that the probability of jumping
from state i to state j in one jump in time ¢ has the density e~ %g; ;.
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THEOREM A.1. The functions P, , define a strong Markov process with respect
to the o-fields ON,. The finite dimensional distributions of this process coincide
with the finite dimensional distributions of the process constructed in Lemma 1.1.

ProoF. We first verify the Chapman-Kolmogorov equation, i.e.,

P,.(8(5) = j, x(1) € B)
s
=3 du; , exp{ — “hay S i
lijt; 1 p{ qu”}q,,
. Ls—ux,a.dua|'a2exp{ - qa.“‘!h“z} 9a),a,

. .l(;s—“i'a'— ... _ua'-lﬂ'duap,lexp{ _qa“ua”,l}qa,,,l
. A
: exp{—q,(s T U, T a,,,I)}PJ:" ®(l:_anX(:‘i.al)® cee

®"::::I -'-'-.+1u°}'"'"'Px}‘fu.~««.+ o +""r»‘)(x (S) € dy)

t—s
. [j(; dul,ﬁlexp{ - qlul,ﬁl }ql,pl
t—s~upg,
. 'l(; v duﬂbﬂzexp{ - qpluﬁl,ﬂz }qﬂl’ﬁZ

. —s—wug— """ “Ug_\B —
fo dug jexp{ —qgug ;}

‘g, jexp{ —gi(t — s — ug — - = ug )}

- PN ® P:‘(’:‘,‘ﬂ-)® s @UaT U tHR A

U8, gt o tug

P:juwl+ .. +,,M)(x(t —s)€E B) s (A4)

where
n oo* ) oo*
=23 2 > > 2 .
(=1 p=0(i,a..., a,l)r=0(,B,..., B ))

We bring together all the P’s and use (A.1), (A.2). Next, make a substitution
U5, + s > u, 5 and then another one,

u,,m - ui,al + u + .- 4 ua",l + uIsBl'

o),00

The total effect is to transform (A.4) into
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P, (0(5) = j, x(1) € B)

s S u;, S—Uig,— * Uy _,.
= Ef dui,oqf aldua.,az Tt f ' - l%dua,.,’
0 0 0
=gy = "0 0 —Ugy = Ujg) = " ° —Ug g~ U
dup, f dug g,
e 0
T ey T T TUa Mg g Tt MR8
fo dug,j

* eXP{ — it 0, 19,0, EXP{ — 9o Yar, 0, } Dary 0,
- exp{— qapua,‘,l}qa“,lexp{ — iU, }ql,B,
" exP{ —dpUp,p, }9p,8, " eXP{—dp g, )4
cexp{ =gt~ we, = -~ ug )} PP ®L P

P YU ¥ oo tu, |,
® ®"i.::+ +“¢:.,IG“PX(“,-...I+ e +u~",)

T R Asy
®u,,:+ s +“a:_/+u/,p,PX(“i.a|+ te +“/,3I)
®“i.a|+"'+uu gt g, Phﬁz
Ui Uy ’+u’ﬂl+“3|324 x(thiq, + - - - +“a“.l+“l.ﬁl+"ﬂ|ﬁz)® ..

oy

gy ¥ o Fuy g by A
®u,._,:+ eyt ,+u,,,i+ +u£: l%'+uﬂ",|Px( Uy + o Hug )(x(t) € B)

(A5
We shall denote the general term on the right-hand side of (A.5) by )
A (R N e i, By ..., B)
and the general term on the right-hand side of (A.3) by
IO, t, v, .. .5 Y,)
Then assertion (A.5) reduces to the following combinatorial lemma.
LEMMA A.2. The following formula holds:
S (0s,ay. .. 055 —d,t—u,By,...,B)
-3 S vOLve....v) (A6)

=0 (i, v .. vpJ))
ProoF. Consider first the case where i # j. Then the left-hand side of (A.6)
is equal to
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v=01!=1(i,a,..., a1, 1) (LB, BJ)

$ [2 $ s

. I,f;’ (O,s,al,...,ap_,,_,;s —ut— ﬁ,,B,,...,B,,)J

+3 > Ii'i(O,S,al’~-"ap)]
p=0| (i,ay,..., a,j)
00 ..
|z e n
p=0 (i, BI ..... Bp’j)
0 L x
p=1 p=0 p=0

here the first 3" indicates the usual restrictions in the definition of 3’ plus the
additional restriction that when » = 0 we must take / J. Similarly, in the
second X" we have the additional restriction that when » = p — 1 we must
take / # i. Note that the terms B, and C, come from those terms on the
right-hand side of (A.6) corresponding to » = —1, [ = jandp=—1,1=i
respectively.

Take p > 0. Combining B, with the terms in 4 , for which » = 0, we obtain

>’ 105, a,. .., a,)

Gyoay,..., a,,J)
n
+2 2/ Ilf;l(o,s,al,...,ap_l;s—17,1—!7)
(=1 Gan. o aynl)
n .
=> 00, sa,. .., a,_; 0,1 — @), (A8)
1%

as easily seen by writing down explicitly the corresponding integrals.
We now add the right-hand side of (A.8) the terms in 4 p Withy = 1:

4 ’ . _ _
2 > II:I’.’(O,s,a,,...,ap_z;s—u,t—u,ﬁ,)
=1 (i’ L ®xp-25 l) (I’Bl’j)
n
+ 3 I (0, s, a, ..., a_;0, t — i)
=1

1)

n
=3 > 2 L0500t~ i, B),

I=1(i,a,..., a,_3 1) (4, B1.J)

(A.9)
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as easily seen by writing down explicitly the corresponding integrals.
Next we add to the right-hand side of (A.9) the terms in 4, corresponding
to » = 2 and obtain

2 2’ 2 Ili.;'l (O’S’ al""’aP“:;;O’t_ E’BI’BZ)‘

=1 (i,ay,..., a,_3,1) (4, B, Bz J)

Proceeding this way step by step, we obtain, after adding the terms in 4,
withy = p — 2,

n
DY S I (0,5, 05 0,1 — i, By, - -5 Byey)-
=1 (i’ apy, 1) (l’ Bl """ ﬁp—z’j)

Adding the terms in 4 p With» = p — 1, i.e., the sum

n
2 2 I,“;I (O,S;S— ﬁ,Bl,...,Bp_l),
l;]‘ (L Bl sssss Bp—l’j)

we obtain

> > (0,50, —a, By, ..., B,y)

5;5 @8- .., Bo-1.J)
We finally add the terms in C, and obtain

A,+B,+C, = > .I"”'(O,t,Bl,...,Bp) (p > 0).

Since, obviously, B, + 4, = IV(0, t), assertion (A.6) follows in case i # j.
The proof for i = j is similar.

Having proved the Chapman-Kolmogorov equation, it follows that the P, ,
define a Markov process with respect to 9. Since the Feller property can
easily be verified, the process satisfies the strong Markov property not only
with respect to "511,, but also with respect to IN,,.

It remains to prove that the one dimensional distributions of this process
and of the process constructed in Lemma 1.1 are the same. For this we simply
compute the expectation of

Cxp[ ”l[w(t) +fo'f(0(3)) ds + X] + Mz”(’)]

(for any u, € R™, u, € R") using the respective probabilities, and check that
the results are the same.

We shall henceforth denote by P®* the measures of the Markov process
constructed in Theorem A.1.
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LEMMA A.3. Forany A € 9,

- w '
Lla(,)_,dP"" = 2* 2 f tv.exP{_q"u"'Yl}

t—u;, ndu.“ Yzexp{ - qyluyl,Yz}q1|,12
0

. ’/(;I—ll,'_."— .. —u'n—l-'Ypduyp_lJexp{ —qypuy”i}qy"j
* exp{ ql(t ”/l -ttt u'Yp—pr - quJ)}PAl ®27 x)?:"’l)
.- ®:::I o +:z ly,P:{u ERRE +u7,.i)(A). (A'lo)

PRrOOF. It suffices to establish (A.10) for a cylinder set
A= (x(}) €EB,,...,x(t, € B,)),
0< (<< - <t <t,=t
Set
A =(x(t) €EB,,...,x() € B),
C=(x(ty1—t)E B4y, ..., x(t,— 1) € B,).

Using (A.3) and the Markov property, and then substituting u, 8t
U, 5, we find that

) X *
[410(1)-1‘1}"} - 121-[4 Iyt =1 2 N exp{at,,_,}
= m—1

v=0 (l, B| ----- ﬂnj)
Um
'f dul,ﬁlexp{ _qlul,ﬂ| }qlvBI
-
by — 1 —_
. ‘/(; u,_p duﬁl poXp{ qﬁluﬁlﬁz }qﬁnﬁz
o [T e iy exp( B, )0
0

. CXP{—‘I,-(’m — g — “B..i)}

g,
(’m l) ®gl.ﬂ|_ P

'm— 1 x(lll_" “im-

- PX

X!

Yp g 2
®“lp: :::.,l ;. 1 x("m,* L Wi m—l)(

C,_,)dP. (A.ll)

Using the Markov property we obtain, after employing (A.3),
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m-—2
DD D N
I-"=0 (k, Ay oo vy a, 1) r=0 (1’ Bl ----- ij)

[Pl
. j(; ! : duy o €XP{ — Gt o, } U,

by — 1~ I —2— Uk, _
™ dua,,azexp{ qa,udpaz}q‘lp“z

S—

by 1=z = U gy — " " " —Ug |, _
. Lm 17 m ay oy - 10 duuwlexp{ qa,,ua,,,l}qa,,,l

. exP{“‘Il(tm—l Ty T Uy, T ua,‘,l)}

A V] A, w .+ + o
Plla ®l Pl )® -+ Blpmiipt 0 Liewin

. ph
Pl s - +,‘ﬂ__,)[(x(t,,,_, ~tw2) €EB,_y)... |
Now substitute , ,, + #,,_, — %, and then
g >t +u + - +u%

a0

e + uaw, + Upg -

Using the rule
P,f"[(x(t) € A)PNy ®% Py (x(T,)E B,, ..., x(T,) € Bh)]
= PN ®),, Plusn[x(1) EA,x(t + T\) EB,, ..., x(T+ T,) € B,]
u<T < <T,),
(A.12)
P} ®) Piy[(x(?) € A)Py(x(T\) € By, ..., x(T,) € By)]

= P} ®% Piy[x(t) €A, x(t + T,)) E B, ..., x(t + T,) € B,]
(u<y)
(A.13)

(whose proof for A = 1 is given in [1]; for general # the proof is similar), and
then applying Lemma A.2 (with a slightly different notation), we obtain
relation (A.11) with m — 1 replaced by m — 2. Proceeding in this way step by
step and setting 7, = 0, B, = R!, A, = (x(fp) € B,) and C, = A, we finally
arrive at the expression (A.11) with m — 1 and ¢,,_, replaced by 0 and ¢, = 0,
i.e., (A.10) holds.

PROOF OF THEOREM 2.2. Set

1) = P8 = %] B2 |5

3. (A.14)

Py
Proceeding analogously to [1, Proof of (2.7)], but applying Lemma A.3, we
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find that p, ;(¢) is given by (2.7). Summing on j in (A.14), we get
t
2 pl I( dP)"

Substituting dP** /dP) from (A.15) into (A.14), assertion (2.8) follows.
To prove (2.9), we write

(1) = EP*[0()) = j|9/]

(A.15)

Z ix . dP
= 21 p:E" [0(t) =j|"5] P |F,. (A.16)

Now .

dP"" dpP™>

. ‘5‘ b}

dpPi* Elp Ptx | t

and
X X Al A:
dpP'* o _ dp'x APy dPp

l

- — |%,.
dpP "t gpN Tt gph T gpix
Noting, by (A.15) and by (2.6) (plus Girsanov’s formula), that

dP"* dP)
dP"'- %, z Pri(2) mlgﬂ = 2,,(0, 9),

we obtain an expression for (dP?~/dP"*)|%,. Substituting it into (A.16) and
expressing also p/(1) = E**[0(f) = j|F,] from (2.8), the right-hand side of
(A.16) reduces to the right-hand side of (2.9).

PROOF OF THEOREM 2.1. For p = (p), p,, . .., p,) withp; > 0, Zp, = 1, we
write

Pj(pl’pZ’ ¢t ’pn’ t) Epj(t) = Ep,x[a(t) =J'g~l]‘
We shall need the following “randomized” Chapman-Kolmogorov
equation:

LEMMA A.4. The following relations hold:
p(t) = 121 p—i,l(s);l,i(t = 8)z,(s, 1), (A.17)

where p, ,;(t = ) has the same meaning as p,;(t — s) except that (0, x(0)) has
been shifted to (s, x(s)).

The proof is similar to the proof of (A.4).
LEMMA A.S. The following relations hold:

PPy P t) =2 Pi(P1s -2 Pp S)
i=1

Pi‘,i(’ - 5)

(A.18)

2a1P(Pys -+« s Ps $)z;,(s, t)z'l'c-lﬁl,k(’ - 5)
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PRrROOF. By (2.9) and Lemma A 4,
Pi(Pys - sPn t)
B 2',-',,p,-2’,’,-117,-,q(s)p=q’i(t — 5)z;,(s, 1)
21220 (0, 2% 2015y, (8) Pos(t — $)2,, (5, 1)
Thus it remains to verify that the right-hand sides of (A.18) and (A.19) are
equal. This is achieved by multiplying both expression§ by the product of the
denominators and verifying that the coefficients of p, it = 5)p,,(t — 5) on

both sides are equal.
Let

T = {xx(t) € A,p(pP1s-- - Pt) EB,1< < n},
r= {xx(s)t € A,p(P1(P1s - s Pps S)s - - s
Pu(P1s - s PnyS),t —5) E B, 1< j < n}.

(A.19)

Lemma A.5 implies that

'=T. (A.20)
Now,
X LX d ‘x

Peo(ri8]) = 3 ppo(ris) s,
and, since

dP> | o < 2k 1P (5)

2prx | % =1 / §P12.1(S)—_Tq(5}
we have

I . 2=1Pig(5)
PP*[T|9,] = 3 p,P™[I9, =
[ | ] i=1 [ | ] 27-11’12.',1(5)2';(-1&,1((3)

Using (A.20) and the Markov property of the (x, #) process, we get

2 1D
Pp,x[ ] 2 DP; E L q(S)
271p2,(0, $) 2= 1P (5)

- $ £l [ 15]].

The inner sum is equal to ="_, P/(s)P"*(T). Substituting p’(s) from (2.8),
we obtain, after using (2.9),

n [ & Pbi(5) .
PPX[T 6}; = 2 2 » _ Pr,x(s) T
[ | ] i=1 27=1P:2,(0, )2k <1214 (5) ®

= 2 pr(pl’ ¢t ’pn’ S)PF,X(J')(f‘)
r=1

= pr ... ,p,..s),x(.s')(f‘)’
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which completes the proof that (Pi(P1s - - - Pw 1), 1 < j < n) is a Markov
process.

We proceed to compute the differentials of Pi(Pys - - - » Py 1). We shall use
here the model given in Lemma 1.1. Accordingly, we may resort to Itd’s
calculus. Using the rule

d rt t—u =y, —u,.
;17 j(;du’,'h j(; " du?n»’!z j(; " i du‘hﬂs

E= Uy = Uy ™ """ T Uy, .
. f 1 1 » 'duy‘nl
(1}
=ty = Ty y, T Wi .
./(; " 1Y %¥p. I(uj.'n’ Uy v oo qu—hYp’ uy"’)
4
- 1= Uy,
j(; du’»h‘/(; qusz
t— — P R E—
. f U " Uy Yp-1ve ] (ul,y.’ Uy iy o> K(’_hyp,
0

t—u, — Uppr = " 00 “7,,_1,7,,)’

we find that
dp; (1) = (N — N) by (2) - dx(2)

+ {3 A 3 - M)A 0 ~ 920 + S i) a

i*j
= = A)py(1) - dx(z) + ["1(}‘1 = N)py, + il ‘I.-.ifz,:(t)] dr. (A21)

Using (A.21) and It6’s formula we obtain, from (2.9), after some tedious
calculation,

() = 3 au(0) dr + p,(z)(x, - 30

- (dx(t) — 3 An(9) dt), (A.22)
=1
which agrees with (2.2) if
y(8) = x(1) - fo 'g Ap,(s) ds (A23)

is a Brownian motion. In order to complete the proof of Theorem 2.1 it
remains to prove that y(f) is an m-dimensional Brownian motion. For
simplicity we shall take m = 1.

Now, from the martingale formulation of [8] we have that

exp[&x(t — 3% - £j:f(0(s)) ds] (forany ¢ € R")
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is a martingale with respect to 9W,, P**. Differentiating once and twice with
respect to £ and substituting £ = 0, we deduce, respectively, that

2
x(1) —fo'f(o(u)) du, (x(t) —fo’f(a(u)) du) _

are martingales with respect to 9,. Conditioning the martingale relations
with respect to 9, and using the relation P**[f(u) = J1=p;j(u) and the
Markov property of both the (x, #) and the (x, p) processes, we find that y(®
and y*(7) — ¢ are martingales with respect to %,; hence y(¢) is a Brownian
motion.
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